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Introduction

Td ' [0, 1)d, f : Td → C multivariate continuous function

approximate f by multivariate trigonometric polynomial p
supported on I ⊂ Zd, |I| <∞,

p(x) :=
∑
k∈I

p̂ke2πik·x, p̂k ∈ C

e.g., approximate f using its Fourier partial sum SIf ,

p(x) = SIf(x) :=
∑
k∈I

f̂ke2πik·x, I ⊂ Zd, |I| <∞,

where the Fourier coefficients of f are given by

f̂k =

∫
Td
f(x)e−2πik·xdx, k ∈ Zd
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Introduction - Fct. Spaces Hω(Td) and Index Sets I

Hilbert space

Hω(Td) :=

f ∈ L2(Td) :

√∑
k∈Zd

ω(k)2|f̂k|2 <∞


where ω : Zd → [1,∞] is weight function

define frequency index set I := IdN :=
{
k ∈ Zd : ω(k) ≤ N

}
assume cardinality of IdN finite for all N ∈ R, e.g.,

ω(k) = max(1, ‖k‖1) ⇒ IdN is `1-ball, |IdN | ∈ O
(
Nd
)

ω(k) =
∏d
s=1 max(1, |ks|) ⇒ IdN is hyperbolic cross,

|IdN | ∈ O
(
N logd−1N

)
[Temlyakov, . . . ]

ω(k) = cd max(1, ‖k‖1)
α

α+β
∏d
s=1 max(1, |ks|)

β
α+β ,

−1 < α
β < 0, ⇒ IdN is energy-norm based hyperbolic cross,

|IdN | ∈ O (N) [Griebel, Hamaekers, Knapek]

large dimension d
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Trig. polynomials - Fast evaluation at rank-1 lattices

rank-1 lattice: z ∈ Nd,M ∈ N

xj =
j

M
z mod 1; j = 0, . . . ,M − 1

multivariate trigonometric polynomial
p(x) =

∑
k∈IdN

p̂ke2πik·x

reformulation

z = (1, 3)>

M = 11

z/M
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Trig. polynomials - Fast reconstruction
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Reconstruction of f ∈ Hω(Td) - Rank-1 lattice nodes

reconstructing rank-1 lattice Λ(z,M, IdN ):
xj = j

M z mod 1; j = 0, . . . ,M − 1; |IdN | ≤M ≤ |IdN |2
approximate reconstruction of the Fourier coefficients of
f ∈ Hω(Td) ∩ C(Td) by applying a lattice rule

f̂k =
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0 M − 1ĝl = k·z≡l
(mod M)

−16 0 16
−16

0

16

1-dim←−
iFFT

O(M logM + d|IdN |) 0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

(
ˆ̃
fk)k∈IdN

(f(xj))
M−1
j=0

approximation S̃IdN
f of f by S̃IdN

f(x) =
∑
k∈IdN

ˆ̃
fke2πik·x

7 / 15



Reconstruction of f ∈ Hω(Td) - Rank-1 lattice nodes

reconstructing rank-1 lattice Λ(z,M, IdN ):
xj = j

M z mod 1; j = 0, . . . ,M − 1; |IdN | ≤M ≤ |IdN |2
approximate reconstruction of the Fourier coefficients of
f ∈ Hω(Td) ∩ C(Td) by applying a lattice rule

f̂k =

∫
Td
f(x)e−2πik·xdx ≈ Q(f(·)e−2πik·(·)) =

1

M

M−1∑
j=0

f(xj)e−2πik·xj︸ ︷︷ ︸
ˆ̃
fk
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Reconstruction of f ∈ Hω(Td) - Error estimates

‖f − S̃IdN f |L
2(Td)‖︸ ︷︷ ︸

approximation error

≤ ‖f − SIdN f |L
2(Td)‖︸ ︷︷ ︸

truncation error

+ ‖SIdN f − S̃IdN f |L
2(Td)‖︸ ︷︷ ︸

aliasing error

‖f − SIdN f |L
2(Td)‖ ≤ 1

N

√∑
k∈Zd

ω(k)2
∣∣∣f̂k∣∣∣2 =

1

N
‖f |Hω(Td)‖

‖SIdN f − S̃IdN f |L
2(Td)‖ ≤ 1

N
(1 + 2ζ(2λ))

d
2

·

√√√√∑
k∈Zd

ω(k)2
∣∣∣f̂k∣∣∣2 d∏

s=1

max(1, |ks|)2λ

(λ > 1/2)
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Reconstruction of f ∈ Hω(Td) - Error estimates
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Example: hyperbolic cross

index set: |IdN | ∈ O
(
N logd−1N

)
IdN :=

{
k ∈ Zd :

d∏
s=1

max(1, |ks|) ≤ N

}

weights: ω(k) := ω0,β(k) :=

d∏
s=1

max(1, |ks|)β

Hilbert space:

H0,β(Td) :=

f : ‖f |H0,β(Td)‖ :=

√∑
k∈Zd

ω0,β(k)2|f̂k|2 <∞


arithmetic complexity: O

(
N2 logd−1N

)
error estimate: β > t ≥ 0, λ > 1/2

‖f − S̃IdN f |H
0,t(Td)‖ ≤ (1 + 2ζ(2λ))

d
2 N t−β‖f |H0,β+λ(Td)‖

9 / 15



Reconstruction of f ∈ Hω(Td) - Error estimates

−40 −30 −20 −10 0 10 20 30 40
−40

−30

−20

−10

0

10

20

30

40

Example: energy-norm based hyperbolic cross

index set: for 0 < α− r < β − t, |IdN | ∈ O (N)

IdN :=

{
k ∈ Zd : max(1, ‖k‖1)

α−r
α−r+β−t

d∏
s=1

max(1, |ks|)
β−t

α−r+β−t ≤ N

}

weights: ωα,β(k) := max(1, ‖k‖1)α
d∏
s=1

max(1, |ks|)β

Hilbert space:

Hα,β(Td) :=

f : ‖f |Hα,β(Td)‖ :=

√∑
k∈Zd

ωα,β(k)2|f̂k|2 <∞


arithmetic complexity: O

(
N2 logN

)
error estimate: β > t ≥ 0, λ > 1/2

‖f − S̃IdN f |H
r,t(Td)‖ ≤ (1 + 2ζ(2λ))

d
2 N r−α+t−β‖f |Hα,β+λ(Td)‖

9 / 15



Reconstruction of f ∈ Hω(Td) - Numerical results
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∣∣∣f̂(k1,k2)>∣∣∣

function f ∈ H0, 5
2
−ε(Td), ε > 0,

f(x) :=
d∏
s=1

(
4 + sgn

(
xs −

1

2

)
sin (2πxs)

2 + sgn

(
xs −

1

2

)
sin (2πxs)

3

)
,

hyperbolic cross index set IdN :=

{
k ∈ Zd :

d∏
s=1

max(1, |ks|) ≤ N
}

error estimate: ε̃ > 0, λ > 1/2

‖f − S̃IdN f |L
2(Td)‖ . N−2+ε̃‖f |H0,2−ε̃+λ(Td)‖

we compute the relative L2(Td) = H0,0(Td)
i.e., ‖f − S̃IdN

f |L2(Td)‖/‖f |L2(Td)‖
corresponds to the above error estimate with r = t = 0 up to a
“constant” since

‖f − S̃IdN
f |H0,0,γ(Td)‖

‖f |Hα,β+λ(Td)‖
=

‖f |L2(Td)‖
‖f |Hα,β+λ(Td)‖︸ ︷︷ ︸

≤1

‖f − S̃IdN
f |L2(Td)‖

‖f |L2(Td)‖
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Reconstruction of f ∈ Hω(Td) - Numerical results
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Reconstruction of f ∈ Hω(Td) - Numerical results

d N |IdN | M M
|IdN |

rel. L2(Td) error

6 64 1 709 857 31 829 977 18.6 5.3e-05
6 128 5 137 789 192 757 285 37.5 9.9e-06
6 256 14 977 209 1 400 567 254 93.5 1.8e-06

8 8 768 609 6 027 975 7.8 9.6e-03
8 16 2 935 521 49 768 670 17.0 2.2e-03
8 32 10 665 297 359 896 131 33.7 4.8e-04

10 4 2 421 009 30 780 958 12.7 4.1e-02
10 8 10 819 089 194 144 634 17.9 1.2e-02
10 16 45 548 649 2 040 484 044 44.8 3.1e-03
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Reconstruction of f ∈ Hω(Td) - Improved estimates

idea from Temlyakov 1986:

more structure: use generating vector of Korobov form,
z = (1, a, a2, . . . , ad−1)>, a ∈ {1, . . . ,M − 1}

=⇒ Lagrange’s theorem: for M prime and fixed k ∈ Zd \ (MZd)∣∣∣{a ∈ {1, . . . ,M − 1} : k1 + k2 a+ . . .+ kd a
d−1 ≡ 0 (mod M)

}∣∣∣ ≤ d−1
improvement of error estimates for β > 1− α:

f ∈ Hα,β(Td) :=

f ∈ L2(Td) :

√√√√∑
k∈Zd

max(1, ‖k‖1)2α
d∏
s=1

max(1, |ks|)2β |f̂k|2 <∞

,

Id,α,βN :=
{
k ∈ Zd : max(1, ‖k‖1)

α
α+β

∏d
s=1 max(1, |ks|)

β
α+β ≤ N

}
‖S

I
d,α,β
N

f − S̃
I
d,α,β
N

f |L2(Td)‖ ≤ C(d, α, β) N−(α+β) ‖f |Hα,β(Td)‖

drawback: non-constructive proof, i.e., for sufficiently large prime M ,

|Id,α,βN | .M . |Id,α,βN |2, there exists z = (1, a, a2, . . . , ad−1)> such that

above error estimates are valid
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Summary

approximate reconstruction of (multivariate) functions f ∈ Hω(Td)
by sampling along rank-1 lattice nodes

perfectly stable

computation only uses single one-dimensional FFT + SP

oversampling factor up to |IdN |
arithmetic complexity O

(
|IdN |2 log |IdN |

)
observed oversampling factor lower for realistic problem sizes

estimates for approximation error of optimal order
(non-constructive, generating vector z of Korobov form)

Numerical tests encourage theoretical results

Kämmerer, L., Potts, D., Volkmer, T.
Approximation of multivariate periodic functions by
trigonometric polynomials based on sampling along
rank-1 lattice with generating vector of Korobov form.
DFG-Schwerpunktprogramm 1324, Preprint 159, 2014.
(http://www.tu-chemnitz.de/∼tovo)
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