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Introduction

evaluation of trigonometric polynomials f : Td ' [0, 1)d → C,

f(x) =
∑
j∈IN

f̂j e−2πijx, f̂j ∈ C, IN ⊂ Zd∩[−N,N ]d, N ∈ N,

at y` ∈ Td, ` = 0, . . . , L− 1
direct evaluation: arithmetic complexity O(L |IN |)

IN = GdN := Zd ∩ [−N,N)d, |IN | = (2N)d

⇒ curse of dimensionality even for moderate dimensions

fast Fourier transform (FFT) for equispaced y`,
arithmetic complexity O(Nd logN) for L ∼ |IN |
nonequispaced fast Fourier transform (NFFT) (Potts, Steidl, Tasche)

for arbitrary y` ∈ Td,
arithmetic complexity O(| log ε|d L+Nd logN)
Taylor expansion based NFFT (Anderson, Dahleh 1996; Kunis 2008)

for arbitrary y` ∈ Td,
arithmetic complexity O(| log ε|d L+ | log ε|dNd logN)
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Introduction

nonequispaced hyperbolic cross fast Fourier transform
(Döhler, Kunis, Potts 2010)

dyadic hyperbolic cross IN = H̃d
n := ∪j∈Nd

0 ,‖j‖1=n G̃j

G̃j := Zd ∩ ×dt=1(−2jt−1, 2jt−1], ‖j‖1 = |j1|+ . . .+ |jd|
based on hyperbolic cross discrete/fast Fourier transform
(Baszenski, Delvos 1989; Hallatschek 1992; Gradinaru 2007)

and spline interpolation on sparse grid
arithmetic complexity

O
(
|H̃d

n| log |H̃d
n|+ | log ε| |H̃d

n|+ | log ε|d L log |H̃d
n|
)

,

|H̃d
n| ≤ C nd−1 2n, C > 0
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Introduction

In this talk:

method for fast approximative evaluation of

f(x) =
∑
j∈IN

f̂j e−2πijx, IN ⊂ Zd ∩ [−N,N ]d, N ∈ N,

at arbitrary y` ∈ Td, ` = 0, . . . , L− 1,
based on FFT at nodes of rank-1 lattice of size M and
multivariate Taylor expansion of degree m− 1
arithmetic complexity O

(
md (L+M logM + |IN |)

)

error estimate and numerical results for
symmetric hyperbolic cross index sets
IN = Hd

N := {j ∈ Zd : r(j) ≤ N}, r(j) :=
∏d
t=1 max(1, |jt|)
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Rank-1 lattices - General

Definition (Rank-1 lattice; e.g. Sloan, Joe 1994)

Let be z ∈ Zd and M ∈ N. We define the (integer) rank-1 lattice

Λ = Λ(z,M) := {(kz/M) mod 1 : k = 0, . . . ,M − 1} ⊂ Td.
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Rank-1 lattices - Lattice based FFT

evaluation of multivariate function f(x) =
∑

j∈IN
f̂j e−2πijx at

xk = (kz/M) mod 1 ∈ Λ(z,M),

f(xk) =
∑
j∈IN

f̂j e−2πik jz
M

=

M−1∑
r=0

 ∑
j∈IN

jz≡r (modM)

f̂j

 e−2πik r
M

k = 0, . . . ,M − 1,

by 1d DFT/FFT(M)
(e.g. Li, Hickernell 2003; Kämmerer 2012)

arithmetic complexity O(|IN |+M logM)
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Taylor and rank-1 lattice based NFFT - Method

Let m ∈ N, Λ(z,M) be given. Approximate
f(x) =

∑
j∈IN

f̂j e−2πijx by Taylor expansion sm(x) at

xk′ = arg min
xk∈Λ(z,M)

min
j∈Zd
‖x− xk + j‖∞

sm(x) = f(xk′) +
∑

0<|s|<m

(x− xk′)s

s!
(Dsf)(xk′)

=
∑
j∈IN

f̂j e−2πijxk′

+
∑

0<|s|<m

(x− xk′)s

s!

∑
j∈IN

(−2πij)s f̂j e−2πijxk′ ,

x := (x1, . . . , xd)
>, s := (s1, . . . , sd) ∈ Nd0, |s| := s1 + . . .+ sd,

Dsf := ∂s1
∂x1s1

. . . ∂sd
∂xd

sd , s! := s1! · . . . · sd!, xs := x1
s1 · . . . · xdsd
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s!

∑
j∈IN
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For fixed s ∈ Nd0, compute (Dsf)(xk) =
∑

j∈IN
(−2πij)s f̂j e−2πijxk

for all xk ∈ Λ(z,M) with 1d FFT(M) in O(M logM + |IN |)
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Taylor and rank-1 lattice based NFFT - Method

Algorithm (Taylor and rank-1 lattice based NFFT)

Input: IN , f̂j ∈ C, Λ(z,M), m ∈ N, y` ∈ Td, ` = 0, . . . , L− 1,
index µ` ∈ {0, . . . ,M − 1} of xµ` ∈ Λ(z,M) closest to y`

1: Set s̃(y`) := 0, ` = 0, . . . , L− 1.
2: for all s ∈ {α ∈ Nd0 : 0 ≤ |α| ≤ m− 1} do
3: Compute

(Dsf)(xk) =
M−1∑
r=0

 ∑
j∈IN

jz≡r(modM)

(−2πij)s f̂j

 e−2πi kr
M ,

k = 0, . . . ,M − 1, using 1D FFT(M).

4: Set s̃(y`) := s̃(y`) +
(x−xµ` )

s

s! (Dsf)(xµ`), ` = 0, . . . , L− 1.
5: end for

Output: sm(y`) := s̃(y`), ` = 0, . . . ,M − 1
arithmetic complexity O

(
md(|IN |+M logM + L)

)
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Taylor and rank-1 lattice based NFFT - Method

evaluation of Taylor expansion sm(x) at y` ∈ Td, ` = 0, . . . , L− 1

arithmetic complexity O
(
mdL+md(M logM + |IN |)

)

choose M ∼ |IN |

=⇒ O
(
mdL+md |IN | log |IN |

)
for symmetric hyperbolic cross index sets

IN = Hd
N := {j ∈ Zd : r(j) ≤ N}, r(j) :=

d∏
t=1

max(1, |jt|),

|Hd
N | ≤ C N logd−1N

=⇒ O(mdL+mdN logdN)
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Taylor and rank-1 lattice based NFFT - Error estimate

Theorem

Let a symmetric hyperbolic cross index set IN = Hd
N , N ∈ N,

N ≥ 2, and a trigonometric polynomial
f(x) :=

∑
j∈Hd

N
f̂j e−2πijx, f̂j ∈ C, be given. Then, there exists a

rank-1 lattice Λ(z,M) of size M , |Hd
N | ≤M ≤ Cd |Hd

N |,
such that Rm(x) := f(x)− sm(x) is bounded by

|Rm(x)| < C(m, d)
N (m−α)+

Mm/d

∑
j∈Hd

N

|f̂j | r(j)α

for all α ≥ 0, where C(m, d) > 0 and (x)+ := max(0, x).
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Corollary

For fixed N ∈ N, N ≥ 2, we have

max
x∈Td

|Rm(x)|∑
j∈Hd

N

|f̂j | r(j)α
.M−m/d.
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Mm/d

∑
j∈Hd

N

|f̂j | r(j)α

for all α ≥ 0, where C(m, d) > 0 and (x)+ := max(0, x).

Corollary

For α = m, we have

max
x∈Td

|Rm(x)|∑
j∈Hd

N

|f̂j | r(j)m
. (N logd−1N)−m/d.
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Taylor and rank-1 lattice based NFFT - Numerical Results

Taylor and rank-1 lattice based NFFT for frequency index set
IN ⊂ Zd ∩ [−N,N ]d implemented in MATLAB

numerical tests for symmetric hyperbolic cross index set
IN = Hd

N

rank-1 lattice size M ∼ |Hd
N | ≤ C N logd−1N

test cases d = 2, . . . , 4 for Taylor expansions sm, m = 2, . . . , 6

L = 100 000 (uniformly) randomly distributed nodes y` ∈ Td,
Y := {y`}L−1

`=0

determination of maximum relative error

Eα :=

max
y`∈Y

|Rm(y`)|(∑
j∈Hd

N
|f̂j | r(j)α

)
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Taylor and rank-1 lattice based NFFT - Numerical Results
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(uniformly) random Fourier coefficients f̂j ∈ (0, 1]/r(j)α

M = σ 2|Hd
N | ≤ C N logd−1N , case d = 4 for m = 4, 6

error E0 :=

max
y`∈Y

|Rm(y`)|∑
j∈Hd

N

|f̂j |
should decrease like ∼ σ−m/d
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Taylor and rank-1 lattice based NFFT - Numerical Results
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Fourier coefficient f̂(N,0,...,0)> = 1/r(j)α, other f̂j = 0

M ≈ 2|Hd
N | ≤ C N logd−1N , case d = 3, 4

error Em :=

max
y`∈Y

|Rm(y`)|∑
j∈Hd

N

|f̂j | r(j)m
should decrease like ∼ 1

(N logd−1N)m/d
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Summary

curse of dimensionality attenuated by using a (small) subset
IN of the full grid Zd ∩ [−N,N ]d in frequency domain

algorithm for the fast approximative evaluation of
trigonometric polynomials

f(x) =
∑
j∈IN

f̂j e−2πijx, f̂j ∈ C, IN ⊂ Zd∩[−N,N ]d, N ∈ N,

at arbitrary nodes y` ∈ Td, ` = 0, . . . , L− 1, presented

error estimate for symmetric hyperbolic cross index sets
IN = Hd

N presented

numerical results confirmed theoretical error estimates
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