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Introduction

Approximation of periodic functions

» torus T ~ [0,1), {e?>™**}, 7 orthonormal basis of Ly (T)
> function f € Lo(T), f(z) = Y pey fre®™ ™, freC
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> function f € Lo(T), f(z) = Y pey fre®™ ™, freC
» smooth function f = fast decay of Fourier coefficients fk
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= transfer to multivariate case
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Introduction

Approximation of periodic functions

» full grid in frequency domain equispaced full grid in spatial domain
. 1
~ d-dim.
Gorer 7 ()]
O(N%log N)
curse of dimensionality 00 1
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Introduction

Approximation of periodic functions

» full grid in frequency domain equispaced full grid in spatial domain
. 1
~ d-dim.
Gorer 7 ()]
O(N%log N)
curse of dimensionality 00 1

? high-dimensional case (e.g. d = 10) = assumption: sparsity or smoothness

» hyperbolic cross in frequency domain sparse grid in spatial domain
[Smolyak '63; Temlyakov '85; Baszenski, Delvos '89; Hallatschek '92; Gradinaru '07; Griebel, Hamaekers '14]

NT 7 x 1 -
(fk)lcelH (f(wj))'f:'gl . . . .

HCFFT

0 U Rt e
O(Nlog®N) | . i -,
-NL - condition number of 0 :
-N 0 N Fourier matrix 0 1

[Kdmmerer, Kunis '11]
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Outline

In this talk

first part:

» fast reconstruction of arbitrary high-dimensional trigonometric polynomials
using 1-dimensional FFTs
spatial domain:
general frequency index set I C Z¢ multiple rank-1 lattice

~ : 1-dim. :
(fk)kel FFTs (f(wj))jzo
O(|1| (d +log 1)) log” |1])

» fast approximation of functions from samples

second part:

» unknown frequency index set I / weights / function space in
high dimensions

= dimension-incremental sparse FFT using multiple rank-1 lattices
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27ik-ax

Multivariate trigonometric polynomials py(x) = Zke[pk e

Fast reconstruction and approximation

» f(x) =pr(x) = 3 pre®™*® arbitrary freq. index set I C Z, |I| < oo
kel
> rank-1 lattice R1L(z, M) := {z; := ﬁz mod 1 ?4:61, zeZ4 M eN,
as discretization in spatial domain
1

Korobov '59

Maisonneuve '72

Sloan & Kachoyan '84,'87,'90
Temlyakov '86

Lyness '89
Sloan & Joe '94
[ e] Sloan & Reztsov '01
Tg Li & Hickernell '03
Kammerer & Kunis & Potts '12
0e
1
M-1 "
Po = Jrapr(x)dz~ 3 37 pr(z;)

j=0
Pr = [rapr(@)e kT dg, kel
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Fast reconstruction and approximation

» f(x) =pr(x) = > pre®™ % arbitrary freq. index set I C Z%, |I| < oo
kel

> rank-1 lattice R1L(z, M) := {z; := Mzmodl p oL z€Z MeN
M—1

> pila) ez
=0

» fast reconstruction of pg using 1-dim. FFT? py S

16 [T T =
0 - =:- e ?
~ 1
: k)kel < (pr(;));=0
—16 &t ! I

~16 0 16 O(Mlog M +d|I|)
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Multivariate trigonometric polynomials py(x) = Zke[pk e

Fast reconstruction and approximation

» f(x) =pr(x) = 3 pre®™*® arbitrary freq. index set I C Z4, |I| <
kel

> rank-1 lattice R1L(z, M) := {z; := L zmod 1}j]\/i61, z€7Z% MeN
) M—1 ‘
» fast reconstruction of pg using 1-dim. FFT? pp = i > pr(x;)e 2k
i=0

J
= reconstruction property: [Kammerer,Kunis,Potts '12]

k-z#k -z (modM) forall k,k' € I, k # K’
> |I| < M < |I)?, simple CBC construction method [Kimmerer '12]

16 [F l . 1
ol foo| 1-dim. Mot
(Pre)ker < . (pI(mj))j:()
—16L ot O(Mlog M + d|I|) 0
—16 0 16 0
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Multivariate trigonometric polynomials py(x) = Zke[pk e

Fast reconstruction and approximation

> f(x)~ pr(x) = Y pre?™F T arbitrary freq. index set I C Z4, |I] < oo
kel

rank-1 lattice R1L(z, M) := {z; := L zmod1}}1', 2 € 24, M €N

v

v

fast reconstruction of pg using 1-dim. FFT

=> reconstruction property: [Kammerer,Kunis,Potts '12]
k-z#k -z (modM) forall k, k' € I, k # K’

> |I| < M < |I)?, simple CBC construction method [Kimmerer '12]

v

fast approximation of f € Ly(T?) N C(T?) using rank-1 lattice sampling
error estimates in [Byrenheid,Kammerer,Ullrich,V. '17] [V. '17]

16 F 1 A
ol e | A 1-dim. ’ Mt
(Pr)ker é FET (f(wj))j:o
) R N O(Mlog M + d|I|)
-16 0 16
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Multivariate trigonometric polynomials py(x) = Zke[ﬁk 27k

Fast reconstruction and approximation
> f(x)~ pr(x) = Y pre?™F T arbitrary freq. index set I C Z4, |I] < oo
kel

rank-1 lattice R1L(z, M) := {z; := L zmod1}}1', 2 € 24, M €N

v

» fast reconstruction of Py using 1-dim. FFT

=> reconstruction property: [Kammerer,Kunis,Potts '12]
k-z#k -z (modM) forall k, k' € I, k # K’
> |I| < M < |I)?, simple CBC construction method [Kimmerer '12]

fast approximation of f € Ly(T?) N C(T?) using rank-1 lattice sampling
error estimates in [Byrenheid,Kammerer,Ullrich,V. '17] [V. '17]

v

T e —
0l P g e ) 1-dim. ’ Mt
¥ (Prrer $ — ((@5));=0
] P S O(Mlog M + d|1I})

-6 0 16
I number of samples: M = O(|I|?), construction complexity: O(d |I|?)
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Reconstructing multiple rank-1 lattices [Kdmmerer '16] [Kdmmerer '17]
—2mik-x;

R onik. 1
Pr = [rapr(x)e 2mikx qgp — %[1 > pr(xzj)e

_16 L

i 1

remaining freq. from I:
16 .

» number of samples: O (I log? 1))
(w.h.p., constants independent from d)

» construction complexity: O(|I| (d +log|I])log® |1])
(w.h.p., constants independent from d)

» reconstruction (px)rer: O(|I] (d+log|I|)log” |I])
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Reconstructing multiple rank-1 lattices [Kdmmerer '16] [Kdmmerer '17]
X omik- 1
Pr = [rapr(x)e 2mikx qgp — %[1 > pr(x;)e

—2mik-x;

. _16 .

; ;
(Pr)r ey, 1, (Pr)rer,

16 16

—16

» number of samples: O(|I] log? 1))
(w.h.p., constants independent from d)

» construction complexity: O(|I| (d +log|I|)log® |1])
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[Kdmmerer '16] [Kdmmerer '17]
1 pr (ZZI/ ) e727rik<cz:j

Reconstructing multiple rank-1 lattices
Pr = Jpa pr(z) e *™*® de = - -

16

:
(Pr)rer,

—16

16

(Pr)r ey, 1,

(pr(=5)),;

ol

Y

remaining freq. f:om I: 9
1 » number of samples: O(|I]log”|1])
(w.h.p., constants independent from d)
» construction complexity: O(|I| (d +log|I])log® |1])
(w.h.p., constants independent from d)

» reconstruction (px)rer: O(|I] (d+log|I|)log” |I])
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Reconstructing multiple rank-1 lattices
Pr = Jpa pr(z) e *™*® de = - -

L
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L1 —16
16 -
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2

Y

1
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o o e Tred- T » number of samples: (9(|I| 10g2 |I|)

(w.h.p., constants independent from d)
» construction complexity: O(|I| (d +log|I])log® |1])

0@ = nny
(w.h.p., constants independent from d)
_ : » reconstruction (px)rer: O(|I] (d+log|I|)log” |I])
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[Kdmmerer '16] [Kdmmerer '17]
2rik-x;

est] Reconstructing multiple rank-1 lattices
. - —omik@ 3, — _1 ‘ =
Pl = fT,] pr(x) e 27k dgp — v > pr(x;)e

(Pr)k e, 1, (p/fkezg
(pr(=5)),; (pr(z)));
'.-"".;- ! ! .
IR P o
L% PR .
o o 2% — .
®len ® 0% = U .
Pelr %3 o .
o 3,% s, ° .
Pe °g e, .
"!'-" '..f °
1 1

remaining freq. from I: 9
1 ! » number of samples: O(|I]log”|1])
(w.h.p., constants independent from d)
» construction complexity: O(|I| (d +log|I|)log® |1])
(w.h.p., constants independent from d)

» reconstruction (px)rer: O(|I] (d+log|I|)log” |I])
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it Reconstructing multiple rank-1 lattices [Kdmmerer '16] [Kdmmerer '17]
" | Bri= frapr(@)e R T de = g3 pr(z;)e”

2rik-x;

» number of samples: O(|I] log? 1))
(w.h.p., constants independent from d)

» construction complexity: O(|I| (d +log|I|)log® |1])
(w.h.p., constants independent from d)

» reconstruction (px)rer: O(|I] (d+log|I|)log” |I])
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Reconstructing multiple rank-1 lattices
Example — fast approximation

kink function g4: T? — R,

[Kdmmerer '16] [Kdmmerer '17]

4 r53/415 1 112
ga(x) :sl;Il( 173 max{g — (w5 —3) 70})
— =3 -_- =6 LLLEY d=10
{ sparse grid O single R1L e multiple R1L
T T T T T e s T
10° g % e Ay a0 oL E
B OO — S0, ]
5 107 f S T
[0} s - -
1073 E
E el ]
1074 i Ll Ll Ll | Ll Lol )
10t 102 103 10% 10° 108 107 108

Number of sampling points M

> error estimates for (multiple) rank-1 lattice

sampling

in [Byrenheid, Kimmerer, Ullrich, V. '17] [V. '17] [Kimmerer, V. '18]
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Second Part
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Until now

general frequency index set 1 C Z¢ multiple rank-1 lattice

1-dim.
M—-1

(fk)kez FFTs (f(wj))jzo
O(|1] (d + log|1]) log® |1])

until now: known frequency index set

f(x) = ka e?™k find f, from samples of f
kel
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= Second part

Unknown frequency index set I

next: unknown frequency index set I / weights / function space

flx) ~ ka 2™k find j?k AND I C Z¢ from samples of f
kel

= multi-dimensional sparse FFT
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Second part

Unknown frequency index set I

next: unknown frequency index set I / weights / function space

flx) ~ ka e?mik@ find fk AND I C Z¢ from samples of f
kel
= multi-dimensional sparse FFT
> task: determine frequency index set I (out of search domain I' C Zd)
from samples belonging to =largest Fourier coefficients fi or to fr # 0
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Second part

Unknown frequency index set I

next: unknown frequency index set I / weights / function space
flx) ~ ka e?mik@ find fk AND I C Z¢ from samples of f
kel
= multi-dimensional sparse FFT
» task: determine frequency index set I (out of search domain ' C Z4)
from samples belonging to =largest Fourier coefficients fi or to fr # 0
» various existing methods, e.g., based on
filters [Indyk, Kapralov '14] / Chinese Remainder Theorem [Cuyt, Lee '08] [lwen '13] /
Prony’'s method [Tasche, Potts '13] [Peter, Plonka, Schaback '15] [Kunis, Peter, Rémer, von der Ohe '15]

» problems: non-sparsity, implementations?, stability, many frequencies
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Second part

Unknown frequency index set I

next: unknown frequency index set I / weights / function space

flx) ~ ka e?mik@ find fk AND I C Z¢ from samples of f
kel
= multi-dimensional sparse FFT
> task: determine frequency index set I (out of search domain I' C Zd)
from samples belonging to =largest Fourier coefficients fi or to fr # 0

» various existing methods, e.g., based on
filters [Indyk, Kapralov '14] / Chinese Remainder Theorem [Cuyt, Lee '08] [lwen '13] /
Prony’'s method [Tasche, Potts '13] [Peter, Plonka, Schaback '15] [Kunis, Peter, Rémer, von der Ohe '15]
» problems: non-sparsity, implementations?, stability, many frequencies
= dimension-incremental sparse FFT based on (multiple) rank-1 lattices
[Potts, V. "15] [V. '17] [Potts, Kdmmerer, V. '17]

(similar basic idea without rank-1 lattices: [Zippel '79] [Kaltofen, Lee '03] [Javadi Monagan '10] [Potts, Tasche '13])

Toni Volkmer 10 / 18 https://www.tu-chemnitz.de/~tovo/


https://www.tu-chemnitz.de/~tovo/

High-dimensional dimension-incremental sparse FFT

Method [Potts, V. '15] [V. '17] [Potts, Kimmerer, V. '17]

8

0 E

[2e]

~2
__88/ 8

k10 0 k2
8 -8
ICcr=3GE
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High-dimensional dimension-incremental sparse FFT

Complexity [Potts, V. '15] [V. '17] [Potts, Kimmerer, V. '17]

reconstruction of pr(x) = Y pr e2>™*® with unknown I using rank-1 lattices:
kel

» sparsity s = |I|, search domain T' = G4, := {—N,...,N}¢ > I,

number of detection iterations r
single rank-1 lattices multiple rank-1 lattices
samples O(dr*s”N) O(drsNlog?(rsN)) (w.h.p.)
arithmetic op. | O(dr®s” + dr?s>Nlog(rsN)) | O(d’rsNlog*(rsN)) (w.h.p.)
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» sparsity s = |I|, search domain T' = G4, := {—N,...,N}¢ > I,
number of detection iterations r

single rank-1 lattices multiple rank-1 lattices
samples O(dr*s”N) O(drsNlog?(rsN)) (w.h.p.)
arithmetic op. | O(dr®s” + dr?s>Nlog(rsN)) | O(d’rsNlog*(rsN)) (w.h.p.)

> if (Re(pg) identical sign) AND (Im(pg) identical sign) = r = 1;
otherwise

> in theory: r = 2s(log 3 + log d + log s — log &) for failure probability £ € (0, 1)
> in practice: r = 1 or 2

Toni Volkmer 16 / 18 https://www.tu-chemnitz.de/~tovo/


https://www.tu-chemnitz.de/~tovo/

High-dimensional dimension-incremental sparse FFT
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reconstruction of pr(x) = Y pr e2>™*® with unknown I using rank-1 lattices:

kel

» sparsity s = |I|, search domain T' = G4, := {—N,...,N}¢ > I,

number of detection iterations r

single rank-1 lattices

multiple rank-1 lattices

samples O(dr*s”N)

O(drsNlog?(rsN)) (w.h.p.)

arithmetic op. | O(dr3s® + dr?s®Nlog(rsN))

O(d’rsNlog*(rsN)) (w.h.p.)

> if (Re(pg) identical sign) AND (Im(pg) identical sign) = r = 1;

otherwise

> in theory: r = 2s(log 3 + log d + log s — log &) for failure probability £ € (0, 1)

> in practice: r = 1 or 2

» can be applied for approximate reconstruction of function

f € Ly(T4) N C(TY)
» MATLAB implementation

» numerically tested for up to 30 spatial dimensions

Toni Volkmer 16 / 18
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Example — 10-dimensional test function

> flz) = Hte{1,3,8} Ba(w¢) + Hte{2,5,6,1o} Ba(we) + Hte{4,7,9} Be (),
B,,, univariate B-spline of order m € N

» dimension-incremental sparse FFT for I' = GL9 (|G| ~ 1.28 - 10%'), r=10:

‘O Single R1L ® Multiple R1L ‘ ‘O Single R1L @ Multiple R1L ‘
10° T T 10° T
1072 | y £ 02| N
[}
3
107 [ - 107 [~ n
Ll Ll FRESRTET ERRTRTIY RARRATIT MR
10% 108 10* 10° 10 107 108  10°
Sparsity |I| Total number of sampling points

Toni Volkmer 17 / 18 https://www.tu-chemnitz.de/~tovo/


https://www.tu-chemnitz.de/~tovo/

est] Conclusion

TECHNISCHE UNIVERSITAT

CHEMNITZ

» known frequency index set I C Z<,
multiple rank-1 lattices
> fast reconstruction of high-dim.
trigonometric polynomials pr 3
[Kéigmmerer '16] [If'ém}r:']erer '17] g (fk)kel ((p;(<m]))5
> fast approximation (error estimates for Sobolev-Hilbert type spaces) 21));
[Kammerer, Potts, V. '15] [Byrenheid, Kdmmerer, Ullrich, V. '17] [V. '17] [Kdmmerer, V. '18]

O(|1](d + log |1]) 1og® |1])

» unknown [ C Z%, sampling along (multiple) rank-1 lattices
> high-dimensional dimension-incremental sparse FFT
[Potts, V. '16] [V. '17] [Kdmmerer, V. '17]
» very good numerical results
for high-dimensional sparse trigonometric polynomials and
for high-dimensional functions (non-sparse in frequency domain)

> see also
@ L. Kdmmerer, D. Potts, T. V. High-dimensional sparse FFT based on sampling
along multiple rank-1 lattices. ArXiv e-prints 1711.05152, Nov. 2017.

@ L. Kdmmerer, T. V. Approximation of multivariate periodic functions based on
sampling along multiple rank-1 lattices. ArXiv e-prints 1802.06639, Feb. 2018.
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‘ Sampling error when using rank-1 lattices

> H (1) ={f € Lot £ =/ Speza [ Ful? T2 max(1, |k.])2# < 0o}, 5> 0
> hyperbollc cross I :={k ez []°_, max(l |ks]) < N}

> sparse grids: ||f — SFC f|La(TH) || < NP log* TN I FIHE . (TH)]|| [Sickel, Ullrich '07]

mlx(

> rank-1 lattice: [|f — SR FILo(TY | S N7 log = N [|f1HE, (T
special case of [Byrenheid, Kammerer, Ullrich, V. '17] [V. '17]
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16 r 1

reconstructing R1L(z, M, I) has size M
with [I| < M < |1)?

> number of samples: O(|I|*)

> construction complexity: O(d |1]?)

“16 .
216

3
> rank-1 lattice: [|f — SFEFILa(TY| S M2 log =250 || f1HE(TY)]
[Byrenheid, Kdmmerer, Ullrich, V. '17] [V. '17]

I1F = SFEFIL2(T) | 2 M™% || f1H s (T
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16 r 1

reconstructing R1L(z, M, I) has size M
with [I| < M < |1)?

> number of samples: O(|I|*)

> construction complexity: O(d |1]?)

“16 .
216

3
> rank-1 lattice: [|f — SFEFILa(TY| S M2 log =250 || f1HE(TY)]
[Byrenheid, Kdmmerer, Ullrich, V. '17] [V. '17]

ILf = SE™FILa (T 2 M~ || fIH (T
= use multiple rank-1 lattice [Kimmerer '16] [Kimmerer '17]

If = SMEFILa(T4) | S M™PFEFe log "2 AL | 1
[K&mmerer, V. '18]

'JI'd)H, e>0

mlx(
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