Probabilistic Spherical
Marcinkiewicz-Zygmund Inequalities

Albrecht Bottcher Stefan Kunis Daniel Potts

Recently, norm equivalences between spherical polynomials and their sample
values at scattered sites have been proved. These so-called Marcinkiewicz-
Zygmund inequalities involve a parameter that characterizes the density of
the sampling set and they are applicable to all polynomials whose degree
does not exceed an upper bound that is determined by the density param-
eter. We show that if one is satisfied by norm equivalences that hold with
prescribed probability only, then the upper bound for the degree of the ad-
missible polynomials can be enlarged significantly and that then, moreover,
there exist fixed sampling sets which work for polynomials of all degrees.

1 Introduction

Let f(x) = Z]kvz_ N frel* be a trigonometric polynomial of degree N, denote by f the

vector
21y N
(1)),

define the weight W = (wj)§£1 by wj = 2w /(2N + 1), and put

2N 9 i 2 2
v =3 s £ (g )|+ I918= [ @R

J=0

Parseval’s equality implies that ||f]|3 = 27 Z]kvz_ ~ | fx]?, and since the Fourier matrix
— i 2N . . N p
U = (2N+1)"1/2 (eQ’”Jk/(QN“))j 4o 1s unitary, it follows that || f[|3y 5 = 27 Y20y | fk]*.

)
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We therefore arrive at the equality || f|lw,2 = || f|l2. This well known observation is the
origin of so-called Marcinkiewicz-Zygmund inequalities, which state that, under certain
assumptions,

A=)l < I fllwp < A+ ) Fllp- (1)

Here || - ||, is the LP norm, | - |w, denotes a weighted ¢’ norm, f is given on some
manifold, and f is the vector of samples of f at certain points, the sampling nodes, on
the manifold. We remark that inequality (1) gives bounds on the sampling operator
and its inverse, which is of importance in connection with the stable reconstruction of
polynomials from their samples and the design of quadrature rules.

In the case of trigonometric polynomials, Marcinkiewicz-Zygmund inequalities for eq-
uispaced samples were established in [17, 16]. However, measurements are typically
taken nonuniformly and, moreover, there do not exist equidistributed sampling sets of
sufficiently high cardinality on the unit spheres S? for d > 2. This motivates the increas-
ing interest in norm equivalences for less regular sampling sets. At least since [7], one
knows sharp versions of L? norm equivalences for trigonometric polynomials under the
assumption that the sampling set contains no holes larger than the inverse polynomial
degree. Large sieve estimates give upper bounds for nonequispaced sampled trigonomet-
ric polynomials, see e.g. [13, 6], and results for randomly chosen sampling nodes were
obtained in [1, 18, 8, 5].

The passage from trigonometric polynomials living on the unit circle S! or the torus
S! x ... x S! to spherical harmonics on the unit sphere S% is not trivial. In recent
years, L*° and general LP Marcinkiewicz-Zygmund inequalities on spheres were proved
in [9] and [14, 4, 5], respectively. The L?(S?) case was studied in more detail and tested
numerically in [10].

The Marcinkiewicz-Zygmund inequalities cited above guarantee (1) for all spherical
harmonics of degree at most N on the unit sphere S provided N satisfies N < ¢/(RBy)
where R is a partition norm associated with the sampling set and B, is a constant
depending only on d. Known estimates deliver quite large values for By, which results
in a severe limitation for V. The purpose of this paper is to reveal that for given R one
can extend the admissible polynomial degrees spectacularly if one admits to have (1) for
p = 2 and with a certain prescribed probability only. To be more precise, we assume
that the coefficients in the linear combinations of the spherical harmonics of degree at
most N on S? are taken at random from the uniform distribution on a ball of appropriate
dimension. Under this assumption we show in Section 3 that if € € (0,1) and n € (0,1)
are given, then we can find a gp > 0 such that if R < gp then

P[(1—9)llfl2 < flwa < @ +e)lfll2] 21 -7 (2)

whenever N < 1/R. Moreover, in Section 4 we prove that there exist fixed sampling
sets and weights such that (2) is true for every N > 0.



2 Preliminaries

2.1 Sampling data

Let d > 1 and S¢ := {¢ € R : |2 = 1}, where | - | is the usual Euclidean norm.
Throughout what follows we assume that we are given a finite set R := {Ry,..., Ry}
of closed and nonoverlapping regions R; of S% such that Ujj\ile = S% and a finite
set X' := {&,...,&y} of points &; such that §; is in the interior of R;. Of course,
nonoverlapping means that R; and R; have no common inner points for i # j. We refer
to the points &;,...,&,, as the sampling nodes and to (R, X') as a sampling pair. Note
that we require that each R; contains exactly one sampling node. We denote by pg the
usual measure on S?, define w; := pg(R;), and call W := {wy,...,wp} the weight.
Clearly, >, w; = 1q(S?). The partition norm R = |R|| is defined as
R := maxdiam R; := max max d(§,n),
J J &mER;

where d(&,n) := arccos(€ - m) is the geodesic distance between £ and . The separation
distance ¢ of the set X is

:=mind(&.,€&)).
¢ :=mind(§;,&)
Note that the partition norm, the separation distance, and the frequently used so-called

mesh norm || X|| := maxg min; d(&, ;) are related by ¢ < || X[| < R < 2||X|. Obviously,
there is a constant Cy depending only on d such that

w; < CoRY, (3)

which after summing up implies that pq(S?) < CoMR?. The M spherical disks D; :=
{¢ €S :d(€,¢;) < q/2} do not overlap and there is a constant C1 depending only on d
such that p14(D;) > C1q%. The last inequality and (3) imply that

C1Mq? < pg(S?) < CoM R, (4)
Finally notice that pq(S%) = 27(D/2/D((d +1)/2).
If only the sampling nodes &1, .. ., &, are given, there are a variety of ways to construct

a partition R as above such that each £; belongs to exactly one R;. Often one takes the
so-called Voronoi partition, which is determined by

R = {€ € 871 d(,€)) < mind(€.€))}.

For f € C(S%), we denote by f the vector (f(ﬁj))]]\il The LP norm of f is given by

1= [ 1£@Pduate) (1<p<oc), [l i=maxlF(e)

gesd

and the #4;, norm of a vector g = (gj)j]\/i1 € CM ig defined by

M
gl =3 wilgsl” (1<p <o), lglw,eo i= max]g.
j=1



2.2 Spherical harmonics

We refer to [15, 20] for a thorough introduction to spherical harmonics and here confine
ourselves to the following. We denote the spherical harmonics of degree at most N on S¢

by {Yd Nd M) These span a subspace 114, of L?(S% dug) and are an orthonormal basis
in this subspace The dimension of IT¢ Y is

2N +dI(N +d) 2 A
rd+1)Ir'(N+1) T(d+1)"

Ni(N) = (5)

where zy ~ yn means that xy/yy — 1 as N — oo. The Nj(IN) = 2N +1 spherical har-
monics of degree at most N are just the trigonometric polynomials {(1/v/2m)el*®}
Notice that

No(N) = (N +1)%, N3(N) = %(N + 1)(N +2)(2N +3).

A finer decomposition of Hd is as follows. Let H 4 be the spherical harmonics whose de-

gree is exactly . We label the spherical harmonics in H? by {Y¢ }Hd(n) The dimension
of H¢ is known to be
2k+d—-1DI(k+d—1) de1
H = <H, 6

with some constant Hy € (0, 00) depending only on d. Finally, let cl=vrz, [-1,1] = R
be the (k, %)th Gegenbauer polynomial determined by the normalization cla-v/ 2(1) =
1. Herglotz’ famous addition theorem says that

Ha(k)

> VOV = e e )

for all ¢, € S?. Taking into account that Z,JLO Hq(k) = Ny(N), we obtain in particular

that
Ng(N) N Ha(k
_ Mai(N)
k; iR =3 Z YA ©OF =245 (8)

k=0 =1

for all £ € S?. We will also make use of the following estimate, which can be found in
[19, Theorem 2.9]: if 0 < ¢ < , then

‘cﬁf—l)/?(cosgo)‘ < Gk~ @=D/2| gin o[~ (@=D/2 9)

where G4 € (0,00) depends only on d.



2.3 Two deterministic inequalities

The following results are from [4]. If NR < 1, then

[fllwa < (1+ BaNR)||f]h (10)

for all f € H‘]j\, where By is a constant that depends only on d and is bounded by
By < (2v/3)4(5d 4 1). Moreover, if NR < ¢/Bg with € € (0,1), then

A =a)lflle < Fllwp < A+l (11)

foralllgpgooandallfel'[?\,.

2.4 Probability

We denote by P(X) the probability of an event X. Let C* be equipped with the £2 norm,
|z|]3 = Z?Zl lzj|%, and let B¥ := {x € C* : ||z|2 = 1}. The spectral and Frobenius
norm of a matrix A € C"™*™ will be denoted by ||A|l2 and || A||r, respectively. We start
with the following result.

Lemma 2.1. If A € C"™*" and « is drawn randomly from the uniform distribution on
B", then the expectation and variance of the random variable || Az||3/||z||3 are

* 2
L (1AZBY AR o lAzi3y 2 (lAaE (Al a2)
el )~ [l ) “n+2\ w n) )

Proof. This was essentially established in [2]. There square matrices A € C"*" were
considered and it was shown that the expectation and variance are

2
sT+...+82 and 2 (s‘f—i—...—l—sﬁ_(s%—l—...—i—s%))’ (13)
n n+2 n n

respectively, where s1,...,s, are the singular values of A. For rectangular matrices,
A € C™*™ (13) becomes

2 2 4 4 2 2\ 2
s1+ ...+ sy and 2 (31+"'+3k_(31+"'+5k>)’ (14)

n n—+2 n n

and was already used in [3]. Here k = min(m,n) and sy, ..., s are the singular values of
A. Note that if m < n, then (14) follows from the square case by considering the square
matrix (AT0)T € C"*", while if m > n, then (14) can be derived from the square case
by writing A = U(B'0)TV' " with B € C**" and unitary matrices U and V in C™*™,
If we denote by A1, ..., Ay the eigenvalues of AA*, then

si+...+sp=||Alf, sTH... sy =M+ + A =[AAY|F,
which gives (12). O

In what follows we will employ the following consequence of Lemma 2.1.



Corollary 2.2. Let A € C™*" and suppose ||A||%2 = n. If x is taken at random from
the uniform distribution on B", then

| Az|2 2| AA*[|%
Pll—e< <1 >1— ——i7—— 15
(1mes i =) 2 e 15)

for every € € (0,1).
Proof. Put § =¢(2 — ). Lemma 2.1 and Chebyshev’s inequality imply that

Pims Mol )5y Lo (L)

= =ld I [
12 (|AA"|} 2| AA™|IE
21 (IR ) 20 S (16)

Since 1 — 6 = (1 —¢)? and 1+ 6 < (1 + ¢)?, it follows that

A A3
P(1—e§” $‘2§1+6>2P<1—5§’ m!2§1+5>,
]l [l

which together with (16) yields (15). O

To convey to the reader a feeling of what the use of (15) is, let A be an n x n matrix
with [|[A2 < v and [|A|% = n. Since

IAA*E < [AlF]A*]3 = n [lA[5 < ny?, (17)
estimate (15) gives
A 27?
pl1_c< Al 0 Ny 20 (18)
(]2 ne?

for each € € (0,1). To make things a little more tricky, one can replace the (2 —£)? in
(15) by 1 to get

[ Az
][

and then choose € = 1/¢/n to conclude that

1 Az, 1 272

P(1- el s ) 2 5 .
Consequently, although deterministically we cannot say more than [[Az|2 < v|/z||2, in
fact the values of ||Ax||2 are concentrated tightly close to ||x||2 with a probability that
converges to 1 as the matrix dimension goes to infinity. If A is the Fourier matrix,
which is unitary, then (18) and (20) are trivial because || Ax||2 = ||z|]2 for all . We
will see that the matrices emerging in nonuniform sampling problems still enjoy the
properties that || A2 has controllable upper bounds and that ||A[|% = n. Thus, for these
matrices we have estimates like (18) or (20), which, of course, are useful in connection
with Marcinkiewicz-Zygmund inequalities.

2| AA*[|E
n2e?

IP’<1—5§ §1+s)21— (19)




3 Sampling pairs for polynomials of high degree

In what follows we always assume that the coefficient vector ( fk)Nd( ) of the spherical

polynomial
Na(N)

f= > hviemy

k=1
is taken at random from the uniform distribution on the ball BN¢(V) The constants By
are those of Subsection 2.3.

Theorem 3.1. If NR <1 then

[ fllw.2 2(1 + B4NR)
P<1‘5 ST S 1“) R I EICEEE

for each € € (0,1).

Proof. Equip Hﬁl\, and CM with the LP and 3, norms, respectively, consider the operator

B:H?V—NCM, f=f=0(&),- -, f&u)),

and denote by || B[, its norm. Since obviously || f|w co < || flloc, We see that || B|loc < 1.

From (10) we infer that ||BJj; < 1+ ByNR. The Riesz-Thorin interpolation theorem
therefore implies that

IBll2 < |B*|IBIY? < V/1+ BaNR.
Ifllwa < I+ BaNR |If]2 (21)

for all f € I14,. Now provide 114, and CM with the usual (unweighted) L? and ¢? norms,
respectively, and consider the operator

ATy — €Y f o (Vi f (€)oo Vo f(€a)).
From (21) we see that HAHg < +/1+ BgNR and the addition theorem (8) yields

Consequently,

Nd(N) M
|A|F = Z IAYZE = > D wvid€))?
k=1 j=1
M Na(N) M
_ , die \2 Na(N)
= Tow 3 MG = D ey = A (22)

Thus, using Corollary 2.2 and taking into account that || f|lw 2 = || Af]|2, we obtain that

C flwe  ajaa):
]P’(l < 51“>Zl No(N 222 — o) (23)

Estimating as in (17) we get [|AA*||Z < Ny(N)(1 + B4gNR). Inserting this into the
right-hand side of (23), we arrive at the asserted inequality. [

The following corollary tells us in two different ways that the ratio || f|lw2/| fl2 is
tightly concentrated around 1 with a probability that converges to 1 as N goes to infinity.



Corollary 3.2. Let NR<1. If 0 < a < d/2, then

_ 2(14 BgNR)N?** T(d+1)(1+ B4NR)
aN = Nd(N) Nd—2a

and

1 _ [fllwe 1 >
P(1-—< 2 <14 ) >1—an.
( Ne = £l N

If 0 < B < d, then

_ [2NP(1+ B4NR) /T(d+1)(1+bsNR)
N Ny(N) - N@=B)/2

and

1 fllw 2
(Fal>

Proof. Use Theorem 3.1 with (2 — )2 replaced by 1 (such as in (19)) with ¢ = 1/N¢
and € = by, respectively, and take into account the asymptotic formula (5). O

IP’<1—bN§ §1+bN>21—

NB°

Here is another striking consequence of Theorem 3.1.

Corollary 3.3. Let € € (0,1) and n € (0,1). If

e (T(d+1)(1+¢e)\ V¢

ne (M) 2

ther 1£1

w2
PEs T, St (25)
for N < ¢e/(B4R) and

P(l—a§||f||w’2§1+a)21—n (26)

171

for every N < 1/R.

Proof. From (11) we deduce that the deterministic inequality (25) is true whenever
BiNR < e. We are therefore left with proving (26) for ¢/(BqR) < N < 1/R. Theo-
rem 3.1 tells us that (26) is certainly satisfied if NR < 1 and

2(1+ B4NR)
Na(W)2(2—e)2 ="

(27)

By formula (5),

d
M= 2 v 2



and hence (27) holds if
I'(d+1)(1+ B4NR)
Nie2(2—g)2 =

or equivalently,

N% —a(1+ ByNR) >0 (28)
with a := I'(d + 1)/(ne?(2 — €)?). Consider the function F(z) = 2% — a(1 + ByRz).
Our assumption (24) implies that F'(¢/(BgR)) > 0. The function F'(x) is monotonously
increasing if dz¢~' > aByzR. Consequently, we get (28) for all N > ¢/(B4R) provided
we can show that d(¢/(BgR))?' > aByR, which is in turn equivalent to the inequality
aB4R? < de?~!. But (24) gives aBIR? < e4/(1 +¢), and since 1/(1 +¢) < d/e, we
arrive at the desired inequality aB4R? < de?~!. Thus, (28) holds for all N > ¢/(ByR).

It follows that in order to guarantee (26) we need nothing but the remaining inequality
NR<1. 0O

4 Universal sampling pairs

We abbreviate NVy(N) to n. Given a sampling pair (R, X) = (Ry,..., Ry &1, -, &0),
we denote by A the M x n matrix

VOrYiH&) . o Yi(é)
A= : :
Vo Y €y) o Vunr Yi(€ar)

Clearly, if f(€) = p_, kakd(ﬁ) and x denotes the column (fk)zzl, then

I3 = I £1I5,
M no 2 M

|Az|3 = w; > fYd(&)] =D wilfE)P = fllve.
j=1 k=1 j=1

We know from (22) that ||A|% = n. Thus, Corollary 2.2 gives

111w 2 AN
Pll—e< =<1 >1 - —— £ 29
( ST STE) T g e (29)

We begin with S!.

Theorem 4.1. Let d = 1. Givene € (0,1), n € (0,1), and L € (1,00), there exists a
positive number oy = po(g,n, L) such that

P(l—e§||f”w’2g1+s>z1—n (30)
[ £]l2

for every polynomial degree N > 0 if only the uniformity condition R/q < L and the
density condition R < gqg are satisfied.



Proof. If d = 1, then n = 2N + 1, S! may be identified with the complex unit circle, and
A may accordingly be replaced by

\/ \/ 1§ SRRRVACH E%N
A= :
/W VALY £M PN \/TUM&?\}[V
We have |(AA¥);;| = w;(2N + 1) and hence (3) shows that

M M
D I(AA%) ;517 = (2N +1) Z < CZMR*(2N +1)2. (31)

j=1
For j # ¢, we may again use (3) to get

|(AA™) 0| = Jwjwy <2C3R

2N ¢ \2N+1
kgh| _ 1 (68
kzzoﬁgﬁz Vwjwe ( s

_
1§ — &l
Thus, if j is fixed, then

Z| (AA™) ;2 < 402322 -

1 1 1 R?
§4C2R2-2(+++...> < (O3 =
? ¢ (29)*  (3¢)? e

Consequently,

M MR?

DD A < Cs—5—. (32)

=L 7] ¢
From (31) and (32) we obtain that

2| AA*||3 202 M R? 203 M R?

(2N +1)2e2(2—¢)2 ~ €2(2—¢)2  4AN2¢g%e2(2 —¢)?
If RN <¢/By, then 1 —e < | f|lw2/||fll2 < 1+ ¢ deterministically. So let RN > ¢/B.
In that case the right-hand side of (33) is at most
2C2MR*>  203BIMR*
e2(2—¢e)?2  4¢%et(2—¢)?
The first term in (34) equals

(34)

2C73 R

S-ap "y

Since Mq < 27/Cy due to (4) and R/q < L by assumption, it follows that the first term

in (34) is smaller than n/2 if only R does not exceed some sufficiently small positive
number p; that depends only on e,n, L. As

MR* R\?
(3]

R.

2

q q
we see analogously that the second term in (34) becomes smaller than 7/2 provided
R < 09. Therefore (29) implies that (30) is true for R < gg := min(g1, 02). O

10



Theorem 4.2. Let d > 2, ¢ € (0,1), n € (0,1), L € (1,00), and suppose the set X
has partition norm R and separation distance q. Then there exists a positive number
00 = oo(d,e,n,L) > 0 such that

P(1—a§”f”w’2§1+a>zl—n (35)
1 f1l2

for every polynomial degree N > 0 whenever the uniformity condition R/q < L and the
density condition R < pg hold.

Proof. From (8) we infer that

AA) ) = w; SO 1YEE) 2 = w—
|(AA7)51 ykZZI| K (&)l T (S
Thus, (3) gives
M n2 X n2
[(AA"),5? < w? < CIMR*™—— . (36)
; )i pa(S4)? ; 7o pa(S4)?
Now fix j and let £ # j. From (7) we obtain that
N Ha(k)
’(AA*)JE‘ = w;we Z Z Ylid,l EZ)
k=0 =1

N
N TIFTIF) (d=1)/2(¢ .
wjwe ;0 Md(Sd) Cn (E] €£) :

[(AA™)j] < C’4RdZ/<ad (= 1/2]smcp | 7d1/2
k=0

where ¢jp € (0, 7] is determined by £ ;- & = cos pjp. Due to symmetry, we only consider
the northern hemisphere ¢;, € (0,7/2] for which we denote I; = {{ e N: 1 </ < M,q <
@je < m/2}. The southern hemisphere can be treated analogously, except for the south
pole region itself. For this region, however, we may use estimate (36). In the northern
hemisphere we have

M M
3O (A4 < CoRYMNTTS S [sin | @D, (37)
j=1 (el j=11Lel;

For 1 <m < m/(2q), put

Sm={€ €8 (m—1)qg <d(&,&;) < mg};

11



in the notation S,,, we suppress the dependence on the number j, which was fixed at the
very beginning. We denote by M,,, the number of sampling nodes &, that belong to Sy,.
These numbers have been estimated in [11] by M,, < Cym?~1. Since (m — 1)q < pj¢ <
mgq for £, € S,,, we obtain that

[=/Cal a1
Z|sm<pg| (@-1) < g Z <ng_d.
Lel;
Inserting this in (37) we get
M
>N HAAT) o < CroMR*NT g, (38)

j=1tel;

We now take (36) for the point at the north pole and for the south pole region (which
contains at most one point) and (38) for the remaining matrix entries. Addition of these
estimates gives
2||AA*|2 - C1 M R* C1aM R*
n?e2(2—¢e)? ~ e2(2—¢)?  Na1gle2(2 — )2’

The first term on the right of (39) does not exceed 1/2 if R < g1 = 01(d, e,n, L) because

R2d q <R> Rd (S )Ld Rd
q C1

(39)

by (4) and by our assumption. If NR < e/By, then 1 —e < ||f|lw2/[|fll2 < 1+¢€ is true
deterministically by (11). So let NR > ¢/B,;. Then by (4) and by assumption

L3d—1Rd—1 )

d—1 - d—1 3d—1 d—1
MR By RM'M _ By Mq® R d-1 By~ pa(S?)
Nd—lgd > gd—1 q? cd—1 q = gd-1 o

Thus, the second term on the right of (39) is smaller than 7/2 for all R < g2 =
02(d,e,m, L). Using (29) we arrive at the conclusion that (35) is true whenever R <
00 :=min(p1, 02). U

Remark 4.3. The partition norm R is completely determined by R alone, while the
separation distance g depends on X only. Let

D(¢;,0) :={¢ €S d(£,&;) <6}, rj=2sup{d >0:D(§;,6) C R;},

and put r = min; r;. Thus, 7 is the largest number such that each R; contains a spherical
disk of diameter r centered at §;. The advantage of r is that it can be determined by
sole knowledge of the pairs (R;, & j), whereas ¢ is a quantity that depends on the location
of §; and &, for different j and ¢. Theorems 4.1 and 4.2 remain literally true with g
replaced by r. [0

12



Remark 4.4. If ¢ > 0 is small, one can partition S? into O(¢¢) small regions which
are close to d-dimensional cubes of side-length ¢. Choose the sampling nodes near the
centers of these cube-type regions. Then R ~ V/d/l, ¢ ~ ¢, 7 ~ £ as { — 0. This shows
that sampling pairs as required in Theorems 4.1 and 4.2 do really exist if only L > /d.
O

Remark 4.5. The following deterministic Marcinkiewicz-Zygmund inequality for trigono-
metric polynomials f(&) = > pe_ n, Njdnzd fre? k€ on the torus T¢ is taken from [7, 1]:

(2 - e”dNR)Hf\b < fllwe < eﬂdNRHfH%

where R = max; maxg ner, € — 1o for some partition {R; C T¢}. Consequently, for
NR <log(l+¢)/(md) we have

A =a)lfllz < Ifllwe < X+ )l f]l2-

All the probabilistic results established here have analogues on the torus. The proba-
bilistic Marcinkiewicz-Zygmund inequality as given in Theorem 3.1 follows from [3, The-
orem 7.1]. In order to show the result of Theorem 4.2 for the torus we have to estimate
the Frobenius norm ||AA*||% where A is the weighted nonequispaced Fourier matrix
A= (\/UTje2ﬂ-ik€j)jzl,...7M,kE[—N,N}dﬂZd' It is easily checked that ||A[|Z = (2N + 1)¢ and
that the off-diagonal decay is governed by

. w; (2N + 1)4 for j=1¢,
[(AA")j.0l = Jwjwe emik(&;~80) | < 2N+1)4-1 ,
J J Z W;We gHSj—ﬁ)zHoo for j #4£.

ke[—N,N]dinzd

Let ¢ = minjz¢[|§; — &/llcc denote the separation distance of the sampling set. Using
the packing argument from [12, Theorem 4.6], we obtain

2| AA*|2 _ CsMR* | CuMR*(q)
(2N +1)2de2(2 — )2 — £2(2 —¢)2  N2g%e2(2 —¢)?

where ¥(q) = log(1/q) for d = 2 and ¢(q) = 1 for d > 3. Assuming NR > log(1+¢)/(nd),
we can now proceed as in the proof of Theorem 4.2.

5 Examples

Example 5.1. We consider the two dimensional unit sphere S?: Choosing ¢ = 1/2,
taking the polynomial degree N = 13, and noting that By < 132 we see that if R <
1/(2-13-132) 2 2.91- 1074, then (11) holds, that is, for all f € TI2; we have

1 3
§HfH2 <|fllwz2 < =l fll2-
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On the other hand, we have NR < 1 for N < 3432 and thus Theorem 3.1 yields for
randomly chosen f € H§432 the inequality

1 3
P (3171 < £ 1w < 3171k = 099995

Asking for the deterministic result for the degrees N < 3432 would force us to have
R ' <1/(2-3432-132) ~ 1.10-1076.

Now, let (6,¢) with 0 < 0 < 7, 0 < ¢ < 27 be the spherical coordinates on S?. The
2m meridians given by ¢ = wk/m (k =0,...,2m—1) and the m — 1 parallels of latitude
specified by = wk/m (k =1,...,m—1) divide S? into 2m? regions. Let R be the set of
these 2m? regions and choose exactly one sampling node arbitrarily in each one. Since
the regions near the equator look approximately like squares, we have R ~ mv/2 /m.

To make things better visible, we pass from S? to the surface of the earth, which is
assumed to be a sphere of radius 6370 km. Then the sampling nodes that guarantee
the deterministic result for N < 13 or the probabilistic result for N < 3432 are at an
average distance of - - 6370 km ~ % - 6370 km =~ 1.3 km near the equator, whereas
the deterministic result for NV < 3432 would force an average equatorial distance of

76370 km ~ £ - 6370 km ~ 5.0 m.

Example 5.2. Divide S? into small regions that are close to cubes of side-length ¢
and take exactly one sampling node in each of these regions. This time R ~ /3¢ and
M3 ~ w3 =272, Lete = 1/2and N = 8. Since B3 < 666, the starting estimate required
in (11) is R < 1/(2-8-666) ~ 9.4 - 1075, which is true for M ~ 272/63 ~ 1.2 - 1014
sampling nodes. With ¢ = 1/2 we have Theorem 3.1 for N < 1/R =~ 10656 and a
probability larger than 1 — 1078, The deterministic result for N < 10656 would demand
R <1/(2-10656 - 666) ~ 7.0 - 1078,

Assuming that our universe is rS* with » = 18 - 10? light-years, we obtain rR/v/3 ~
975000 light-years and rR’/+/3 ~ 732 light-years for the average distances between the
sampling nodes. Note that the diameter of our home galaxy is about 100000 light-years.
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