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Abstract

Spherical Fourier series play an important role in many applications. A numerically stable
fast transform analogous to the Fast Fourier Transform is of great interest. For a standard
grid of O(N?) points on the sphere, a direct calculation has computational complexity of
O(N*), but a simple separation of variables reduces the complexity to O(N?3). Here we
improve well-known fast algorithms for the discrete spherical Fourier transform with a com-
putational complexity of O(N?log? N). Furthermore we present, for the first time, a fast
algorithm for scattered data on the sphere. For arbitrary O(N?) points on the sphere, a
direct calculation has a computational complexity of O(N*), but we present an approximate
algorithm with a computational complexity of O(N?log® N).
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1 Introduction

Fourier analysis on the sphere S? C R? has practical relevance in tomography, geophysics,
seismology, meteorology and crystallography. The discrete spherical Fourier transform (DSFT)
plays an essential role in many applications. In particular, there is a growing need for the fast
summation of spherical harmonic expansions (see [6, 26, 21, 32, 14]). Unfortunately, working
with spherical harmonics is computationally complex in many respects [5].

The Fourier expansion of a function f € L?(S?) with bandwidth M is given by

f= > a4y, (1.1)

(k,n)eIM

where IM := {(k,n) : k=0,...,M;n = —k,...,k} and a;(f) are the spherical Fourier coeffi-
cients of f with respect to the orthogonal basis of spherical harmonics Y;*, where n denotes the
order and k the degree.

The aim of this paper is twofold. In the first part we improve a fast algorithm for computing
f on a special grid. Since the spherical harmonics Y (¢, ¢) ((¥,¢) € S, S := [0, 7] x [0, 2m))
are scaled products of complex exponentials e™# for the longitudinal coordinate and Legendre
functions P,Lm(cos ) for the colatitudinal coordinate, the discrete spherical Fourier transform
on grids can be split up into ordinary discrete Fourier transforms for exponentials, which can be
realized by fast Fourier transform (FFT) techniques, and discrete Legendre function transforms.
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We give a simple approach to the Legendre function transform based on cascade summation
using fast polynomial transforms. Using a fast polynomial transform scheme based on discrete
cosine transforms (DCT) leads to the algorithm given in [26], whereas using the fast multipole
method (FMM) leads to the algorithm in [32]. Here we work out the commonalities and improve
these known algorithms. It is a fact that one can compute the spherical Fourier coefficients a}} (f)
of a band-limited function by a convenient quadrature rule, for example with Clenshaw—Curtis
quadrature [25] or with Gau8 quadrature [32]. It is well known that in general a fast algorithm
for (1.1) implies the factorization of the transform matrix into a product of sparse matrices.
Consequently, once a fast algorithm for (1.1) is known, a fast algorithm for the transposed
problem (i.e. computing the spherical Fourier coefficients) can also be obtained by transposing
the sparse matrix product (see [6, 15]).

In the second part of this paper we propose a novel fast algorithm for evaluating the band—
limited function f in (1.1) at arbitrary nodes. The main idea is to use an algorithm on a special
grid and to perform a change of basis, such that f in (1.1) can be represented in the form

M M
FW,)= > Y cielten?

n=—M k=—M

with complex coefficients c!. Then, the computation on arbitrary nodes can be done using
the recently developed fast Fourier transform for nonequispaced knots (NFFT) (see [27, 34]).
As mentioned above, we immediately have a fast algorithm for the transposed problem from
the theoretical point of view, i.e. for computing spherical Fourier coefficients from values of
the function f at arbitrary points, provided that a convenient quadrature rule is available (see
[12, 20]).

Note that double Fourier series are employed as basis function in spectral methods for the
solution of PDEs in spherical coordinates [5, pp. 434].

This paper is organized as follows: In Section 2 we introduce the notation for the discrete
cosine transforms. In Section 3 we give two different algorithms for fast polynomial multiplica-
tions, one based on the discrete cosine transform and the other on the fast multipole method.
The fast transform for Legendre functions is explained in Section 4, where we also describe a
stabilization method. Finally, in Section 5 we present a method for computing the discrete
spherical Fourier transform at arbitrary nodes. Experimental results with an application to the
EGM96 model are discussed in Section 6.

2 Discrete cosine transforms

Let
—— Jkm — d; Ny,
CN+1 = (COS N )jk:o N y DN_|_1 = dlag (ej )]:0,...,N7
A (2j+ Dk 5 — d; Ny,
CN = (COS oSN k=0, N1 y DN = dla,g (Ej )J:(),___,N,1

with e}/ = el := 1/2 and skN :=1for k=1,... ,N — 1. The Chebyshev polynomials of the
first kind T} are given by Ty(z) := cos(k arccos(z)). The following transforms are referred to as
discrete cosine transforms (DCT) of type I, IT and III, respectively (see [33]):

DCT-I(N +1): RN*!L — RN+ with

a:= Cyi1Dyiia,



where a := (ag)g—o,.. n is the input vector and @ := (@;);=o,.,n € RVT! is the output vector,

1.e.
N Jm
T J
E Ak Lk (COS N) y

NE

N .
. N jkm
a; = E &‘kakCOST:
k=0

k=0
DCT-II(N): RV — RV with 5
b := Cnb,
b:= (bk)lczo,...,N—h 32: (A]’)j:()’___,]v,1 € RN, 1.e.
N-1 . N-1
- 2 1 2 1
k=0 k=0
DCT-III(N): RN — RV with
-~ ~T ~
b:= CpyDnb,
i.e. N1 Nt
. - kE(2j+ 1) - (2j +1)m
— N _ N
bj = kz_o g bk COST = ,;) e bx Tk, (COST .

In the following, let N = 2! (¢ € N). There exist various fast algorithms that perform the discrete
cosine transforms defined above with O(N log N) instead of O(N?) arithmetical operations (see
[28]). Fast algorithms for DCTs based on [30] can be found in [2] (see also [31]). Concerning
the inverse DCTs, it is easy to check the following relation (see [2])

Lemma 2.1. We have

N
Cni1 Dnyi1 Cnyi Dy = 5 Ingq,
~T o~ ~ =T =~ N
CyDyCy =CyCyDy = 5 In.

3 Fast polynomial multiplication

A polynomial P of degree N — 1, denoted by P € Ilx_1, is uniquely determined by values
at N different points. Let us assume, however, that we are given N + 1 values for a polyno-
mial P € Iy 1 (N = 2,¢ € N), and let these values be given at Chebyshev nodes cos(jr/N)

( =0,...,N), which means that we have the N + 1 values (P (cos %)) - Further, let
]: 9t
Q € Ty be a fixed polynomial with known values (Q (cos %»g’:o,...,zN'

In the following we will describe two different ways of computing the values (R (cos g—;{,)) -
J: b

where R = P(@, in a fast way. Since the polynomial R € IIox_1 is uniquely determined by the
values of the product P (cos 427%) Q (cos 42%) (j =0,...,2N) we have to compute the values

(P (COS %> )j:O,... N—1

The first algorithm is an exact one and is based on the computation of the Chebyshev
coeflicients.
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Note that P € IIxy_1 can be written with respect to the basis of Chebyshev polynomials, i.e.

N-1
P = Z apTy
k=0

with real coeflicients aj. From the equation

ks
(P (cos %)) = Cnt1(ak)k=o,.. N
j=0,...,N

with ay = 0 we use Lemma, 2.1 to obtain

2 ks
(ak)k=0,..N = —=DNt1Cni1Dny1| P | cos I (3.1)
N NJJj=0,..n
and finally
27+ 1) =T
(P (cos %)) = Cy(ak)k=0,..,N-1 - (3.2)
§=0,...,N—1
Now we can summarize these results in Algorithm 3.1.
Algorithm 3.1 Fast polynomial multiplication based on DCTs
Input: N = 2! (t € N)
P (cos 7))
( O8N §=0,...,N
Jm
CICE) )
Compute the Chebyshev coefficients (ay),_ _4 in (3.1) using a fast DCT-I
Evaluate the values ( (cos (2”1 )) in (3.2) using a fast DCT-III (N)

for j=0,... ,2N do
R (cos 2N) =P (cos 2N> Q (Cos %)

end for

Output: (R( ﬂ))
P €S 3N §=0,....2N

Remark 3.1. Note that Algorithm 3.1 requires one DCT-I(N + 1) and one DCT-III(N). Algo-
rithm 2.2 [26] requires one DCT-III(2N) and one DCT-II(2N) for a polynomial multiplication
based on computing Chebyshev coefficients. This means that Algorithm 3.1 is faster than Al-
gorithm 2.2 in [26]. O

The second algorithm we will compute the values (P (cos %)) v with the help
.]_0 ) —1
of a Lagrange interpolation formula and a fast approximate realization of the matrix times

vector multiplication with a Cauchy matrix. To be more precise, we rewrite P using Lagrange
interpolation in the form

o= 3or () )

ps
COS i



N
with w(z) := 2¥~1 ] (= — cos 7). Let Uy _1 be the Chebyshev polynomials of the second kind
k=0
given by
sin(N arccos(z))
Un_1(x) := , € (-1,1).
We see by w(z) = (1 — 22)Un_1(z) that
2k +1)m\ e . (2k+ 1w
w <cos 9N = (—=1)"sin N
i —1)i+1
W' (cos E) Gl N
N EN,j
and finally
Pl @EADTY (D (k4 D i eng(-1)7TP (co %) 3.3
TN - N TN . '

j=0 cos (%) — cos (JW)

for k=0,... ,N — 1. This leads to Algorithm 3.2.

Algorithm 3.2 Fast polynomial multiplication based on FMM
Input: N =2!(t € N)

P (cos §))
( €SN §=0,.,N

(< 5%)) ... an

’

Compute the values (P (cos W))k o N1 in (3.3) using a FMM (see Algorithm 3.1 in

[8]) with O(N log(1/¢)) arithmetical operations
for j=0,... ,2N do

R (cos 2N> =P (cos QN) Q (cos 2317\;)

end for

Output: (R (cos g—;{,))j_o

=0,...,2N

Remark 3.2. The FMM [13] was originally designed to compute the sums 21];]:1 ar/(y; —
zy) for points {z1,...,znx} and {y1,... ,y~} on the complex plane in an approximative way.
Algorithm 3.2 is known as the linear—time interpolation algorithm and was introduced in [8].
This algorithm was first applied to fast Legendre transforms in [32]. Concerning numerical

experiments Algorithm 3.1 is faster than 3.2 for the transform lengths t=2,3,...,11 that were
tested. However, Algorithm 3.2 is not restricted to the knots cos T (l=o0,. N ). This fact
was exploited in [32] to stabilize Algorithm 4.1 (see Section 4). O

Remark 3.3. Note that equations (3.1), (3.2) and (3.3) imply different representations of

the Cauchy matrix o +1)7r1 = . Further representations of simi-
COS( N )7COS(N) k=0,...,N—1;j=0,...,N

lar Cauchy matrices based on other trigonometric transforms are given in [16]. O
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4 Fast transform for Legendre functions

This section collects the basic tools for the efficient and stable computation of the Legendre
function transform (see [5, p.399]).
Starting with the Legendre polynomials

1 dF
Pi(®) = o5 qub

we define the associated Legendre functions P! (n € Nosk =n,n+1,...) as

(2 - 1)F (ze[-1,1;k e Ny),

o)\ V2 n
Pl (z) == (E: n n;:) (1- 562)”/2%]%(56) (r € [-1,1]). (4.1)

For any fixed n € Ny, the functions P(k =n,n+1,...) form a complete orthogonal system in
L?[-1,1] with

1 1
Z | PMx\P" = Nop: = +1,...).
2/ v ()P (z)dz 5% 15k,l (n € No; k,l =n,n yees)

Moreover, the associated Legendre functions fulfill the three-term recurrence relation

n n 2n)!) /2 n
) =0, Bl = O gy
PR(e) = fzPP(e) + Bl (@) (k= nnt 1) (42)
with 12
. 2% + 1 PO (U DI 2D

(k=n+1)(k+n+1))/2’ (k—n+1)(k+n+1)1/2"

A simple but powerful idea in [26] is to define the functions P* also for k¥ < n. This was
(2n)!

done as follows. For even n we start with P* := 0 and Pj(z) := 5 and for odd n
let Pj(z) = Pl (z) := 2&1”3’(1 — 22)Y/2. We introduce the functions P by the three-term
recurrence relation
P (2) = (g z + B) By (z) + v Py (z) (4.3)

with

n (=11 for k < n,

af := .
k vy otherwise,

gn 1 for k <n,
| 0 otherwise,

_J 0 for k < n,
" | wp otherwise.

It is a fact, that P}’ is a polynomial of degree k for even n and that (1 —z2)~1/ QP,:L is a polynomial
of degree k — 1 for odd n. Furthermore, these functions coincide with (4.1) for £ > n. The main



reason for defining P’ also for k¥ < n is that this modification allows a stable computation of
the Legendre function transform.

By shifting the index k in (4.3) by ¢ € Ny we obtain the associated Legendre polynomials
P} (-,c) for P} defined by

PI?—H(‘Ta C) = (a;cl—kcx + /BIZZ—FC)PI?(‘T, C) + 71?—|—CPIZ:1—1($, C) (k = Oa 11 s ) (4'4)

with P" (z,c) := 0 and Pj'(z,c) := 1.
Induction now yields the following lemma.

Lemma 4.1. Let P(z) and P]'(z,c) be given by (4.3) and (4.4), respectively. We than have
ek (€) = Pz, o) P () + ¢ Py (2, ¢ + 1) Py (2) -

Lemma 4.1 implies

Pcn—Hc > n T ( Pn—l )
—up( o (T (4.5)
( Py k P

with
P (x,c+1) AP (z,c+ 1)
Un.’I,‘,CIZ(’YCkl ’ ctk ’ .
k(#,0) Pl (z,c) Pt (z,¢)

Let M € N,n € Z with M > |n| be given. We consider the polynomials

Z apP"(z) € Ty (4.6)
k=|n|
for even n and
1 - In|
z) = ——— aP™ (z) € Mp— 4.7
gn() mk_zmkk() M—-1 ()

for odd n with real coefficients af.
The concern of the fast Legendre function transform is the fast evaluation of

— s . o[logy M
(Gam)sms,.. v 1= (on(eos ) - (Va=2lm M), (48)
Note that we generalize this result in Section 6 such that we are able to compute g, on arbitrary
knots. In the following we will restrict our attention to the case for fixed even n. First of all we

use (4.3) to obtain

M
T
0)
In = Z a( P'"| > (ZaMHPJng)
k=|n| *[‘ZlJ
with
ag))(a:) = a;p (k=0,...,N-3),
oy o(@) = af o +N 0k, (4.9)

ag\?) (z) = ay_ 1+ﬂ‘n| GN+O‘|]:IL‘ 1ONT
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4 a4l 4 4| 4 al|l 4 4| 4 4| 4 4| 4
0 0 |0 0 |aya5| ag a7 | ag ag| ajyajy| ajp Q3| G1,a75| Qg

0) (0 0) (0 0) (0 0) (0 0) (0 0 0
R e e e

Ui(-,5) Ui(-,9) Ui(-,13)
| | |
0 0 | a W@ W W) W
Us(-,1) U;(-,9)
| |
e o o 4@
Uz(-,1)
|
a(()s) a§3)

(94 (cos %)) s=0,...,16

=U,...,

Figure 4.1: Cascade summation for the computation of the values (g4 (cos %))520,... 16"

where a} := 0 for k¥ < |n| and for ¥ > M. In order to apply Algorithm 3.1 we compute the
values (aio) (cos 57”)) oia for k = 2[@], .2([2]—1). We mention without proof that
s

a,(f_l) =0for k < QTI_‘%J and for k > 27 ([3£]—1) (r =1,..., logy M| — 1). Now we proceed
by cascade summation as shown in Figure 4.1. From (4.5) with £k = 1 and ¢ = 4] + 1 it follows
that

¥ z‘xﬂz PLZZ'
(0 (0 _ (,0) _(0) T
(@41y9s @41y 3) I A (49 045 3) Ui( 4l +1) "
Pasy Py

for 1 =[], ..., [4] —1. Thus

1-1
_ (1) pln| 1) pln|
gn = Z ay’ Py +a4z+1p4?+1

Ry

~Ig

B



with

e 4,© RO
A = | +ullary | e ). (4.10)
Qg1 Gy Qy1y3

The degree of the polynomial products in (4.10) is at most 3 so that their computation can be
performed by Algorithm 3.1 with N = 2, i.e., we compute

(GS) (COS %))s:o,...,zx’ (a‘%—)f-l (COS %))520,...,4 for 1= L%J"" ’(%1 -k

We continue in the obvious manner. In step 7 (1 < 7 < j) we use (4.5) with £ =27 — 1 and
¢ =27t 4+ 1 to compute the values

a(T) COS o )) (a(T) (COS il ))
oT+1] 97+1 5=0,... 27 +1 ’ 2m+1141 97+1 5=0,...,27+1

of the polynomials agﬂrll, al”) € Mgry1_; for [ = |_2|TZ|IJ, ey [ZMI] — 1. The polynomials

27+1]41
are defined by

a(T)+1 a(T;l) CL(T;ll)
27 +1] 27+1] 27 27
= +Ul (241 " , (4.11)
() a(T—l) a(T—l)
27+1]4+1 271141 27+ 427 +1

a

and we apply Algorithm 3.1 (with N = 27) to compute the polynomial products. Note that the

values
_ 2s + 1)w _1 2s + 1)m
(agﬂll) (cos %)) , (agﬂl)+1 (cos %)) (4.12)
$=0,...,27—1 5=0,...,27—1

) ) 3ty

are not known — they have to be computed from the values

(a(T_l) (cos i)) (a(T_l) (cos ﬂ))
or+1] 97 5=0,... 27 ’ 2T+1]41 a §=0,... 27 '

But since ag:jrlll), ag;lll)ﬂ € Ilyr_; this can be done by DCT-I(2" + 1)s and DCT-III(27)s as

mentioned in (3.1) and (3.2). After step j — 1 our cascade summation arrives at
gn = a(()jfl)P(l)n\ _l_agj*l)pl\nl )

Now we compute

ST i1 ST n ST i1 ST n ST
an (cos ﬁ) = agj ) (cos ﬁ) P (cos N) + agj ) (cos ﬁ) P (cos ﬁ) (4.13)
for s =0,...,N. Note that a(()jfl),agjfl) € IIx_1, but we know the values

(a(()jil) (COS %))5:0,...,1\1’ <a§j71) (COS %)>s:0,...,N ’

and hence the polynomial product (4.13) is exact.
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Stabilization issues

Unfortunately, an implementation of the algorithm presented in the preceding section demon-
strates numerical instability for n > 16 (n < —16 as well). The reason for this is that some of
the associated Legendre polynomials P’(z,c) involved in the algorithm become very large for

(r-1) (7—1)

9r+1]4or or+ljpor 4 MAY be arbitrary small for

|z| & 1 while the values of the polynomials a and a
these values of z.

In [18, Theorem 3.1] it is proved that
max{| P} (z,c)| : z € [-1,1]} = P(1,c¢).

Using an integral representation

™

n — n/ 1 —n
Pl (z) = (22:)!! <Eztzg:>l/2 (1 7:) : / (:c+ (1172 — 1)2 cosH)k sin?" 9 d6

0

as given in [23, page 185] we can use Lemma 4.1 to obtain

(leretmy g (CE) 4w e (210

1
for ¢ > n. With Py (1,¢) = 1 and Zp ¢) = (%) 2 induction yields

k .
n _ (c=n—1+9)!(c+mn)!
Pl(l,c) = Z(n,k,C)g ((C—n— 1)!(C—|—'n—l—7j)!)

(n+c¢) Z(Qn,k,c) +n—c
207 k.c)

(4.15)

which becomes larger for ¢ — n, k — oo (for fixed n). The multiplication of these large and
small values results in very large and small function values for the polynomials ag)ﬁ , (see Figure
4.2).

16 10

0
15% 10 10% 10
-0.2 N 1 8
0.5 6
-0.4
0 4
-0.6 1
-0.5 2
0.8 ]
-1 0
-1 t - . -1.5 -
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1 —21 -0.5 0 0.5 1

(r-1)

2-r+1l_|_27—7

product P (-,2T+ll + 1) ag;lll)HT for values 7 =5, n =64 and [ = 1.

Figure 4.2: Polynomial a associated Legendre polynomial Pj. _; ( 27 4 1) and the
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The numerical problems result from the computation of the intermediate values of the poly-

nomials agT 41 l) o Global interpolation methods like FFT-based or DCT-based algorithms (see

[6, 26, 14] resp. Algorithm 3.1) or FMM-based algorithms (see [32] resp. Algorithm 3.2) uni-

(T (z)| is added

formly cause an error in ay,,y; 9

i.e., a small relative error in |max |ty 1] or

uniformly to aé:jrlll)HT. Thus, computing the product Pj._,; ( 9T+l 4 1) éf+1l)+2T leads to a

huge relative error.

We illustrate the error propagation by a simple example. Figure 4.3 (left) shows the relative
error in the perturbed polynomial &g;ll) or which is amplified in the product by orders of
magnitude, see Figure 4.3 (right). The increase of the relative error is caused by the huge values

of Py 1 (+,27t1 4+ 1) for |z] =~ 1

-1 -0.5 0 0.5 1 . 0 0.5 1

Figure 4.3: Error propagation for computation of intermediate values based on a global inter-
polation method, the maximum allowable error is 10~® (dashed lines), as above 7 = 5, n = 64
(-1 || -1 (r—1)

and [ = 1; the relative error a27+1 b || |Gartiar — Gortipger (left) and the relative error
1 -1
HPQT (2P ) g"'+1l)+27' PQT . ( o 1) al ), — PRy (27 M+ 1) ol o,

of the product (right).

Consequently, the simplest idea consists of replacing the ordinary cascade summation step by
“special” stabilization steps whenever the values |P['(1, ¢)| involved in the algorithm cross some
threshold. This straightforward idea was first formulated in [26]. To avoid the multiplications
with large values, the multiplications with U?%, _;( - ,27T1] + 1) were originally replaced by
multiplications with U35, +1)—1( -, 1), which fulfills

37(21+1)71( 1) = Ugrinyq(+,1) Ugr o L2741,

The entries of U, 9, ,1)_1( -, 1) are significantly smaller than those of U3 _;( 271 +1) for
|z| = 1. Of course, the high-order zeros of U, ., (-, 1) for |z| = 1 are the reason for this fact.
Furthermore, Lemma 4.1 implies

n n
Pariyor n T F
ar(a+1)( 5 1)
P} P
27+142741 1
Therefore, the stabilization step is equivalent to
stab (new) _ _stab (old) (r-1) n| (r-1) n|

n = 9n T gri1ppor Portagyor + @oriijyor 1 Porsiyor 1
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In other words, instead of using (4.11), we evaluate the polynomials which would cause numerical
problems in O (M log M) floating point operations. As usual we also have to compute the values
(4.12) in O (27 7) operations and set

(1) a7

a’27‘+1l 2"+1l

oln) -,
27+ll+1 2T+ll+1

For the purpose of performing a complexity analysis it would be necessary to know an upper
bound for

s:=#{(c,k,n) : P(1,c) is used in Algorithm 4.1 and P}'(1,c) exceeds the threshold} .

If s = O (log M) our stabilization technique would still lead to an O (M log? M ) algorithm.
We summarize the results including the stabilization, in Algorithm 4.1.

Algorithm 4.1 Fast Legendre function transform
Input: M € Ny, n € Z (|n| < M), (a}),_ in

Precompute: j := [logy M], N := 27 and U‘QJ 1 (cos 52455,2711 4 1)
forr=1,...,57—-1,1= |_2|:1|1J 241 -1land s=0,...,27 "

(P2|:L‘(21+1) (cos 27)) =0, N and (P2‘T|(21+1) (cos SQJ—F))S:O,___’N
for the stabilization steps

Compute (aio))k N1 using (4.9)

forT=1,. ..,j—ldO
for | = LQL”JIJ 5457 - 1do
Compute intermediate values of agllll), agill l) 1 using DCTs, see (4.12)
if multiplication with Ugﬁtl (-, 27H ] 4+ 1) is stable then
Compute the values of agﬂrll, alr) in (4.11) with Algorithm 3.1

27+1]4+1
else b (new) b (old) In| In|
stab (new) _  stab (o n 1 n .
Compute gn = 9n + a2T(2l+1)P27(2l+1) + a;(2z+1)+1p27(2l+1)+1 using a
method similar to Algorithm 3.1 (DCT-Is and zero—padding)
1 1
Update ag)ﬂl = ag:ﬂl) and ag)ﬂlﬂ g+1l)_|_1
end if
end for
end for
Compute (-an”)s:O,...,N = (gn (cos %))5—0,..  using (4.13)

Compute (Qs,n)s:o,___,N = (gs,n)szo,...,N + (gitgb)s:o,...,N

Output: (gs;n)s—g _n

Remark 4.2. If we replace the fast polynomial multiplication in Algorithm 4.1 by Algorithm
3.2 we end up with an approximate algorithm similar to the one given in [32]. Note that in
Algorithm 3.2 the polynomial multiplication is not restricted to the points cos 5777. Hence, one
can improve the numerical stability by choosing different sampling points (see [32]). O
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Remark 4.3. If we realize the polynomial multiplication in Section 3 by the FFT, we obtain
the transposted version of the Driscoll-Healy algorithm [6]. In [7] the autors used also the DCT.
See [25] how this algorithms are related. O

5 Discrete spherical Fourier transform

In this section, we propose an algorithm to evaluate band—limited functions on the sphere, given
by their spherical Fourier coefficients, at2 arbitrary nodes. More precisely, given the spherical
Fourier coefficients (a;cl)(k,n)eIM € CM+D™ (M € N) and nodes (94, Pd)d=0,.,p—1 € SP (D e N),
we are interested in the fast computation of

(f (9a,04))g=0,..0-1 = > @i ()Y (Das pa) (5.1)
(km)erM d=0,..,.D—1
Mk
= (Z > apyy (19d,<Pd)>
k=0n=—k d=0,...,D—1
M
= (Z han, (cos«?d)ei"“’d> ,
n=—M d=0,...,D—1
with
oy (cos ) = {gn. (cos ) for ever'l n, (5.2)
(sind) gy, (cos¥) otherwise,

where we consider the g, given in equations (4.6) and (4.7) with complex coefficients.

5.1 DSFT on special grids

We start with the problem of evaluating f for given spherical Fourier coefficients (a?)(k,n) cIM

on the grid (¥s, p¢) . _ _, € S2NINHD) with 9, = 3T, ¢ := L% and N := 2[log2 M1,
$=0,...,N, t=0,....2N—1 AR 2N
By separation of the variables and evaluation of

(hsn)s—o, v = (hn (95))s—o,..N (5.3)

=U,...,

for n =—M,..., M, followed by Fourier transformations

M
(.f (195’<pt))t:0,...,2N—1 = ( Z hs,nein%> (54)
n=—M

t=0,...,2N—1

for s =0,..., N, we obtain an O (M2N) algorithm. By using the fact that P,'cn| is an even (odd)
function when n — k is even (odd) and that cos¥; = —cos¥n_s, we save half the arithmetical
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operations. We use two modified Clenshaw algorithms to compute

(B o oy = ap P (cos d,) : (5.5)
§=0,..., % \ kz|n|
k—n even SZO,...,%
M
G oL o
\ 5 e o,
and finally set
b heven+h°dd fors:O,...,%,
S ] peven —hOdd otherwise (5.7)
N-—sn N—sn ’

instead of performing the direct computation in (5.3).

Remark 5.1. This technique is known as the Parity-Exploiting Matrix Multiplication (PMMT)
and is used in the T639 code of the European Center for Medium—Range Weather Forecasting,
see [24]. O

However, we can obtain an asymptotically faster transform for (5.3) by using the fast asso-
ciated Legendre transforms to compute (gs;n),_y y (see definition (4.8)) for n = —M,..., M
and applying (5.2). The longitudinal steps (5.4) are just conventional fast Fourier transforms
(FFTs) for s = 0,...,N. Because (5.3) can be computed more quickly for small M using the
modified Clenshaw algorithm, we implemented this DSFT as follows:

e Algorithm 3.1 makes use of direct cosine transforms up to a length of 64 (see [29]) and of
an implementation following [1] otherwise.

e During precomputation, test for every n = —M,... ,M whether (hy,),_, , can be
evaluated more quickly using Algorithm 4.1 or using the modified Clenshaw algorithm.

We obtain an exact DSFT algorithm (Algorithm 5.1) for the grids (9s,%t)s—q N =0, 2N 1-
Oversampling can be carried out by using zero—padding techniques for the latitudinal as well as
for the longitudinal direction.

5.2 Slow spherical Fourier transform on arbitrary nodes

We obtained a direct O (M ’N ) algorithm instead of O (M ’N 2) in the last section by a separa-
tion of variables over the grid. For arbitrary nodes, we only have an O (M 2D) algorithm, where
D is the number of nodes (see Algorithm 5.2 and see [5, pp. 402]).

5.3 Fast spherical Fourier transform on arbitrary nodes

Given the problem (5.1) we first use Algorithm 4.1 to change the basis, a step which is indepen-
dent of the nodes. After this, we use the fast Fourier transform for nonequispaced data (NFFT)
to compute the values of the function at arbitrary nodes. Note that the fast Fourier transform
requires sampling on an equally spaced grid, which represents a significant limitation for many
applications. The aim of the NFFT is to overcome this drawback. The NFFT can be realized
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Algorithm 5.1 DSFT on equispaced grids in S
Input: M € N, (ag)(k nyeri € C(M+1)?
Precompute: j := [logy M, N := 27,
05 :=3%2 (s=0,...,N), pp:= 2% (t=0,... ,2N — 1),
see additional precomputation of Algorithm 4.1

Set hs, :==0for s=0,...,Nandn=—-N,...,N
forn=-M,...,M do
if direct computation using (5.7) is faster then
Compute (hyp) v using the modified Clenshaw algorithm
else
Compute (gs,n),—q y using Algorithm 4.1
if n odd then
Compute (hs,n)szo,...,N = ((sin ) gs,n)szo,___,zv
else
Set (hsn)y,...n = (Gsn)so,..N
end if
end if
end for
for s=0,...,N do
Compute (f (95, Wt))t:o,...,?N—l using a FFT((hS,n)n:_N,_“,N_l) of length 2V
Compute (f (95, @t))tzo,...,mq = (f (95, (Pt))t:O,...,QNfl + (hs,NeiN(pt)tzo,...,zN—l
end for

5=0,..

Output: (f (9s,9¢))s—0,..N, t=0,..2N-1

Algorithm 5.2 direct computation of (5.1)
Input: M e N, (az)(k,n)EIM € (C(M+1)27 D e N7 (ﬂd790d)d:0,...,D

D
1ES

ford=0,...,D—-1do
forn=-M...M do

M
Compute hgpn = ), af;PI‘Cn| (cos¥4) using the Clenshaw algorithm
k=|n|
end for
M .
Compute f (Ja,%d) = 3. hane™
n=—M
end for

Output: (f (94, d))g=o...p 1

in an efficient way by approximating trigonometric polynomilas by the sum of translates of a
1-periodic function ¢ with good localization in time and frequency. Beylkin et al. [3, 4] prefer
B-splines and Rokhlin et al. [9] Gaussians. By the results in [11, 22, 10] we prefer to apply
the NFFT with Kaiser—Bessel functions. Details concerning NFFT algorithms can be found for
example in [27] and a software package can be found in [17].
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Details concerning the NFFT algorithms can be found in [27] for example.
For arbitrary (9, ¢) € S we have

M .
= Z hp, (cos¥) €™¥
n=—M

where the h,, are as given by (5.2). By using Algorithm 4.1 we compute the values
(Gsm)ysg,.y (N = 2l M)

(the polynomial part of h,,) for n = —M,..., M as given by (4.8). Furthermore, we obtain the
Chebyshev coefficients (&z)kzo V€ CN+1 in

M
n (cos ) Z ap Ty (cos )
k=0

for even n and
M—1

gn (cos ) = Z ay Ty, (cos )
k=0

for odd n by using equation (3.1). Note that g,, are polynomials of degree M or M — 1 for even
or odd n, respectively. Rewriting g, by using

1 . .

Ty (cos¥) = cos (k) = 3 (e"w + eﬂ’w)

leads to a truncated Fourier series
M1
n ((;os 19) = Z bzelkﬂ
k=—(M—-1)
with
k=9 (5.8)
'2’“' otherwise.

For odd n, we have

M-1 L . M—1

sin(9) Y bt = - o _ e—w) 3 et
k=—(M~1) ' k=—(M—1)
M ~
— Z b']rczellc'ﬂ
k=—M
with
et fork= —M,—M +1,
~Z = ka_il fork = M — 1’M, (59)
br—1=bk41

otherwise.
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We obtain

M
hy (cos ) = Z crelk?
k=—M

with

n {bz for even n, (5.10)

I;Z for odd n.

Thus, we have

M M
f@,9) = Z Z crelhelne (5.11)

n=—M k=—M

The given spherical Fourier coefficients in (5.1) are transformed to the (ordinary) Fourier co-
efficients in (5.11) by an exact O (M?2log® M) algorithm (independent of the nodes (94, ¢a))-
The geometrical interpretation is that the sphere is mapped to the “outer half” of the torus
while the inner half is continued smoothly (see Figure 5.1). First we divide f into an even and

Figure 5.1: Topography of the earth on the sphere (left) and as ’outer half’ of a torus (right).

an odd part (relative to the poles) and construct an even and odd continuation on the torus,
respectively. Figure 5.2 illustrates this fact. In a final step we evaluate f for arbitrary nodes
using the bivariate Fourier transform for nonequispaced data (NFFT, see [27]). The arithmetical
complexity of Algorithm 5.3 is given by O (M 2log? M + mQD), where m is a cut—off parameter,
see Algorithm 12.1 in [27, page 251] for details.

6 Numerical results

We implemented the presented algorithms in C and tested them in two systems

(I) Intel-Celeron 64MB RAM, SuSe-Linux and

(IT) Sun-SPARC 768MB RAM, SunOS 5.6.

We chose the threshold for stabilization in Algorithm 4.1 as 100000. The first tests evaluate
time complexity and accuracy of the new algorithms in comparison to the direct computation
while the second test demonstrates an application to the EGM96 data. This is a global model
of the earth’s gravitational potential that includes orthogonal coefficients up to a degree and
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Figure 5.2: Plots of the normalized spherical harmonic Y3_2 =g L./ 1205 sin? @ cos e~ 2%, top: real

part (left) and imaginary part (right), bottom: mapping to the torus, the “inner half” is an
even continuation with respect to the north/south pole.

Algorithm 5.3 DSFT for arbitrary nodes

Precompute: N := 2[1082 M|,
see additional precomputation of Algorithm 4.1

forn=-M,...,M do

Compute (gs,n),_g _y using Algorithm 4.1

Compute (ag),_, y using equation (3.1)

Compute (cj),__p . 5 using equation (5.8),(5.9) and (5.10)
end for

Compute (f (94, ¥d))4o,.. p—1 from the Fourier coefficients (cj)
NFFT at the nodes (Y4, pa)g_,. p_1 (see [27])

kyne—M,...,\ USINg a bivariate

Output: (f (Y4, ¥d))g=o,..p-1

order of 360 (see [19]).

First we chose random data a} € [0, 1] and random nodes (¢4, p4) € S. Table 6.1 compares the
elapsed CPU time for Algorithm 5.2 (direct) and Algorithm 5.3 (new) for different bandwidths
and different numbers of nodes (oversampling factor @ = 2, cut-off parameter m = 4 with a
Gaussian kernel, see Algorithm 12.1 in [27, page 251] for details). Furthermore, we determined



19

64 128 256
direct ‘ new || direct ‘ new || direct ‘ new
0.01 | 0.37 || 0.01 | 1.80 0.01 | 8.61
0.01 | 0.38 || 0.05 | 1.82 0.20 | 8.61

100 || 0.13 | 0.42 || 0.49 | 1.84 1.82 | 8.67
1000 || 1.27 | 0.43 || 4.82 | 1.88 | 18.24 | 8.71
10000 || 12.61 | 0.53 || 49.04 | 1.96 || 176.41 | 8.81
20000 || 25.44 | 0.65 || 98.20 | 2.09 || 352.75 | 8.95

5 Lllgl=

Table 6.1: CPU time in seconds on system (I).

the relationship between the cut—off parameter m and the relative error

H(fapprox (19(17 SDd) — fexact (ﬂda (pd))dZL---,DH
H(fexact (Va, ‘Pd))d:l,...,DHoo

[09)

g =

where fapprox (U4, ¢a) denotes the value computed by Algorithm 5.3 and fexact (94, ¢a) denotes
the one computed by Algorithm 5.2. We have an exponential decay as shown in Table 6.2 and
proved in [27]. The third test concerns the time complexity with respect to a given bandwidth

m 1 2 3 4 5 6 7 8
€| 95.0e-02 | 7.7e-03 | 3.0e-04 | 1.9e-05 | 7.1e-06 | 5.8e-07 | 5.1e-08 | 2.3e-08

Table 6.2: Relative error ¢ on system (I) (M = 128, @ = 2 and D = 100).

and an approximate number of nodes. We chose the number of nodes as D = M?; note that for
M > 200, the direct computation was run using a fixed number of nodes (D = 100) , and the
required CPU—time was estimated as t = M—?E)‘Bm. Figure 6.1 shows a log-plot of elapsed CPU
time. Note that for a bandwidth of M = 500 our fast algorithm requires 92 seconds but the
direct computation takes almost 7 hours.

Further tests concern an application of Algorithm 5.3 to the earth’s geopotential model
(EGM96). Figure 6.2 and Figure 6.3 show a reconstruction on the whole sphere while Figure
6.4 shows the so—called “zoom-in” property. Given a global model we are able to zoom-in to an
arbitrary region for arbitrary combinations of spherical frequencies.

7 Conclusion

While a direct computation of (1.1) for arbitrary nodes has a computational complexity of
O (DM?) we were able to show that O (M?log? M + log?(1/e)D) arithmetical operations are
sufficient. Given a band-limited function on the sphere and remembering its “equiareal resolu-
tion” provided by the addition theorem for spherical harmonics (see e.g. [5, p.400]) it does not
seem suitable to use the standard grid. Especially in time-stepping algorithms where one has
to deal with the so—called pole problem an “almost equiareal” grid together with a convenient
quadrature rule and the suggested Algorithm 5.3 would enable fast versions of these algorithms.
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Figure 6.1: CPU-time on system (II) (a« =2, m = 4).
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Figure 6.2: Reconstruction of EGM96 data for £ > 4, normalization to orthonormal spherical
harmonics.

Note that the choice of nodes in the algorithm in [32] is arbitrary only within an individual
coordinate.

Furthermore we were able to show which algorithms are the essential parts of the spher-
ical Fourier transform (also for the generalized setting of arbitrary nodes) and that they are
independent of each other. Almost certainly, any fast spherical Fourier algorithm will use a
decomposition like the one in Figure 4.1, fast polynomial transforms and (standard) FFTs.
Therefore, it seems worth to investigate the associated Legendre polynomials P,Ln‘(:v,c) and
their numerical behavior more deeply.

In [21] the author uses a local approximative method for computing the fast spherical har-
monic transform. We will investigate local interpolation methods in combination with our simple
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Figure 6.3: Reconstruction of EGM96 data for £ > 8, normalization to orthonormal spherical
harmonics.

_

Figure 6.4: Zoom in (eastern part of South—America, Figure 6.2).

cascade summation in a forthcoming paper. Most likely, local interpolation methods will add
an error weighted by the actual value agﬁll l) o (z), illustrated by Figure 7.1 (left). Thus, com-
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puting the product P _, ( 27T+ 1) agllll)w

7.1 (right).

leads only to a small relative error, see Figure

10° 1 10°}

107

-15

10

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Figure 7.1: Expected error propagation for computation of intermediate values based

on local methods, the maximum allowable error is 107% (dashed lines), as above
(r—1)

7 = 5, n = 64 and I = 1, the perturbed polynomial is denoted by 527+1l+27;
1l B
the relative error ‘ agi;l l) or| dé:-}-ll l) yor — ag;ll l) o (left) and the relative error
—1 -1 z(7—1 -1
HP2nT—1 ( 72T+ll + 1) ag:+1l)+2r o ‘PQnT—l ( ,274—1[ + 1) ag+1l)+27 - P;'—l ( a2T+ll + 1) a§:+1l)+27

of the product (right).
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