EXAMPLES OF HYPERGEOMETRIC TWISTOR D-MODULES

ALBERTO CASTANO DOMINGUEZ, THOMAS REICHELT, AND CHRISTIAN SEVENHECK

ABSTRACT. We show that certain one-dimensional hypergeometric differential systems underlie objects
of the category of irregular mixed Hodge modules, which was recently introduced by Sabbah, and
compute the irregular Hodge filtration for them. We also provide a comparison theorem between two
different types of Fourier-Laplace transformation for algebraic integrable twistor D-modules.

1. INTRODUCTION

In a series of papers (see [Yuld, ESY17,SY15,Sab18]), Sabbah and Yu (partly joint with Esnault)
have considered a so-called irregular Hodge filtration on certain cohomology groups resp. on certain
irregular D-modules. It can be seen as a generalization of the Hodge filtration on a mixed Hodge
module in the sense of M. Saito. Geometrically, such a filtration arises by considering a version of
the twisted de Rham cohomology of certain proper maps, and it plays (conjecturally) a role in Hodge
theoretic mirror symmetry (see [KKP17]). In [Sabl8], Sabbah has defined a category of irregular
mixed Hodge modules, which is (up to a technical equivalence) a certain subcategory of T. Mochizuki’s
category of (integrable) mixed twistor D-modules. He has proved that a rigid irreducible D-module
on the projective line can be uniquely upgraded to an irregular Hodge module if and only if its formal
local monodromies are unitary. Consequently, these objects come equipped with an irregular Hodge
filtration and one can define irregular Hodge numbers for them. They should be seen as interesting
numerical invariants attached to these differential systems, contrary to the case of arbitrary mixed
twistor D-modules, where there is no obvious way to define such numbers. In [CDS17], the first and
the third named author have computed that filtration and its corresponding numbers for the purely
irregular hypergeometric modules, that is for systems of the form Dg,, /Dg,, P, where P is the operator

P=]]0— i) -t
=1

1

for real numbers aq, ..., a,. Let us consider the non-commutative ring Rif;lfn = Clz, t7](220,,t20,). A
crucial point was to show that a certain quotient of the corresponding sheaf RE‘; on G,,, which restricts
to the Dg,, ,-module Dg,, /Dg,, P on z = 1 actually underlies an object in the category IrrMHM(G,,)
and the latter can be uniquely extended to an object in IrrMHM (PP!).

In this paper we discuss the case of more general hypergeometric D-module, that is, for quotients

Dg,,/Dg,, P, where now P is of the form

P =T 0 — o) —t[] (t0: — 5;)
=1

i=1

for positive integers m, n and real numbers oy, ..., ay, B, . . ., Bm such that there is no integer difference
between any «; and (; (this is the irreducibility assumption). It is worth noticing that the presence
of the factor []7-(t0; — ;) rules out the usage of the geometric arguments of [CDS17]. We obtain

(see Theorem | that for certain such systems, the corresponding quotient of RE‘; still underlies an
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object of IrMHM(G,,,). As an application, we can completely determine the irregular Hodge filtration
for all systems D/DP as above, where n is arbitrary and where m = 1.

The strategy of the proof (which is rather different from that of |[CDS17]) of the main theorem is
to reduce these differential systems from (Fourier-Laplace transformed) A-hypergeometric D-modules
(the so-called GKZ-systems of Gel'fand, Graev, Zelevinski and Kapranov, see [GGZ87], [GZKS&9)),
but at the level of (algebraic, integrable, mixed) twistor D-modules. Notice that the paper |[Moc15b]
also studies twistor structures on GKZ-systems, by considering twistor D-modules associated to mero-
morphic functions. We use instead a central result of [RS15|, where the Hodge filtration on certain
GKZ-systems has been computed explicitly. Technically, the main point in our proof consists in
showing that for an R-module underlying an integrable mixed twistor D-module on the affine space,
the algebraic Fourier-Laplace transformation (which is defined very much the same as in the case of
algebraic D-modules) coincides with the Fourier-Laplace transformation that can be defined inside
the category MTM, or even IrrMHM. Along the way, we also obtain (see Theorem that an
R-module version of the GKZ-D-module underlies an irregular Hodge module provided that the pa-
rameter 5 € C¢ of this system satisfies a natural combinatorial condition. Notice that for the special
case 3 = 0, this theorem can also be deduced from [Moc15bl, Proposition 1.4.].

Our results give concrete representations for objects in the category MTM resp. IrrMHM, which
usually are difficult to describe explicitly. We hope that a similar approach can be used to understand
the irregular Hodge filtration for some higher dimensional analogues of the classical hypergeometric
systems, also called Horn systems, which occur in the mirror symmetry picture for toric varieties.

Acknowledgements. We would like to thank Takuro Mochizuki for communicating the proof of
Lemma 2.3 to us. We would further like to thank Takuro Mochizuki and Claude Sabbah for their
interest in our work and for many stimulating discussions. We are grateful to the participants of the
workshop Mized Twistor D-modules in Heidelberg in 2017 for their time and effort. We also thank the
Max Planck Institute for Mathematics in the Sciences, where some part of the work presented here
has been carried out.

2. SOME RESULTS ON Z%- AND MIXED TWISTOR D-MODULES

Let X be a complex manifold of dimension d. We denote by Ox the sheaf of holomorphic functions
and Zx the sheaf of differential operators with holomorphic coefficients. Recall that Zx is generated
by the tangent sheaf ©x. We put 2 := Al x X, where the subscript means that z is the canonical
coordinate on A'. Denote by p, : 2 — X the projection. We denote by Z4 the sheaf of subalgebras
of P9 generated by zpiOx over 04y and by %gft the sheaf of subalgebras of Z4 generated by
2piOx and 220, over 04 In local coordinates z1, ..., x4, they are given by 04 (20,,,...,20,,) and
Oy (220;,20,,...,20,,), respectively. We set Q) := 27 1p*QL as a subsheaf of ptQ% ® 04 (x({0} x
X)), Q5 = APQL and wy = Q9.

Let f : X — Y be a morphism of complex manifolds. We consider the transfer %Z-modules, given
by oy —ow = Oy R =10, f_1%gy and oy = Wy Q@ By _o @ f_IWgy, being respectively a
(Z9, f 'R )-bimodule and a (f ' %, 9 )-bimodule. We have the inverse image and direct image
functors

L
FTWN) =R @p-15, [N,

between the bounded derived categories D*(%Zy) and D*(%Zu ).
If f: X xY — Y is a projection and dim X = d, then f(M) is given by

f+(M) =Rf. DRy oy (M)[d],
where DR g5 /2 (M) is the relative de Rham complex with differential

(1)

d
dx;
d(n@m):dn(@m—l—Z( : /\7]) ® 20gz,m,

i=1
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the (x;)1<i<a being local coordinates on X.
Let o : Gy, = Gpy . be the automorphism z — —z7l Set S:={zc Al ||z]=1}. If X €S

then o(A) = —\. Let £509 o .

S x X with compact support and C?(S) the space of continous functions on S with compact support.

The space of C°°(S)-linear maps EézQ/S,C(V) — CY(8) is denoted by Dbgy x/s(V). This gives rise
to the sheaf Dbg, x/s. The abelian category %-Tri(X) consists of triples 7 = (M;j, Mz, C) where
My, Mz are Zg-modules and C' : Mygxx ® 0" Mygyx — Dbgyx/s is a Py jsxx © 0" Ry |sx 2~
linear morphism. If D C X is a hypersurface, one similarly defines a category Z-Tri(X, D) using
Ry (*D) := Ra ®p, Oz (x(Al x D))-modules (cf. [Mocl5a, § 2.1] for details).

Now let X := X x A} and let ©x (log X() be the sheaf of vector fields on X which are logarithmic
along Xo. Let VoZ4 be the sheaf of sub-algebras in #Z 4 which is generated by zpi©x (log Xy). For
20 € Al we denote by 2~ (20) & small neighborhood of {20} x X. A coherent Z4-module is called
strictly specializable along t at zq if ML%(ZO) is equipped with an increasing and exhaustive filtra-

(V) be the space of C*°-sections of Q‘é’f X/ Over any open subset V' of

tion Va(zO)(M|%(zo)>aeR by coherent (Voz%gg)‘%(zo)—modules satisfying certain conditions (cf. [Mocl5a,
§§ 2.1.2.1, 2.1.2.2]). This filtration is unique if it exists. M is called strictly specializable along ¢ if it
is strictly specializable along ¢ for any zp.

Remark 2.1. If M is itself a coherent VpZ 4 -module, then M is automatically specializable along
t and the corresponding filtration V,(M) exists globally and is trivial, i.e. Vi(M) = V(M) for all
a,b e R.

If M is a coherent Z 4 (xt)-module, we define similarly a filtration Va(zo)(./\/l‘ 2°(=0)) and the notion of
strict specializability along ¢ (cf. [Moclba, § 3.1.1]). In this case we define the Z4-submodules M [xt]
resp. M[!t] of M, which are locally generated by VO(ZO)M resp. V<(E°)./\/l.

Remark 2.2. If the coherent # g (xt)-module M is itself VoZ gy coherent, then Mlt] = Mxt] =
M(xt) = M.

Given an Z g (xt)-triple T = (M1, M2, C) which is strictly specializable along ¢ we can define
T[] := (Mq[xt], Ma['t], C['t]), T [xt] := (My[lt], Ma[xt], C[xt])

(cf. [Moclba, Prop. 3.2.1] for details).

The category of filtered Z4-triples (i.e. Zg-triples equipped with a finite increasing filtration W)
underlies the category MTM(X) of mixed twistor D-modules (cf. [Moclb5a, Def. 7.2.1]). The full
subcategory of objects T € MTM(X) satisfying 7 = 7T [*D] for some hypersurface D C X is denoted
by MTM(X, [«D]).

If X is a smooth, algebraic variety, we denote by X" the corresponding complex manifold. Let X be
a smooth, complete, algebraic variety such that X < X is an open immersion and D := X \ X is a
hypersurface. We can define the category of (integrable) algebraic, mixed twistor D-modules as

2) MTMGY (X) := MTM (X, [«D)).

We remark that this definition is independent of the completion up to an equivalence of categories
([Moc1bal, Lem. 14.1.3)).
Let f: X — Y be a quasi-projective morphism of smooth, algebraic varieties. We take completions
X C X,Y CY as above, such that Dx := X\ X and Dy := Y\ Y and we have a projective morphism
f X — Y which restricts to f. For T € MTM,4(X), corresponding to 7 € MTM(X, [«*Dx]), we
define 4 B

LT =HFT,
where f, is the direct image functor for mixed twistor D-modules arising from the one for %Z-modules
depicted in
If X is an algebraic variety, we denote by Dx the sheaf of algebraic differential operators and by
R4 the sheaf of z-differential operators, where here 2" := A! x X. We define the inverse and direct
image functor in the category of algebraic R g--modules as in [I} Analogously to the construction of
R, we can consider the projection p : P! x X — X, and construct the sheaf of subalgebras of
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Dp1y x (x({oc} x X)) generated by 220, and 2p*Ox over Op1 x (cf. [Mocl5al, § 14.4.1.1]), which will

be denoted by R}f;{x (¥00). In that sense, an algebraic integrable R 5--module gives rise to a unique

REY  (x00)-module (cf. [ibid., Thm. 14.4.8]).

The following Lemma, which will be needed later, is due to T. Mochizuki.

Lemma 2.3. Given two good R}f;fo(*oo)—modules P1, P2 and an analytic isomorphism f : P

P35, then f is induced by a unique algebraic isomorphism between P1 and Pa.

Proof. Take a coherent Op:1, y-submodule N7 C P; such that Riﬁ‘}x (x¥00) ® N1 — Py is surjective
and a coherent Op1, xy-module Ny C Ps such that both R};‘fxx(*oo) ® No — Py is surjective and
FNT?) C N3P According to GAGA we have a morphism g : N1 — N which after analytification is
equal to the morphism N2 — N2 induced by f. Denote by K; the kernel of R (x00) @ N7 — P.

PlxX
This gives a morphism K; — Po which one obtains as the composition X — R}f}}x X(*oo) QM N
R, (x00) ©@ No — Py, where ¢ is induced by g. Because the induced morphism (RPp}, (¥00) @

Nl)an — P3" factors through P{", the induced morphism K" — P3" is 0. Hence, we obtain that

K1 — Po is 0, which means that R}f}fx + (¥00) ® N1 — Py factors through P;. This shows the existence.

The uniqueness follows from [Ser56|, Prop. 10]. O
Since an algebraic, integrable, mixed twistor D-module on X gives rise to an analytic %lnt ¢ (*00)-
module which underlies an algebraic Rmt . x (¥00)-module by [Mocl5a, Thm. 14.4.8], the Lemma
above shows that we can define functors (up to canonical isomorphism)

For; : MTMj (X) — Mod(R%')

(M1, M3, C) = M; fori=1,2,

which become faithful if we impose goodness.

3. FOURIER TRANSFORMATION OF TWISTOR D-MODULES

In this section we define the Fourier-Laplace transformation in the categories of integrable R-modules
and integrable, algebraic, mixed twistor D-modules, and we prove that these two transformations are
compatible.

Consider the diagram

AN x AN PN x PN
/ \ (Il
/]'\ ]/E\)N

where p and ¢ are the prOJectlons to the first and second factor respectively. Consider the function
cpzZﬁvzlwi')\i on AN x AN,

Let Aféz the R g1, 4 v zn-module OAl ANy A~ equipped with the z-connection zd+dy, and consider

the reduced divisor D := (P x PV)\ (AY x AY). Then A7 = j*Aféz carries a natural structure
of an R, pn,pn (¥D)-module.

We denote by Ford /2 the analytification of Af/ which is an #

1w pN 5 P (¥D)-module.

Lemma 3.1. Sf/z 1s strictly specializable along D and

gel7 .= e2/*«D) = £F/7 .
Proof. We denote the coordinates on PV x PN by ((wo : w1 ¢ ...:wn), (Aot A1 :...: Ax)), where the
chart AN x AV is embedded via the map j : (w1, ..., wN, A1, .. . ,)\N) (L:wy,...;,wn), (L Ay

An)). By symmetry it is enough to prove the claim in the charts {w; # 0, A\g # 0}, {w1 # 0, A\1 # 0}
and {w; # 0,\2 # 0}. We will assume N > 2 and consider the chart X := {w; # 0,\y # 0};
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the arguments with the other charts and when N = 1 go similarly. The chart X is embedded as

(X1, N 1y piN) = (1 0 1 i @oooo s en), (1 s p2 c 1 s ug o ... pn)), so that the map ¢ is
given on X by xllm (p2 + T2+ ;53 ;). Set Dx = Al x (DN X)=A!x{z1-p1 = 0}. The module
(6f/z)|X is a cyclic Zy14 x (*Zx)-module Zy1, x (xPx)/-%, where the left ideal .# is generated by
1 1 i
20z, + —— (2 + 2 + iTi), 204, — —, 20, — ——,
1 x%ul (2 2 ;Nz i) 2 o1 zj T
1 1 T
204, + —= (2 + 22 + ii), 20y, — —, 2y — ——,
11 fElH% (1 ;Nz i) w2 I K =
where j > 3. Consider the map iy : X — A} x X given by
(xla“'vanu’lv'”nu’N) = (‘Tl '/’6171.17-"7'%]\77“17'"7/’LN)'

The direct image iy (Z2 (xZx)/-¥) is a cyclic %A}X%(*(Atl X Dx ))-module %A%X%(*(A% x9x))] 7'
where #' is generated by

1 J%
20 + 128 + + 29 + E iLi), 20z, — R 205, — J R
T M t 21 . (N2 2 < 1273 z) T2 L T L
0 0, 2( 2 2 E ) Oy — —— Oy, — i t—x M
z + 21120 + Mo + To + ;s ), z s 20y, s 1M1,
- ! Ty i>3 o - T Hi T1p1

where j > 3. Define the cyclic Z,1, o (xt)-module Zy1, 4 (xt)/ 7 where # is generated by

1 1 L
281171 + /’leat + lttig(:u’2 + T2 + Zulxl)7 2:8162 - 27 Zawj - ?Ja
i>3
I 1 X
20p, —|—a:128t+t—2(ug—|—m2—l—2pimi), 20u, — . 20p; — TJ’ t— 11,
i>3
where j > 3. Then we have the following %1, »--linear isomorphism
Riixa Ay X Dx))] I — Bpr o (30)] F
1 P 1
(w1p1)* th
Consider the V-filtration along ¢t = 0. The relations tik = (205",
1 1 )
20y = —; Zamlwl + ;(,UQ + 9 + Zul‘rl) = —Zaxll‘lzam — (Mz + 9 + Zuixi)(z(‘)m)
i>3 i>3

and a straightforward induction over k for (20;)* show that i, + (Z4 (*Zx)/ ) is a cyclic, hence also
coherent, VoZ,1, y--module. It follows from Remarkthat ig+(Za (xDx)] F) =g+ (R (xDx)] F)[*t],
and as a consequence, we are done by applying [Moclba, § 3.3.1.1] and Remark

[l

It follows from [SY15, Prop. 3.3] that £%/7 underlies an object T%/% € MTM;H;(AN x AN, Let us
notice that the preceding lemma, as well as the similar lemma below, are related to a more gen-
eral statement in [Mocl5b, Corollary 3.12] on mixed twistor D-modules associated to non-degenerate
functions. However, in order to keep the paper self-contained, we prefer to give direct proofs here.

We will now define a Fourier-Laplace transformation for algebraic RiAﬂ“iX an-modules.

Definition 3.2. The Fourier-Laplace transformation functor from the category of algebraic R{A?E CANT
t

i y-modules is defined as

modules to the category of algebraic RK

M := FL(M) := H'q, ((fM) ® AféZ) ,
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for any M in Mod(RY%  v)-

Remark 3.3. Let M :=T(A'x AN M) be the RS, y-module of global sections of M. The RK&XAN—
module M :=T (Al x AN , M\) is isomorphic to M as a C[z]-module and the full Riﬁx 4 -structure is

given by
N
Ai-m = —20y, - m, 20y, M = w; - m and 220, -m = <z23z - Zzawiwi> “m.
i=1
On the other hand, there is a similar definiton of a Fourier-Laplace transformation in the category of

algebraic Dy ~-modules (see e.g. [Reild, Def. 1.2]) which we also denote by FL.

The Fourier-Laplace transformation for algebraic, integrable, mixed twistor D-modules is defined in
the following way.

Definition 3.4. The Fourier-Laplace transformation in the category of algebraic, integrable mixed
twistor D-modules on AY is defined by

FLarrn(M) = HOq. ((p*M) ® T‘P/Z> :

where M € MTMj (AN).

Recall that for M = (M, My, C) € MTM;?;(X ) we denote by For; the forgetful functors For;(M) =
M; fori=1,2.

Proposition 3.5. Let M € MTM;?;(AN). Then

Fori (FLyrm(M)) = FL(For; (M) and  Fora(FLyra(M)) = 2~ FL(Fory(M)).
Proof. By [Mocl5al § 14.3.3.3] it is clear that For; almost commutes with p*, more precisely we have
For(p*(M)) = 2¥p*(Fori(M))  and  Fory(p"(M)) = p* (Fora(M)).

Then it is enough to prove for N € MTM;I}E(AN x AN) that g4 (For; (N)®Aféz) = For; (g (N @T¥/?)).
We have

Tras (Fori (N) ® A;f) ~ 7.y (Fori (M) ® Aff{f) ~ 7, s (Fori N) ® A:#)
Since N, T¥/* € MTM;‘};(AN X A\N), there exist mixed twistor D-modules N, 774'0/2 e MTM™ (PN x

PV, [*D]) whose underlying Z-modules are (after stupid localization along D) analytifications of the
J« For;(N) and j*.Aféz. Hence

(4 (Pori(v) © A7) )™ = For, (W 0 T97) (+D) = For, (N @ T7%),
where the last equation follows from Lemma B} We therefore get
(Fop (ForiV) © A7) ™ = Ra. DR, (3 (Fors) @ 457 )) ™
= Rg, DRI, 5 For; (N @ T7°)

>~ For; (q* (N@ T‘”/Z» .

The claim follows now from Lemma noting that the goodness is a consequence of Lemma [3.1
and [Moclba, Thm. 14.4.15]. O
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We have the following variant, which will be used in the next section. Consider the diagram

AN x G,, PN x P!
/ \ ql
J Pl

and let ¥ ;= wy -t +ws + ...+ wy.
Similarly as above we define the R g1, 4~ «¢,,-module Aféz, being Og1, 4N xg,, endowed with the z-
connection zd+d. As in the other case, we can consider the divisor H := (P xP!)\ (A" x G,,) and

.AW 7= j*.A%Z. In the same vein as before, we will denote by
&Y% the K1 pn p1 (xH)-module being the analytification of AV, The following Lemma is similar
to Lemma

obtain the R 1, pnyp1 (*H)-module

Lemma 3.6. Eip/z is strictly specializable along H and
g7 = gVl = V7.

Proof. We denote the coordinates on P x P! by ((wg : wy : ... : wy), (u : t)), where the chart
AN x G,, is embedded via the map j : (w1, ..., wxn,t) — ((1:wy :...:wy),(1:t). We will assume
N > 3 and consider the chart X := {wa # 0,u # 0}; the other charts behave similarly, as well as the
case N = 1,2. The chart X is embedded as (z1,...,25,u) — ((x1:22:1:23:...:2N),(u:1)). On

this chart the map 1 is given by %1(%4-14-.%34-. .+wN). Set H = Al x (HNX) = Al x{z1-u = 0}.

The module (Ef/z)‘x is a cyclic Zy (%7 )-module Z 4 (x5 ) /.7, where the left ideal .# is generated
by
1 1 1
z6x1+—2<ﬁ+1—|—m3+...+x]v), 20p, — —, z&rj—f, z8u+£2’
X u r1u I r1u

with j > 3. Consider the map i, : X — Al x X given by
(x1,...,zN,u) = (L1 U, T1, ..., TN, U).

Analogously as in Lemma the direct image iy (Z2 (xHx)/_#) is a cyclic %MX%(*(Aé X Hx))-
module Zy1, o (x(A} x Hx))/ F' where ¢ is the left ideal generated by

1 /x 1 1
28x1+u285+—2(—2+1+x3+...+x1\;), 205, — —, 207, — —,
i\ U T1u x1
€2
20y + 1205 + —, s — x1U,
r1u

and j > 3. Define the cyclic %1, o (*s)-module Zp1, 4 (xs)/ # where 7 is generated by

1 1 U
20z, —l—uzas—i—— (x2u+u2+$3u2+...+mNu2), 20z, — . 20z, — >

1'1$2
20y + 120 + —= s — x1U,

where j > 3. We have the following K1« 9-linear isomorphism

Rprx o (+(Ay x Hx))] I — '@Alx%(*S)//
1
P(xlu)k > P

Consider the V-filtration along s = 0. The relations sik = (z@m)k ,
20y = — = (z + uz0y + —) = —2 204, — 204204, — x2(204,)
s s

and a straightforward induction over k for (20)* show that i, . (Z (*xDx)/_#) is a coherent VoZ 1 x o~

module. As in the previous lemma, this shows the claim.
O
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It follows again from [SY15, Prop. 3.3] that £¥/# underlies an object T%/* € MTM;H;(A” X Gp).
Definition 3.7.

(1) The Fourier-Laplace transformation with respect to the kernel ¢ in the category of algebraic
R q15 av-modules is defined as

FLY (M) := H'q, ((p+M) ® Aféz) ,

for any M € Mod(R4n).
(2) Analogously, the Fourier-Laplace transformation with respect to the kernel v in the category
of algebraic, integrable twistor D-modules on AV is defined by

FL’&TM(M) = H'q, ((p*/\/l) ® TWZ> ,
for any M € MTM;?;(AN).
We get the following result for the kernel 1.

Proposition 3.8. Let M € MTM;‘;(AN). Then
Fory (FLYpy (M) = 2"V FLY (For; (M) and  Forg(FLY (M) = 2~V FLY (Fora(M)) .
Proof. We have, by [Moclbal, § 14.3.3.3],
Fory (p*(M)) = zp™ (Fory (M)) and Fory(p*(M)) = p™ (Forg(M)).
The rest of the proof carries over almost word for word from Proposition [3.5] using Lemma |
4. GKZ SYSTEMS AND IRREGULAR HODGE MODULES
Let A = (ax;) be a d X N integer matrix with columns (ay,...,ay). We define
N
NA:=) Ng, C Z°
i=1
and similarly for ZA and R>9A. Throughout this section we assume

ZA=7¢° and NA=ZNR>oA.
Set AV := Spec (Clwy, ... ,wy]) and AN := Spec (C[Ay, ..., Ay]) and

N
Ly:= {f:(fl,...,f]\/) ez . Z&az}
i=1

Definition 4.1. The GKZ-hypergeometric system Mi is the cyclic Dz y-module Dy /Z, where T is
the left ideal generated by

N
Ep =Y amAioy, — B, for k=1,....d,
=1
and
D= JJ o8 — [ 035, fori € La.
;>0 £; <0

The GKZ-hypergeometric system Mi is the Fourier-Laplace transform of the cyclic Dg~-module
Mﬁ :=Dun /T, where J is the left ideal generated by
N
k= Zakiawiwi + By, fork=1,...,d,
i=1

0, := wai— Hwi_é", for [ € IL4.
£:>0 £;<0

and
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The semigroup ring C[INA| C C[t{c, .. ,tilt] is naturally a Clwy, . .., wy]-module under the isomorphism
Clwi, ..., wy]/((O¢)eer,,) — C[INA]
w; — 1%,

where we are using the multi-index notation t% := HZ:I i, We set Sy := C[INA]. Notice that the
rings C[wy, ..., wy] and Sy carry a natural Z9-grading given by deg(w;) = a;. This is compatible with
the grading on the Weyl algebra D~ := I'(AY Dy n) given by deg(w;) = a; and deg(dy,) = —a;.
Definition 4.2. ([MMWO05, Def. 5.2]) Let P be a finitely generated Z-graded C[w, ..., wx]-module.
An element a € Z% is called a true degree of P if the graded part P, is non-zero. A vector o € C¢ is
called a quasi-degree of P if « lies in the complex Zariski closure gdeg(P) of the true degrees of P via
the natural embedding Z¢ — C“.

Consider the set of strongly resonant parameters of A:
N
sRes(A) := U sRes;(A),
j=1
where
sResj(A) == {B € C"| B e —(N+1)a; + qdeg(Sa/(t%))}.
Consider as well the torus GZ, := Spec (C[t1, . .. ,tiit]), together with the torus embedding
h: G,C,ln — AN
(t1y. .. tg) — (E%, ... t9N).
The following proposition is a slight generalization of the results of Schulze and Walther [SW09, Thm.
3.6, Cor. 3.8].

Proposition 4.3. (JRS15, Prop. 2.11]) Let A be a d x N integer matriz satisfying ZA = 7% and
INA = Z N R>oA. Assume that B ¢ sRes(A). Then

20 (hmgd ) ~ M5,
where Oégn ~ Dea /Dga - (Onts + B, - -+, Oyta + Ba)

For B € R?, the D-module (’)éd underlies the complex mixed Hodge module p@gf . Hence for
B € R?\ sRes(A) the D-module /\;lf1 underlies the complex mixed Hodge module Hoh*p(Dgf . The

Hodge filtration on Mﬁ can be explicitly computed, provided that S belongs to a certain set A4 of
so-called admissible parameters . We recall its definition from [RS15, p. 11]: Let c:=a; + ...+ ay
and define for all facets F' of R>¢A the uniquely determined primitive, inward-pointing, normal vector
np of F, such that (np, F) =0 and (np,INA) C Z>q. Set ep := (np,c) € Zso. The set of admissible
parameters of A is then defined by

Ap:i= () {R-F—[0,1/er)-c}.

F facet

Theorem 4.4. (|[RS15, Thm. 3.16]) For f € A4 the Hodge filtration on Mﬁ is equal to the order
filtration shifted by N —d, i.e.
FpI—_Ii_N_dMB == F;rdMi .

Let us define the cyclic R 14 4 ~-module N = Ra1xan/T., where T, is the left ideal generated by

N
Ef = Zakizawiwi + 20, for k=1,....,d,
i=1

0, = wa"— Hwi_zi, for I € 4.
£;>0 £;<0

and
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We will denote by MAQB =T (AN, Mﬁ) and Nﬁ =T(A! x AN,/\V/'I’?) the modules of global sections of
./\;li and N , respectively.

We will also consider the Rees module of M ﬁ with respect to the order filtration FO', which is given
by RFord]\Zf1 = Zkzo ZkFl?rdel' An easy computation shows I%I“—’(jr(iAf\Zfl = Nﬁ, hence

(3) RPN = N-INA

Definition 4.5. The R-GKZ-hypergeometric system N ﬁ is the cyclic Ri&m -module Ri&‘t CAN /Z,

1y AN 1

where the left ideal Z is generated by

N
E§ = 220, + Z Aiz0y,,
=1

N
Ef = Zaki/\iz@\i — 2B, for k=1,...,d,
i=1
and
07 o= [ (z0x)" = ] (205,) 7%, for £ € La.
£;>0 £;<0
Remark 4.6. Note that, considering N f as an RXfXXN-module with the trivial action of 220,, N’ g is

its Fourier-Laplace transform as RzlltX&N—modules, according to Remark

Theorem 4.7. Let A be a d x N-matriz and f € A4 an admissible parameter. The R-GKZ-
hypergeometric system Z_d./\/f underlies an algebraic, integrable, mized twistor D-module T/\/lﬁ.

Proof. By the Remark above, we know that NP = FL(Nf), which in turn, thanks to the choice of S,

Theorem and formula , is equal to FL(z4~NRF H/\;li). Since RY HMi is the Rees module of a
mixed Hodge module on A%, it gives rise to an algebraic, integrable mixed twistor D-module on AV,
say TMi. Then we can apply Proposition and get

N = 24N L (Fory (M) ) = 2" Fory (FLamw (V7)) -
The result follows from writing TMﬁ = FLyrMm <T./\>lﬁ>. O

Corollary 4.8. The analytification of TMi gives rise to an irreqular mized Hodge module on AN

which has a natural extension to an R\ -module underlying an object of IrMHM(PY).

AlxP

Proof. This follows from applying [Sabl18| Cor. 0.5] to the operations performed to get T./\/li. O
5. APPLICATION TO CONFLUENT HYPERGEOMETRIC SYSTEMS
In this section we are going to use the results achieved so far for the special case of the matrix
< lm ‘ me(nfl) ‘ Id,, )
A= .

1, . —Idp—1 ‘Q(n—l)xm

For the sake of simplicity, we will write N = n + m in the following. Before going on, let us introduce

the main object of study of this section and state some of its basic properties, extending what we
mentioned in the introduction.

Definition 5.1. Let (n,m) # (0,0) be a pair of nonnegative integers, and let a1, ..., ay and S, ..., Bm
be elements of C. The hypergeometric D-module of type (n,m) associated with the a; and the f; is
defined as the quotient of Dg,, by the left ideal generated by the so-called hypergeometric operator

[1t0: — i) =t T[ (t0: — By).

i=1 j=1
We will denote it by H(a; 5;5).
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Proposition 5.2. Let H := H(cy; ;) be a hypergeometric D-module of type (n,m), and let n be any
complex number. Then we have the following:
(1) If we denote the Kummer D-module Dg,, /(t0;—n) by Ky, then HRog, Ky = Hia;+mn; B;+n).
In particular, an overall integer shift of the parameters gives us an isomorphic D-module.
(2) H is irreducible if and only if for any pair (i,j) of indices, oy — [5; is not an integer.
(3) If H is irreducible, its isomorphism class depends only on the classes modulo Z. of the «; and
the B, so we can choose such parameters on a fundamental domain of C/Z.

Proof. A simple calculation shows point 1. Point 2 follows from [Kat90, Prop. 2.11.9, 3.2], whereas
point 3 is part of [ibid., Prop. 3.2]. O

As we mentioned in the introduction, we can express any one-dimensional hypergeometric D-module
as the inverse image of a GKZ hypergeometric D-module (cf. [CDS17, Cor. 2.9]). Notice that there
is a similar statement at the level of R-modules (see [ibid., Lem. 2.12]), yielding a description of the

’Rint - -module H from Theorem [5.7|below as an inverse image of a GKZ-hypergeometric R-module
(as deﬁned in [ibid., Def. 2.10]).

Proposition 5.3. Let H(ay; ;) be a hypergeometric Dg,,-module of type (n,m) with aq = 0, let
A€ M((N —1) x N,7Z) as right above, and let v = (B1,...,Bm,2,...,an)". Let t : Gy — AN be
given by t — (t,1...,1). Then

/H(a,-; B]) = L+le.
Since the restriction map ¢ is not smooth we do not know a priori whether taking inverse image by
it preserves irregular mixed Hodge modules. In order to show that #(«;; 3;) can be upgraded to an
element of IrrMHM(G,,,) we use Proposition where the reduction procedure is build in by the use

of the Fourier kernel ¥ = wy -t + wo + ... + wpn. §
Let A€ M((N —1) x N,Z) as above and v = (y1,...,7v-1)" € A4. The Dyn-module M’ underlies

a mixed Hodge module on A", so that the Rees module RY " (MZ) then gives rise to an algebraic,
integrable mixed twistor D-module on AY that we denote by T/\;ll. Then we have the following
concrete description of its Fourier-Laplace transform FLK’/ITM (TM}) = s (p* (T/\;ll) ® TY/ Z).

Proposition 5.4. Let A and v be as before. Then the Rmth -module Fory <FL;€ITM (TM1)> can be

expressed as Rmthm /(P, H), where

n—1
P =29, + (n—m)tz0 + ez and H = ztd, H 2(t0y — Ymri) — tH 2(t0y — 7;),
=1 7=1

. N-1
wzthsz}’Lﬂj—E 1 Vi N —

Proof. As said after Theorem [4.4 [4.4] for any ~ inside the domain 2 4 of admissible parameters, the Hodge
filtration of M is the order filtration shifted by N — (N — 1) = 1. Therefore, for such values of v
we can give an expllclt expression of the Rees module of the filtered module (/\/l7 FH ) Namely, we
have the isomorphism of R, v-modules

RET (M) = 2N =R v/ (B2, E2,0,2%0, — 2),
where
Ef = 20y, W1 — 20w, Wi + Ym+i—1%, for i =2,...,n,

Ej = Zaqul + Zawn+jwn+j —l—’)/j2’7 for j = ]., oo, M,
n m
o [T
i=1 =1

First we compute FLw(z/\v/”y ), which involves performing three operations with ZNX: inverse image

by p : G x AN — AN, tensor product with the Rmtx G x ,nv-module A%Z and direct image by
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q:Gp x AN — G,,. The first one is pretty easy. Namely
t Pz L2
pH N = Rm Alx@,, XAN/(Ef,]E’;,D,Z 0, — z,204).

Let us tensor now erz./\/”y with A . This R™-module can be presented as RE}X G AN ¥/ =
Rmtx Gy AN /T¥, where IV is the left ideal generated by
220, + wit+we + ... +wn, 20, —wi, 20w, —t, 20w, —1,i=2,...,N.
For n € ptzN7, we will call n?¥ the tensor n ® e¥/. Then we can obtain the formulas
(z@wlwln ® e¥/? Ow, <w1n ® ew/z> —t <n ® w1€¢/2> = (20, w1 — t20;) - n?,
(z@wkwkn ® e¥/* Ow,, (wkn ® ew/z) — (n ® wkew/z> = (20, Wi — W) - n¥ for k=2,...,N,

)=
)=

(zzazn@)ew/‘z) 228, -n¥ (n@(—w)eq’b/z) = (228z+w1t+w2+...—l—w]v) Y,
)

(zﬁm@eWZ =20, -n¥ — (n®wlew/z) = (20; — wq) n¥.
Hence p™ z/\YX ® Aaff is the cyclic RK'{ <G, xan-module RK'{ G X AP /JY, with 7 being the left ideal

generated by
Hwi — Hw"+j’ 220, —z+wit+wa+ ... +wy, 20, —wr,
20y, w1 — t20p — 20, W; + Wi + Ym4i-12, fori=2,...,n,
20p w1 — 120p + 20, Wnyj — Wnyj + 752, for j=1,...,m

We now consider the zeroth cohomology H%q. (p z/\/”’ ® .AW Z) which is in turn the N-th cohomol-

ogy of the de Rham complex ¢:DR 1@, xAN/A1xGy (p z/\/’X ® A:féz). This is given by the cyclic
RY @ -module RYS . /(P', H'), where the operators P and H' are given by

n—1 m
P =220, 4+ (n—m)tz0; + 'z, H':= 210, H(ztﬁt — Ymyiz) — (=1)"t H(zt@t — ;%)
i=1 j=1

ande’ =Y, yj—S N 7i—1. Replacing t by (—1)™¢ we obtain that FLY (2\]) = Rt g, /(P H),
with

n—1 m
H := 2t H(Ztat — Ymtiz) — t H(Ztat —%)-
i=1 J=1

Now it follows from Proposition [3.8] that
Fory (FLYpy (M) ) = 27V FLY (2N = R, /(P H)

with
n—1
P:z28z+(n— m)tz0y + ez and H = zt0, Hz (t0r — Ym+i) —tHz t0y — 7;),
i=1 7j=1
andszzgnzlfyj—zgznll%—kN—l. O

Remark 5.5. As a matter of fact, we do not have to restrict ourselves to the region 24 to find our
admissible parameters. If we have v € 2,4 and add to it an integer vector k € ZN~! with no negative
entries, then v + k ¢ sRes(A) by definition (cf. the proof of [RS15, Lemma 3.5]). Therefore, since
Oz;d = OAY+ for any integer vector k, we have ./\/l M'Z‘Jrk by Proposition and the statement of
the proposmon holds true after changing A4 by A4 + INV—1,

We will also make use of the following result, which calculates the admissible domain %A 4 for the matrix
A in our particular context.
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Lemma 5.6. Let A € M((N—1)x N, Z) be the matrixz defined at the beginning of the section. Consider
a point p= (p1,...,Pmsqi,---qn_1) € [0, 1)L, Let us define

p_ = min(({pl, coospmt \{OH U {1}) and p4 := max{pi,...,Pm},

that is, the minimum of the p; that do not vanish (taking p— = 1 if all of them are zero) and the
mazximum of them all.
Then, p belongs to (A4 + INV=1) c RN~ if and only if, for alli=1,...,n— 1:

e ¢; €[0,p_) if some p; vanishes, or

e g €[0,p_)U[ps,1), otherwise.

Proof. We will first find the expression for the admissible region 2 4. For this purpose, we must find
a set of hyperplanes containing the facets of the cone C' := R>pA C RV~1. Denote by {u;,...,un_1}
the canonical basis of RVN~! and write z1,...,zx_; for the corresponding coordinates.

Since any face of a cone is generated by a subset of its generators, and for our given matrix A, any
(N —1) x (N —1)-minor is non-zero (so that any subset of N — 1 columns generates a full-dimensional
cone), we see that any facet can contain at most N — 2 columns. On the other hand, such facet must
be N — 2-dimensional, so it cannot be generated by fewer columns. Therefore, we can conclude that
it contains exactly N — 2 columns.

Any linear functional h defining a facet of C' must satisfy that h(C') > 0. Denote by H},; the hyperplane
not containing a;, and a,. There are five classes of these hyperplanes: Hy;, H1 nyj, Hiy ios Hintj, Hugji ntjo
with 4,471,492 € {2,...,n} and 7, j1,j2 € {1,...,m}. The linear functionals defining them are, respec-
tively,

hii = Tmyi-1,
hl,n—f—j =Ty,
Piyio 7= Tmtii—1 — Ttia—1,
hiptj = x5 — Tmii-1,
P jintga 7= Ty — Ty
All of the linear forms hy;, hi, i, and Ay, ntj, (for the corresponding values of 4,141,142, j1,j2) take
both negative and positive values on some columns of A, so the associated hyperplanes do not contain

any facet.
We conclude that each facet of C' is contained in one of the following hyperplanes:

(4)

These hyperplanes are different one from each other and the respective functionals satisfy hq p4;(C) >
0 and h;,+;(C) > 0. Hence each of them contains a different facet of the cone C'.

The primitive, inward-pointing normal vectors of the hyperplanes Hi 4 resp. Hipij are ny ;= u;
TeSP. Ny i= Uj — Uy, ;1. Denote by c the sum of all columns of A. We have ¢ = 2(u; + ... + u,,)
and ep := <@,€,l,g> = 2, where k and [ take the admissible values corresponding to the hyperplanes
we consider in (i.e., we have either (k,1) = (1,n + j) or (k,l) = (i,n + j) for i = 2,...,n and
j=1,...,m). Define

Wy :=Hpy—1[0,1/epy) - c=Hpy—[0,1) - (g + ...+ u,)

[ Hines — 01wy forg=1,...m,
N Hl;rl-‘r]_[oal)uj forz':2,,,.,n,j:1,...,m,

Hipyj: ;=0 forj=1,...,m,
Hipnij: 2j—xpmypi—1=0 fori=2,....n,j=1,...,m.

since for (k,1) = (1,n+ j) resp. (k,l) = (i,n+j), the vectors uy, ..., u; 1,1y, ..., U, are contained
in Hyyyj resp. H;pyj. Then we have

M nyj = Hipyj — [0, 1) Suj = {(1‘1,...,1‘]\7_1) € RN71| —-1<z; < 0}
forall j =1,...,m and

Qli7n+j = HLnJ’»j — [0, 1) TUj = {(xl, .. .,J/‘Nfl) € RN_l | —-1< Tj — Tm+i—1 < 0}
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for all i = 2,...,n,7 = 1,...,m. According to the construction given before Theorem [£.4] we can
conclude that
As= () {R-F-[0,1/er)-ct= () Uy,
F facet k,l from eq,

so we can describe the admissible region 2[4 as

—1<x: <0 for j=1,...,m, _

Ay : = o " c RN
—1<zj—xpypi—1 <0 fori=2,...,n,5=1,...,m

Now let us pick a point p € [0,1)V 1N (A4 + INV-1) and take k = (k1,...,ky_1) € NV~1 such that
p €[0,)N=1 N (A4 + k). The shifted domain is given by

—1+kj<$j§kj forj=1,...,m,

QlA—i-k:{ cRML

—1—|-kj—km+i_1 < Zj — Tm+i—1 Skj — kmyio1 fori=2,...,n,5=1,...,m
Assume first there is a vanishing coordinate p;,. Then we must have k;, = 0. For such an index and
any ¢t = 1,...,n — 1, we can consider the n — 1 inequalities

1 —kmti < —¢i < —kmi,
from where we deduce that every ¢; belongs to k44, km+i+1)N[0,1), fori =1,...,n—1. In order for
those intersections to be nonempty, we must have k;,+; +1 > 0 and k,4; < 1, so necessarily ky,4+; =0
for all 7 (and hence ¢; must lie within [0, 1), which is no new information).
Now, for any nonvanishing pj;, it is clear that k; = 1. Then, if we look at the remaining inequalities,
we see that
for every i = 1,...,n — 1, and any j € {1,...,m} such that p; # 0. Therefore, every ¢; belongs to
[0,1)N ﬂpﬂéo[pj —1,pj) = [0,p—). Obviously, if p; = 0 for all j = 1,...,m, we obtain that the ¢;
belong all to [0,1) = [0,p_).

Assume now that no p; vanishes. Then k1 = ... = k,,, = 1. It follows that we can express the shifted
region A4 + k as
0<z: <1 forj=1,...,m, —
Aq+k = o " c RN
—kmtic1 <2 = Tmyic1 <1 —=kpyi fori=2,....,n,5=1,...,m

Then, for any j = 1,...,m, we have ¢; € [0,1) N [pj + km+i — 1,pj + kms), for i =1,...,n—1. As
before, this implies that p; + ky,4; > 0 and p; + kg — 1 < 1, for each j = 1,...,m. Since each p;
lives in (0, 1), the k;,4;—1 can only be either 0 or 1.

Pick an i € {1,...,n — 1} such that k,,+; = 0. Then, as before,

m
g € [)lp; —1,p;)N[0,1) = [0,p-).
j=1
If our index ¢ is such that k,,1; = 1, then

m
j=1
and one direction of the statement is done.

To show the other implication of the lemma, suppose now that every ¢; lies within [0, p_) U [p4, 1) for
i=1,...,n—1, and no p; vanishes. We can rewrite this as a disjunction: either ¢; € ﬂ;nzl[O,pj) =

[0, 1) "Lyl — L,pj) or @i € NjLi[ps 1) = [0,1) N1 [pjspj + 1). If i € [0,p—), define Ky, := 0.
Otherwise, we take k;,4+; := 1. Summing up, it is clear that

pe (2[,4 (1,91, B, - .,kN_l)) Ao, 1)N-1.
If some p; vanishes, and every ¢; belongs to [0,p_), we can do the same as above to see that

pe Aa+ (k... kn,0,...,0) N[0, 1)V,
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where k; vanishes if so does p; and is equal to 1 if p; # 0. O

As a consequence of the above calculation of the set of admissible parameters, let us prove a result
extending |[CDS17, Theorem 3.24].

Theorem 5.7. Let aq,...,a, and By,. .., By be real numbers, lying on the interval [0,1) and increas-
ingly ordered. Assume moreover that:

e No difference a; — B is zero, for anyi=1,...,nand j=1,...,m.

e After applying the bijection [0,1) — S* given by x + €*™*  all the images of the a; are at one
arc of the unit circle, while those of the B; find themselves at the complementary arc. (In other
words and going back to the interval [0,1), either no «; belongs to any interval (55, Bj+1) or
viceversa.)

Consider the operators P and H given by

P =2%0, 4+ (n—m)tz0; + ez and H = Hz(t@t —a;)—t H 2(t0y — Bj),
i=1 j=1

with e =371, B — > o + N — 1. Let H(u; B;) be the Riﬁx@m -module

Hou; Bj) == Opia,, (220., 2t0;) /(P, H).

Then, H(a; Bj) underlies a unique object of IrMHM(G,,,) with associated Dg,,-module H(oy; B5). It
can be uniquely extended to an irreducible ’RKle]Pl—module underlying an object of irMHM (]Pl).

Proof. Let us assume first that oy = 0. Then, by the first assumption on the «; and the §;, we have
Bj # 0 for every j. By the second assumption we can deduce that no «; is between any two 3;, but all of
the 8; must be between two certain «;. Thanks to Lemma this means that (01, ..., Bm, @2, ..., ay)
belongs to A4 + NV~1 where A is the matrix of the beginning of the section. As a consequence, by
Proposition [5.4] and Remark [5.5 we have that

Fory (FL{my (M) ) = F(as: )
(recall that TM} is the algebraic integrable mixed twistor D-module with underlying RE}V—module
RFY M7, i.e. such that Fory (M) = RFHMX). We have moreover that M7, € IrMHM(AY) and

thanks to [Sab18, Cor. 0.5], we know that the functors entering in the definition of FLK’/ITM preserve

the category of irregular mixed Hodge modules, so we conclude that ﬁ(ai; B;) underlies an element
of IrMHM(G,,).

Assume now that oy > 0. For any real number 7, denote by K, the Kummer Rj1¢, -module
RK‘fom/(,ﬁaz, tz0y — zm). ~

The tensor product of R -modules H(a;; ;) @0

Al X G Al x G
product of twistor D-modules on Gyy,. This product can be presented as H(«j; 8}), where a; = a; —ay
for every ¢ and ﬂ; = f3; —a for every j. The assumptions on the parameters imply that of = 0 and the

K_a, gives rise to the corresponding tensor

vector (BY,..., B0, b, ..., ah) lives in A4+ INNV=1. Then, arguing as before, such tensor product is an
irregular mixed Hodge module of exponential-Hodge origin. Since K, is the faithful image of a mixed
Hodge module on G,,, the tensor product with it preserves the condition of being in IrrMHM(G,,)

due to [Sabl8, Cor. 0.5], and so is the case of our original Rgﬂtx@m—module

H(ous Bj) = H(dh; B)) @0, Kai-
This ends the statement on the existence. Let us prove now the claims on the unicity, as in |[CDS17,

Thm. 2.13], noting that the condition on the differences a; — f; is equivalent to H being irreducible,
and thus rigid (cf. [ibid., Prop. 2.5], noting that all the parameters belong to [0,1)).

Consider now any twistor D-module H' on Gy, whose underlying Dg,, ,-module is H. Since the
functor Epg is faithful by [Moclba, Rem. 7.2.9], we have an injection of Hom groups

Homrrn(e,, ) (Hs H') < Hompy, | (H,H).
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But H is irreducible, so its only endomorphism is the identity and then the twistor D-module under-
lying ‘H is unique.

On the other hand, let j : G,z — P! be the canonical inclusion and consider the Dpi-module
Hpr == jt+H. It is an irreducible holonomic Dp1-module, because so is H by the assumption on the «;
and the 8;. Then it gives rise to a unique pure integrable twistor D-module ﬁpr on P! by [Moc11, Thm.
1.4.4] and [Sabl8, Rem. 1.40]. In addition, its underlying Dpi-module H,, is rigid, as H was. As a
consequence, we can invoke [ibid., Thm. 0.7] and claim that such twistor D-module on P! is in fact
an object of rMHM(PP!). Take now H = j*ﬁpr, which is an irregular mixed Hodge module whose
underlying Dg,, ,-module is H, by [Moclba, Prop. 14.1.24]. Then we must have, as was just shown,

H ﬁ, so that the extension H,, of H is unique, and we are done. [l

Remark 5.8. Let us consider the last theorem for the case m = n, that is, the case of regular hyper-
geometric systems. Consider H as a Raixa,,~module only, as such it is isomorphic to Ry1xq,, /(H),
where now H = [[[" 2(t0; — ai) — t[[L 2(t0s — Bj). Ra1xa,, is graded by degree in z (where 2 has
degree 1), and since H is homogenous (which is not the case if n # m), we see that His a graded
Raixa,,-module. It is obviously strict, i.e. it has no z-torsion, and then by [SS18, A.2.5(5)], we see

that H is the Rees module of a filtered Dg,, -module, namely, the (regular) hypergeometric module
H(ay; ;) together with the filtration by order of differential operators. Notice also that if n = m,
we have P = 220, + ez, which implies that #H has an action by z0, and that if we write H = @kﬁk
(grading with respect to z), then for any m € Hy,, we have (28.)(m) = (k — €)m.
Now suppose that we have n = m and that additionally the hypotheses of the last theorem are
satisfied, then since H(cu; B;) is the unique object in IrrMHM(G,,) (lying actually in the essential
image of MHM(G,,)) with underlying Dg,,-module H(cy; 5;), it is the Rees module of the filtered
module (H(ay; B;), FE), where FH denotes the Hodge filtration of the complex variation of Hodge
structures on H(ay; 35). Hence FEH (ay; B;) = FO"4H (au; B;) in this case. Moreover, if we put

k

Ry = H(t@t — ;)

i=1
for k =0,...,n —1 (where Ry := 1), then (Ry)k=0,. n—1 is an Og,,-basis of H(«;, ;) and yields a
splitting of the Hodge filtration F//. In particular, we obtain that the Hodge numbers h? (H(ay; 3;)) =
dim (F ,f /F ,f_ 1) are all equal to one. This is consistent with |[Fed17, Thm. 1] (up to an overall shift,

as noticed in that theorem) in the version of |[CDS17, Proposition 2.6], since under the assumption of
Theorem the function #{j : 5; < ay} is constant.

We will finish this section with a calculation of an irregular Hodge filtration, similar to the last
section of [CDS17]. In that reference, the authors computed such a filtration in the case where the
hypergeometric D-module had a purely irregular singularity at infinity, that is, it was of type (n,0).
It is immediate to see that for modules of type (n,1), the second assumption of Theorem holds

true, so that we obtain an explicit description of the RK}X Gm—module underlying the irregular Hodge

module with associated Dg,,-module H(aq,...,a,;3). In the sequel, we are going to compute the
irregular Hodge filtration of such modules of type (n,1).

Let us recall the conventions and notations used in [CDS17, § 4] (cf. [Sab18, Not. 2.1]). We will deal
with the classical hypergeometric D-module H = H(«;; 3), where the «; and 8 are n+ 1 real numbers

~

belonging to the interval [0,1). We will denote by H both its associated algebraic, integrable twistor
D-module on G, and its underlying RfoGm—module (as in the statement of Theorem . From now

on, we will write X, %X and "X meaning the products Al x Gty X X G g, and X X AL respectively,
where § = 1/7. Finally, we will write "Ap = X x {r =0} C "X.

Theorem 5.9. Let real numbers aq,...,an, 3 € [0,1) be given. Suppose that oy < ... < «a, and that
moreover o; — 8 ¢ Z for alli = 1,...,n. For each k =1,...,n, set p(k) = —(n — 1)ag + k. Then
the jumping numbers of the irreqular Hodge filtration of H = H(wy; 8) are, up to an overall real shift,
the numbers p(k). The irreqular Hodge numbers are the multiplicities of those jumping numbers, or
equivalently, the nonzero values of |p~*(z)|, for = real.
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Moreover, let vy (k) = [—a+k—ec—(n—1)agy1| (recall from Theorem thate = B—>"  a;+n).

Let us consider the operators
k

Qk = (—(n— 1)) [ (t0: — i)
i=1
for k=0,...,n—2 (where the empty product equals one) and

On1 = (—(n—1))* ! H (t0, — (—(n — 1) (B — Oél)QO

1+a1 —ap

Then, the irreqular Hodge filtration FI*"H is given by
FiH= € OxQs.
k: ]ZVOA (k)
Remark 5.10. In general, the procedure given below can be of use to find an explicit expression for the
irregular Hodge filtration, not only the numbers, of any hypergeometric of type (n, m), provided both

assumptions from Theorem are fulfilled. However, the calculations become soon too cumbersome
to be included here.

Proof. We will mimic the arguments of [CDS17, § 4], providing almost no proof of the claims which
are similar to some therein. R R

We must first consider the rescaling of H: this is the inverse image " = M (as Opp-module),
endowed with a natural action of Ry as depicted in [Sab18, 2.4] (note that § = 771), where p is the
morphism given in [ibid., Not. 2.1] by

W v - x
(z,t,0) — (20,t).
In this sense, we can apply the same argument of |[CDS17, Prop. 4.1] to get that the R‘m—module

b} associated with H can be presented as R/ (P, °R,°H), where P = 220, + (n — m)tz0; + €z as in
Theorem [5.7] 'R = 228, — 208 and

H =[] 20(t0; — ) — t20(td, — B).
=1

Now we have to invert 6 to obtain an R‘Jj@( *7Xy)-module 7, to work in the setting given by [Sab18,

§2.3]. In this sense, we will denote by "H the R (+7Ap )-module (idx x(j o inv)).%H, where inv :
Gm,9p — Gp,r is the inversion operator 6 — 7~ Land j : Gm,r — Ai is the canonical inclusion. Then

it is easy to see that TH = R (x7Xy)/(P,"R,H), with P as always, "R = 220, + 270, and
noz z
H=||=-td — o) —t=(t0; — B).
J:llT( b — i) =t (0 — )

The next step is forming the basis of 7 as a Oy (x"Xp)-module. Let it be given by

k
Qn=(=(n— 1) [[ =t - o)

fori=0,...,n—2 and

(=(n—1)""(8 — 1)

1+a1 —ay

Qn-1=(—(n—-1)) "1H (t0y — ;) + Qo-

It is indeed a basis: we can use the expressions of "R and P to replace the classes of 270, and 2%0,,
respectively, in terms of 2t0;. Now ™ is generated as a O~y (x"X))-module by the powers of ztd;, and
we can get rid of those of exponent greater than n — 1 using "H. The remaining n powers can be
expressed as a linear combination of the @;, forming a triangular matrix (almost diagonal in fact), so
the latter conform a basis as well.
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One could wonder about the odd expression of the @;. In the case with no betas of [CDS17|, the basis
considered there was formed just by the successive products Hle 2(t0y — i), up to some constant.
In this case, such a basis does not provide a connection matrix solving the Birkhoff problem with a
diagonal matrix as a coefficient of the pole at infinity in z, which would give us a way to read the
spectrum from that matrix (cf. [GMS09, Prop. 4.8]). As a consequence, we have to adapt such initial
basis, and that is how we get the @Q;. Let us write the connection matrix explicitly.

Let c= (8 —o)/(1 4+ a1+ o), in such a Way that

Qn-1=(—(n—1)"" 11‘[ (tdy — i) + (—(n — 1)) et Q.

A similar (but longer) calculation to the proof of [CDS17, Lem. 4.3] shows that the integrable con-

nection arising from the RI%(¥"X()-module structure associated with ™ has the following matrix
form:

dz dt dr
VQ = Q <('TAO + Z—AOO) ? + (_TA(_) + ZA:)o) W (TAO + zA ) Z7'> .
There, if n > 2, Ay, AL, and A, are the matrices
0 -+ —(=(mn—-1)" et 0
Lo (=(n=1)" e+ 1)t
Ay = ,
(5) 0 E
1 0

Al =diag((n — Day,...,(n — 1)ay) and Ay = diag(0,1,...,n — 1) —el,, — A_.

If n = 2, we have
et c(c+1)t2 ;_[(a1 0O L /

(6) Ao = (1 (c+ 1)t >,Aoo— 0 s and Ao = diag(0,1) —ely — A.
Finally, the irregular Hodge filtration is obtained from a suitable V-filtration along the divisor 7 =0
defined on ", which is called "V -filtration (the new symbol "V is to make clear the variety over which
we are working; note the same convention in [Sab1§|, from Remark 2.20 on). We are actually to define
a filtration on "H, and then prove that it equals the "V-filtration, following [Mocl5al §2.1.2].
Let us consider then

n—1
U™ = {Z fem™*Qr ¢ fr € Oy, max(k— (n—1)agy1 —e —vg) < a} ,
k=0

(7) n—1
TU<aTﬁ = {Z fem Qr = fr € Oy, max(k— (n — )agy; —e — 1) < a} ,

for any o € R.
The "U,, 77{ form an increasing ﬁltratlon indexed by the real numbers but with a discrete set of jumping
numbers, such that 77Uy "H = Ua_1"H for any o (those are conditions i and i’ in [Moclba; § 2.1.2]).
As usual the graded piece associated with a is Gr.V H = Uy 7 /U™
In , all the exponents v, of the powers of 7 accompanying the fipQ satisfy that v, > —a +
k — (n — 1)agy1 —e. Then we can define the steps of the filtration in the same alternative way as
in [CDS17, Rem. 4.5] as the free O-x-modules of finite rank
n—1
(8) U™ = P O - 72 0Q,
k=0
where v, (k) = [-a+k —e — (n — 1)ag41]. With that expression, it is clear that the graded pieces
Gr;UTﬁ are
n—1
Grl/™H =P Ox - 72MQy,
k=0
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which are strict R y-modules (condition iv in [Moclbal § 2.1.2]).

The next step in the proof is proving that ™ is strictly R-specializable along "Xy and its "V -filtration
is actually given by the U, H. Although the proof is similar to that of [CDS17, Prop. 4.6], we have
to adapt it a bit to our case here.

After what we already showed, it remains to show conditions iii’ and v of [Mocl5al § 2.1.2] and prove
that the Wa'rﬁ are coherent VyR y-modules. Let us start by the second condition. Consider then the
mappings p, e given by

(p,e):RxC — RxC
(B,w) = (B+2R(2w), =Bz +w —@2%)

We must check that the operator z70; — ¢(f,w) is nilpotent on the graded pieces Gr;U H only for
a finite amount of (8,w) € K := {8 + 2R(20w) = a}, for any value 2y of z. Moreover, those (5,w)
should belong in fact to R x {0} (cf. [Sab18, §1.3.a]), if we want to obtain the R-specializability.
Take then (8,w) € K and fr¥Q) € 7'[]@77-7, with f € O-y. We must have that k—(n—1)ag1—e—v < a.
Assume that n > 2 and &k < n — 2. Thanks to the matrix form we know that

(270 — e(B,w)) [T Qp = (270: + (v + (n = Vagy1 + & =k + 8)z —w + 02) (/)77 Qk — [T Qpy1.

Recall that the a; are increasingly ordered, lying within the interval [0,1). Thus fr*1Qg1 lives in
U,"H, for

E+1—(n—1agta—e—v—1<((k+1)—(n—1Dagyr2—¢) — (k—nagt1 —¢)) —1+a<a.

Now we should look at what happens to the class of f7*t1Qy,1 in the a-graded piece of .
Note that [f77Qk] # 0 if and only if v + (n — 1)ag41 +e —k+a =0, so

(270 —e(B,w)) fT" QK = (zTaT +(B—-—a)z—w+ (:)22)(f)TVQk — " MQuy =

= (ZT@T —2R(zpw)z — w + (Z)ZZ) (f)T"Qr — F 1 Qryr.

Now notice that 7 divides 70, (f), so in fact 270, (f)7"Qr € TUa_lT’l/-[\ and then we can further reduce
our expression to

(270; —e(B,w)) fT7Qr = (—w — 2R(20w)z + @zQ)fT”Qk — fT”“QkH.

On the other hand, 7°*1Q}1 does not vanish either in Gr;U ™ if and only if a9 = agy1. Indeed, we
know that v+ (n—1)ag+1 +c—k+a = 0, so doing the same as before, k+1—(n—1)ago—c—v—1=
a+ (n —1)(agy2 — agy1) and the claim follows. Furthermore, in order to (270, — ¢(5,w)) to vanish,
we should impose that w = 0, just by looking at the coefficients of the powers of z in the expression
for f.

If k = n — 2, we obtain from [5| that

(270; — e(B,w)) fTQn-s = (270; + (W + (n — V)an_1 +e — (n — 2) + B)z — w + @2?) ()7 Qn—2
_ fTV+lQn—1 + fTV+1(_(n _ 1))n_1CtQ0.

Since —(n —1)ag —e—v—-1< —(n—1)(a1 —ap—1+ 1)+ a < a because a,—1 < ay + 1, the last
summand above belongs to TU<O[T’I/-Z, and then the argument can follow as with k < n — 2.

Now if k = n — 1, then everything would be the same again as before except we get the additional
summand —77*t1Qp1, which becomes —f7**1(—(n — 1)) !(c + 1)tQ1, whose class vanishes in the
graded piece under consideration, too. Indeed,

l-n—lNag—c—v—-1<—-(n—-1)(aa—anp+1)+a<aq,

for a,, < g + 1. R

In conclusion, (270, — ¢(8,w)) f7¥Q) can only vanish in Gr.V "H if & = 3 (and then w = 0), and does
not do so until we get to an index k4 such that oy is strictly bigger than ay. Since there is a finite
set of indexes, (270, — ¢(f,w)) is nilpotent, of nilpotency index n at most.
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When n = 2, we notice from @ that we have two possibilities. If k& = 0, everything is the same as
with k=n—2for n > 2, and if k =1,

(270 —e(B,w)) fT"Q1 = (ZT(?T +vV+as+te—14+0)z—w+ wz2)(f)T”Q1

+ fr e+ 1D)tQq + fr7 1 e(e + 1)t Qo.

Here the argument runs similarly as in the general case.
Condition iii’ can be rephrased as 270;"U,"H C "U,"H, using that "U,”"H = 77Us+1"H, and that
follows essentially from the same argument used to prove condition v above. Last, since VoRy =
Orx (20, 270;), it is clear from the computations above and the alternative expression for the
filtration steps that they are cyclic VR y-modules, and then coherent. Summing up and noting that
all the calculitions performed were in fact independent of zy, "H is strictly R-specializable along "X}
and the U "H form its "V -filtration.
We can finally show the expression for the irregular Hodge filtration and then the irregular Hodge
numbers like in [CDS17, Thm. 4.7]. Since we know that H underlies an object in IrrMHM(G,,, +) by

Theorem we deduce by [Sab18, Def. 2.52] that H is well-rescalable (cf. [ibid., Def. 2.19]) and so
we can apply [ibid., Def. 2.22]. After formula , we clearly have

i Vo H = Vo ™H/ (1 — 2) Vo ™H = P Oxz" M@y,
k

which is free z-graded of finite rank. Denote by 7 the projection X — G, ;. Then, the z-adic filtration
on 7H[271] induces a filtration on i*_,"V,,"H, given by

i VoA=D| @ 0e..a|
s<r \k:va(k)<s

Then, Gr¥ (ii:ZTUaT’I-A[) is the Rees module associated to a new good filtration F.™* ;4 on H, for some

k=0,...,n — 1, which is the irregular Hodge filtration. More concretely, Fi""H is given by
M= P 0c,.Qk

k:ve (k)<j
Therefore, its jumping numbers are —e +j —1— (n —1)a; for j = 1,...,n. Since the irregular Hodge
filtration is defined up to an overall real shift, we can normalize the jumping numbers to j — (n —1)a;
and the irregular Hodge numbers will be their multiplicities. O
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