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Abstract We present a new deterministic approximate algorithm for the reconstruc-
tion of sparse Legendre expansions from a small number of given samples. Using
asymptotic properties of Legendre polynomials, this reconstruction is based on Prony-
like methods. The method proposed is robust with respect to noisy sampled data.
Furthermore we show that the suggested method can be extended to the reconstruc-
tion of sparse Gegenbauer expansions of low positive order.
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1 Introduction

In this paper, we present a new deterministic approximate approach to the reconstruc-
tion of sparse Legendre and Gegenbauer expansions, if relatively few samples on a
special grid are given.
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Recently the reconstruction of sparse trigonometric polynomials has attained much
attention. There exist recovery methods based on random sampling related to com-
pressed sensing (see e.g. [5,6, 11, 18] and the references therein) and methods based on
deterministic sampling related to Prony-like methods (see e.g. [16] and the references
therein).

Both methods are already generalized to other polynomial systems. Rauhut and
Ward [19] presented a recovery method of a polynomial of degree at most N — 1
given in Legendre expansion with M nonzero terms, where O(M (log N)*) random
samples are taken independently according to the Chebyshev probability measure of
[—1, 1]. Some recovery algorithms in compressive sensing are based on (weighted)
£1-minimization (see [19,20] and the references therein). Exact recovery of sparse
functions can be ensured only with a certain probability.

Peter et al. [15] have presented a Prony-like method for the reconstruction of sparse
Legendre expansions, where only 2M + 1 function resp. derivative values at one point
are given. We mention that sparse Legendre expansions are important for the analysis
of spherical functions which are represented by expansions of spherical harmonics. In
[1],it was observed that the equilibrium state admits a sparse representation in spherical
harmonics (see [1, Section 4.3]), i.e., the equilibrium state can be represented by a
very short Legendre expansion (see [1, Figure 4.5]).

Recently, the authors have described a unified approach to Prony-like methods in
[16] and applied it to the recovery of sparse expansions of Chebyshev polynomials of
first and second kind in [17]. Similar sparse interpolation problems for special polyno-
mial systems have been formerly explored in [3,4,8,12] and also solved by Prony-like
methods. A very general approach for the reconstruction of sparse expansions of eigen-
functions of suitable linear operators was suggested by Peter and Plonka [14]. New
reconstruction formulas for M-sparse expansions of orthogonal polynomials using the
Sturm-Liouville operator, were presented. However one has to use sampling points
and derivative values.

In this paper we present a new method for the reconstruction of sparse Legendre
expansions which is based on a local approximation of Legendre polynomials by cosine
functions. Therefore this algorithm is closely related to [17]. Note that fast algorithms
for the computation of Fourier—Legendre coefficients in a Legendre expansion (see
[2,7]) are based on similar asymptotic formulas of the Legendre polynomials. However
the key idea is that the conveniently scaled Legendre polynomials behave similar to
the cosine functions near zero. Therefore we use a sampling grid located near zero.
Finally we generalize this method to sparse Gegenbauer expansions.

The outline of this paper is as follows. In Sect. 2, we collect some useful properties
of Legendre polynomials. In Sect. 3, we present the new reconstruction method for
sparse Legendre expansions. We extend our recovery method in Sect. 4 to the case of
sparse Gegenbauer expansions of low positive order. Finally we show some results of
numerical experiments in Sect. 5. In Example 5.5, it is shown that the method proposed
is robust with respect to noisy sampled data.
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Reconstruction of sparse Legendre and Gegenbauer expansions 1021

2 Properties of Legendre polynomials

As known, the Legendre polynomials P, are special Gegenbauer polynomials C, ,(,a) of
order o« = % so that the properties of P, follow from corresponding properties of the
Gegenbauer polynomials (see e.g. [21, pp. 80-84]). For each n € Ny, the Legendre
polynomials P, can be recursively defined by

n—+3 n—+1
Pyo(x) = w2 XPn+1(X)—mPn(X) (x eR)

with Py(x) := 1 and P;(x) := x (see [21, p. 81]). The Legendre polynomial P, can
be represented in the explicit form

L —d @n - 2))

1
Py = 5, . . .
W=z ; Jln =l =2

n—2j

(see [21, p. 84]). Hence it follows that for m € Ny

(=D" @2m)!
Py (0) = 2 G2 Prn11(0) =0, 2.1
/ D em+
Py (0) = % Py, (0) = 0. 2.2

Further, Legendre polynomials of even degree are even and Legendre polynomials of
odd degree are odd, i.e.
Py(=x) = (=1)" Py(x). (2.3)

Moreover, the Legendre polynomial P, satisfies the following homogeneous linear
differential equation of second order

(1—x?) P/(x) —=2x P.(x) +n(n+1) Py(x) =0 (2.4)

(see [21, p. 80]). In the Hilbert space L% /2([—1, 1]) with the constant weight %, the
normalized Legendre polynomials

L,(x):=+2n+1P,(x) (ne€ Np) 2.5)

form an orthonormal basis, since

1 1
5 / Ly(x) Ly(x)dx =8,—n (m, n € Np),
_1

where §,, denotes the Kronecker symbol (see [21, p. 81]). Note that the uniform norm

max |Ly(x)| = [Ly(=D)| = [L,(D)| = @n + 1'/?
xe[—1,1]
is increasing with respect to n (see [21, p. 164]).
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1022 D. Potts, M. Tasche

Let M be a positive integer. A polynomial

d
H(x) = by Li(x) (2.6)

k=0

of degree d with d > M is called M-sparse in the Legendre basis or simply a sparse
Legendre expansion, if M coefficients by are nonzero and if the other d — M + 1
coefficients vanish. Then such an M-sparse polynomial H can be represented in the
form

Mo M;
H(x) =" c0,j Lng;(X) + D_ 1k Lny, (%) 2.7)

j=1 k=1
with ¢q j := bp,; # 0 for all even ng ; with 0 < no;; < no2 < -+ < no,m, and
with Clk ‘= bnl.k # 0 for all odd nik with 1 < nypy < np < -0 < Ny M- The

positive integer M = My + M is called the Legendre sparsity of the polynomial H.
The numbers My, M| € Ny are the even and odd Legendre sparsities, respectively.

Remark 2.1 The sparsity of a polynomial depends essentially on the chosen polyno-
mial basis. If

T,(x) := cos(n arccosx) (x € [—1, 1])

denotes the nth Chebyshev polynomial of first kind, then the nth Legendre polynomial
P, can be represented in the Chebyshev basis by

ln/2] . .
@) 2n —2))!
Pax) = 250 D Q= 8n)) s Ta(1)
22 Z;) VIR e

(see [21, p. 90]). Thus a sparse polynomial in the Legendre basis is in general not a
sparse polynomial in the Chebyshev basis. In other words, one has to solve the recon-
struction problem of a sparse Legendre expansion without change of the Legendre
basis. O

As in [19], we transform the Legendre polynomial system {L,; n € Np} into a
uniformly bounded orthonormal system. We introduce the functions Q,, : [—1, 1] —
R for each n € Ny by

O0n(x) := \/g(‘/l —x2L,(x) = w V1 —x2 Py(x). (2.8)

Note that these functions O, have the same symmetry properties (2.3) as the Legendre
polynomials, namely

On(=x) = (=D" Qn(x) (x €[-1, 1]). 2.9
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Reconstruction of sparse Legendre and Gegenbauer expansions 1023

Further the functions Q,, are orthonormal in the Hilbert space sz([_ 1, 1]) with the
Chebyshev weight w(x) := % (1 = x2)71/2_since for all m, n € Ny

1

1
/ On(x) Om(x¥) wx)dx = %/ Lp(x) Lin(x) dx = 8y—pm.
—1 -1

Note that f_ll w(x)dx = 1. In the following, we use the standard substitution x =
cosf (0 € [0, m]) and obtain

Qn(cosh) = \/gvsme L, (cosf) = w Vsin6 P,(cosf) (0 € [0, ]).

Lemma 2.1 For all n € Ny, the functions Q,(cos ) are uniformly bounded on the
interval [0, ], i.e.
|Qn(cosB)] <2 (6 €[0, 7]). (2.10)

Since Lemma 2.1 is a special case of Lemma 4.1 for o« = %, we abstain here from
a separate proof.
Now we describe the asymptotic properties of the Legendre polynomials.

Theorem 2.1 For each n € Ny, the function Q,(cos0) can be represented by the
asymptotic formula

0,(cos ) = Ay, cOS [(n + %) 0 — ﬂ + R,(6) (0 €0, 7)) @2.11)

with the scaling factor

[ (4m+1 2m)!
L (szr Phis 225"?1;13!)2 n=2m,

ne— 7 Q2m+1)!
dm+3 22m ()2

and the error term

R (0) := —

Qn(cost)dr (0 € (0, m)).

2.12)
The error term Ry, (0) fulfills the conditions R, (%) = R}, (%) = 0and has the symmetry

property

/0 sin[(n+ 1) 6 - 1)]

4n+2 Jrp (sin 7)2

Ru(m —0) = (=1)" R, (6). (2.13)

Further, the error term can be estimated by

[Ra(0)] <

to]. 2.14
2n+1|00 I (2.14)
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1024 D. Potts, M. Tasche

Since Theorem 2.1 is a special case of Theorem 4.1 for @ = %, we leave out a
separate proof.

Remark 2.2 From Theorem 2.1 it follows the asymptotic formula of Laplace (see [21,
p. 194]) that for 6 € (0, m)

Q,,(cos@):\/zcos[(n—i-%) 9—%] +Om™Y) (n— o). (2.15)

The error bound holds uniformly in [¢, 7 — ¢] with ¢ € (O, %). m]

Remark 2.3 For arbitrary m € Np, the scaling factors A, in (2.11) can be expressed
in the following form

N ,/W(xm n="2m,

=
Jﬁ(zmﬁ-z)amﬂ n=2m+1

with

1-3---Q2n+1)
=1 = N
ag , Op >4 0om) (n € N)

In Fig. 1, we plot the expression | tan(6) R, (0)| for some polynomial degrees 7.
We have proved the estimate (2.14) in Theorem 2.1. In the Table 1, one can see

that the maximum value of | tan(6) R, (6)| on the interval [0, 7] is much smaller than
1
2n+1°
We observe that the upper bound (2.14) of |R,(6)| is very accurate in a small
neighborhood of 6 = 7. Substituting t = 6 — 7 € [~7%, 7], we obtain by (2.9) and

(2.11) that

- -
410 x10

0.05 35

0.04 0.015) 3
25
0.01 2f
002 15
0.005] 1
05

P4 pi2 3pild pi P4 D2 3pid b0 pid pi2 3pild

Fig. 1 Expression |tan(0) R, (0)| forn € {3, 11, 51, 101}

Table 1 Maximum values of | tan(@) R, (6)| for some polynomial degrees n

n 3 5 7 9 11 13

gnll(z]ix | [tan(6) R, (0)| 0.0511 0.0336 0.0249 0.0197 0.0163 0.0139
€0,
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Reconstruction of sparse Legendre and Gegenbauer expansions 1025

. 1 nmw T
0, (sinf) = (—1)" A, cos |:(n + —) t + —] +(=1)"R, (t n E)

2 2
= (—=1)" A, cos (%) cos |:(n + %) t:| —(=1)" A, sin (%)
X sin [(n—i—%) t}—i— (=" Ry (t—i-%). (2.16)

3 Prony-like method

In a first step we determine the even and odd indexes ng_j, 1k in (2.7), similar to
[17]. We use (2.8) and consider the function

My M,
EMH()C) = Zco,j Oy ; (x) + ;cl,k Ony (x) 3.1

J=1

on [—1, 1]. In the following we use the asymptotic formulas of O, i and Q,, , from

Theorem 2.1. We substitute x = cos(t + %) = —sint fort € [-7, 7]. Now we have
to determine indexes ng, ; and n  from sampling values of the function
/%«/costH(—sint) (t € [—% %]) (3.2)

We introduce the function

Mo 1 My 1 T
=3 | (s 3) i3 esn(mess) | (< [53)
j= =

(3.3)
with the coefficients

doj = (=)™ o jhng; o digi= (DI

By (2.9) and (2.16), the new function (3.3) approximates the sampled function (3.2)
in a small neighborhood of ¢+ = 0. Then we form

My
w - Zdo’/ cos [(no,j + %) ti| (34
j=1
and M
F(t) — F(— 1 !
% _ ;dl,k sin [(nl,k + 5) t] : (3.5)

Now we proceed similar to [17], but we use only sampling points near 0, due to the
small values of the error term R,, (t + %) in a small neighborhood of r = 0 [see (2.14)].
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1026 D. Potts, M. Tasche

Let N € N be sufficiently large such that N > M and 2N — 1 is an upper bound of
the degree of the polynomial (2.6). For uy := sin 21\?—_1 we form the nonequidistant
sine—grid {uy x = sin 211\‘/—”_1; k=1-2M,...,2M — 1} in the interval [—1, 1].

We consider the following problem of sparse Legendre interpolation: For given
sampled data

T km . ki
hi == | —,/cos H | —sin k=1-2M,...,2M — 1)
2 2N —1 2N —1

determine all parameters ng ; (j = 1, ..., Mp) of the sparse cosine sum (3.4), deter-
mine all parameters nyx (k = 1,..., M) of the sparse sine sum (3.5) and finally
determine all coefficients co ; (j = 1,..., Mp) and c1x (k = 1,..., My) of the

sparse Legendre expansion (2.7).

3.1 Sparse even Legendre interpolation

For a moment, we assume that the even Legendre sparsity M of the polynomial (2.7)
is known. Then we see that the above interpolation problem is closely related to the
interpolation problem of the sparse, even trigonometric polynomial

Mo
hiy +h_k N ) (no,; +1/2)km
T ~ fk = Z;d()’j COST (k: 1 —2M0,...,2M0— 1),
j:
(3.6)
where the sampled values fi (k =1 —2My,...,2My — 1) are approximately given

by %k Note that f_x = fi (k =0,...,2Mo — 1).
We introduce the Prony polynomial Il of degree M with the leading coefficient

_ i+1/2 . .
2Mo—1 whose roots are COSW (j=1,...,Mp),ie.

Moy
i+ 1/2
M (x) = 2Mo~! jli[] (x — cos W) )

Then the Prony polynomial 1 can be represented in the Chebyshev basis by

My

Mo(x) = > po.c Te(x) (pomy = 1). (3.7)
£=0

The coefficients pg ¢ of the Prony polynomial (3.7) can be characterized as follows:

Lemma 3.1 (See [17, Lemma 3.2]) Forallk =0, ..., Mo — 1, the sampled data f
and the coefficients pg ¢ of the Prony polynomial (3.7) satisfy the equations

Mo—1

D ive + fer) po.e = —(fer o + ftg—i)-

=0
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Reconstruction of sparse Legendre and Gegenbauer expansions 1027

Using Lemma 3.1, one obtains immediately a Prony method for sparse even Legen-
dre interpolation in the case of known even Legendre sparsity. This algorithm is similar
to [17, Algorithm 2.7] and omitted here.

In practice, the even/odd Legendre sparsities Mgy, M of the polynomial (2.7) of
degree at most 2N — 1 are unknown. Then we can apply the same technique as in [17,
Section 3]. We assume that an upper bound L € N of max {M(y, M1} is known, where
N € N is sufficiently large with max {My, M1} < L < N. In order to improve the
numerical stability, we allow to choose more sampling points. Therefore we introduce
an additional parameter K with L < K < N such that we use K + L sampling points
of (2.7), more precisely we assume that sampled data f; (k =0,...,L+ K — 1)
from (3.6) are given. With the L + K sampled data fy e R(k =0,..., L+ K — 1),
we form the rectangular Toeplitz-plus-Hankel matrix

0 _
HY, 1= (e + o s - (3.8)

Note that H [((O)L 41 is rank deficient with rank M (see [17, Lemma 3.1]).

3.2 Sparse odd Legendre interpolation

First we assume that the odd Legendre sparsity M of the polynomial (2.7) is known.
Then we see that the above interpolation problem is closely related to the interpolation
problem of the sparse, odd trigonometric polynomial

M,
hy —h_ - . . (I’ll,j—}-l/Z)kT[
)~ .=Z}d],j sin———— (k=1-2M,....2M, - ),
]:
(3.9)
where the sampled values gx (k = 0,...,2M; — 1) are approximately given by

%. Note that g_y = —gx (k =0, ...,2M; — 1).
We introduce the Prony polynomial Iy of degree M with the leading coefficient

_ ny j+1/2)yr . .
2Mi—1 whose roots are cos(l‘sz—i/l) (G=1,...,Mp),ie.

M,
_AM—1 H (m,; +1/2)m
Hl(x)_2 1 i (x—COSﬁ .

Then the Prony polynomial I7; can be represented in the Chebyshev basis by
M,
M) =D preTex) (pra, =1 (3.10)

=0

The coefficients pj ¢ of the Prony polynomial (3.10) can be characterized as follows:
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1028 D. Potts, M. Tasche

Lemma 3.2 Forallk = 0, ..., M| — 1, the sampled data g; and the coefficients
p1.¢ of the Prony polynomial (3.10) satisfy the equations

M;—1
D (@kre + &) pre = —(krmy + 8kmy)- (3.11)

£=0

Proof Using sin(a + B) + sin(a — B) = 2 sina cos 8, we obtain by (3.9) that

M,
Ghre+ g =D d1; (Sm (m,j + 1k + O o+ Dk =0 )

. 2N —1 2N —1
j=1

M
i+ 1/2)k i+ 1/2)¢
=22d1,/‘ sin(nl’]+ [Dkm cos(nl’]+ /)n.
= 2N — 1 2N — 1

Thus we conclude that

M, M, M
i+ 1/2)k i+ 1/2)¢
Z (gk+£+gk—£) pl,f :2 Zdl’j Sin w ;pl,[ COS M

= = 2N 2N —1
M,
i+1/2)k i+1/2
zzzd”SmMnl COSM —0.
st ’ 2N —1 2N —1
By p1,m; =1, this implies the assertion (3.11). O

Using Lemma 3.2, one can formulate a Prony method for sparse odd Legendre
interpolation in the case of known odd Legendre sparsity. This algorithm is similar to
[17, Algorithm 2.7] and omitted here.

In general, the even/odd Legendre sparsities My and M of the polynomial (2.7)
of degree at most 2N — 1 are unknown. Similarly to Sect. 3.1, let L € N be a
convenient upper bound of max {Mo, M}, where N € N is sufficiently large with
max {My, M1} < L < N.In order to improve the numerical stability, we allow to
choose more sampling points. Therefore we introduce an additional parameter K with
L < K < N such that we use K + L sampling points of (2.7), more precisely we
assume that sampled data g (k = 0,..., L + K — 1) from (3.9) are given. With
the L 4+ K sampled data gz € R (k =0,...,L + K — 1) we form the rectangular
Toeplitz-plus-Hankel matrix

1 _
H = (e + 8-0p 1) - (3.12)

Note that H 1((1 )L 41 is rank deficient with rank M. This is an analogous result to [17,
Lemma 3.1].

@ Springer



Reconstruction of sparse Legendre and Gegenbauer expansions 1029

3.3 Sparse Legendre interpolation

In this subsection, we sketch a Prony-like method for the computation of the poly-
nomial degrees ng ; and ny j of the sparse Legendre expansion (2.7). Mainly we use
singular value decompositions (SVD) of the Toeplitz-plus-Hankel matrices (3.8) and
(3.12). For details of this method see [17, Section 3]. We start with the singular value
factorizations

© _ 1770 /O (©)
Hg 1 = Uk Dg i Wigrs

M _ g )
Hgp = U Dl Wigrs

where U I({O ), U I((l ), WI(‘(EI and WIEIle are orthogonal matrices and where D;?)L 4 and

Dg’)L 4 are rectangular diagonal matrices. The diagonal entries of D;??L 41 are the
singular values of (3.8) arranged in nonincreasing order

0) 0)

0) (0) (
Z0—2 Z...zO’MOZO’/V](H»l

0)

We determine the largest My such that GI(V(I)O) /01(0> > ¢, which is approximately the
rank of the matrix (3.8) and which coincides with the even Legendre sparsity M( of
the polynomial (2.7).

Similarly, the diagonal entries of D;(I?L 4 are the singular values of (3.12) arranged
in nonincreasing order

gf‘>zo§”z-~20fv}fif’zf}f+13"'20&)120'

We determine the largest M such that 015411) /01(1) > ¢, which is approximately the
rank of the matrix (3.12) and which coincides with the odd Legendre sparsity M of
the polynomial (2.7). Note that there is often a gap in the singular values, such that
we can choose ¢ = 1073 in general.

Introducing the matrices

: (0)yMo
()2 0) . . diag (o, ") ;2
D vy = Pg (1 K, 11 M) —( 7=,

Ok — Mo, Mo
O O . _
Witg.L41 = W (1 s Mo, 12 L+ 1),
; (DM
Dg)M = Dg)LH(l K, 1: M) = dlag(aj )j=1 ’
s M N OK_MI’MI

O O '
WMl,L-H = WL+1(1 My, 1:L+1),

we can simplify the SVD of the Toeplitz-plus-Hankel matrices (3.8) and (3.12) as
follows

0) _ 770 {(©0) 0) () _ () M (e8]
Hygpp1 = Ug DK,MO WMO,L+1 ’ Hy 1oy =Ug" Dy Wit 141
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1030 D. Potts, M. Tasche

Using the known submatrix notation and setting

Wi () =Wy | ((1: Mo, 14+s5:L+s) (s=0, 1), (3.13)
Wy () =Wy (M T4s:L+s) (s=0,1),  (3.14)

we form the matrices

F = (Wi, 0) Wi, G3.15)
Fy, = (W(l)L(O)) Wy (D), (3.16)

where (W(O) L(O))T denotes the Moore—Penrose pseudomverse of W(Og 1(0).

FlnallyWedetermmethenodesxo] e[-1,1](=1,...,Mp)andxy ; € [-1, 1]
(j =1,..., M) as eigenvalues of the matrix F IE,(I); and F 15/11)’ respectively. Thus the

algorithm reads as follows:

Algorithm 3.1 (Sparse Legendre interpolation based on SVD)

Input: L, K, N ¢ N(N > 1, 3 < L < K < N), L is upper bound of
max{My, M1}, sampled values H (— sin 2N 1) (k=1—-L—-K,...,L+K—1)of
the polynomial (2.7) of degree at most 2N — 1.

1. Compute
[ | km ) km
hy = £ CoszN_lH(—smzN_l) (k=1-L—-K,....,.L+K—-1)
and form
hi + h_ hy —h_
fk::%, gk::% (k=1-L—K,...,L+K—1).

2. Compute the SVD of the rectangular Toeplitz—plus—Hankel matrices (3.8) and
(3.12). Determine the approximate rank Mg of (3.8) such that 0(0) /0(0) > 1078
and form the matrix (3.13). Determine the approximate rank M of (3 12) such that
oy /0" > 1078 and form the matrix (3.14),

3. Compute all eigenvalues xo,; € [—1,1] (j = 1,..., Mp) of the square
matrix (3.15). Assume that the eigenvalues are ordered in the following form 1 >
X0,1 > Xo2 > --- > XoM, = —1. Calculate ng; := [2N larccosxoj — —]
(j =1,..., Mp), where [x] := |x + 0.5] means rounding of x € R to the near-
est integer.

4. Compute all eigenvalues x1; € [-1,1] (j = 1,..., M) of the square
matrix (3.16). Assume that the eigenvalues are ordered in the following form 1 >
X1,1 > X12 > -+ > x1,m, = —1. Calculate ny; := [2N larccosxl, — %]
(G=1,..., M.

5. Compute the coefficients ¢ ; € R (j = 1,...,Mp) and ¢;; € R (j =
1, ..., M) as least squares solutions of the overdetermined linear Vandermonde-like
systems

@ Springer



Reconstruction of sparse Legendre and Gegenbauer expansions 1031

CO,anO,,(sin )sz k=0,...,L+K—1),
= 2N —1

M ki
ch,,an (sinm):g_k (k=0,...,L+K—1).
j=1
Output: My € No, no,j € No (0 < ng;1 <no2 <--- <nom <2N),co,j €R
(G=1...,Mp). My € No,n;j; e N(I1 <mj1 <nip<---<nipy <2N),
ClgjeR(jZI,...,Ml).

Remark 3.1 The Algorithm 3.1 is very similar to [17, Algorithm 3.5]. Note that one
can also use the QR decomposition of the rectangular Toeplitz-plus-Hankel matrices
(3.8) and (3.12) instead of the SVD. In that case one obtains an algorithm similar to
[17, Algorithm 3.4]. O

4 Extension to Gegenbauer polynomials

In this section we show that our reconstruction method can be generalized to sparse

Gegenbauer expansions of low positive order. The Gegenbauer polynomials C,(,a) of
degree n € Ny and fixed order ¢ > 0 can be defined by the recursion relation (see
[21, p. 81]):

200+ 2n + 2
n—+2

200+ n

e C™(x) (ne€Np)

xC¥ (x) -

) (x) = "

+

with C{ (x) := 1 and C\*(x) := 2a x. Sometimes, C\* are called ultraspherical
polynomials too. In the case ¢ = %, one obtains again the Legendre polynomials
P, = C,(,l/ 2, By [21, p. 84], an explicit representation of the Gegenbauer polynomial
C,(,a) reads as follows

& cyire-j+o

() _
Ca” () = ZO FrrG+OIln—2j+1)

x)" 2,

Thus the Gegenbauer polynomials satisfy the symmetry relations
C\(—x) = (=" C¥ (x). (4.1)
Further one obtains that for m € Ny

(" (m+1)
C)F(m+1)°
)(0) _2CED)"Metm+ D) (i

Ty T'm+1) ° \dx

Ca(0) = )0 =0, 42)

d
(E s cgf;)) 0)=0. (43)
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1032 D. Potts, M. Tasche

Moreover, the Gegenbauer polynomial C, ,(,O‘) satisfies the following homogeneous lin-
ear differential equation of second order (see [21, p. 80])

dZ

2
1—-x )dx2

CYx)—QRa+ Dx 4 COX)+n(m+20)CY%N) =0. (4.4)
n dx n n : *

Further, the Gegenbauer polynomials are orthogonal over the interval [—1, 1] with
respect to the weight function

Tao+1)

Eﬁ@:;ﬂ—ﬂWWZQEHLDL

w@ (x) =

i.e. more precisely by [21, p. 81]

ol Qo+ n)

(n+a)(n+1)I'Q2a) Sm—n  (m, n & No).

1
/ C%(x) C9 (x) w® (x)dx =
-1
Note that the weight function w® is normalized by

1
/ w®(x)dx = 1.

1

Then the normalized Gegenbauer polynomials

(o)
o« Qa+n) C,(x) (n € No) (4.5)

r HIre
L?uszm+” (n+1) I Q)
form an orthonormal basis in the weighted Hilbert space L« ([—1, 1]).
Let M be a positive integer. A polynomial

d
H(x) =Y b L (x)

k=0

of degree d withd > M is called M -sparse in the Gegenbauer basis or simply a sparse
Gegenbauer expansion, if M coefficients by are nonzero and if the other d — M + 1
coefficients vanish. Then such an M-sparse polynomial H can be represented in the
form

Mo M;
Hx) = coj Ly () + D eri Ly, (x) (4.6)
j=1 k=1

withcp j 1= bno’j # Oforallevenng ; with0 < ng 1 <np2 < --- < no,m, and with
Clk :=bpn, #0foralloddny with1 <nj | <nj2 <--- < nyum. The positive
integer M = My + M is called the Gegenbauer sparsity of the polynomial H. The
integers Mo, M are the even and odd Gegenbauer sparsities, respectively.
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Now for each n € Ng, we introduce the functions Q,ﬁa) by

Fa+1)J7

1 —x2)*/2 @ -1, 1 4.7
F(a—f—%) 1—=x7) Ax) (el 1)) 4.7

0 (x) =

These functions ,(1“) possess the same symmetry properties (4.1) as the Gegenbauer

polynomials, namely
0W(—x) = (-1)" Q¥ (x) (x €[, 1]). (4.8)

Further the functions Q) are orthonormal in the weighted Hilbert space L2 (-1, 1])
with the Chebyshev weight w(x) = 1 (1 — x?)~1/2, since for all m, n € No

1 1
/ 09 (x) 0 (x) w(x) dx = / L (x) LY (x) w® (x) dx = 8.
—1 1

In the following, we use the standard substitution x = cos 6 (6 € [0, m]) and obtain

09 (cos ) := M (sin0)* L (cos ) (0 € [0, 7]).
I'lae+3)

Lemma 4.1 Foralln € Ny and @ € (0, 1), the functions Q,(f‘) (cos 0) are uniformly

bounded on the interval [0, 1], i.e.
10 (cos )| <2 (0 €0, x]). (4.9)

Proof Forn € Ny and « € (0, 1), we know by [13] that for all 6 € [0, 7]

l—o

2
(sin6)% |C¥(cos 0)| < (n+a)* L.

I'(a)

Then for the normalized Gegenbauer polynomials Lﬁ,a), we obtain the estimate

(sin )% [L*) (cos 0)| < (n+a)* L

2= Jn4+a) F'n+ 1) ')
I' (o) ol Qo+ n)

Using the duplication formula of the Gamma function
1
')l (a + 5) =272 /7 I Qu), (4.10)
we can estimate
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I'n+1) _1in
|Q£la)(COS9)| < \/E m(ﬂ+a>a / .
For a = %, we obtain |Q;, (1/2 )(cos )| < +/2. In the following, we use the inequalities
(see [9])

l1—0o
oNl-o  T(n+1) I 1
(n+5) < Tt <(n—§+,/a+z) 4.11)

foralln e Nand o € (0, 1).
Inthecase 0 < o < %, the estimate (4.11) with 0 = 2« implies that

: . —a+1/2
n — 3 + 20 + I

n—+u«o

109 (cos 0)| < /2

Since n — % + /20 + % <2 ((n+ «a)forall n € N, we conclude that

10 (cos )| < 2!7%.

In the case % <a<l,wesetf:=1—-2a € (0, 1). By (4.11) with 0 = B, we can
estimate

Tn+1) Tn+1) 1 ( 1] 1)1_'3
= < n——=+4+,pB+- .
I'n4+2a) Wm+B)I'n+pB) n+p 2 4
Hence we obtain by n — B + < n + B that

1-p/2
|Q51a)(cose)| < \/% (n—%+,/,3+;1) (n+a)a_1/2

<\/_(n——+\//6+71)_ﬂ/2 (n+#)ﬂ/2<«/§.

Finally, by
0% (cos6) = /M (sin 0)*
I (a+ 3)
and
105" (cos )] = ¥,
we see that the estimate (4.9) is also true for n = 0. O
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By (4.4), the function Q f,a) (cos 0) satisfies the following linear differential equation
of second order (see [21, p. 81])

42 5, a(l—ow)
e an)(cos 0) + ((n + o)+ W) Sla)(cos 0)=0 (0 €0, n)).
(4.12)
By the method of Liouville-Stekloff, see [21, pp. 210-212], we show that for
arbitrary n € Ny, the function Qf,a)(cos ) is approximately equal to some multiple

of cos[(n + ) & — %F] in a small neighborhood of 6 = 7.

Theorem 4.1 For each n € Ny and o € (0, 1), the function Qf,“) (cos0) can be
represented by the asymptotic formula

0 (cos6) = i, cos [(n +a)6— %] +R@@) (0 <0, 7)) (4.13)
with the scaling factor

(mta) T Qm+1) 2“7'/2F(m+%) _s
A, = 1V T Tat2m T(m+D) n=.zm,

n
L@m+2) 22 Plagpmtl)
Qm+1+a) [ Ca+2m+1) Ton+1) n=2m+1

and the error term

Ca(l-w) O sin[(n+ )6 —1)] (o

R (0) := (cost)dr (8 € (0, 7)).

n+ao 72 (sin1)?2 n
(4.14)
The error term R,(qa) (0) satisfies the conditions
T d T
R@ (_) — (L g (_) -0
"\2 de " 2
and has the symmetry property
R™(w —0) = (=1)" R™ (). (4.15)
Further, the error term can be estimated by
20 (1 —
IR@ ()] < ad -9 ol (4.16)
n—+uo

Proof 1. Using the method of Liouville-Stekloff (see [21, pp. 210 — 212]), we derive
the asymptotic formula (4.13) from the differential equation (4.12), which can be
written in the form

d2

oa(l —a)
@Q

(@) 2 () - 7
n(cos0) + (n+a)” 0, (cosf) = 5in0)2

0W(cosh) (0 € (0, m)).
(4.17)
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Since the homogeneous linear differential equation

2

1z XO + 01+ )’ X(0) =0

has the fundamental system
ar ) am
cos[(n—}—a)@——], sm[(n+a)9——],
2 2
the differential equation (4.17) can be transformed into the Volterra integral equation

(@) _ _ar ~ _on
0" (cos@)_kncos[(n—i—a)é 2]+unsm[(n~|—a)9 2]

Ca(l-a) ? sin[(n + a)(0 — 7)]

o o Gmer QFCosndr @€ 0.1

with certain real constants X, and w,. Introducing R,(La) () by (4.14), we see immedi-
ately that R,(,a)(%) = 0. From

R¥@O) = —a(l —a) / cosl(n + )6 — 7)1 0 (cos ) dt

(sin1)?2

it follows that (& R\™)(%) = 0.
2. Now we determine the constants A, and p,,. For arbitrary evenn = 2m (m € Ny),
the function Q(a) (cos ) can be represented in the form

0% (cos ) =3 cos [(Zm +a)9—%]+mm sin [(Zm fa)b— “2 ] R (0)

Hence the condition R(“)( ) = 0 means that Q(a)(O) (—=1)™Aop. Using (4.7),
4.5), (4.2), and the duphcatlon formula (4.10), we obtain that

o |OmEo r@m+ 1) 207121 (m + 1)
m = ' 2a + 2m) rm+1)

From ( - C (“))(O) = 0 by (4.3) it follows that the derivative of Q (cos 0) vanishes
for 6 = 727 Thus the second condition (-& AT R(a))( ) = 0 implies that

0= pom Cm + ) (=",
i.e. o, = 0.
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3.If n =2m + 1 (m € Np) is odd, then

am
Q;O,‘,zﬂ(cos 0) = Aym+1 COS [(Zm +14+a)d— 7]

) am
+ U2m+41 SIn [(Zm +14+a)f — 7] + Réon?+] ).

Hence the condition Ré‘;l) 41 (%) = 0 implies by Céf;l) 41 (0) = 0 [see (4.2)] that
0 = poms1 (D™,

i.e. wam+1 = 0. The second condition (% Réil) + 1)(%) = 0 reads as follows

4@ F@ FQa)F2m+2) J7 (i c@ ) )
Fa+HTrea+2m+1)r@ \de 2

= —domt1 2m + 1+ o) (=D™.

Thus we obtain by (4.3) and the duplication formula (4.10) that

N B I'(2m+2) 20012 M+ m+ 1)
TN Cm o+ 1+ a) T Qo+ 2m + 1) T(m+1)

4. As shown, the error term R,(,a) (0) has the explicit representation (4.14). Using (4.9),
we estimate this integral and obtain

0 1 20(1 —
/ : 2dr’=u|cot9|.
72 (sInT) n+a«a

The symmetry property (4.15) of the error term

2a(1 — @)
n—+uo

IR (9)] <

R,(1a)(9) = Q’(fl)(cos 0) — A, cos [(n +a)d — %]

follows from the fact that Q,(f‘)(cos 0) and cos[(n + «)8 — %] possess the same

symmetry properties as (4.8). This completes the proof. O

Remark 4.1 The following result is stated in [10]: If ¢ > %, then

Tl (a+ 4 1\ /¢ 20 — 1\'/"?
(sin 0)* | (cos )] < 22 val(e+s) - 14+
I'le+1) 2 2n

foralln > 6 and 6 € [0, m]. Using (4.11), we can see that (sin6)“ |L,(f)(cos 0)] is
uniformly bounded for all @ > %, n > 6and 6 € [0, 7]. Using above estimate, one
can extend Theorem 4.1 to the case of moderately sized order o > % O
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We observe that the upper bound (4.16) of |R,§a) (6)] is very accurate in a small
neighborhood of 6 = 7. By the substitution t = 6 — 7 € [—75, 7] and (4.8), we
obtain

O (sint) = (—=1)" 2, cos [(n ta)t+ %] +(=D"R, (, 4 %)
= (=1)" An cos (%) cos[(n+a)t] — (—1)" &, sin (%) sin[(n+a) t]
+ (=" Ry (1 + g) .

Now the Algorithm 3.1 can be straightforward generalized to the case of a sparse
Gegenbauer expansion (4.6):

Algorithm 4.2 (Sparse Gegenbauer interpolation based on SVD)

Input: L, K, N ¢ N(N > 1, 3 < L < K < N), L is upper bound of
max{My, M1}, sampled values H (— sin %) (k=1—-L—-K,...,L+K—1)of
polynomial (4.6) of degree at most 2N — 1 and of low order o > O.

1. Compute fork=1-L—-K, ..., L+ K —1
Ta+1) 7 kr \* . km
hy = — 5 — |cos H | —sin
I+ 53) 2N —1 2N —1
and form
_hkthey _ hx—h_g
k= ,gk-——z .

2. Compute the SVD of the rectangular Toeplitz—plus—Hankel matrices (3.8) and
(3.12). Determine the approximate rank M of (3.8) such that GIE,([)O) /01(0) > 1078
and form the matrix (3.13). Determine the approximate rank M; of (3.12) such

that az(wll)/ol(l) > 1078 and form the matrix (3.14).

3. Compute all eigenvalues xo ; € [—1, 1] (j = 1,..., Mp) of the square matrix
(3.15). Assume that the eigenvalues are ordered in the following form 1 > x¢ 1 >
x02 > -+ > xom, > —1. Calculate ng ; = [2]\;*1 arccosxo,; — a] (j =
1,..., Mp).

4. Compute all eigenvalues x1,; € [—1, 1] (j = 1,..., M) of the square matrix
(3.16). Assume that the eigenvalues are ordered in the following form 1 > x; 1 >
X2 > -+ > x1,m, = —1. Calculate ny; := [21\;—_1 arccosxy j —a] (j =
1,..., My).

5. Compute the coefficientscp j € R(j =1,...,Mp)andcy; e R(j =1,..., My)
as least squares solutions of the overdetermined linear Vandermonde-like systems
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ZCO,Q,(;(’))](' ) fo (k=0,...,L+K—1),
ZCUQ;‘?](' 1):g_k (k=0,....,L+K—1).

Output: My € No, no,j € No (0 <no1 <noz <--- <nom, <2N),co; € R
(G=1,...,Mpy). M, ENOJ?l,j e N (1 <npp<nip << nium < 2N),
ci,y eR@G=1,..., M.

5 Numerical examples

Now we illustrate the behavior and the limits of the suggested algorithms. Using
IEEE standard floating point arithmetic with double precision, we have implemented
our algorithms in MATLAB. In Example 5.1, an M-sparse Legendre expansion is
given in the form (2.7) with normed Legendre polynomials of even degree ng ; (j =
1,..., Mp) and odd degree n1x (k = 1,..., M), respectively, and corresponding
real non-vanishing coefficients o ; and ¢y x, respectively. In Examples 5.3 and 5.4, an
M -sparse Gegenbauer expansion is given in the form (4.6) with normed Gegenbauer
polynomials (of even/odd degree ng, ; resp. ny  and order & > 0) and corresponding
real non-vanishing coefficients cg ; resp. c1 . We compute the absolute error of the
coefficients by

e(c) == max {[co,j — Co,jl. lcr,k — Crl}
1 My

T
(c:=1(co,1s+-1€0O,My>C1,15 -+ CLM;) ),

where Co ; and ¢ x are the coefficients computed by our algorithms. The symbol +
in the Tables 2, 3, 4 and 5 means that all degrees n ;j are correctly reconstructed, the

Table 2 Results of Example 5.1

for exact sampled data N K L Algorithm 3.1 e(©)
101 5 5 + 3.3307e—15
200 5 5 + 5.5511e—16
300 5 5 + 1.5876e—14
400 5 5 - -
400 6 5 + 1.6209e—14
500 6 5 - -
500 7 5 - -
500 9 5 + 2.4780e—13
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symbol — indicates that the reconstruction of the degrees fails. We present the error
e(c) in the last column of the tables.

Example 5.1 We start with the reconstruction of a 5-sparse Legendre expansion (2.7)
which is a polynomial of degree 200. We choose the even degrees ng,; = 6,192 = 12,
np,3 = 200 and the odd degrees n| | = 175, n1,» = 177 in (2.7). The corresponding
coefficients co,; and ¢y are equal to 1. Note that for the parameters N = 400 and
K = L =5, due to roundoff errors, some eigenvalues Xo_; resp. X1 x are not contained
in [—1, 1]. But we can improve the stability by choosing more sampling values. In the
case N =500, K =9and L =5, weneedonly 2 (K 4+ L) — 1 = 27 sampled values
of (3.1) for the exact reconstruction of the 5-sparse Legendre expansion (2.7). O

Example 5.2 Now we show that the Algorithm 3.1 is robust with respect to noisy
sampled data. We reconstruct a 5-sparse Legendre expansion (2.7) with the even
degrees nog1 = 12, ng» = 150 and the odd degrees ny; = 75, n1» = 277 and
n1,3 = 313, where the corresponding coefficients c¢, ; and ¢y x are equal to 1. Then we
add noise of size 10_577, where 7 is uniformly distributed in [—1, 1], to each sampling
value. The corresponding results of Algorithm 3.1 are shown in Table 3. Note that for
certain parameters, some eigenvalues Xo, ; resp. X1« are not contained in [—1, 1]. But
we can improve the stability of Algorithm 3.1 by choosing more sampling values (see
Table 3). Note that we can also reconstruct the polynomials for higher noisy level, if
we replace the identification of the rank M of (3.8) and M; of (3.12) in step 2 of
Algorithm 3.1 by a gap condition. For the results see the last four lines of Table 3. O

Example 5.3 We consider now the reconstruction of a 5-sparse Gegenbauer expansion
(4.6) of order o« > 0 which is a polynomial of degree 200. Similar as in Example 5.1,
we choose the even degrees ng,;1 = 6, no2 = 12, ng,3 = 200 and the odd degrees
ni,1 = 175,n12 = 1771in (4.6). The corresponding coefficients co, ; and c 4 are equal
to 1. Here we use only 2 (L + K) — 1 = 19 sampled values for the exact recovery
of the 5-sparse Gegenbauer expansion (4.6) of degree 200. Despite the fact, that we
show in Theorem 4.1 only results for « € (0, 1), we show also some examples for
a > 1. But the suggested method fails for « = 3.5. In this case our algorithm cannot
exactly detect the smallest degrees ng,1 = 6 and ng 2 = 12, but all the higher degrees
are exactly detected. O

Example 5.4 We consider the reconstruction of a 5-sparse Gegenbauer expansion (4.6)
of order « > 0 which does not consist of Gegenbauer polynomials of low degrees.
Thus we choose the even degrees ng,1 = 60, ng2 = 120, ng 3 = 200 and the odd
degrees n1,1 = 175, n1 2 = 177 in (4.6). The corresponding coefficients ¢y ; and ¢y«
are equal to 1. In Table 5, we show also some examples for « > 2.5. But the suggested
method fails for « = 8. In this case, Algorithm 4.2 cannot exactly detect the smallest
degree np,; = 60, but all the higher degrees are exactly recovered. This observation
is in perfect accordance with the very good local approximation near 6 = /2, see
Theorem 4.1 and Remark 4.1. O
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Table 3 Results of Example 5.2

for noisy sampled data N K L 8 Algorithm 3.1 e(©)
200 5 5 - -
200 9 5 + 1.6020e—05
200 25 25 5 + 7.9357e—06
200 65 65 5 + 3.3771e—07
200 100 30 3 + 5.1114e—03
200 110 30 3 + 1.2290e—03
200 110 40 3 + 1.2226e—03
200 100 50 3 + 5.6290e—04
Table 4 Results of Example 5.3 N % L Algorithm 4.2 e(c)
0.1 101 5 5 + 5.5511e—16
0.2 101 5 5 + 2.2204e—16
0.4 101 5 5 — -
04 200 5 5 + 1.0769¢—14
0.5 200 5 5 + 8.8818e—16
0.9 200 5 5 + 7.5835e—16
1.5 200 5 5 + 1.3323e—15
2.5 200 5 5 + 1.1102e—16
35 200 5 5 — -
Table 5 Results of Example 5.4 N K I Algorithm 4.2 e(c)
0.1 101 5 5 + 1.2879%e—14
0.2 101 5 5 + 1.1879%e—14
0.4 101 5 5 - -
0.4 200 5 5 + 3.1086e—15
0.9 200 5 5 + 1.3323e—14
2.5 200 5 5 + 7.7716e—16
35 200 5 5 + 5.4401e—15
45 200 5 5 + 3.3862e—14
7.0 200 5 5 + 2.2204e—16
7.5 200 5 5 + 3.3307e—16
8.0 200 5 5 - -
9.0 200 5 5 - -

Example 5.5 We stress again that the Prony-like methods are very powerful tools for

the recovery of a sparse exponential sum

M
S(x) =D cjeli* (x=0)

j=1
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with distinct numbers f; € [, 0] +i[—m, ) (0 < § < 1) and complex non—
vanishing coefficients c;, if only finitely many sampled data of § are given. In [17,
Example 5.5], we have presented a method to reconstruct functions of the form

M
F@©) = Z (cj cos(v;0) +d; sin(uje)) @ [0, 7).
j=1

with real coefficients c;, d; and distinct frequencies v;, u; > 0 by sampling the
function F.
Now we reconstruct a sum of sparse Legendre and Chebyshev expansions

M M’
H(x) = ¢jLn,(x) + > di Ty (x) (x €[-1, 1]). (5.1)
j=1 k=1

Here we choose ¢c; = dy = 1, M = M’ = 5 and (nj)§:1 = (6, 13, 165, 168, 190)T

and (mg)7_, = (60, 120, 175, 178, 200)T. Substituting x = —sint forz € [-%, Z],
we obtain

M M
\/gx/cos t H(—sint) :Z% €j Qn;(—sin t)—}—; dy. \/2\/ cost cos (mkt—}-%) .
/: =

(5.2)
By Theorem 2.1, the function

M M’

1 n;mw | mym
ch)»,,j cos[(nj+§)t+17i|+2dk Ecos(mkt—i—%) (5.3)
j=1 k=1

approximates (5.2) in the near of 0. We apply Algorithm 3.1 with N = 200 and
K = L = 20. In step 3 of Algorithm 3.1, we calculate all frequencies n; + % and my
of (5.3),if n; and my are even:

2N — 1 7

( arccos xo, j) =(199.99, 190.50, 178.00, 168.49, 120.00, 60.000, 6.52)".

T .
j=l1

In step 4 of Algorithm 3.1, we determine all frequencies n; + % and my of (5.3),ifn;
and my are odd:

3
2N —1 T
arccos xp = (165.500, 175.000, 13.509)".
T .

j=1

Thus the Legendre polynomials Ly, (x) in (5.1) have the even degrees 6, 168, and 190
and the odd degrees 13 and 165. Thus the Chebyshev polynomials 7},, (x) in (5.1)
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possess the even degrees 60, 120, 178, and 200 and the odd degree 175. Finally, one
can compute the coefficients ¢; and di. O
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