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Introduction

p : Td := [0, 1)d → C trigonometric polynomial,

p(x) :=
∑
k∈I

p̂ke
2πikx, I ⊂ Zd , |I| <∞, p̂k ∈ C
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I: full grid I: hyperbolic cross I: hyperbolic cross

d = 2 d = 2 d = 3

fast evaluation of trigonometric polynomial p
at nodes y`, ` = 0, . . . , L− 1 ?

fast and stable reconstruction of Fourier coefficients (p̂k)k∈I

from L sampling values (p(y`))L−1`=0 , L ≥ |I| ?

3 / 13



Introduction

p : Td := [0, 1)d → C trigonometric polynomial,

p(x) :=
∑
k∈I

p̂ke
2πikx, I ⊂ Zd , |I| <∞, p̂k ∈ C

−8 0 8
−8

0

8

−16 0 16
−16

0

16

I: full grid I: hyperbolic cross I: hyperbolic cross

d = 2 d = 2 d = 3

fast evaluation of trigonometric polynomial p
at nodes y`, ` = 0, . . . , L− 1 ?

fast and stable reconstruction of Fourier coefficients (p̂k)k∈I

from L sampling values (p(y`))L−1`=0 , L ≥ |I| ?

3 / 13



Introduction

p : Td := [0, 1)d → C trigonometric polynomial,

p(x) :=
∑
k∈I

p̂ke
2πikx, I ⊂ Zd , |I| <∞, p̂k ∈ C

−8 0 8
−8

0

8

−16 0 16
−16

0

16

I: full grid I: hyperbolic cross I: hyperbolic cross

d = 2 d = 2 d = 3

fast evaluation of trigonometric polynomial p
at nodes y`, ` = 0, . . . , L− 1 ?

fast and stable reconstruction of Fourier coefficients (p̂k)k∈I

from L sampling values (p(y`))L−1`=0 , L ≥ |I| ?

3 / 13



Introduction

I = Zd ∩ [−N,N)d full grid, y` equispaced, L = |I|
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(p̂k)k∈I (p(y`))L−1`=0

problem: |I| = (2N)d ⇒ curse of dimensionality

=⇒ ”thinner” frequency index sets I
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Introduction

hyperbolic cross index set I = Hd
N , |Hd

N | = O(N logd−1N)
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d = 2,N = 16 d = 3, N = 64

suitable for approximating functions from periodic
Sobolev spaces of dominating mixed smoothness (e.g. Temlyakov)

e.g. tensor product of smooth 1-periodic one-dimensional functions

I = Hd
N , y` sparse grid nodes, L = |I|
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Hyperbolic Cross Fast Fourier Transform
(Baszenski, Delvos 1989; Hallatschek 1992; Gradinaru 2007; Griebel, Hamaekers 2013)

problem: stability (Kämmerer, Kunis 2011)
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Rank-1 lattices - General

Definition (Rank-1 lattice; e.g. Sloan, Joe 1994)

Let z ∈ Zd and M ∈ N be given. We define the rank-1 lattice

Λ(z,M) :=

{
xj :=

(
j

M
z

)
mod 1 : j = 0, . . . ,M − 1

}
⊂ Td .
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Rank-1 lattices - Lattice based FFT

evaluation of trigonometric polynomial p(x) =
∑

k∈I p̂k e
2πikx

at rank-1 lattice nodes xj = (jz/M) mod 1, j = 0, . . . ,M − 1,

p(xj) =
∑
k∈I

p̂k e
2πij kz/M

=
M−1∑
r=0

 ∑
k∈I

kz ≡r (modM)

p̂k

 e2πij r/M

by 1-dim FFT(M) (e.g. Li, Hickernell 2003; Kämmerer 2012)
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Rank-1 lattices - Reconstruction

reconstruction of Fourier coefficients (p̂k)k∈I from sampling
at rank-1 lattice nodes xj = (jz/M) mod 1, j = 0, . . . ,M − 1,

p(xj) =
∑
k∈I

p̂k e
2πij kz /M =

M−1∑
r=0

 ∑
k∈I

kz ≡r (modM)

p̂k

 e2πij r/M

perfectly stable, κ(A) = 1, A := (e2πikxj )M−1j=0; k∈I,
if inner sum contains at most one summand

⇒ reconstructing rank-1 lattice Λ(z,M, I) for index set I
exists and can be constructed with CBC algorithm (Kämmerer 2012)

I = Hd
N : exists with M ≤ C N2 logd−2 N
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Perturbed rank-1 lattices

rank-1 lattice Λ(z,M)
set of admissible evaluation nodes

Yε := {y ∈ Td : ∃xj ′ ∈ Λ(z,M) : min
k∈Zd
‖y − xj ′ + k‖∞ ≤ ε},

for a pertubation parameter ε ≥ 0
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Taylor and rank-1 lattice based NFFT - Method

frequency index set I, rank-1 lattice Λ(z,M), set Yε
approximate p(y) =

∑
k∈I p̂k e

2πiky by Taylor expansion sm(y),
y ∈ Yε, at closest rank-1 lattice node xj ′

sm(y) = p(xj ′) +
∑

0<|ν|<m

(y − xj ′)
ν

ν!
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xj ′
y

for fixed ν ∈ Nd
0 , compute (Dνp)(xj) for all xj , j = 0, . . . ,M − 1,

with 1-dim FFT(M) in O( M logM + d |I| )
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Taylor and rank-1 lattice based NFFT - Error estimates

Theorem (V. 2013)

Let Hd
N ,

p(x) :=
∑

k∈Hd
N
p̂k e

2πikx, Λ(z,M) and Yε

be given,

where ε ≥ 0.
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numerical results:
V.: Taylor and rank-1 lattice based nonequispaced fast Fourier
transform.
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Approx. reconstruction - perturbed rank-1 lattice nodes

Hd
N , p(x) :=

∑
k∈Hd

N
p̂k e

2πikx, Λ(z,M,Hd
N)

(
p(yj)

)M−1
j=0

= A (p̂k)k∈Hd
N

, A := (e2πikyj )M−1
j=0; k∈Hd

N

−16 0 16
−16

0

16

Taylor and
rank-1 lattice←−
based NFFT

+ CGNR/LSQR

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

ε

Hd
N Λ(z,M,Hd

N)

approximately reconstruct Fourier coefficients p̂k from
M sampling values p(yj) at perturbed rank-1 lattice nodes yj

A∗A(p̂k)k∈Hd
N

= A∗
(
p(yj)

)M−1
j=0

stability?

ε < ln2
2πdN , κ(A) ≤ e2πdNε

2−e2πdNε
< 2

2−e2πdNε
(Kämmerer,Potts,V.)

compute (p̂k)k∈Hd
N

with CGNR or LSQR method in K iterations

arithmetic complexity O
(
K md(N2 logd−1N)

)
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Summary

fast, exact evaluation
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(e.g. Li, Hickernell 2003; Kämmerer 2012)

(p̂k)k∈I (p(xj))M−1j=0

fast algorithm for approximate evaluation + error estimates
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