Technische Universität Chemnitz

Sonderforschungsbereich 393 Numerische Simulation auf massiv parallelen Rechnern

Thilo Penzl

Eigenvalue Decay Bounds for Solutions of Lyapunov Equations:

The Symmetric Case

Preprint SFB393/99-39

Preprint-Reihe des Chemnitzer SFB 393

SFB393/99-39 December 1999

Contents

1 Introduction 1

2 The symmetric, continuous-time case 2

3 Notes on the unsymmetric, continuous-time case 6

4 The symmetric, discrete-time case 7

5 Conclusions 8

Author:

Thilo Penzl Department of Mathematics and Statistics University of Calgary Calgary, Alberta, T2N1N4 Canada

Fakultät für Mathematik Technische Universität Chemnitz D-09107 Chemnitz FRG

Eigenvalue Decay Bounds for Solutions of Lyapunov Equations: The Symmetric Case^∗

Thilo Penzl

Abstract

We present two new bounds for the eigenvalues of the solutions to a class of continuous-time and discrete-time Lyapunov equations. These bounds hold for Lyapunov equations with symmetric coefficient matrices and right-hand side matrices of low rank. They reflect the fast decay of the nonincreasingly ordered eigenvalues of the solution matrix.

Keywords: Lyapunov equation; eigenvalue decay; eigenvalue bound.

1 Introduction

In this note we mainly focus on the continuous-time algebraic Lyapunov equation (CALE) AX + XA^T = −BB^T (1) where A ∈ R^{n,n} and B ∈ R^{n,m} . We denote the open left half of the complex plane and that of the real axis by C_− and R_− , respectively. The matrix A is assumed to be c-stable, i.e., its spectrum σ(A) is a subset of C_− . It is well-known that under this assumption a unique solution X ∈ R^{n,n} exists, which is symmetric and positive semidefinite [15]. Consequently, its eigenvalues are real and nonnegative. Throughout this paper eigenvalues of symmetric matrices are arranged in a nonincreasing order, e.g., λ_1(X) ≥ . . . ≥ λ_n(X). It follows from the uniqueness of the solution that X ≠ 0 and λ_1(X) > 0 if B ≠ 0. In the sequel we consider the special case of the CALE (1) where the right-hand side has a very low rank. More precisely, we assume that m ≪ n. Such CALEs arise from large dynamical systems with a relatively small number of input and output variables. Numerical experiments (e.g., [13]) show that the eigenvalues of their solution matrices tend to decay very fast. The purpose of this paper is to give some insight into this phenomenon. In particular, we are interested in upper bounds for the expression λ_{k+1}(X)/λ_1(X) with k = 1, 2, . . . , n−1. This issue is closely related to the computation of the best low-rank approximation to the symmetric, positive semidefinite matrix X, because min X̃∈Rn,n, rank X̃≤k ‖X − X̃‖ ‖X‖ = λ_{k+1}(X) λ_1(X)

; (2)

see [3, Theorem 2.5.3.], for example. Here, ‖ · ‖ denotes the spectral norm of a matrix. Note that ‖X‖ = λ_1(X). A motivation for the investigation of the eigenvalue decay and the corresponding matrix approximation problem is given by several numerical methods for the solution of very large Lyapunov equations [14, 6, 7, 4, 5, 13, 10] which are based on similar low-rank approximations.

∗This work was supported by the Deutscher Akademischer Austauschdienst, Bonn, Germany.

In the last two decades a relatively large number of bounds for solutions of Lyapunov equations have been derived; see [8] for a recent survey. Unfortunately, these bounds are generally useless if m < n. The only existing nontrivial bound for this case is that by Mori et al [11]. It is based on the integral representation of the CALE solution, e.g., [9]. However, it is impossible to compute this bound analytically. Its numerical computation is involved and very expensive. Thus, it does not give much insight into the eigenvalue decay problem.

In the remainder of this paper we provide eigenvalue decay bounds for CALEs and their discrete-time counterparts with symmetric coefficient matrices. These bounds are very inexpensive to compute and reflect the fast decay of the eigenvalues. Furthermore, a few comments on the unsymmetric case are made.

2 The symmetric, continuous-time case

In this section we consider the special case where the coefficient matrix A of the CALE (1) is symmetric and negative definite. This case is interesting because several applications involve dynamical systems with a symmetry structure, which in turn lead to symmetric CALEs. For example, such systems arise from the semidiscretization of parabolic PDEs (for example, diffusion problems) and the simulation of circuits, e.g., [1].

The following theorem provides an eigenvalue decay bound, that depends only on the condition number of the coefficient matrix. The condition number is defined as κ(A) = ‖A‖‖A^{−1}‖. For symmetric, negative definite matrices A this is equivalent to κ(A) = λ_n(A)/λ_1(A).

Theorem 1 Let A ∈ R^{n,n} be a symmetric, negative definite matrix with the condition number κ = κ(A), B ∈ R^{n,m} a nonzero matrix, and λ_i(X) with i = 1, . . . , n the nonincreasingly ordered eigenvalues of X. Then, λ_{mk+1}(X) λ_1(X) ≤ (_{k−1} ∏ j=0 κ^{(2j+1)/(2k)} − 1 κ^{(2j+1)/(2k)} + 1

)_2 (3) for 1 ≤ mk < n. The following elementary proof is based on the construction of a rank-mk-approximation X_k to the solution X of the CALE. For this purpose we apply k steps of the ADI iteration [12, 17]. The ADI shift parameters are chosen in a manner which is not optimal, but allows us to compute an upper bound for ‖X − X_k‖/‖X‖. Finally, (2) is applied to find the eigenvalue decay bound.

Proof: Let k > 1 be an arbitrary but fixed number such that mk < n. First, we introduce the rational functions

s_p(t) := p − t p + t and s_{{p1,...,pk}}(t) := k∏ i=1 s_{pi} (t), where p, p_i, t ∈ R_− . Next, we consider the sequence of ADI iterates {X_i}^∞_{i=0} generated by an initial matrix X_0 and

X_i = s_{pi} (A)X_{i−1}s_{pi} (A) − 2p_i(A + p_iI)^{−1}BB^T (A + p_iI)^{−1}. (4)

It is easily verified that the solution X is a stationary point of this mapping (i.e., X_{i−1} = X implies X_i = X), which gives X − X_i = s_{pi} (A)(X − X_{i−1})s_{pi} (A). We choose X_0 = 0 and obtain recursively X − X_k = s_{{p1,...,pk}}(A)Xs_{{p1,...,pk}}(A). (5) Due to (4), rank X_i ≤ rank X_{i−1} + m and, consequently, rank X_k ≤ km. This, together with (2), results in the left inequality of λ_{mk+1}(X) λ_1(X) ≤ ‖X − X_k‖ ‖X‖ ≤ ‖s_{{p1,...,pk}}(A)‖^2, (6) whereas the right inequality is an immediate consequence of (5). The norm term on the right-hand side can be estimated as ‖s_{{p1,...,pk}}(A)‖ = max | |σ(s_{{p1,...,pk}}(A)) | | (7) = max{|s_{{p1,...,pk}}(λ)| : λ ∈ σ(A)} ≤ max{|s_{{p1,...,pk}}(λ)| : λ ∈ [β, α]}, (8) with β := λ_n(A) and α := λ_1(A). Observe that (7) is valid because s_{{p1,...,pk}}(A) is a symmetric matrix.

Before we continue estimating (8), we briefly study the behavior of the rational function s_p(t). Basic analysis reveals that s_p(t) is monotonically increasing in R_− for any p ∈ R_− and |s_p(t)| < 1 for any p, t ∈ R_− . Moreover, let α̃, β̃ ∈ R be two arbitrary numbers with β̃ < α̃ < 0, and define κ̃ := β̃/α̃ and p̃ := −(α̃β̃)^{1/2}. Then,

0 < −s_{p̃}(β̃) = s_{p̃}(α̃) = √ κ̃ − 1 √ κ̃ + 1 < 1 and, because of the monotonicity, |s_{p̃}(t)| ≤ √ κ̃ − 1 √ κ̃ + 1 for t ∈ [β̃, α̃]. (9)

Now we return to (8), where we choose the parameters p_1, . . . , p_k. To this end, we first set t_0 := α and t_i := t_0(β/α)^{i/k} = t_0κ^{i/k} for i = 0, ±1, ±2, . . . This is a geometric sequence with t_{i+1} < t_i and t_k = β, which forms a partitioning of [β, α] into k subintervals, i.e., [β, α] = ∪^k_{i=1}[t_i, t_{i−1}]. Next, we define the parameters p_i as the geometric center points of the subintervals [t_i, t_{i−1}]. Note that

p_i := − √ t_it_{i−1} = − √ t_{i+j} t_{i−1−j} for any j = 0, 1, 2, . . . For brevity, we introduce the auxiliary variables κ_{k,j} := t_{i+|j|} t_{i−1−|j|} = κ^{(2|j|+1)/k} and r_{k,j} := √κ_{k,j} − 1 √κ_{k,j} + 1 = κ^{(2|j|+1)/(2k)} − 1 κ^{(2|j|+1)/(2k)} + 1

(10)

for j = 0, ±1, ±2, . . . It follows from (9), where we set β̃ = t_{i+j} and α̃ = t_{i−1−j} , that |s_{pi} (t)| ≤ r_{k,j} for t ∈ [t_{i+j} , t_{i−1+j} ] ⊆ [t_{i+|j|}, t_{i−1−|j|}] with i = 1, . . . , k and j = 0, ±1, ±2, . . . Note that the right-hand side of the inequality does not depend on i. Multiplying the inequalities for i = 1, . . . , k and assuming that t ∈ [t_l, t_{l−1}], where l = 1, . . . , k determines an arbitrary subinterval of [β, α], leads to the left inequality of | |s_{{p1,...,pk}}(t) | | ≤ k∏ i=1 r_{k,l−i} ≤ k−1∏ j=0 r_{k,j}. (11) The right inequality holds because 0 < r_{k,0} < r_{k,−1} = r_{k,1} < r_{k,−2} = r_{k,2} < . . . , which can be verified by considering the monotonic dependence of r_{k,j} on κ_{k,j} and that of κ_{k,j} on j. Since the right term in (11) does not depend on l, it is an upper bound for any t ∈ [β, α]. Finally, combining the relations (6), (8), (10), and (11) leads to (3).

In view of the proof it should be mentioned that Wachspress [16] proposed a procedure for computing parameters p_1, . . . , p_k which are optimal in the sense of minimizing the right term in (8). However, this procedure is restricted to the special case where k is a power of 2 and no bound for the minimal value of this term is given.

The right-hand side of (3) is monotonically increasing in κ, i.e., enlarging the condition number of the coefficient matrix results in a slower decay of the bound. Note further that the right-hand side of (3) does not depend on m. Roughly speaking, this means that the minimal rank of an approximation to the CALE solution is about proportional to the rank of the right-hand side, if the coefficient matrix and the desired accuracy of this approximation are fixed.

Assuming that the condition number of A is given, our bound is very inexpensive to compute. However, it is not easy see how the right-hand side in (3) depends on κ and k. For this reason we illustrate this dependence in Figure 1. It reveals a fast eigenvalue decay for magnitudes of κ which are typical for many applications.

Finally, we investigate the tightness of our bound using the following test example.

Example 1 [5, Example 4.1] In this example the so-called controllability Gramian of a dynamical system is computed by solving the CALE (1). The underlying system arises from the discretization of a one-dimensional heat transfer problem. The matrices are given as

A = 1 h −1 1 1 −2 ...

.. . ... 1

1 −2 and B = 1 h 0 . . 0 1 ,

Figure 1: The right-hand side term in (3) as a function of κ and k.

where h = 1/(n + 1), n = 100, and κ ≈ 1.6 · 10^4.

In Figure 2 the eigenvalue ratio λ_{mk+1}(X)/λ_1(X) and the eigenvalue decay bound are plotted for this example. In other words, we compare the left-hand side and the right-hand side of (3) in this figure.

Figure 2: Example 1. Eigenvalue decay bound (right-hand side in (3)) versus actual eigenvalue ratios (left-hand side in (3)).

3 Notes on the unsymmetric, continuous-time case

We do not provide bounds for the general case, where A is not necessarily symmetric. However, we want to discuss some aspects of this case in this section.

The following lemma reveals that it is impossible to find nontrivial eigenvalue decay bounds (as well as trace or determinant bounds etc.) for CALEs, which only depend on the eigenvalues or the Jordan structure of A. A matrix pair (A, B) with A ∈ R^{n,n} and B ∈ R^{n,m} is called controllable if rank [ A − λI B ] = n for all λ ∈ C .

Lemma 1 Let Ã ∈ R^{n,n} be a c-stable matrix for which a matrix B̃ ∈ R^{n,1} exists such that the pair (Ã, B̃) is controllable. Then, for any symmetric, positive definite matrix X ∈ R^{n,n} a nonsingular transformation matrix T ∈ R^{n,n} and a nonzero matrix B ∈ R^{n,1} exist such that X is the solution of (1) where A = T ÃT^{−1}.

Proof. Because of the stability and controllability assumptions a unique solution X̃ of ÃX̃ + X̃Ã^T = −B̃B̃^T (12)

exists, which is symmetric and positive definite. This is an immediate consequence of [2, Thm. 4]. We define T := X^{1/2}X̃^{−1/2}, which corresponds to X = T X̃T^T and B := T B̃. Setting Ã = T^{−1}AT , B̃ = T^{−1}B, and X̃ = T^{−1}XT^{−T} in (12) shows that X is indeed the solution of (1).

Next, we consider a test example depending on a parameter which determines the dominance of the skew-symmetric part of A.

Example 2 In this example with dimensions n = 2d + 1 and m = 1 the matrices in the CALE are defined as

A = diag(−1, A_1, A_2, . . . , A_d) and B = [ 1 1 . . . 1 ]_T , where A_j = [ −1 jt/d −jt/d −1 ]

for j = 1, . . . , d and t > 0 is a real parameter. The eigenvalues of the unsymmetric blockdiagonal matrix A are located in an interval parallel to the imaginary axis or, more precisely, Re λ_i(A) = −1 and −t ≤ Im λ_i(A) ≤ t holds for i = 1, . . . , n. We have generated three test examples by choosing d = 50 and t = 10, 100, 1000. The condition numbers of the resulting matrices A are κ(A) = ‖A‖‖A^{−1}‖ ≈ 10, 100, 1000, respectively.

Figure 3 shows the eigenvalue ratios λ_{k+1}(X)/λ_1(X) as a function of k for the three different values of t. This figure reveals two facts. First, the bound (3) does not hold for unsymmetric CALEs, which follows from a comparison with Figure 1. Second, the increasing dominance of the skew-symmetric part of A and the imaginary parts of the eigenvalues of A tends to slow down the decay of the eigenvalues of X. This can even lead to nearly constant eigenvalues (see case t = 1000 in Figure 3).

Figure 3: Example 2. Eigenvalue ratio λ_{k+1}(X)/λ_1(X) as a function of k for three different values of t.

4 The symmetric, discrete-time case

Using the Cayley transformation an eigenvalue decay bound for the discrete-time case can be derived from the continuous-time case. Here, we consider the discrete-time algebraic Lyapunov equation (DALE) DXD^T − X = −EE^T (13) with D ∈ R^{n,n} and E ∈ R^{n,m} . The matrix D is assumed to be d-stable, i.e., ρ(D) < 1, where ρ(D) = max |σ(D)| is the spectral radius of D. This guarantees the existence of a unique solution, which is symmetric and positive semidefinite. An eigenvalue decay bound for DALEs is given by the following corollary, which is derived from Theorem 1.

Corollary 1 If D ∈ R^{n,n} is a d-stable, symmetric matrix and E ∈ R^{n,m} is a nonzero matrix, then (3) with κ = (λ_n(D) − 1)(λ_1(D) + 1) (λ_n(D) + 1)(λ_1(D) − 1) holds for the nonincreasing eigenvalues of the solution X of (13).

Proof: The proof is based on the inverse Cayley transformation f(t) = (t − 1)/(t + 1). We define A = f(D) and B = √ 2(D + I)^{−1}E. Then it can be proved that (1) and (13) are equivalent, i.e., both Lyapunov equations have the same solution X. From ρ(D) < 1 it follows that A is c-stable. Moreover, A is symmetric. Consequently, (3) holds with κ = κ(A). Since A is a matrix function in D and f(t) is monotonically increasing for t ∈ (−1, 1), the relation λ_i(A) = f(λ_i(D)) holds for i = 1, . . . , n. We obtain

κ = κ(A) = λ_n(A) λ_1(A) = f(λ_n(D)) f(λ_1(D)) = (λ_n(D) − 1)(λ_1(D) + 1) (λ_n(D) + 1)(λ_1(D) − 1) , which completes the proof.

5 Conclusions

In this paper we have presented eigenvalue decay bounds for the solutions to a class of CALEs and DALEs. These bounds are restricted to equations with symmetric coefficient matrices and right-hand side matrices of low rank. Under these assumptions our bounds reveal the fast decay of the eigenvalues of the solution. This implies that the solution matrices of large Lyapunov equations tend to be ill-conditioned or even numerically singular although, under mild conditions, they can be proved to be positive definite. This in turn explains the numerical difficulties of some algorithms, which involve the solutions of Lyapunov equations or their inverses, such as certain methods for partial stabilization of systems. Another consequence of the fast eigenvalue decay is the fact, that the solution matrices can usually be approximated very well by a product of low-rank Cholesky factors. The decay rate of our bounds is determined by the condition number of the coefficient matrix in the continuous-time case and by a simple expression of its extremal eigenvalues in the discrete-time case. Unfortunately, we are not able to provide decay bounds which also hold for unsymmetric Lyapunov equations.

Acknowledgement

This work was done during the author’s visit to the Department of Mathematics and Statistics at the University of Calgary. He is grateful to Prof. Peter Lancaster for his hospitality and interesting discussions on the subject.

References

[1] B. Anderson and S. Vongpaniterd, Network analysis and synthesis, Prentice- Hall, Englewood Cliffs, NJ, 1973.

[2] E. de Souza and S. Bhattacharyya, Controllability, observability and the solution of AX − XB = C, Linear Algebra Appl., 39 (1981), pp. 167–188.

[3] G. Golub and C. V. Loan, Matrix Computations, The Johns Hopkins University Press, Baltimore, 3rd ed., 1996.

[4] T. Gudmundsson and A. Laub, Approximate solution of large sparse Lyapunov equations, IEEE Trans. Automat. Control, 39 (1994), pp. 1110–1114.

[5] A. Hodel, K. Poolla, and B. Tenison, Numerical solution of the Lyapunov equation by approximate power iteration, Linear Algebra Appl., 236 (1996), pp. 205– 230.

[6] D. Hu and L. Reichel, Krylov-subspace methods for the Sylvester equation, Linear Algebra Appl., 172 (1992), pp. 283–313.

[7] I. Jaimoukha and E. Kasenally, Krylov subspace methods for solving large Lyapunov equations, SIAM J. Numer. Anal., 31 (1994), pp. 227–251.

[8] W. Kwon, Y. Moon, and S. Ahn, Bounds in algebraic Riccati and Lyapunov equations: A survey and some new results, Internat. J. Control, 64 (1996), pp. 377– 389.

[9] P. Lancaster, Explicit solutions of linear matrix equations, SIAM Rev., 12 (1970), pp. 544–566.

[10] J. Li, F. Wang, and J. White, An efficient Lyapunov equation-based approach for generating reduced-order models of interconnect, Proc. 36th IEEE/ACM Design Automation Conference, New Orleans, LA, 1999.

[11] T. Mori, N. Fukuma, and M. Kuwahara, Explicit solution and eigenvalue bounds in the Lyapunov matrix equation, IEEE Trans. Automat. Control, 31 (1986), pp. 656–658.

[12] D. Peaceman and H. Rachford, The numerical solution of elliptic and parabolic differential equations, J. Soc. Indust. Appl. Math., 3 (1955), pp. 28–41.

[13] T. Penzl, A cyclic low-rank Smith method for large sparse Lyapunov equations, to appear in SIAM J. Sci. Comp.

[14] Y. Saad, Numerical solution of large Lyapunov equations, in Signal Processing, Scattering, Operator Theory and Numerical Methods, M. Kaashoek, J. V. Schuppen, and A. Ran, eds., Birkhäuser, Boston, MA, 1990, pp. 503–511.

[15] J. Snyders and M. Zakai, On nonnegative solutions of the equation AD+DA^T = −C, SIAM J. Appl. Math., 18 (1970), pp. 704–714.

[16] E. Wachspress, Extended application of alternating direction implicit iteration model problem theory, J. Soc. Indust. Appl. Math., 11 (1963), pp. 994–1016.

[17] E. Wachspress, Iterative solution of the Lyapunov matrix equation, Appl. Math.

Lett., 1 (1988), pp. 87–90.