A note on transformed Fourier systems for the
approximation of non-periodic signal

Robert Nasdala and Daniel Potts

Abstract A variety of techniques have been developed for the approximation of
non-periodic functions. In particular, there are approximation techniques based on
rank-1 lattices and transformed rank-1 lattices, including methods that use sam-
pling sets consisting of Chebyshev- and tent-transformed nodes. We compare these
methods with a parameterized transformed Fourier system that yields similar ¢,-
approximation errors.

1 Introduction

For the approximation of non-periodic functions defined on the cube [0, 1]¢, fast al-
gorithms based on Chebyshev- and tent-transformed rank-1 lattice methods have
been introduced and studied in [10, 19, 8, 22, 12, 11, 16]. Recently, we sug-
gested a general framework for transformed rank-1 lattice approximation, in which
functions defined on a cube [0,1]¢ (or on R?) are periodized onto the torus
T =~ [0,1)d, [17, 18]. In these approaches we define parameterized families
w(n) : [0,119 - [0,1]9,p € R4 of transformations that, depending on the pa-
rameter choice, yield a certain smoothening effect when composed with a given
non-periodic function. This periodization strategies also lead to general parame-
terized classes of orthonormal systems in weighted Hilbert spaces. However, these
methods have the natural drawback of singularities appearing at the boundary points
of the cube, so that any approximation error estimates have to be done with respect
to weighted Lo,- and Lp-norms.

Robert Nasdala
Faculty of Mathematics, Chemnitz University of Technology, D-09107 Chemnitz, e-mail:
robert.nasdala@math.tu-chemnitz.de

Daniel Potts
Faculty of Mathematics, Chemnitz University of Technology, D-09107 Chemnitz, e-mail:
potts @math.tu-chemnitz.de



2 Robert Nasdala and Daniel Potts

We summarize some crucial properties of rank-1 lattice approximation. Then, we
compare the approximation with a half-periodic cosine system and tent-transformed
sampling nodes [13, 3, 1, 2, 22], the Chebyshev approximation [19, 16], as well
as the general framework for the parameterized transformed Fourier system [18].
We discuss numerical results in up to dimension d = 7 and highlight the controlled
smoothening effect when varying the parameter 7 in the transformed Fourier systems.

2 Approximation methods

At first, we summarize the main ideas of the Fourier approximation with sampling
sets in the form of rank-1 lattices [21, 7, 14]. Afterwards, we consider Chebyshev-
and tent-transformed rank-1 lattices in the context of Chebyshev and cosine approx-
imation methods [22, 16]. Finally, we outline the transformed Fourier system for
the approximation of non-periodic signals, as introduced in [18], and provide two
examples of parameterized transformations.

2.1 Fourier approximation

For any frequency set I ¢ Z¢ of finite cardinality || < co we denote the space of all
multivariate trigonometric polynomials supported on / by

d
I1; := span {ez”“‘"‘ = H e2rikexe .k e [ x e Td} .
=1

with kK = (ki,...,kq)",x = (x1,...,x4)". The trigonometric polynomials are or-
thonormal with respect to the L,(T¢)-scalar product

(o= [ FOFRd fog € La(r)
For all k € Z¢ we denote the Fourier coefficients hy by
fuc := (h, ezmk('))Lz(Td) = / h(x) e 27k X gx,
Td

and the corresponding Fourier partial sum by S;h(x) := Yoy e e7KX.
We use sampling nodes in a rank-1 lattice A(z, M) of size M € N generated by
the vector z € Z¢, that is defined as

Az, M) = {x}a" = ﬁz modler:jzo,...,M—l}, (1
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with 1 := (1,...,1)7, which allows the fast evaluation of Fourier partial sums via
[14, Algorithm 3.1]. For any frequency set I ¢ Z¢ the difference set is given by

D) :={k e Z? : k = k| — k, with k;,k, € I}. )

We define the reconstructing rank-1 lattice A(z, M, ) as a rank-1 lattice A(z, M) for
which the condition

t-z# 0(modM) forallte D(I)\ {0} 3)

holds. Given a reconstructing rank-1 lattice A(z, M, I), we have exact integration for
all multivariate trigonometric polynomials p € I1p(z), see [21], so that

M-1

1
/T P dx= Y p() Xj € Az M.D). “)

j=0
In particular, for i € I1; and k € I we have h(-) e 27k() ¢ I p(ry and

M-1
A ik 1 ik
hg = /Td h(x) e 2 kX gx = i ]Z_:O h(x;)e %% x; e A(z,M,I). (5)

Next, we focus on functions in the Wiener algebra A(T¢) containing all L;(T%)-
functions with absolutely summable Fourier coefficients s given by

A(TY) = {h e L(TY) : Z | < oo}. (6)

kezd

For an arbitrary function 4 € A(T?) N C(T¢) and lattice points x; € A(z, M, 1) we
lose the former mentioned exact integration property and get approximated Fourier
coefficients h]‘(\ of the form

| M _
g ~ By = i Z h(x;)e 2k
=0

leading to the approximated Fourier partial sum S;\h given by

h(x) ~ SMh(x) := Z Pt kX
kel

For the matrix-vector-expression with respect to the frequency set I, C Z¢ we put

M-1

27rik-xt
Fla := {e J }

1 M-1
N (S (h(xjalt))
j=

J=0,Kel
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The evaluation of the function 4 and the reconstruction of the approximated Fourier
coefficients h := (hf(\)kellm are realized by the fast Algorithms outlined in [14,
Algorithm 3.1 and 3.2] that solve the systems

~ . 1.
hit = Flash and h = MFlatthlan’

where we have F*_Fy,« = M1 by construction with the identity matrix I € CMatlXlfaal,

latt

2.2 Cosine approximation

Next, we consider the half-periodic cosine system

d
k
{/lk(x) . ”"]_[cosmkgxg)} e CNEx 014 ()
K€ lient

=1

with the zero-norm ||k||o := |{€ € {1,...,d} : k¢, # 0}| and \/EHk”O = H?:l \/E”k(”().
In [13] it is pointed out that this system can alternatively be defined in one dimen-
sion over the domain ¢ € [—1, 1] as the system Ag(x) = \/%,/lk(t) = cos(knt), A (1) =
sin((k — %)nt), which yields the original cosine system after applying the transfor-
mation ¢t = 2x — 1.

The cosine system (7) is orthonormal with respect to the L, ([0, 1]¢)-scalar product
given by

oo = [ F05Rdx fg e Lo

For k € Z¢ the cosine coefficient of a function & € L, ([O, 1]‘1) is naturally defined
as ¢ := (h, A) (10,114 and for I C 74 the corresponding cosine partial sum is

given by SthA(X) 1= Y ker fz]ios Ak(x). We transfer the crucial properties of the Fourier
system via the tent transformation

2x¢ for 0 < x; < 1,
2—2xp for% <xe < 1.

Y(x) == W (x1),. .. Wa(xa)",  Welxe) = { ®

We have sampling nodes in the tent-transformed rank-1 lattice Ay (z, M) defined as

Ay(z M) = {y;“ —y (x}a“) X € A M),j =0, M~ 1}
and we speak of a reconstructing tent-transformed rank-1 lattice Ay (z, M, I) if the
underlying rank-1 lattice is a reconstructing one. Recalling the definition of difference
sets D(I) in (2), multivariate trigonometric polynomials A(-), A(-) and Ak(-) that are
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in Ilp(r) and supported on k € I C Nd inherit the exact integration property (4),
because with the tent transformation as in (8) and transformed nodes yCOS = glr(x}."m) €

Ay(z, M, I) with Xlan (..., d)T € A(z, M, T) we have

d
w%A@ﬂM@MW:ﬁ%Ahwwﬂﬁmhmwﬁ
) d =1

= ﬁ_;m)/ Ay (x)) ( 2mikx | 27rik~x) dx

kllo  M-1
‘/_d M Z h(lﬁ( 1)) ( 2mik-X; + —2mkxj)

M-
\/EHkllo 1 Z h(W(x)) HCOS(angx’)

J=0

1 M-1
MQMﬁmm%.
=

For an arbitrary function i € C ([0, l]d), we lose the former mentioned exactness

7cos,A
hk

and define the approximated cosine coefficients of the form

M-1

T 1

B~ N = DT R AT, Y5 € Ag(a ML),
7=0

and obtain approximated cosine partial sum Sj\h given by

h(x) = SPh(x) = RN A(x). ©)

kel

In matrix-vector-notation we have

cos M-l cos M-l
C:= {/l (yj )}j:O,kEIwm’ htent = (h(yj ))j=0

Both the evaluation of & and the reconstruction of the approximated cosine coeffi-

cients h := {ﬁf{os”\}k is realized by solving the systems
Eltent

htent Ch and h = —C htcm, (10)

where we have C*C = M1 by construction with the identity matrix I & CHen XIfen!,
Fast algorithms for solving both systems are described in [22, 16].
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2.3 Chebyshev approximation

We consider the Chebyshev system, that is defined for x € [0, 1]¢ and a finite
frequency set Ionep C N as

d
{Tk(x) = \/Ellkuo 1_[ cos (kg arccos(2x, — 1))} . (11)
k€Iché:b

=1

The Chebyshev system (11) is an orthonormal system with respect to the weighted
scalar product

d
2
(T Tio) Ly (0,110 ) = /[O T T @0 dx 0 = | | ——ees

r=1 T\4xe(1 - )Cg).

The Chebyshev coefficients of a function h € L ([0,1]%,w) are naturally defined
as }Azlc(heb = (h,Tx) La([0.114, w),k € Z% and for I c Z? the corresponding Chebyshev

partial sum is given by S;A(X) 1= X xes fzf{heb Tx(x). We transfer some properties of
the Fourier system via the Chebyshev transformation

Y(x) == W1 (x1),. ... ¥a(xa))T,

l//[()C[) = %+%COS (27T (X[—%)), X¢ € [0,1], 56{1,...,61}. (12)

We have sampling nodes in the Chebyshev-transformed rank-1 lattice Ay (z, M)
defined as

Ay(z. M) = {y;heb =y (x}.‘f‘“) X e Az, M),j = 0,... M - 1} .
It inherits the reconstruction property (3) of the underlying reconstructing rank-1
lattice A(z, M, I) and is denoted by Ay (z, M, I). We note that Chebyshev transformed
sampling nodes are fundamentally connected to Padua points and Lissajous curves,
as well as certain interpolation methods that are outlined in [4, 9].

Recalling the definition of difference sets (/) in (2), multivariate trigonometric
polynomials A(-) and A(-) Tx(-) are in I1p(;) and supportedonk € I C Ng inherit the
exact integration property (4), because with the Chebyshev transformation ¢ as in
(12) and transformed nodes y;heb = z//(xll.a“) € Ay(z, M, ) with x}.a“ =(x),....x))T €
A(z, M, I) we have ‘
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d
it = [ ronomay <2 [ [ Jeserte

[Ikllo
—\/E 2rik-x —2mik-x
- [y (et ax
[Iklo M-1
V21 . ,
= S D M) (R ek
T D, hw(;
2 2 ( )
3l 1 M- d ;
=V2 I Z h(y(x;)) I—[cos(angxt,)
=0 =1
1 M-1
= heb heb
- 37 2 MR
J:

For an arbitrary function 4 € L ([0,1]¢,w) N C ([0,1]¢), we lose the former men-
tioned exactness and define the approximated Chebyshev coefficients lec(heb’A of the
form
| Mo
hﬁheb ~ hlc(heb,A = M Z h(y;heb) Tk(y;heb), y;;heb c Al/’(z’ M, I),
=0

leading to the approximated Chebyshev partial sum

h(x) ~ SMh(x) := Z highebA Ti(x). (13)
kel

In matrix-vector-notation this reads as

M-1 M-1
T := {Tk(y;heb)}j:O,kelcheb’ heney 1= (h(yjheb))j= .

The evaluation of & as well as the reconstruction of the approximated Chebyshev

coefficients h := (ﬁﬁheb”\)k . of h are realized by fast Algorithms outlined in [19,
€lcheb

22, 16], that solve the systems
A A 1.
heeb =Th and h= MT henen, (14)

where we have T*T = M1 by construction with the identity matrix I € CHeneoXleneo|
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2.4 Transformed Fourier approximation

We recall the ideas of a particular family of parameterized torus-to-cube transfor-
mations as suggested in [18], that generalize the construction idea of the Chebyshev
system in composing a mapping with a multiple of its inverse.

We call a continuously differentiable, strictly increasing mapping i : (0,1) — R
with J/(x + ) being odd and §/ (x) — oo for x — {0, 1} a torus-to-R transformation.
We obtain a parameterized forus-to-cube transformation (-, 1) : [0,1] — [0, 1] with
n € R, := (0, 0) by putting

0 for x=0,
() =10 "(nP(x)) for xe€(0,1), (15)
1 for x=1,

which are continuously differentiable, increasing and have a first derivative y’(-,7) €
Co([0,1]), where Cy ([0, 1]) denotes the space of all continuous functions vanish-

ing to 0 towards their boundary points. It holds ¥~ !(y,n) = ¥ (y, %) and we call
o(y,n) =W Y () =y (y, %) the density of . In multiple dimensions d € N
with g = (171,...,174)7 we put

y(x.n) = Wi(x,m),. .. ¥a(xa,na))", (16)
vy = T Lm0 Gasna) T

d
1
) = ; ith = S e
oy, 1) l:! oc(ye,ne) Wi oe(yesne) W' (= (ve,me))

where the univariate torus-to-cube transformations (-, 77¢) and their corresponding
densities o¢(-,17¢) may be different in each coordinate ¢ € {1,...,d}.
We consider integrable weight functions

d
o) = [ Jove, yelonn,
=1
such that for any given torus-to-cube transformation (-, 17) as in (16) we have

(e ne )W’ (~ne) € Co([0.1]).

Applying a torus-to-cube transformation to a function i € L,([0, 114, w) N C([0, 1]¢)
generates a periodic function f € Ly(T¢) of the form
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d

J(X) == h(y(x,m)) w(w(x,n))l_[t!fé(w) with [[2llz,0,114,0) = 1 lLyra),
=1

A7)

that is approximated by the classical Fourier system. To construct an approximant
for the original function & we apply the inverse torus-to-cube transformation to the
Fourier system, yielding for a fixed € RY the transformed Fourier system

{sok(~) = 4 /—ch)‘&f;) ezﬂik-w“w)} : (18)
kel

which forms an orthonormal system with respect to the weighted L; ([0, l]d,w)-

scalar product. For all k € Z¢ the transformed Fourier coefficients hy are naturally
defined as

I = (B i) 10,114 ) = /[O 1 h(y) ex(y) w(y) dy,

and the corresponding Fourier partial sum is given by S;h(y) := Yyes ik @(y). The
corresponding sampling nodes will be taken from the torus-to-cube-transformed
(abbreviated: ttc) rank-1 lattice Ay (z, M) defined as

Ay(z, M) := {y;.‘C =y (x}a",n) : x}at‘ €eAZM),j=0,....M- 1}

and we speak of areconstructing torus-to-cube-transformed rank-1 lattice Ay (z, M, I)
if the underlying rank-1 lattice is a reconstructing one.

Furthermore, the multivariate transformed trigonometric polynomials supported
on I ¢ Z¢ are given by IT¢ := span{¢y : k € I} and inherit the exact integration
property (5), thus, for 4 € II} we have

M-1

o 1
h = /[o 114 h(x) p(x) dx = - Z hY; ) ek(y;), ¥;© € Ay(zM.1).
»1] j=0

For an arbitrary function 2 € Ly([0, 1]¢, w)NC([0, 1]¢) we lose the former mentioned
exactness and define approximated transformed coefficients of the form

M-1

A 1

g =05 D hO) ey)
Jj=0

and leads to the approximated transformed Fourier partial sum S;\h given by

h(y) = SPh(y) == > B ei(y). (19)
kel
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orthonormal system {@g (x) }rer |scalar  product{sampling transformation ¢ |frequency set 1
weight w

{1% o 2x for0 < x < 1,

V2 cos(mkx 1 2 194 N N9

(k) 2-2x forj<x<l N
k

\/f” llo cos (k arccos(2x — 1)) m % + % cos (27r(x - %)) II‘\II N Nsl

o(x,7 ikw!
“(E)(x)]) e2miky ™! (x 1) w(x) wix, 1) II(\il

Table 1 Comparison of the univariate orthonormal system, sampling sets and frequency sets from
the Chebyshev, cosine and transformed Fourier approximation methods.

In matrix-vector-notation we have

ey \ M1 e\ | V!
hy = (h(y]' ) 0’ Fie := {"Dk (yj )}jzo kel

The evaluation of 4 and the reconstruction of the approximated transformed Fourier
coefficients h := {hﬁ}k <. is realized by solving the systems
ttc

A

o1
hye = Fuch. and h= —Fiohe. (20)

Fast algorithms for solving both systems are described in [18].

2.5 Comparison of the orthonormal systems

The previously presented approximation approaches are based on very different
orthonormal systems and use differently transformed sampling sets, which is sum-
marized in dimension d = 1 in Table 1 with the definition of the hyperbolic cross
Izlv given in (23).

Given an univariate continuous function # € C([0, 1]), both composition with the
tent transformation (8) and the Chebyshev transformation (12) can be interpreted as
mirroring a compressed version of & at the point 1, so that h(y(x)) = (¥ (1 — x))
for all x € [0, %]. In contrast to the the Chebyshev transformation case, for the tent
transformation we generally won’t expect the resulting function £ o ¢ to be smooth
at the point %, which will be reflected in the approximation results later on.

The parametrized torus-to-cube transformations (15) are a fundamentally different
transformation class in the sense that the periodization effect is caused primarily by
the multiplication of A(y (-, 7)) with the first derivative ¥ (-, 1) € Cy([0, 1]) (assuming
a constant weight function w = 1), so that the function A(f (-, 7))\ (-,n7) ends up
being continuously extendable to the torus T. Additionally, now there is the parameter
n involved which controls the smoothening effect on the periodized function, see
[18].
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—yx)=1-|1-2x]| —y(x,2) = { +  tanh(2tanh ™' 2x - 1))
- -y(x) = % + %Cos(ln(x - %)) - Y(x,4) = % + %tanh(4tanh’1(2x -1))

1 1

0.5 0.5

Fig. 1 Left: The tent-transformation (8) the Chebyshev-transformation (12). Right: The parame-
terized logarithmic transformation (21) for 7 € {2,4}.

We find various suggestions for torus-to-R transformations in [5, Section 17.6],
[20, Section 7.5] and [17]. We list some induced combined transformations i (x,n)
and the corresponding density function o(y,77) = (~!)’(y,n) in the sense of defini-
tion (15):

¢ the logarithmic torus-to-cube transformation

1
11 4 (4y —4yHyn!
w(x,n) = > + Etanh(n tanh’1(2x -1), oly,n)=- ( ]y Y —:
(@7 +-2y7)
21
based on the mapping
~ 1 2x -1
l/l(x) = E IOg (m) = tanh (2X - 1),
¢ the error function torus-to-cube transformation
1 1 1 1 1y 1))2
wle) = serfrert™ e =)+ 5, e(nm) = e ET @)
n

based on the mapping
g (x) = erf ' 2x - 1),

which is the inverse of the error function
£(y) ! / Tt dr eR,
erf(y) = — [ e dt, y
V7 )

In Figure 1 we provide a side-by-side comparison of all the previously mentioned
transformation mappings.
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3 Approximation results and error analysis

Based on the weight function

d
whe(K) = ]_[ max(1, |k¢|), ke Z9,
=1

we define the hyperbolic cross index set
1¢ = {k € 29 : wne(k) < N} (23)

and for S > 0 we furthermore have the Hilbert spaces

HP(T) = {f € La(T) : 1 2nray =, @ne®)P 1Al < oo} (24)

kezd

that are closely related to the Wiener Algebra A(T¢) given in (6). For 1 > % and
fixed d € N the continuous embeddings HE*4(T?) < A(T?) was shown in [15,
Lemma 2.2]. Next, we introduce the analogue on the cube [0, 1]”’ for the Hilbert
space HP(T4) as in (24). We define the space of weighted L, ([0, 1]¢, w)-functions

with square summable Fourier coefficients /i := (h, @) L2([0.1]4.w) by

HP([0.11%,0) := {h € L (10.11%.0) : Wl o.110.0) < )

Il g ) 1= D ne®PP . (25)
kezd

In case of a constant weight function w = 1 we just write H¥ ([0, 1]¢).
We define a shifted, scaled and dilated B-spline of second order as

—x2+% for0§x<%,
Bz(x) =

%(x2—3x+9) forj <x <1,

(26)
1

which we refer to as the B,-cutoff, that was also used in [19, 18]. It is in C! ([o,1)
and depicted in Figure 2. Even though it is only once continuously differentiable, it
is also an element in H3-2 ([0,1]) for any & > 0, which the following arguments
show. It’s well-known a second order B-spline is the result of a convolution of
three step functions xjo,1] (Where y denotes the indicator function) with themselves,
whose respective Fourier coefficients (xy(o.11(-),e***))1,(0.1]) decay like |k|~! for
k — =+o00. Hence, the Fourier coeflicients fzk = (Bz,ez”ik('>) L,([0,1]) of the B-cutoff
(26) decay like |k|™3 for k — +co. Considering a constant weight function w = 1,
the || - [l (jo,1)-norm given in (25) of B; is finite if
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h(y) = Ba2(y) ha(y1,y2) = B2(y1) B2(y2)

I T T~

0.5 n

of | L]

0 0.5 1

Fig. 2 The univariate B,-cutoff hi(y) = B(y) and the two-dimensional tensored B;-cutoff
ha(y1, y2) = Ba(y1) B2(y2)

A 1
1Bl 001 = > @nelk il < > max{1, |k|}* <
keZ keZ

which is the case for

5
k|6 < k7% o g < S-& &>0
Next, we approximate the tensored B,-cutoff
d 5
hx) = [ | Ba(xe) e HE72([0, 1)), & >0, @7)
=1

by the approximated Chebyshev, cosine or transformed Fourier partial sums S;\h
given in (9), (13) and (19). We study the resulting relative £,-and {-approximation
errors

| (hex) = sp i)

s,

[

el (h) == , pe{20}, (28)

that are evaluated at R € N uniformly distributed points x; ~ U([O0, 114). The
approximated coefficients appearing in the approximated partial sums (13),(9) and
(19) are calculated by solving the corresponding systems (14), (10) or (20).
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2 2 2
18 18 nN()
10 T
5 -
ol seoseases |
-5 |
~10 | |

I
-10 -5 0 5 10

Fig. 3 The hyperbolic cross 182 (left) and its first quadrant 182 N Ng (right).

3.1 The numerical results of £;-approximation

Throughout this section we repeatedly use the bold number notation 1 = (1,...,1)7

that we already used in the definition of rank-1 lattices (1) and expressions like n = 2
mean that 7, =2 forall € € {1,...,d}.

In [23, 6, 24] we find a broad discussion on the approximation error decay of
function in the Sobolev space HP(T4),m € Ny. It was proven that there is a worst
case upper error bound of the form

eR(h) ~ Hh ~ Spyh < N™"(log N)@-D/2, 29)

Ly([0,114) ~

In [18] we find conditions on the logarithmic and the error function transformation
W (-, 1), given in (21) and (22), such that a certain degree of smoothness of the given
C™(T4)-function is preserved under composition with ¢ (-,77) and the resulting peri-
odized function is at least in ¢(T¢), £ < m and for each ¢ it was calculated how large
the parameter i has to be chosen. According to the conditions in [18, Theorem 4], the
tensored B,-cutoff in (27) is transformed into a function f € HO(T4) of the form (17)
for all considered torus-to-cube transformations (-, 77) with parameters 1 < i, < 3,
and into a function f € H'(T9) for parameters 17, > 3, £ € {1,...,d}. While these
conditions are independent of the particular considered function 4 € C™(T%), they
are pretty coarse in the sense of not catching the additional smoothness of func-
tions like the B,-cutoff given in (27) which is an almost H %([O, 1]4)-function as we
showed earlier. In numerical tests we showcase that in certain setups the Chebyshev
coefficients and the transformed Fourier coefficients will indeed decay faster than
the worst case upper bound (29).

In dimensions d € {1,2,4,7} we compare the discrete £;-approximation error &;,
given in (28), with R = 1.000.000 uniformly distributed evaluation points for all
of the previously introduced approximation approaches. We consider frequency sets
1 1‘{, for all transformed Fourier systems and I]‘f, N Ng for the cosine and Chebyshev
systems. Both frequency sets are illustrated in dimension d = 2 with N = 8 in
Figure 3. We use N € {1,...,140} ford = 1, N € {1,...,80} ford = 2, N €
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transformation &R (h)
(7) cosine system N5
(11) Chebyshev system N72%
(21) log transf. Fourier, 7 = 2 N-!
(21) log transf. Fourier, = 4 N2:25
(22) error fct. transf. Fourier,7 =2 |N -1.9
(22) error fct. transf. Fourier, 7 = 2.5 N~25
(22) error fet. transf. Fourier, 7 = 4 [N~2-

Table 2 The observed decay rates of the discrete approximation error £2R (h) as given in (28) when
h is the univariate B;-cutoff as defined in (26).

{1,...,50}ford =4 and N € {1,...,30} ford = 7.

In dimensions d = 1 and d = 2 we observe that the approximation errors are
significantly better for 7 = 4 than for 5 = 2, indicating the increased smoothening
effect of both the logarithmic and the error function transformation. In dimensions
d € {4,7}, the errors for 3 = 4 turn out to be worse than for n = 2, which we
suspect might be due to the increase of certain constants depending on 7 in the
error estimate (29). The Chebyshev approximation turns out to be a solid candidate
to approximate the B-spline given in (27). In this specific setup, we also checked
the error behavior for other parameters € {2.1,2.2,...,3.8,3.9,4.1,4.2,...}. As
it turns out, 7 = 4 is the best choice for the logarithmic transformation and for the
error function transformation the best choice is = 2.5.

However, as shown in Figure 4, only the error function transformation is able to
match the approximation error of the Chebyshev approximation, which also shows
when we investigate and compare the error decay rates of sf (h) that were numerically
observed for the univariate case d = 1. In this specific setup, 4 is still the continuous
second-order B-spline given in (27) that is an element of H 3-e ([(), l]d ) Hence, we

expect to obtain an error decay at most sg(h) < N73+¢ for any & > 0 and increasing
values of N when approximating 4 with respect to any transformed Fourier system.
We achieve these decay rates numerically with the Chebyshev system and with
the transformed Fourier system when considering the logarithmic transformation
with n € {2.5,4}. Interestingly, the decay rates of the cosine system remain at
N~!3. In comparison, the logarithmically transformed Fourier system with = 2
loses half an order, which is slightly improved for n = 4. In total we observe that
some transformed Fourier systems are able to achieve the same decay rates as the
Chebyshev system, when we use parameterized torus-to-cube transformations (-, 77)
and pick an appropriate parameter 7 € R,. The results are summarized in Table 2.

3.2 A note on {,,-approximation

As derived in [18] and recalled in (17), the transformed Fourier system (18) for non-
periodic funtions is the result of applying an inverted change of variable ' (-, 1) in
the form of (15) to the Fourier system elements within the L,(T¢)-scalar product,
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—e— (7) cosine system —— (11) Chebyshev system

(21) log transf. Fourier, r7p, = 2 (21) log transf. Fourier, 7, = 4
—— (22) error fct. transf. Fourier, 177, = 2 —s— (22) error fct. transf. Fourier, , = 2.5
—— (22) error fct. transf. Fourier, 17, = 4

h(y) = B2(y) h(y) = B2(y1)B2(y2)

—~ ~
= =
= =
K K
W W

— —~
= =
= =
K K
W W

Fig. 4 Comparing the approximation errors sf (h) of the tensored B,-cutoff (27) approximated by
various orthonormal systems in dimensions d € {1,2,4,7}.

in order to generate another orthonormal system in a given space L, ([—%, %]d,w).
There are two interpretations for the resulting integral of the form

/ o(y.n) ezm(k—m)wl(y,q) w(y)dy = / e2mitk—m)x o _ Skm.
[0,1]¢ w(y) Td

We either have another periodic system of the form {ehik"/’_]("")}k and the
el

weighted L; ([0, 114, o(,;))-scalar product; or we attach +/o(-,n)/w(:) to the in-
dividual exponentials 27k v () and end up with the non-periodic system (18)

and the originally given weighted L, ([—%, %]d,w)—scalar product. If we consider a

constant weight function w = 1, then there is a drawback that comes with the later
choice, because o is unbounded and causes singularities at the boundary points of
the elements in the approximated transformed Fourier sum (19). So, the pointwise
approximation error £X in (28) isn’t finite, unless we consider a suitably weighted .-
norm that counteracts the behavior of the approximant towards the boundary points,
which is discussed more thoroughly in [18]. This strategy is based on choosing the
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weight function w in such a way that the quotient o(-,n)/w(:) is either constant or
converges at the boundary points. However, for any chosen torus-to-cube transfor-
mation - especially for the presented parameterized transformations (-, ) in (21)
and (22) with a fixed parameter 7 - the weight function has to be chosen in such a
way so that on one hand the singularities of the density function are controlled and
on the other hand the given function 4 is still in L,([0, l]d ,W).

We achieve this effect for example by showing the connection of the transformed
Fourier framework with the Chebyshev system, when we put the Chebyshev trans-
formation (12) into the transformed Fourier system (18) despite the fact that it is not
a torus-to-cube transformation as in (15). Considering the hyperbolic cross 11]\/ as de-

fined in (23) and x, y € [0, 1], we choose ¥ to be the Chebyshev transformation (12)
arccos(2y—1)
2

. By putting w(y) = o(y), the transformed Fourier

of the form y/(x) = § + 1 cos (27‘(()6 - %)), with the inverse ¢ (y) = 1 +

and the density o(y) = W

system (18) turns into

ntik+ik arccos(2y)

e(y)=e
= (=1)*(cos(k arccos(2y — 1)) + isin(k arccos(2y — 1)))

for k € {-N,...,N} and by combining the positive and negative frequencies we
obtain

1 for k=0,
on(y) = k
(—=1)*2 cos(k arccos(2y — 1)) for ke{l,2,...,N},

which is orthogonal with respect to the L, ([0, 1], w)-scalar product with w(y) =
L . With some additional scaling we obtain an orthonormal system that’s

2xyy(1-y)

equivalent to the Chebyshev system (11).

4 Conclusion

We considered the approximation of non-periodic functions on the cube [0, 1]d by
different systems of orthonormal functions. We compared the Chebyshev system
that is orthonormal with respect to a weighted L,-scalar product, the system of half-
periodic cosines that uses tent-transformed sampling nodes and a parameterized
transformed Fourier system. For the cosine system, which basically only mirrors a
non-periodic function at it’s boundary points, as well as the transformed Fourier
system with a small parameter, yielded the worst approximation errors. Switching to
the Chebyshev system, which mirrors and additionally smoothens a given function,
improved the approximation error decay. The same effect was obtained for the
transformed Fourier system after increasing the parameter enough to obtain a better
smoothening effect. The numerical experiments showcased the proposed parameter
control in [18] that is set up by periodizing functions via families of parameterized
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torus-to-cube mappings. This approach in particular generalizes the idea used to
derive Chebyshev polynomials.
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