Technische Universität Chemnitz

Sonderforschungsbereich 393 Numerische Simulation auf massiv parallelen Rechnern

Peter Kunkel Volker Mehrmann Werner Rath

Analysis and numerical solution of control problems in descriptor form

Preprint SFB393/99-01

Preprint-Reihe des Chemnitzer SFB 393

SFB393/99-01 January 1999

Contents

1 Introduction 1

2 Theoretical analysis. 3 2.1 Condensed forms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 2.2 Solvability, regularity and consistency . . . . . . . . . . . . . . . . . . . . . 8 2.3 Regularization by proportional state or output feedback . . . . . . . . . . . 9

3 Numerical methods 12 3.1 Analysis of the behaviour approach . . . . . . . . . . . . . . . . . . . . . . 13 3.2 Solvability, consistency and reintrepretation of variables . . . . . . . . . . . 17 3.3 Regularization by state or output feedback . . . . . . . . . . . . . . . . . . 18 3.4 Regularization via derivative feedback . . . . . . . . . . . . . . . . . . . . . 21 3.5 Impulse controllability and observability . . . . . . . . . . . . . . . . . . . 22

4 Numerical examples 23

5 Conclusions and outlook 24

A Proof of Theorem 5 27

B Appendix B: Proof of Theorem 6 30

Authors:

Peter Kunkel Fachbereich Mathematik Carl von Ossietzky Universität Oldenburg Postfach 2503 D-26111 Oldenburg Fed. Rep. Germany.

Volker Mehrmann Fakultät für Mathematik Technische Universität Chemnitz D-09107 Chemnitz Fed. Rep. Germany.

Werner Rath Lynx-pmc GmbH Am Ismerhof 2 D-40668 Meerbusch Fed. Rep. Germany.

Analysis and numerical solution of control problems in descriptor form^1

Peter Kunkel Volker Mehrmann Werner Rath

Abstract

We study linear variable coefficient control problems in descriptor form. Based on a behaviour approach and the general theory for linear differential algebraic systems we give the theoretical analysis and describe numerically stable methods to determine the structural properties of the system like solvability, regularity, model consistency and redundancy. We also discuss regularization via feedback.

Keywords: descriptor systems, differential-algebraic equations, s-index, regularization, feedback design

AMS(MOS) subject classification: 93C50, 65L05, 34H05, 93B10, 93B11, 93B40

1 Introduction

In this paper we study control problems of the form E(t)ẋ = A(t)x + B(t)u + f(t), (1) y = C(t)x + g(t) (2)

in a given interval [t_0, t_f ], with initial condition

x(t_0) = x^0. (3)

Here x is the state, u is the input, y is the output of the system. If we denote by C^r([t_0, t_f ], C^{n,ℓ}) the set of r-times continuously differentiable functions from the interval [t_0, t_f ] to the vector space C^{n,ℓ} of complex n × ℓ matrices, then we assume that E ∈ C([t_0, t_f ], C^{n,ℓ}), A ∈ C([t_0, t_f ], C^{n,ℓ}), B ∈ C([t_0, t_f ], C^{n,m}), C ∈ C([t_0, t_f ], C^{p,ℓ}).

Control problems of this form arise in mechanical multibody systems [20, 19, 35], electrical circuits [18] or mixed systems, where different models are coupled together. In this general form they allow to model very complex dynamical systems with constraints, models that are automatically generated with redundant equations or combinations of models of different types, see, e.g., [19]. In particular systems of the form (1)–(2) also arise as linearizations of general nonlinear control problems of the form F(t, x, u, ẋ) = 0, (4) y = G(t, x), (5) 1Supported by DFG research grant Me 790/5-2, Differentiell-algebraische Gleichungen.

where the linearization yields E(t) = ∂F ∂ẋ |_{(x̂(t),û(t))}, A(t) = ∂F ∂x |_{(x̂(t),û(t))}, B(t) = ∂F ∂u |_{(x̂(t),û(t))}, C(t) = ∂G ∂x |_{(x̂(t),û(t))}. (6)

To analyze the system behaviour and to control systems of the form (1)–(2), we need to develop the mathematical theory as well as numerical methods that can be used for the analysis, design and simulation.

Since for a given input function u, the system (1)–(2) represents a differential-algebraic equation (DAE), it is clear that the theory for the control problem is related to the theory of DAEs. This theory has undergone major changes in the last 10 years, see [17, 9, 10, 3, 23, 30, 31, 24, 25, 28]. Several attempts have been made to transfer this theory to the study of control problems [11, 12, 8, 32] but a major drawback of these attempts was that they did not lead to a practical numerical method.

Recently in [23, 26, 28] a new theoretical analysis and an associated numerical method have been introduced that allow to study over- and underdetermined systems and have the potential to study systems of the form (1)–(2) via a behaviour approach (see [38]). Such an approach combines state, input and output variables into one system vector and then studies the combined system. The main difficulty with this approach for descriptor systems is that it needs derivatives of the system and thus also, via the chain rule, derivatives of the inputs u. But in practice the input function is usually only piecewise continuous (like in bang-bang control). This makes a general analysis very difficult. A way out of this dilemma may be the use of generalized functions as suggested in [31] for linear time varying DAEs, but this approach has neither been extended to nonlinear systems nor to linear systems that are over- or underdetermined.

We follow a different direction in this paper and extend the concepts introduced in [23, 26, 27] to control problems. We will analyze several aspects of the control system (1)–(2). First we give a theoretical analysis using local and global condensed forms under equivalence transformations and second we construct numerical methods for the computation of the invariants of these condensed forms. In both cases we discuss solvability, regularity, consistency and also regularization by feedback. Also we discuss how the new approach can be used for model verification and model reduction. Furthermore, if the system properties are not as desired, then they can sometimes be changed by feedback.

Since the concepts for DAEs have changed in recent years, we need to recall some of the terminology that we will be using.

Definition 1 Given an input function u, a function x : [t_0, t_f ] → C^n is called solution of (1) if x ∈ C^1([t_0, t_f ], C^n) and x satisfies (1) pointwise. It is called solution of the initial value problem (1), (3) if x is solution of (1) and x satisfies (3). An initial condition (3) is called consistent if the corresponding initial value problem has at least one solution.

While solvability is associated with a particular input function we also need a terminology that allows to check whether the system is solvable for some input function or for every piecewise continuous input function and every (with this input function) consistent initial value.

Definition 2 A control problem of the form (1) is called consistent if there exists an input function u for which there exists a solution.

It is called regular if it has a unique solution for every sufficiently smooth input function u and inhomgeneity f and every initial value that is consistent for the system with this input function.

Note that in the case of constant coefficients regularity is usually associated with the matrix pair (E, A), but redundancy is usually excluded by assuming that the block matrix [E, A, B] has full row rank, and that the system is homogeneous. In the general nonlinear case or the time-varying case, in particular when the problem arises from automatic model generation, such an assumption would not be appropriate, since it would be one of the tasks of the analysis to determine redundancies and inconsistencies in the model.

2 Theoretical analysis.

In this section we analyse the control problem via equivalence transformations and condensed forms. This is a straightforward generalization of the work in [23] and has been carried out in detail in [33, 32]. The forms that we discuss here are ordered slightly different than those in [32] but can be obtained in a similar way. After having obtained the condensed forms, we analyze the properties of the system and discuss how these properties can be modified by feedback.

2.1 Condensed forms

The standard variable coefficient equivalence transformations that we can apply to a linear descriptor system with variable coefficients are given in the following definition.

Definition 3 Let (E_i, A_i, B_i, C_i), i = 1, 2, be two quadruples of matrix functions with E_i, A_i ∈ C([t_0, t_f ], C^{n,l}), B_i ∈ C([t_0, t_f ], C^{n,m}), C_i ∈ C([t_0, t_f ], C^{p,l}). These quadruples are called (globally) equivalent if there exist N ∈ C([t_0, t_f ], C^{p,p}), P ∈ C([t_0, t_f ], C^{n,n}), Q ∈ C^1([t_0, t_f ], C^{l,l}) and R ∈ C([t_0, t_f ], C^{m,m}) with N, P, Q, R pointwise nonsingular, such that E_2 = P E_1Q, A_2 = P A_1Q − P E_1Q̇, B_2 = P B_1R, C_2 = NC_1Q. (7)

As in the case of linear DAEs [23], we get the corresponding local equivalence by choosing Q̇(t) independently of Q(t) at a fixed point t ∈ [t_0, t_f ].

Definition 4 Two quadruples of matrices (E_i, A_i, B_i, C_i), i = 1, 2, with E_i, A_i ∈ C^{n,l}, B_i ∈ C^{n,m}, C_i ∈ C^{p,l} are called (locally) equivalent if there exist matrices N ∈ C^{p,p},

P ∈ C^{n,n}, Q, S ∈ C^{l,l}, R ∈ C^{m,m} with N, P, Q, R nonsingular such that

E_2 = P E_1Q, A_2 = P A_1Q − P E_1S, B_2 = P B_1R, C_2 = NC_1Q. (8)

Using the local equivalence transformation in (8), we obtain the following local invariants and condensed form for a quadruple of matrices (E, A, B, C).

Theorem 5 Let E, A ∈ C^{n,l}, B ∈ C^{n,m}, C ∈ C^{p,l} and

(a) T basis of kernel E, (b) Z basis of corange E = kernel E^∗, (d) V basis of corange(Z^∗AT ), (e) W basis of kernel(Z^∗AT ), (f) K basis of corange(V^∗Z^∗B). (9)

Then, the quantities

(a) r = rank E (rank), (b) a = rank(Z^∗AT ) (algebraic part), (c) ϕ = rank(V^∗Z^∗B) (state feedback part), (d) ω = rank(CT W ) (output feedback part), (e) s = rank(K^∗V^∗Z^∗AT^′) (strangeness), (f) d = r − s (differential part), (g) u^l = n − r − a − s − ϕ (left undetermined part), (h) u^r = l − r − a − ω (right undetermined part),

(10)

are invariant under (8) and (E, A, B, C) is equivalent to the condensed form s d a s ϕ u^l

I_s 0 0 0 0 0 I_d 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 , 0 0 0 0 0 0 0 0 0 0 0 0 I_a 0 0 I_s 0 0 0 0 0 ∗ 0 0 0 0 0 0 0 0 , 0 ∗ 0 ∗ 0 ∗ 0 0 I_ϕ 0 0 0 ,

[ 0 0 0 I_ω 0 ∗ ∗ ∗ 0 0 ]) .

(11)

Here the last column in the first, second and fourth matrix has width u^r.

Proof.

The proof is a simple extension of the proof for the DAE case or the approach discussed in [32]. The complete proof from [33] with all details is given in Appendix A.

Note that (11) is not a canonical form but rather a condensed form, since the blocks denoted by ∗ can be partitioned further, when proceeding to a canonical form, see [33].

If we apply the results for the local condensed form (11) to equation (1)–(2) then we obtain functions r, a, ϕ, ω, s : [t_1, t_2] → N_0 (the other values depend on these invariants). For the following analysis, we assume that these quantities are constant, i.e., r(t) ≡ r, a(t) ≡ a, ϕ(t) ≡ ϕ, ω(t) ≡ ω, s(t) ≡ s (12) on [t_0, t_f ], i.e., we require the local characteristic values at a fixed point to bear global information of the solution. Then we get the following global condensed form:

Theorem 6 Let E, A, B, C in (1)–(2) be sufficiently smooth and let (12) hold. Then the quadruple (E, A, B, C) is equivalent to a quadruple of matrix functions of the form s d a s ϕ u^l

I_s 0 0 0 0 0 I_d 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 , 0 A_{12} 0 A_{14} A_{15} 0 0 0 A_{24} A_{25} 0 0 I_a 0 0 I_s 0 0 0 0 0 A_{52} 0 0 0 0 0 0 0 0 ,

0 B_{12} 0 B_{22} 0 B_{32} 0 0 I_ϕ 0 0 0 , [ 0 0 0 I_ω 0 C_{21} C_{22} C_{23} 0 0 ] .

(13)

Here the columns in the first, second and fourth matrix have dimensions s, d, a, ω and u^r, respectively.

Proof. The proof is analogous to the proof of Theorem 4.3 in [23]. For details see Appendix B or [33].

Writing down the descriptor system equations that belong to the matrix quadruple (13), (by transforming the inhomogeneities accordingly), we get

(a) ẋ_1 = A_{12}(t)x_2 + A_{14}(t)x_4 + A_{15}(t)x_5 + B_{12}(t)u_2 + f_1(t), (b) ẋ_2 = A_{24}(t)x_4 + A_{25}(t)x_5 + B_{22}(t)u_2 + f_2(t), (c) 0 = x_3 + B_{32}(t)u_2 + f_3(t), (d) 0 = x_1 + f_4(t), (e) 0 = A_{52}(t)x_2 + u_1 + f_5(t), (f) 0 = f_6(t)

(14) and the corresponding output equations

(a) y_1 = x_4 + g_1(t), (b) y_2 = C_{21}(t)x_1 + C_{22}(t)x_2 + C_{23}(t)x_3 + g_2(t).

(15)

From equation (14d) we see that x_1 ≡ f_4, i.e., x_1 is fixed. If the inhomogeneity is smooth enough, then by inserting ẋ_1 ≡ ḟ_4 in (14a) we get an algebraic equation (note that the inhomogeneity changes). Doing the same in the output equations leads to zeroing out the block C_{21} and changing the inhomogeneity g_2.

Remark 1 Note that the equations in (14d) are uncontrollable, i.e., independent of the input function u. It is very important that only these equations are differentiated, since otherwise derivatives of the input functions would be needed, which would restrict the set of admissable input functions. Note furthermore, that equations (14)–(15) indicate some of the problems which occur in the analysis of descriptor systems that exhibit a coupling of algebraic and differential equations as via x_1 in (14) (see also [8]). Theoretically the state components in x_1 are fixed via (14d). But in the descriptor system (1)–(2) there exist linearization errors and there are usually already modelling errors in (4)–(5). Hence we cannot expect that (14d) is fulfilled exactly in the practical problem for which we use our system as a model. Small perturbations may occur on both sides of the equation and may lead to structural changes.

For the resulting system, obtained from (14) by differentiating the equations in (14d) and inserting in (14a) and (15), we can again compute characteristic values r, a, ϕ, o, s, d, u^l, u^r and the condensed form (14)–(15) and we can then proceed inductively. This procedure leads to a sequence of quadruples of matrix functions (E_i, A_i, B_i, C_i), i ∈ N_0. Starting with the quadruple (E_0, A_0, B_0, C_0) = (E, A, B, C) the matrix quadruple (E_{i+1}, A_{i+1}, B_{i+1}, C_{i+1}) is derived from (E_i, A_i, B_i, C_i) by bringing it into the form (14)–(15) and inserting equation (14d) into (14a) and (15). Note that although (E, A, B, C) does not determine a unique sequence (E_i, A_i, B_i, C_i), the corresponding characteristic quantities r_i, a_i, ϕ_i, ω_i, s_i are uniquely determined, see [32]. Clearly for this we must assume that in every step i we have r_i(t) ≡ r_i, a_i(t) ≡ a_i, ϕ_i(t) ≡ ϕ_i, ω_i(t) ≡ ω_i, s_i(t) ≡ s_i. (16) If these conditions hold then, since the sequence (r_i) strictly decreases unless s_i becomes 0, there exists μ ∈ N_0, such that this process becomes stationary with s_μ = 0.

This index s_μ is called the strangeness index or s-index of the system in [23, 33, 32]. It is defined if (16) holds for i = 0, . . . , μ. In [25] it was shown that for systems with unique solutions condition (16) can be significantly relaxed, only the final numbers a_μ, d_μ have to be constant. The proof in [25], however, does not extend to underdetermined systems.

If the s-index μ is well defined, then we have the following condensed form.

Theorem 7 If the s-index μ is well defined for the quadruple of matrix functions (E, A, B, C) in (1)–(2), then system (1)–(2) is equivalent (in the sense that the solution sets are in one-to-one correspondence via a scaling by nonsingular matrix functions) to a descriptor system of the form

(a) ẋ_1 = A_{13}(t)x_3 + A_{14}(t)x_4 + B_{12}(t)u_2 + f_1(t), (b) 0 = x_2 + B_{22}(t)u_2 + f_2(t), (c) 0 = A_{31}(t)x_1 + u_1 + f_3(t), (d) 0 = f_4(t),

(17)

with associated output equations

(a) y_1 = x_3 + g_1(t), (b) y_2 = C_{21}(t)x_1 + C_{22}(t)x_2 + g_2(t)

(18)

and initial condition x_1(t_0) x_2(t_0) x_3(t_0) x_4(t_0) = x^0_1 x^0_2 x^0_3 x^0_4 . (19)

Here d_μ, a_μ, ω_μ and u^r_μ are the number of the differential, algebraic, output feedback and undetermined components of the state x, whereas ϕ_μ and u^l_μ are the number of equations in (17c) and (17d).

Proof. The proof is analogous to the proof for DAEs in [23]. Since it is very technical we refer the reader for details to [33].

Remark 2 It should be noted that in general the s-index and the characteristic quantities a, d of the control system (1-2) are not equal to corresponding quantities of the DAE obtained by fixing an input function u. Consider the following example. Let E = [ 1 0 0 0 ] , A = [ 0 0 1 0 ] , B = [ 0 1 ] . Then the system has μ = 0, ϕ_0 = 1, a_0 = 0, d_0 = 1, u^l_0 = 0 while the DAE obtained for a fixed input function has μ = 1, a_1 = 0, d_1 = 1, u^l_1 = 1.

A direct consequence of Theorem 7 is the following integral equation obtained by integrating and inserting the first equation of (17):

(a) 0 = x_1(t) − ∫ t t0 [A_{13}(τ)x_3(τ) + A_{14}(τ)x_4(τ) + B_{12}(τ)u_2(τ) + f_1(τ)] dτ + x^0_1, (b) 0 = x_2(t) + B_{22}(t)u_2(t) + f_2(t), (c) 0 = A_{31}(t) ∫ t t0 [A_{13}(τ)x_3(τ) + A_{14}(τ)x_4(τ)] dτ + u_1(t) + f_3(t) + A_{31}(t) ∫ t t0 [B_{12}(τ)u_2(τ) + f_1(τ)] dτ + A_{31}(t)x^0_1, (d) 0 = f_4(t).

(20)

2.2 Solvability, regularity and consistency

From the condensed form (17)–(18) we can read off several of the system properties.

Corollary 8 If a descriptor system has the condensed form (17)–(18), then we have the following properties :

1. The system is consistent if and only if either u^l_μ = 0 or f_4 ≡ 0. If u^l_μ ≠ 0 and f_4(t) ≡ 0 then the equations in (17d) describe redundancies in the system that can be omitted.

2. If the system is consistent and if ϕ_μ = 0, then for a given input function u, an initial condition is consistent if and only if it satisfies (17b). Solutions of the corresponding initial value problem will in general not be unique, since the state components in x_3, x_4 are not determined.

3. The system is regular and of s-index 0 (as free system, i.e., for u = 0), if and only if u^l_μ = 0, ϕ_μ = 0 and d_μ + a_μ = l.

Proof.

1. If f_4 ≢ 0 and u^l_μ ≠ 0, then clearly the system has no solution, regardless how we choose the input function. Conversely if either u^l_μ = 0 or f_4 ≡ 0 then we can determine an imput u for which the system is solvable. Setting u_2 = 0, x_3 = 0 and x_4 = 0, system (17 a) is an ordinary differential equation for x_1. Having fixed x_1 by solving this equation, we obtain x_2 from (17b) and u_1 from (17c)

2. A consistent system with ϕ_μ = 0 reduces to (17a,b) which is a differential-algebraic system with s-index 0 for every input function u and (17b) represents the algebraic part which gives the consistency condition for the initial value, see, e.g., [24]. Note that the solution will in general not be unique.

3. Let us first assume that u^l_μ = ϕ_μ = 0 and d_μ + a_μ = l. In this case (17) reduces to the system [ ẋ_1 0 ] = [ 0 x_2 ] + [ B_{12}(t)u_2 + f_1(t) B_{22}(t)u_2 + f_2(t) ]

which is uniquely solvable for every input function and every inhomogeneity. Moreover, it has s-index 0 for u_2 = 0. Conversely let the system be regular and have s-index 0 for u = 0. If ϕ_μ ≠ 0 then (17c) gives either consistency conditions for the inhomogeneity or an s-index larger than 0, in contradiction to the assumptions. Hence ϕ_μ = 0. If u^l_μ ≠ 0, then the system is not sovable for every inhomogeneity. Thus u^l_μ. Finally if d_μ + a_μ ≠ l, then fixing an input u yields a nonsquare differentialalgebraic system for x resulting either in conistency conditions for the inhomogeniety or free solution components. Hence we also have d_μ + a_μ ≠ l.

Ideally we would like our system to be regular and have s-index 0 (as a free system with u = 0.) While regularity guarantees unique solvability for a large class of input functions, it does not guarantee that the s-index is 0 (as a free system). If the s-index is not 0 for the free system there may be hidden manifolds leading to differentiability constraints for the input function or extra constraints for the initial values or redundancies. For regular systems of s-index 0 (as a free system), differential and algebraic components (fast and slow modes) can be decoupled, see [8]. If the system does not have these nice properties already, and Corollary 8 tells us when it has or has not, then we can modify the system to obtain these properties. This can be done in several different ways.

The first possibility is a reinterpretation of variables in the condensed form (17)–(18), see also [7, 8]. The components in x_3, x_4 can be viewed as inputs, since they can be chosen freely. So the ‘real’ input of the system is given by x_3, x_4 and u_2. Furthermore for given x_3, x_4 and u_2 the components in x_1, x_2 and u_1 are fixed and hence they represent the ‘real’ states of the system. Also, the system has a feedthrough term, since the ‘new’ input x_3 is directly obtained as y_1 = x_3 + g_1. If it is not intended that we measure again the input variables in x_3, then this part can be omitted from the output equation.

If the system is consistent, i.e., either f_4 ≡ 0 or u^l_μ = 0, then by omitting the redundancies and reinterpreting the variables, we obtain an underlying square system (see also [7, 8]) which is regular and of s-index 0 (as a free system). This system has the form:

I_{d¯} 0 0 0 0 0 0 0 0 ẋ_1 ẋ_2 u̇_1 = 0 0 0 0 I_{a¯} 0 A_{31} 0 I_{ϕ¯} x_1 x_2 u_1 + A_{13} A_{14} B_{12} 0 0 B_{22} 0 0 0 x_3 x_4 u_2 + f_1 f_2 f_3 , (21)

y_2 = [ C_{21} C_{22} 0 ] x_1 x_2 u_1 + g_2.

Remark 3 The square system (21) can be viewed as a regularization of the original system in the sense that it is regular and has s-index 0 as a free system. In principle further regularization by elimination or differentiation of the algebraic equations is possible. But elimination of the algebraic equations may increase the sensitivity of the system to perturbations (since the elimination process may be ill-conditioned), while differentiation would change the structure of the solution space, in particular one would need further initial conditions.

2.3 Regularization by proportional state or output feedback

If the original system was consistent and is square after removing the redundancies, i.e., ω_μ + u^r_μ = ϕ_μ, then we can also obtain a regular system that is of s-index 0 (as a free system) by using state or output feedback. This problem has been studied for constant coefficient systems in detail in [5, 6, 7, 13] and, based on different condensed forms, also in [8, 32].

To study this question we need to analyze how the characteristic quantities in Theorem 7 behave under feedback. It is obvious already from the local condensed form that the quantities a_i, ϕ_i and ω_i cannot be invariants under proportional state or output feedback but we will show in the next section that the quantities μ, d_μ, u^l_μ, u^r_μ are invariant. The regularization via feedback can be obtained directly from Theorem 7.

Corollary 9 Given a descriptor system with coefficients E(t), A(t), B(t) in the form (17)– (18). There exists a proportional state feedback u = F (t)x + w such that the closed loop system E(t)ẋ = (A(t) + B(t)F (t))x + B(t)w + f(t) (22)

is regular and has s-index 0 (as a free system) if and only if u^l_μ = 0 and d_μ + a_μ = l.

Proof. If d_μ + a_μ ≠ l then with the feedback gain matrix

F = 0 0 I_{ω¯} 0 0 0 0 I_ur_¯ 0 0 0 0

and the state feedback u = F x_1 x_2 x_3 x_4 + w_1 w_2 w_3

(23)

we obtain the closed loop system

I_{d¯} 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 ẋ_1 ẋ_2 ẋ_3 ẋ_4 = 0 0 A_{13} A_{14} 0 I_{a¯} 0 0 0 0 I_{ω¯} 0 0 0 0 I_ur_¯ x_1 x_2 x_3 x_4

+ 0 0 B_{12} 0 0 B_{22} I_{ω¯} 0 0 0 I_ur_¯ 0 w_1 w_2 w_3 + f_1 f_2 f_{31} f_{32} ,

which is regular and has s-index 0 as a free system.

For the converse observe first of all that u^l_μ = 0 is necessary to obtain a system that is regular. For a given F = [ F_{11} F_{12} F_{13} F_{14} F_{21} F_{22} F_{23} F_{24} ]

partitioned conformally with (17), we obtain that

A + BF = B_{12}F_{21} B_{12}F_{22} A_{13} + B_{12}F_{23} A_{14} + B_{12}F_{24} B_{22}F_{21} I_{a¯} + B_{22}F_{22} B_{22}F_{23} B_{22}F_{24} A_{31} + F_{11} F_{12} F_{13} F_{14} .

For the free system to be regular and of s-index 0 we need that [ I_{a¯} + B_{22}F_{22} B_{22}F_{23} B_{22}F_{24} F_{12} F_{13} F_{14} ]

has full column rank, i.e., d_μ + a_μ = l.

We also have a characterization when the system can be regularized by output feedback.

Corollary 10 Given a descriptor system with coefficients E(t), A(t), B(t), C(t) in the form (17)–(19). There exists an output feedback u = F (t)y + w such that the closed loop system E(t)ẋ = (A(t) + B(t)F (t)C(t))x + B(t)w + f(t) + B(t)F (t)g(t) (24) is regular and has s-index 0 (as a free system) if and only if u^l_μ = 0, u^r_μ = 0 and ω_μ = ϕ_μ.

Proof. If u^l_μ = 0, u^r_μ = 0 and ω_μ = ϕ_μ, then with F = [ I_{ϕ¯} 0 0 0 ]

and the output feedback u = F [ y_1 y_2 ] + [ w_1 w_2 ] = [ x_3 + g_1 + w_1 w_2 ]

we obtain the closed loop system

I_{d¯} 0 0 0 0 0 0 0 0 ẋ_1 ẋ_2 ẋ_3 = 0 0 A_{13} 0 I_{a¯} 0 0 0 I_{ϕ¯} x_1 x_2 x_3 + 0 B_{12} 0 B_{22} I_{ϕ¯} 0 [ w_1 w_2 ] + f_1 f_2 f_3 + g_1 .

This system is clearly regular and has a free system of s-index 0.

For the converse again it is clear that u^l_μ = 0 is necessary. For given F = [ F_{11} F_{12} F_{21} F_{22} ]

partitioned conformally with (17) and (18), we obtain that

A + BF C = B_{12}F_{22}C_{21} B_{12}F_{22}C_{22} A_{13} + B_{12}F_{23} A_{14} + B_{12}F_{21} B_{22}F_{22}C_{21} I_{a¯} + B_{22}F_{22}C_{22} B_{22}F_{21} 0 A_{31} + F_{12}C_{21} F_{12}C_{22} F_{11} 0 .

The same argument as in the proof of Corollary 8, shows that we must have that [ I_{a¯} + B_{22}F_{22}C_{22} B_{22}F_{21} 0 F_{12}C_{22} F_{11} 0 ]

is square nonsingular, which implies u^r_μ = 0 and ω_μ = ϕ_μ.

Remark 4 Note that Corollaries 9 and 10 provide the existence of regularizing feedbacks only for the condensed forms (17)–(19). Note that, using backtransformation, corresponding results can also be obtained for the original system. Since the proofs become simpler with the techniques of the next section we defer the presentation of these results.

In this section we have discussed condensed forms for linear descriptor systems with variable coefficients and we have demonstrated that the approach introduced in [23] for DAEs can be generalized to descriptor systems. We have also shown how a reinterpretation of variables can be used to obtain an underlying square system that has s-index 0 (as a free system) and how the system can be made regular and of s-index 0 via state or output feedback.

However, as is obvious from the results in this section, this approach is not directly feasible for numerical computation, since we would need a series of variable coefficient transformations and their derivatives as well as rank decisions based on these transformations. We also have used transformations which do not have orthonormal columns, so numerical backward stability cannot be guaranteed.

For the numerical treatment of DAEs, therefore, in [26] a different approach was developed and we will modify this approach for descriptor systems in the next section.

3 Numerical methods

In this section we describe an approach to transform the control problem (1)–(2) in a way that can be implemented also as a backwards stable numerical procedure. For linear DAEs with variable coefficients it was shown in [28] that the invariants can be determined without changes of basis from a derivative array, similar to that introduced in [10]. This derivative array uses the DAE and its derivatives up to a certain order to determine the invariants and a condensed from that has the same solution set as the original DAE, but displays the major invariants. This condensed form can also be used for numerical simulation, since it displays the manifold, including all the hidden manifolds that exist for higher DAEs with nonvanishing s-index, see [26, 29]. Furthermore with some extra work it also displays the free variables, which can be interpreted as controls. But on first sight this approach has one major disadvantage when applied to control problems. Since a derivative array has to be formed, also derivatives of the controls u have to be used and this usually restricts the set of admissable controls. This is the difficulty that is faced also in the approach discussed in [11, 12]. In the following we show how we can modify the approach of [26] and avoid the differentiation of controls.

3.1 Analysis of the behaviour approach

If we wanted to apply directly the approach of [26, 29], this would mean that we perform a behaviour approach (see [38]) by introducing a behaviour vector

z = x u y and rewriting system (1)–(2) as E(t)ż = A(t)z + γ(t), (25) with E(t) = [ E(t) 0 0 0 0 0 ] , A(t) = [ A(t) B(t) 0 C(t) 0 −I_p ] , γ(t) = [ f(t) g(t) ] (26)

and initial condition [ I_n 0 0 ] z(t_0) = x^0. (27)

This is a general nonsquare linear DAE with variable coefficients. Note that the derivative of the original input u and the output y occur only formally.

If we ingore the fact that the input variables may not be differentiable, then we can successively differentiate (25) and obtain the following inflated system

M_k(t)ż_k = N_k(t)z_k + ξ_k(t), k = 0, 1, . . . , (28)

where (M_k)_{i,j} = ( i j ) E^{(i−j)} − ( i j+1 ) A^{(i−j−1)}, i, j = 0, . . . , k, (N_k)_{i,j} = { A^{(i)} for i = 0, . . . , k, j = 0, 0 otherwise, (z_k)_i = z^{(i)}, i = 0, . . . , k, (ξ_k)_i = γ^{(i)}, i = 0, . . . , k,

(29)

see also [26]. Here we use the convention that ( i j ) = 0 for i < 0, j < 0 or j > i. For convenience of notation, in the following we leave out the explicit dependence on t.

In [26] it was shown that global equivalence transformations to (E, A) establish local equivalence transformations in (M_k, N_k) and how the global characteristic quantities of (E, A) and the local characteristic quantities of (M_k, N_k) are related via recursion formulas. Using these formulas, the global structural information of the system (25) can be determined from the inflated system (28). Furthermore a system of s-index 0 with the same solution set as the original system can be extracted from the inflated system built up to the level μ, where μ is the s-index of the system. This extraction procedure determines smooth matrix valued functions Z_1, Z_2, Z_3 with orthonormal columns and maximal rank such that [ Z_2 Z_3 ]∗ M_μ = 0, Z^∗_3 N_μ I_l 0 . . 0 = 0, (30)

where the projected matrices

Â_2 = Z^∗_2 N_μ I_ℓ 0 . . 0 , Ê_1 = Z^∗_1 E (31)

have full row rank and the system associated with

Ê_1 0 0 , Â_1 Â_2 0 (32)

has s-index 0. Here Â_1 = Z^∗_1 A.

The first observation that one can make from this system is that if we form the inflated pair from (E, A), then the output equation contributes to the extracted s-index 0 system in a very particular way. The parts in the inflated pair that arise from the output equation always have full row rank, so they will not contribute to the left nullspace of M_k at any level other than k = 0. This means that the output equation will occur unchanged in the extracted s-index 0 system. To demonstrate this observation consider the array up to level 2 which is

M_2 =

E 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 A − Ė B 0 E 0 0 0 0 0 C 0 I 0 0 0 0 0 0 Ȧ − 2Ë Ḃ 0 A − Ė B 0 E 0 0 Ċ 0 0 C 0 I 0 0 0 ,

N_2 =

A B 0 0 0 0 0 0 0 C 0 I 0 0 0 0 0 0 Ȧ Ḃ 0 0 0 0 0 0 0 Ċ 0 0 0 0 0 0 0 0 Ä B̈ 0 0 0 0 0 0 0 C̈ 0 0 0 0 0 0 0 0 .

Due to the structure of M_k the output equation contributes to the left nullspace of M_k only in the first block, where the whole equation is used. Hence it makes no sense to include the output equation in the computations, and we may rather consider the analysis of the system E(t)ż = A(t)z + γ(t), (33) where z = [ x u ] , E = [ E 0 ] , A = [ A B ] , γ = f. For this system the theory of [24, 26] applies and one obtains the following condensed form.

Theorem 11 Let the s-index μ be well defined for the system given by (E, A) in (33). Setting â = a_μ, d̂ = d_μ, û^l = u^l_0 + . . . + u^l_μ, (34)

the inflated pair (M_μ, N_μ) associated with (E, A) has the following properties:

1. For all t ∈ [t_0, t_f ] we have rank M_μ(t) = (μ + 1)n − â − û^l. This implies the existence of a smooth matrix function Z with orthonormal columns and size ((μ + 1)n, â − û^l) satisfying Z^∗M_{μ̂} = 0.

2. For all t ∈ [t_0, t_f ] we have rank Z^∗N_μ[I_{ℓ+m} 0 · · · 0]^∗ = â and without loss of generality Z can be partitioned as [Z_2, Z_3], with Z_2 of size ((μ + 1)n, â) and Z_3 of size ((μ + 1)n, û^l), such that A_2 = Z^∗_2 N_μ[I_{ℓ+m} 0 · · · 0]^∗ has full row rank â and that Z^∗_3 N_μ[I_{ℓ+m} 0 · · · 0]^∗ = 0. Furthermore there exists a smooth matrix function T_2 with orthonormal columns and size (ℓ + m, d̂), d̂ = l + m − â satisfying Â_2T_2 = 0.

3. For all t ∈ [t_0, t_f ] we have that rank E(t)T_2(t) = d̂. This implies the existence of a smooth matrix function Z_1 with orthonormal columns and size (n, d̂) so that Ê_1 = Z^∗_1 E has constant rank d̂.

Furthermore, system (33) has the same solution set as the s-index 0 system

Ê_1(t) 0 0 ż = Â_1(t) Â_2(t) 0 z + f̂_1(t) f̂_2(t) f̂_3(t) , (35)

where Â_1 = Z^∗_1 A, f̂_1 = Z^∗_1 f, f̂_i = Z^∗_i ξ_μ for i = 2, 3.

Proof. The proof is given in [26] for the square case but the proof there is also valid in the rectangular case.

Note that the third block row in (35) has û^l equations, which in general is larger than u^l in (17). The function f̂_3 contains the part f_4 from (17) and parts of its derivatives.

An immediate observation that can be made from Theorem 11 is that the constructed submatrices Â_1 and Â_2 have been obtained from the block matrix A B Ȧ Ḃ . . . . A^{(μ)} B^{(μ)}

by transformations from the left. This has three immediate consequences.

First of all this means that derivatives of u are nowhere needed, just derivatives of the coefficient matrices, i.e., although formally the derivatives of u occur in the inflated equations (33), they are not used for the form (35).

Second, it follows from the construction of Â_1 and Â_2, that the partitioning into the part stemming from the original states x and the original controls u is not mixed up and hence the system that we have extracted from the inflated pair has the form

(a) E_1(t)ẋ = A_1(t)x + B_1(t)u + f̂_1(t), (b) 0 = A_2(t)x + B_2(t)u + f̂_2(t), (c) 0 = f̂_3(t), (d) x(t_0) = x_0,

(36)

where E_1 = Ê_1 [ I_ℓ 0 ] , A_i = Â_i [ I_ℓ 0 ] , B_i = Â_i [ 0 I_m ] , for i = 1, 2.

The third observation that we obtain form comparing (36b) and (17b,c) is that

d̂ = d_μ, â = a_μ + ϕ_μ, u^r = ℓ − d̂ − â = u^r_μ. (37)

It was observed in [25] for the case of uniquely solvable systems, that the quantity μ may even vary as long as the quantities â, d̂ stay constant. The same is true for over- or

underdetermined systems, if â, d̂, û^l are constant. A(t) = [ 0 0 t 0 ] . We have seen so far that part of the structural information in Theorem 7 can be determined from the inflated system (29).

To determine the remaining information we have to perform changes of basis. We can proceed via the following algorithm.

Algorithm 1 Given a system in the form (36) for which the s-index μ is defined. At a fixed point t̂ ∈ [t_0, t_f ] we proceed as follows.

1. Determine a unitary matrix Q = [Q_1, Q_2] of size (ℓ, ℓ) such that

E_1(t̂) [ Q_1 Q_2 ] = [ E_{11} 0 ] , where E_{11} has size (d̂, d̂) and is nonsingular.

2. Determine unitary matrices U = [U_1, U_2], of size (n − d̂, n − d̂) and V = [V_1, V_2] of size (ℓ − d̂, ℓ − d̂) such that

U^∗A_2(t̂)Q_2V = [ A_{22} 0 0 0 ] , where A_{22} is of size (a, a) and nonsingular. Set ϕ = â − a.

3: Determine the column rank ω of C(t̂)Q_2V_2, i.e., determine a unitary W = [W_1, W_2], of size (ℓ − a − d̂, ℓ − a − d̂) such that

C(t̂)Q_2V_2W = [ C_3 0 ] , where C_3 has full column rank ω.

The computation of the unitary transformation matrices Q, U, V, W in Algorithm 1 can be done via singular value decompositions or rank revealing QR decompositions, see [16].

Remark 5 If we observe a change in the characteristic quantities for consecutive values t_1, t_2 ∈ [t_0, t_f ], which clearly can only be determined within the range of uncertainty of numerical rank computation, then this indicates that the s-index is not well-defined.

Since Theorem 11 yields the characteristic quantities d̂ = d_μ and â = a_μ + ϕ_μ of (17) it follows immediately that the further quantities that we have determined in Algorithm 1, as long as they are constant, also determine the quantities ϕ = ϕ_μ and ω = ω_μ. Hence via local computation we can determine all the global characteristic values of our problem.

In this subsection we have used a slight modification of the methods introduced in [26] to analyse the control problem in the form (33) and to determine the structural invariants. We have seen that the combination of state and control variables is not really necessary, i.e., the analysis can be carried out without mixing these quantities. This means that for this numerical method, which we can view as model verification, model reduction and index reduction, a behaviour approach can be used formally without having to worry about the differentiability properties of the input functions.

3.2 Solvability, consistency and reintrepretation of variables

Since we have established that the global characteristic quantities can be determined via local computation from the inflated system, we also immediately have the conclusions of Corollary 8 in terms of the condensed form (36), i.e.,

1. The system is consistent if and only if either û^l = 0 or f̂_3 ≡ 0, where f̂_3 is defined in (36). If û^l ≠ 0 and f̂_3 ≡ 0 then the equations in (36c) describe redundancies in the system that can be omitted.

2. If the system is consistent and if ϕ = 0, then for a given input function u, an initial condition is consistent if and only if it satisfies (36b). Solutions of the corresponding initial value problem will in general not be unique.

3. The system is regular and of s-index 0 (as a free system) if and only if û^l = 0, ϕ = 0 and d̂ + â = l.

Remark 6 If û^l ≠ 0 and f̂_3(t) ≡ 0, then the system is consistent and the redundancies can in principle be removed. But note that in the presence of modelling, linearization and roundoff errors, redundancies and inconsistencies have to be viewed very critically. The presented procedure will identify these redundancies and inconsistencies within the range of uncertainty that is present in any numerical rank determination, i.e., the procedure can be used for a model verification or model reduction within these limitations.

The structure obtained from Algorithm 1 also allows a reinterpretation of variables. At every point t̂ ∈ [t_0, t_f ] we obtain which variables can be considered as free variables, i.e., controls, and which variables are fixed by choosing some of the others.

If at a fixed point t̂ Algorithm 1 is carried out followed by a column compression

B_3(t̂)P_1 = [B_{31}, 0] and a row compression P_2C_3(t̂) = [ C_{13} 0 ] with nonsingular B_{31}, C_{13}

then we end up with the following transformed quantities: Let T = [ Q_1 Q_2V_1 Q_2V_2W_1 Q_2V_2W_2 ] ,

x(t̂) = T x̃ = T x̃_1 x̃_2 x̃_3 x̃_4

, u(t̂) = P_1ũ = [P_{11}, P_{12}] [ ũ_1 ũ_2 ] ,

y(t̂) = P_2ỹ = [P_{21}, P_{22}] [ ỹ_1 ỹ_2 ] . Then one obtains that x̃_1, x̃_2, ũ_1 correspond to the ‘real’ state variables, while ũ_2, x̃_3, x̃_4 correspond to the ‘real’ input variables and ỹ_1 represents a feedthrough term. This approach can therefore be used for model verification.

3.3 Regularization by state or output feedback

As we have already seen in Section 2, we can also modify the system properties by feedback. To construct such feedbacks in a numerically stable manner has been the topic of many recent papers, see e.g., [5, 6, 13] for the case of constant coefficients and [1, 2] for the variable coefficient case. Here we present a new and more generally applicable approach based on the condensed form (36), but before this we give a proof that the s-index is invariant under feedback.

Theorem 12 Consider a linear variable coefficient control system of the form (1) and suppose that the s-index μ of the system is well defined. Then the characteristic quantities d̂, â and ûl are invariant under proportional state feedback u = F (t)x + w and proportional output feedback u = F (t)y + w.

Proof. Proportional state feeback is just a change of basis in the behaviour approach applied to (33), i.e., in (33) we set [ x u ] = [ I_ℓ 0 F (t) I_m ] [ x̃ ũ ] . Proportional output feedback is an equivalence transformation in the behaviour approach applied to (25), i.e., in (25) we set x u y = I_ℓ 0 0 0 I_m F (t) 0 0 I_p x̃ ũ ỹ and premultiply by the nonsingular matrix [ I_n B(t)F (t) 0 I_p ] . It follows that the characteristic quantities μ, d, α are invariant under both types of feedbacks.

If we want to make the system (36) regular and of s-index 0 (as a free system) then clearly the system has to satisfy û^l = 0. If this is the case, then the extracted system (36) is given by [ Ê_1(t) 0 ] ẋ = [ A_1(t) A_2(t) ] x + [ B_1(t) B_2(t) ] u + [ f̂_1(t) f̂_2(t) ] (38)

and we can determine proportional state and output feedbacks that make the corresponding closed loop systems s-index 0 (as a free system). This is more complicated than in the theoretical case, since the condensed form (36) is not refined enough. Fortunately, we can determine the feedbacks locally at fixed points t̂ via the refined structure obtained from Algorithm 1.

Corollary 13 Consider a descriptor system in the form (1) for which the s-index is well defined and let û^l, d̂, â be the characteristic quantities obtained locally at fixed times t̂ from Algorithm 1 be globally constant in the interval [t_0, t_f ]. There exists a state feedback u = F (t)x + w such that the closed loop system

E(t)ẋ = (A(t) + B(t)F (t))x + B(t)w + f(t) (39)

is regular (as a free system) if and only if û^l = 0 and d̂ + â = l.

Proof. Observe that Theorem 12 implies that applying a state feedback to the original system and then computing the corresponding reduced system (33) gives the same as first bringing the original system to the reduced form (33) and then applying the feedback. Thus (39) is regular as a free system if and only if the form (36) with inserted feedback is regular and of s-index 0 as a free system. Hence it suffices to construct the feedback for the reduced system (33).

We determine piecewise constant feedbacks by constructing them locally in the neighborhood of a fixed time t̂ and using continuity and a finite covering of the interval we get a global piecewise constant feedback.

If û^l = 0 and d̂ + â = l, then at a fixed point t̂ we can construct the required F (t̂) as follows. Let Q, V , W be the unitary matrices determined in Algorithm 1 and set B̃_3 = U ∗_2 B_2. By assumption B̃_3 has size (ϕ, m) and full row rank. Thus, there exists a matrix F_3 of size (m, ϕ) such that B̃_3F_3 is nonsingular. Set

F (t̂) = [ 0 0 F_3 ] [ I_d 0 0 V^∗ ] Q^∗. (40)

Then in the closed loop system (39) we have that E_1(t̂)Q [ I_d 0 0 V ] = [ E_{11} 0 0 ] and

U^∗(A_2(t̂) + B_2(t̂)F (t̂))Q [ I_d 0 0 V ] = [ 0 A_{22} ∗ 0 0 B̃_3F_3 ]

with nonsingular A_{22} and B̃_3F_3 and hence the closed loop system is regular and has sindex 0 at t̂. By assumption the characteristic quantities are constant and by continuity, in a neighborhood U of t̂ the constant transformation matrices Q, U, V will not change the quantities and hence if we apply the same constant feedback in the whole neighborhood U, we will obtain that the system is regular and of s-index 0 in the whole neighborhood. By taking a finite covering of the interval [t_0, t_f ] with such small neighborhoods, we then have constructed a piecewise constant global feedback F (t) such that the system is regular and of s-index 0 as a free system.

For the converse observe, û^l = 0 is clearly necessary. Furthermore, the condition d̂+â = l is also necessary, since otherwise for any given feedback F (t) the closed loop system is nonsquare and hence not uniquely solvable.

We also have the characterization when the system can be regularized by output feedback.

Corollary 14 Given a descriptor system in the form (1) for which the s-index is well defined and let There exists an output feedback u = F (t)y + w such that the closed loop system E(t)ẋ = (A(t) + B(t)F (t)C(t))x + B(t)w + f(t) + B(t)F (t)g(t) (41) is regular (as a free system) if and only if û^l = 0, u^r = 0 and ϕ = ω.

Proof. Again, it suffices to study the system in the reduced form (33), and we also construct piecewise constant feedbacks by constructing them locally in the neighborhood of a fixed time t̂ and using continuity and a finite covering of the interval we get a global piecewise constant feedback.

If û^l = 0, u^r = 0 and ϕ = ω then we can construct the feedback as follows. For a fixed t̂ ∈ [t_0, t_f ] let Q, V , W be the unitary matrices determined in Algorithm 1 and set B̃_3 = U ∗_2 B_2. Since B̃_3 has full row rank and C_3 has full column rank, we can determine a matrix F_{33} of size (ω, ϕ) such that B̃_3F_{33}C_3 is nonsingular. With

F (t̂) =

0 0 0 0 0 0 0 0 F_{33}

I_d 0 0 0 I_a 0 0 0 W^∗ [ I_d 0 0 V^∗ ] Q^∗, (42)

we obtain

E_1(t̂)Q [ I_d 0 0 V ] I_d 0 0 0 I_a 0 0 0 W = [ E_{11} 0 0 ]

and

U^∗(A_2(t̂) + B_2(t̂)F (t̂)C(t̂))Q [ I_d 0 0 V ] I_d 0 0 0 I_a 0 0 0 W = [ 0 A_{22} ∗ 0 0 B̃_3F_{33}C_3 ] ,

where A_{22} and B̃_3F_{33}C_3 are nonsingular. The same arguments as in the proof of Corollary 13 yields the existence of a feedback F (t) such that the closed loop system is regular and has s-index 0 as a free system. For the converse the argument is as in the proof of Corollary 13.

Remark 7 If we use Algorithm 1 and the construction given in the proofs of Corollaries 13 and 14 there is some freedom in the choice of F (t̂) which can be used to make the property that the system is regular and has s-index 0 (as a free system) robust to perturbations. For constant coefficient systems this has been done in [5, 6]. How to obtain a maximally robust closed loop system in the case of variable coefficients or in the nonlinear case is currently under investigation.

In this section we have discussed the construction of feedbacks that make the system regular and of s-index 0 (as a free system). The regularizing feedbacks can be constructed via numerical procedures that can be implemented locally as numerically backwards stable procedures.

3.4 Regularization via derivative feedback

In the constant coefficient case also the regularization via derivative feedback is important and has been analyzed in [5, 6, 13, 14]. If derivative feedback is used then one can also modify the number of algebraic and dynamic variables. A general proportional and derivative feedback takes the form

u = F (t)x + G(t)ẋ + w (43) or in the output case u = F (t)y + G(t)ẏ + w. (44)

The difficulty with derivative feedback, however, is that the characteristic quantities μ, d̂, â, and ω are not invariant under derivative feedback, as is demonstrated in the following example.

Example 1 Let E = [ 1 0 0 0 ] , A = [ 0 0 1 0 ] , B = [ 1 0 ]

then μ = 1, â = 0, d̂ = 1, û^l = 1, u^r = 1. With the derivative feedback u = F ẋ = [1, −1]ẋ we obtain the closed loop system matrices E + BF = [ 0 1 0 0 ] , A = [ 0 0 1 0 ] , B = [ 1 0 ]

for which μ = 0, â = 1, d̂ = 1, û^l = u^r = 0.

Due to this problem it is very difficult to decide how to use derivative feedback for regularization. It will depend strongly on the application whether an increase or decrease of the number of dynamic variables is desirable or not and hence in this general setting we cannot discuss this topic.

3.5 Impulse controllability and observability

In the constant coefficient case a square system can be made regular and of s-index 0 (as a free system) via state feedback if it is controllable at infinity or impulse controllable, [5]. There exists an algebraic condition for this property, i.e.,

rank[E AS_∞ B] = n, (45)

where S_∞ is a matrix whose columns span kernel(E). As we have seen in (13), in the variable coefficient case this algebraic condition is replaced by the requirement that the system has a well defined s-index, and satisfies û^l = 0, d̂ + â = l. Note that consistency (i.e., the condition û^l = 0) is only needed if an inhomogeneity is present, hence we can define a linear variable coefficient system to be impulse controllable if it satisfies d̂ + â = l.

For output feedback in the constant coefficient case (see [6]) also the dual condition to (45) is needed, called observability at infinity or impulse observability. The associated algebraic condition is

rank E T^∗_∞A C = n, (46) where T_∞ is a matrix whose columns span kernel E^∗. In the variable coefficient case we then define analogously the system to be impulse observable if it has a well defined s-index and ω = ϕ.

It follows from Corollary 14 that there exists an output feedback such that the closed loop system is regular and has s-index (as a free system) if and only it is impulse controllable and impulse observable and satisfies û^l = 0.

For the controllability and observability of the dynamic part of the system we can then use the standard terminology of ODE control systems, see [22, 37, 34].

4 Numerical examples

In this section we present some numerical examples that were obtained with the code DGELDS which is a modification of the code DGELDA of [29] for the structural analysis and simulation of descriptor systems of the form (1)–(2).

We have tested the described procedures for several well known benchmark problems in control and obtained the following results.

For the model of a three-link manipulator model of [21] with dimensions n = 8, l = 8, m = 3, p = 3, and characteristic quantities μ = 2, d_μ = 2, a_μ = 9, u^l_μ = 0, u^r_μ = 3, the code DGELDS combined with Algorithm 1 returned correctly d̂ = 2, û^l = 0, â = a = 6, ϕ = u^r = ω = 0.

For the model of a simple RLC circuit [15, 4] with dimensions n = 4, l = 4, m = 1, p = 1, and characteristic quantities μ = 0, d_μ = 2, a_μ = 3, u^l_μ = 0, u^r_μ = 1, the code DGELDS combined with Algorithm 1 returned correctly d̂ = 2, û^l = 0, â = a = 2, ϕ = u^r = ω = 0.

Finally we discuss the model of a bearring transmission [36], which has the form

I_3 M 0 ẋ = 0 I_3 0 −Q −P G^T H G 0 x + 0 S α ,

with M being a diagonal mass matrix,

P = 0 0 0 0 d_1 −d_1 0 −d_1 d_1 , Q = 0 0 0 0 c_1 −c_1 0 −c_1 c_1 , S = 1 0 0 , G = [ 0 1 0 ] , H = [ −v_u 0 0 ]

For the exact parameters of the original model, which included α = 0, see [36]. The characteristic quantities of the system are μ = 1, d_μ = 5, a_μ = 2, u^l_μ = 0, u^r_μ = 1 and DGELDS combined with Algorithm 1 returned correctly d̂ = 5, û^l = 0, â = a = 2, ϕ = 1, u^r = ω = 0. In this case the system is not controllable at infinity, so there is no state feedback that makes the original system regular and of s-index 0 directly. But clearly, as Corollary 13 states, there exists a state feedback so that after reduction to the form (33) the system is regular and of s-index 0.

If we slightly modify the system by choosing α = 1, then the characteristic quantities are μ = 0, d_μ = 6, a_μ = 1, u^l_μ = 0, u^r_μ = 1 and DGELDS combined with Algorithm 1 returned correctly d̂ = 6, û^l = 0, â = 1, a = 0, ϕ = 1, u^r = ω = 0. In this case the system is controllable at infinity, so there is a state feedback that makes directly the original system regular and of s-index 0.

5 Conclusions and outlook

In this paper we have presented the theoretical analysis as well as numerical methods that allow to perform analysis and regularization for linear control problems with variable coefficients. We have shown that a behaviour approach can be used to apply the DAE-based methods also for the analysis of linear descriptor control systems with variable coefficients. We have given necessary and sufficient conditions that are numerically verifiable for the existence of regularizing feedbacks and we have described the construction of such feedbacks. Future research includes the generalization of this apporach to the general nonlinear case. This generalization faces several difficulties. First of all the general theory and the numerical methods developed in [28] work only for uniquely solvable systems. Thus we cannot directly apply a behaviour approach, since the solution is in general not unique. Similar difficulties also occur if the system is inconsistent or has redundant equations. Another future problem is the generalization of the presented theory to include the case that the output also depends explicitely on the input u or that we have a disturbance term in the system that has to be compensated.

References

[1] S.J.G. Bell. Numerical techniques for smooth transformation and regularisation of time-varying linear descriptor systems. PhD thesis, Department of Mathematics, University of Reading, Reading, UK, 1995.

[2] S.J.G. Bell and N.K. Nichols. Regularization of time-varying descriptor systems by the asvd. In J. Lewis, editor, Applied Linear Algebra, pages 172–176. SIAM, 1994.

[3] K. Brenan, S. Campbell, and L. Petzold. Numerical Solution of Initial-Value Problems in Differential Algebraic Equations. Elsevier, North Holland, New York, NY, 1989.

[4] A. Bunse-Gerstner, R. Byers, V. Mehrmann, and N. K. Nichols. Feedback design for regularizing descriptor systems. Technical report, University of Kansas, Department of Mathematics, Lawrence, KS 66045-2142, 1998. To appear in Linear Algebra and its Applications.

[5] A. Bunse-Gerstner, V. Mehrmann, and N.K. Nichols. Regularization of descriptor systems by derivative and proportional state feedback. SIAM Journal Matrix Analysis and its Applications, 13:46–67, 1992.

[6] A. Bunse-Gerstner, V. Mehrmann, and N.K. Nichols. Regularization of descriptor systems by output feedback. IEEE Transactions on Automatic Control, 39:1742–1748, 1994.

[7] R. Byers, T. Geerts, and V. Mehrmann. Descriptor systems without controllability at infinity. SIAM Journal Control and Optimization, 35:462–479, 1997.

[8] R. Byers, P. Kunkel, and V. Mehrmann. Regularization of linear descriptor systems with variable coefficients. SIAM Journal Control and Optimization, 35:117–133, 1997.

[9] S. L. Campbell. A general form for solvable linear time varying singular systems of differential equations. SIAM Journal Mathematical Analysis, 18:1101–1114, 1987.

[10] S. L. Campbell. The numerical solution of higher index linear time varying singular systems of differential equations. SIAM Journal Scientific and Statistical Computing, 6:334–348, 1988.

[11] S.L. Campbell, N.K. Nichols, and W.J. Terrell. Duality, observability, and controllability for linear time-varying descriptor systems. Circuits, Systems and Signal Processing, 10:455–470, 1991.

[12] S.L. Campbell and W.J. Terrell. Observability for linear time-varying descriptor systems. SIAM Journal Matrix Analysis and Applications, 12:484–496, 1991.

[13] D. Chu and V. Mehrmann. Minimum norm regularization of descriptor systems by output feedback. Technical Report 97-06, Fak. f. Mathematik, TU Chemnitz, D-09107 Chemnitz, 1997.

[14] D.L. Chu, H.C. Chan, and D.W.C. Ho. Regularization of descriptor systems by derivative and proportional output feedback. SIAM Journal Control and Optimization, 19:21–38, 1998.

[15] L. Dai. Singular Control Systems. Springer-Verlag, Berlin, 1989.

[16] G. H. Golub and C. F. Van Loan. Matrix Computations. The Johns Hopkins University Press, Baltimore, Maryland, 3rd edition, 1996.

[17] E. Griepentrog and R. März. Differential-Algebraic Equations and Their Numerical Treatment. Teubner Verlag, Leipzig, 1986.

[18] M. Günther and P. Rentrop. Multirate row-methods and latency of electric circuits.

Technical Report TUM-M9208, Mathematisches Institut, TU München, München, FRG, 1992.

[19] S. Hagel. Systematische Modellbildung mechanischer Systeme auf der Basis von Teilkomponenten. In P.C. Müller et al, editor, Notes of the Workshop ‘Identifizierung- , Analyse und Entwurfsmethoden für mechanische Mehrkörpersysteme in Deskriptorform’ Paderborn 1994, pages 67–72, 1994.

[20] H. Hahn and R. Wehage. Dynamic simulation of terrain vehicles. In W. Schiehlen, editor, Multibody Systems Handbook, pages 491–503. Springer Verlag Berlin, 1990.

[21] M. Hou. A three–link planar manipulator model. Sicherheitstechnische Reglungs- und Meßtechnik, Bergische Universität–GH Wuppertal, FRG, May 1994.

[22] R.E. Kalman. Mathematical description of linear dynamical systems. SIAM Journal Control and Optimization, 1:159–192, 1963.

[23] P. Kunkel and V. Mehrmann. Canonical forms for linear differential-algebraic equations with variable coefficients. Journal of Computational and Applied Mathematics, 56:225–251, 1994.

[24] P. Kunkel and V. Mehrmann. A new look at pencils of matrix valued functions. Linear Algebra and its Applications, 212/213:215–248, 1994.

[25] P. Kunkel and V. Mehrmann. Local and global invariants of linear differential-algebraic equation and their relation. Electronic Transactions on Numerical Analysis, 4:138– 157, 1996.

[26] P. Kunkel and V. Mehrmann. A new class of discretization methods for the solution of linear differential-algebraic equations. SIAM Journal on Numerical Analysis, 33:1941– 1961, 1996.

[27] P. Kunkel and V. Mehrmann. The linear quadratic optimal control problem for linear descriptor systems with variable coefficients. Mathematics of Control, Signals and Systems, 10:247–264, 1997.

[28] P. Kunkel and V. Mehrmann. Regular solutions of nonlinear differential-algebraic equations and their numerical determination. Numerische Mathematik, 79:581–600, 1998.

[29] P. Kunkel, V. Mehrmann, W. Rath, and J. Weickert. A new software package for the solution of linear differential algebraic equations. SIAM Journal Scientific Computing, 18:115 – 138, 1997.

[30] P.J. Rabier and W.C. Rheinboldt. A geometric treatment of implicit differential– algebraic equations. Journal on Differential Equations, 109:110–146, 1995.

[31] P.J. Rabier and W.C. Rheinboldt. Classical and generalized solutions of timedependent linear differential algebraic equations. Linear Algebra and its Applications, 1996. refe.

[32] W. Rath. Dervative and proportional state feedback for linear descriptor systems with variable coefficients. Linear Algebra and its Applications, 260:273–310, 1997.

[33] W. Rath. Feedback design and regularization for linear descriptor systems with variable coefficients. Shaker Verlag, Aachen, FRG, 1997.

[34] L.M. Silverman and H.E. Meadows. Controllability and observability in time-variable linear systems. SIAM Journal Control, 5:64–73, 1967.

[35] B. Simeon, F. Grupp, C. Führer, and P. Rentrop. A nonlinear truck model and its treatment as a multibody system. Technical Report TUM-M9204, Mathematisches Institut, TU München, München, FRG, 1992.

[36] T. Schmidt and M. Hou. Rollringgetriebe. Internal Report, Sicherheitstechnische Regelungs- und Meßtechnik, Bergische Universität, GH Wuppertal, Wuppertal, FRG, 1992.

[37] L. Weiss. The concepts of differential controllability and differential observability.

Journal Mathematical Analysis and Applications, 10:442–449, 1965.

[38] J.C. Willems. Paradigms and puzzles in the theory of dynamical systems. IEEE Transactions on Automatic Control, AC-36:259–294, 1991.

A Proof of Theorem 5

Let (E_i, A_i, B_i, C_i), i = 1, 2, be equivalent. Since rank(E_2) = rank(P E_1Q) = rank(E_1), r is invariant.

Note that a as defined in (10) is identical to the a defined for DAEs in [23]. Hence, we only need to show that ϕ, ω and s are invariant. The invariance of d, u^l and u^r follows then immediately from (10).

For ϕ, ω and s we must first show that they are well–defined with respect to the choice of the bases. Each change of bases can be represented by

Z̃ = ZM_Z, T̃ = T M_T , T̃ ′ = T^′M_{T 0} , Ṽ = M^{−1}_Z V M_V , W̃ = M^{−1}_T W M_W , K̃ = M^{−1}_V KM_K,

with nonsingular matrices M_Z , M_T , M_T 0 , M_V , M_W and M_K. Then from

rank(Ṽ^∗Z̃^∗B) = rank(M^∗_V V^∗M^{−∗}_Z M^∗_Z Z^∗B) = rank(V^∗Z^∗B),

rank(CT̃ W̃ ) = rank(CT M_T M^{−1}_T W M_W ) = rank(CT W ), and rank(K̃^∗Ṽ^∗Z̃^∗AT̃^′)

= rank(M^∗_K K^∗M^{−∗}_V M^∗_V V^∗M^{−∗}_Z M^∗_Z Z^∗AT^′M_T 0 ) = rank(K^∗V^∗Z^∗AT^′) it follows that the quantities ϕ, ω and s are well-defined. Let now bases Z_2, T_2, T^′_2, V_2, W_2 and K_2 be given for (E_2, A_2, B_2, C_2), e.g.

rank(E_2T_2) = 0, T^∗_2 T_2 nonsingular, rank(T^∗_2 T_2) = n − r.

Using (8) and setting

Z^∗_1 = Z^∗_2 P, T_1 = QT_2, T^′_1 = QT^′_2, V_1 = V_2, W_1 = W_2, K_1 = K_2

the above Z_1, T_1, T^′_1, V_1, W_1, K_1 form bases according to (9). Since

ϕ_2 = rank(V^∗_2 Z^∗_2 B_2) = rank(V^∗_2 Z^∗_2 P B_1R) = rank(V^∗_1 Z^∗_1 B_1) = ϕ_1,

we get the invariance of ϕ. For o we get

o_2 = rank(C_2T_2W_2) = rank(NC_1QT_2W_2) = rank(C_1T_1W_1) = o_1.

Then s is invariant, since

s_2 = rank(K^∗_2 V^∗_2 Z^∗_2 A_2T^′_2) = rank(K^∗_2 V^∗_2 Z^∗_2 P A_1QT^′_2 − K^∗_2 V^∗_2 Z^∗_2 P E_1ST^′_2) = rank(K^∗_1 V^∗_1 Z^∗_1 A_1T^′_1) = s_1,

where we used Z^∗_1 E_1 = 0.

For the derivation of the condensed form (11) we use nonsingular transformation matrices, i.e., in the first step we take a basis Z^′ of range E and set P = [Z^′ Z]^∗, etc. As result we obtain the following sequence of equivalent (∼) matrix quadruples: (E, A, B, C) ∼ ([ Z^{′∗}ET^′ 0 0 0 ] , [ Z^{′∗}AT^′ Z^{′∗}AT Z^∗AT^′ Z^∗AT ] , [ Z^{′∗}B Z^∗B ] , [ CT^′ CT ] )

∼ ([ I_r 0 0 0 ] , [ ∗ ∗ Z^∗AT^′ Z^∗AT ] , [ (Z^{′∗}ET^′)^{−1}Z^{′∗}B Z^∗B ] , [ CT^′ CT ] )

∼ I_r 0 0 0 0 0 0 0 0 , ∗ ∗ ∗ V^{′∗}Z^∗AT^′ V^{′∗}Z^∗AT W^′ 0 V^∗Z^∗AT^′ 0 0 , (Z^{′∗}ET^′)^{−1}Z^{′∗}B V^{′∗}Z^∗B V^∗Z^∗B , [ CT^′ CT W^′ CT W ]

with W^′ basis of cokernel(Z^∗AT ) ∼ I_r 0 0 0 0 0 0 0 0 , ∗ ∗ ∗ V^{′∗}Z^∗AT^′ I_a 0 V^∗Z^∗AT^′ 0 0 , (Z^{′∗}ET^′)^{−1}Z^{′∗}B V^{′∗}Z^∗B V^∗Z^∗B , [ CT^′ (V^{′∗}Z^∗AT W^′)^{−1}CT W^′ CT W ])

∼ I_r 0 0 0 0 0 0 0 0 0 0 0 , ∗ ∗ ∗ ∗ I_a 0 K^{′∗}V^∗Z^∗AT^′ 0 0 K^∗V^∗Z^∗AT^′ 0 0 ,

∗ (Z^{′∗}ET^′)^{−1}Z^{′∗}BL ∗ V^{′∗}Z^∗BL K^{′∗}V^∗Z^∗BL^′ 0 0 0 , [ ∗ ∗ CT W ]

with K^′ basis of range(V^∗Z^∗B), L basis of kernel(V^∗Z^∗B) and L^′ basis of cokernel(V^∗Z^∗B)

∼ I_r 0 0 0 0 0 0 0 0 0 0 0 , ∗ ∗ ∗ ∗ I_a 0 K^{′∗}V^∗Z^∗AT^′ 0 0 K^∗V^∗Z^∗AT^′ 0 0 ,

0 (Z^{′∗}ET^′)^{−1}Z^{′∗}BL 0 V^{′∗}Z^∗BL I_f 0 0 0 , [ ∗ ∗ CT W ]

∼ I_r 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 , ∗ ∗ ∗ ∗ ∗ I_a 0 0 K^{′∗}V^∗Z^∗AT^′ 0 0 0 K^∗V^∗Z^∗AT^′ 0 0 0 ,

0 (Z^{′∗}ET^′)^{−1}Z^{′∗}BL 0 V^{′∗}Z^∗BL I_f 0 0 0 , [ ∗ ∗ I_ω 0 ∗ ∗ 0 0 ]

∼ I_r 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 , ∗ ∗ ∗ ∗ 0 I_a 0 0 K^{′∗}V^∗Z^∗AT^′ 0 0 0 K^∗V^∗Z^∗AT^′ 0 0 0 ,

0 (Z^{′∗}ET^′)^{−1}Z^{′∗}BL 0 V^{′∗}Z^∗BL I_f 0 0 0 , [ 0 0 I_ω 0 ∗ ∗ 0 0 ]

∼ I_r 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 , 0 0 0 0 0 I_a 0 0 K^{′∗}V^∗Z^∗AT^′ 0 0 0 K^∗V^∗Z^∗AT^′ 0 0 0 ,

0 (Z^{′∗}ET^′)^{−1}Z^{′∗}BL 0 V^{′∗}Z^∗BL I_f 0 0 0 , [ 0 0 I_ω 0 ∗ ∗ 0 0 ]

∼ I_s 0 0 0 0 0 I_d 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 , 0 0 0 0 0 0 0 0 0 0 0 0 I_a 0 0 ∗ ∗ 0 0 0 I_s 0 0 0 0 0 0 0 0 0 ,

0 [I_s 0][Y^′ Y ]^{−1}(Z^{′∗}ET^′)^{−1}Z^{′∗}BL 0 [0 I_d][Y^′ Y ]^{−1}(Z^{′∗}ET^′)^{−1}Z^{′∗}BL 0 KV^{′∗}Z^∗BL I_f 0 0 0 0 0 ,

[ 0 0 0 I_ω 0 ∗ ∗ ∗ 0 0 ])

with Y basis of kernel(K^∗V^∗Z^∗AT^′) and Y^′ basis of cokernel(K^∗V^∗Z^∗AT^′), which at last leads to (11) by a final transformation step.

B Appendix B: Proof of Theorem 6

In the following, we will omit the argument t in the occurring matrices functions. Furthermore, since we are only interested in the block structure of the matrices we change the notation of the blocks in each step. We need the following well-known Lemma, see [30].

Lemma 15 . Let E ∈ C^ℓ([t_0, t_f ], C^{n,n}), ℓ ∈ N_0 and rank E(t) = r for all t ∈ [t_0, t_f ]. Then there exist U, V ∈ C^ℓ([t_0, t_f ], C^{n,n}) with U(t), V (t) nonsingular (unitary) for every t ∈ [t_0, t_f ] such that

U(t)^∗E(t)V (t) = [ Σ(t) 0 0 0 ] , t ∈ [t_0, t_f ],

where Σ(t) ∈ C^ℓ([t_0, t_f ], C^{r,r}) is nonsingular.

Proof of Theorem 6. Applying Lemma 15 to the matrix E and setting N = I, P =

Σ^†U^∗, Q = V and R = I, where Σ^† := [ Σ^{−1} 0 0 I ] , we find that (E, A, B) is equivalent to ([ I_r 0 0 0 ] , [ A_{11} A_{12} A_{21} A_{22} ] , [ B_{11} B_{21} ] , [ C_{11} C_{12} ] ) . Now, we apply Lemma 15 to A_{22} and set N = I, P = diag(I, Σ^†U^∗), Q = diag(I, V ) and R = I, which yields

I_r 0 0 0 0 0 0 0 0 , A_{11} A_{12} A_{13} A_{21} I_a 0 A_{31} 0 0 , B_{11} B_{21} B_{31} , [ C_{11} C_{12} C_{13} ] . Proceeding with B_{31} we get

I_r 0 0 0 0 0 0 0 0 0 0 0 , A_{11} A_{12} A_{13} A_{21} I_a 0 A_{31} 0 0 A_{41} 0 0 , B_{11} B_{12} B_{21} B_{22} I_ϕ 0 0 0 , [ C_{11} C_{12} C_{13} ] .

Applying Lemma 15 to C_{13} and setting N = Σ^†U^∗, P = I, Q = diag(I_{r+a}, V ), R = I we obtain I_r 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 , A_{11} A_{12} A_{13} A_{14} A_{21} I_a 0 0 A_{31} 0 0 0 A_{41} 0 0 0 , B_{11} B_{12} B_{21} B_{22} I_ϕ 0 0 0 , [ C_{11} C_{12} I_ω 0 C_{21} C_{22} 0 0 ]) . Choosing

N = I, P = I −B_{11} I −B_{21} I I , Q = I I −C_{11} −C_{12} I I , R = I

we eliminate B_{11} and B_{21} in the matrix B, C_{11} and C_{12} in the matrix C and the coarse block structure of E and A remains unchanged. Now, we can proceed with the last block row and get I_s 0 0 0 0 0 I_d 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 , A_{11} A_{12} A_{13} A_{14} A_{15} A_{21} A_{22} A_{23} A_{24} A_{25} A_{31} A_{32} I_a 0 0 A_{41} A_{42} 0 0 0 I_s 0 0 0 0 0 0 0 0 0 , 0 B_{12} 0 B_{22} 0 B_{32} I_ϕ 0 0 0 0 0 ,

[ 0 0 0 I_ω 0 C_{21} C_{22} C_{23} 0 0 ])

by applying Lemma 15 to A_{41}.

Furthermore, we use the identities in A to eliminate the other entries in the first and third block column of A. Choosing

N = I, P = I, Q = I I −A_{32} I I I , R = I

we eliminate A_{32} and we have P EQ̇ = 0, i.e. we get no fill in. Using a block permutation, which moves the fourth block row of E, A and B to the fifth block row we obtain

I_s 0 0 0 0 0 I_d 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 , 0 A_{12} 0 A_{14} A_{15} 0 A_{22} 0 A_{24} A_{25} 0 0 I_a 0 0 I_s 0 0 0 0 0 A_{52} 0 0 0 0 0 0 0 0 , 0 B_{12} 0 B_{22} 0 B_{32} 0 0 I_ϕ 0 0 0 ,

[ 0 0 0 I_ω 0 C_{21} C_{22} C_{23} 0 0 ]) . Setting N = I, P = I, Q = diag(I_s, Q_2, I_{ℓ−r}), R = I, where Q_2 is chosen to be the solution of the initial value problem

Q̇_2(t) = A_{22}(t)Q_2(t), Q_2(t_0) = I,

which is nonsingular at every point t ∈ [t_1, t_2], we get

I_s 0 0 0 0 0 Q_2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 , 0 A_{12} 0 A_{14} A_{15} 0 0 0 A_{24} A_{25} 0 0 I_a 0 0 I_s 0 0 0 0 0 A_{52} 0 0 0 0 0 0 0 0 , 0 B_{12} 0 B_{22} 0 B_{32} 0 0 I_ϕ 0 0 0 ,

[ 0 0 0 I_ω 0 C_{21} C_{22} C_{23} 0 0 ]) . Finally, by setting N = I, P = diag(I_s, Q^{−1}_2 , I_{n−r}), Q = I, R = I we get the desired result.

Other titles in the SFB393 series:

98-01 B. Heinrich, S. Nicaise, B. Weber. Elliptic interface problems in axisymmetric domains.

Part II: The Fourier-finite-element approximation of non-tensorial singularities. January 1998.

98-02 T. Vojta, R. A. Römer, M. Schreiber. Two interfacing particles in a random potential: The random model revisited. February 1998.

98-03 B. Mehlig, K. Müller. Non-universal properties of a complex quantum spectrum. February 1998.

98-04 B. Mehlig, K. Müller, B. Eckhardt. Phase-space localization and matrix element distributions in systems with mixed classical phase space. February 1998.

98-05 M. Bollhöfer, V. Mehrmann. Nested divide and conquer concepts for the solution of large sparse linear systems. March 1998.

98-06 T. Penzl. A cyclic low rank Smith method for large, sparse Lyapunov equations with applications in model reduction and optimal control. March 1998.

98-07 V. Mehrmann, H. Xu. Canonical forms for Hamiltonian and symplectic matrices and pencils. March 1998.

98-08 C. Mehl. Condensed forms for skew-Hamiltonian/Hamiltonian pencils. March 1998. 98-09 M. Meyer. Der objektorientierte hierarchische Netzgenerator Netgen69-C++. April 1998. 98-10 T. Ermer. Mappingstrategien für Kommunikatoren. April 1998.

98-11 D. Lohse. Ein Standard-File für 3D-Gebietsbeschreibungen. – Definition des Fileformats V 2.1 –. April 1998.

98-13 L. Grabowsky, T. Ermer. Objektorientierte Implementation eines PPCG-Verfahrens. April 1998.

98-14 M. Konik, R. Schneider. Object-oriented implementation of multiscale methods for boundary integral equations. May 1998.

98-15 W. Dahmen, R. Schneider. Wavelets with complementary boundary conditions - Function spaces on the cube. May 1998.

98-16 P. Hr. Petkov, M. M. Konstantinov, V. Mehrmann. DGRSVX and DMSRIC: Fortran 77 subroutines for solving continuous-time matrix algebraic Riccati equations with condition and accuracy estimates. May 1998.

98-17 D. Lohse. Ein Standard-File für 3D-Gebietsbeschreibungen. - Datenbasis und Programmschnittstelle data read. April 1998.

98-18 A. Fachat, K. H. Hoffmann. Blocking vs. Non-blocking Communication under MPI on a Master-Worker Problem. June 1998.

98-19 W. Dahmen, R. Schneider, Y. Xu. Nonlinear Functionals of Wavelet Expansions - Adaptive Reconstruction and Fast Evaluation. June 1998.

98-20 M. Leadbeater, R. A. Römer, M. Schreiber. Interaction-dependent enhancement of the localisation length for two interacting particles in a one-dimensional random potential. June 1998.

98-21 M. Leadbeater, R. A. Römer, M. Schreiber. Formation of electron-hole pairs in a onedimensional random environment. June 1998.

98-22 A. Eilmes, U. Grimm, R. A. Römer, M. Schreiber. Two interacting particles at the metalinsulator transition. August 1998.

98-23 M. Leadbeater, R. A. Römer, M. Schreiber. Scaling the localisation lengths for two interacting particles in one-dimensional random potentials. July 1998.

98-24 M. Schreiber, U. Grimm, R. A. Römer, J. X. Zhong. Application of random matrix theory to quasiperiodic systems. July 1998.

98-25 V. Mehrmann, H. Xu. Lagrangian invariant subspaces of Hamiltonian matrices. August 1998.

98-26 B. Nkemzi, B. Heinrich. Partial Fourier approximation of the Lamé equations in axisymmetric domains. September 1998.

98-27 V. Uski, B. Mehlig, R. A. Römer, M. Schreiber. Smoothed universal correlations in the two-dimensional Anderson model. September 1998.

98-28 D. Michael, M. Meisel. Some remarks to large deformation elasto-plasticity (continuum formulation). September 1998.

98-29 V. Mehrmann, H. Xu. Structured Jordan Canonical Forms for Structured Matrices that are Hermitian, skew Hermitian or unitary with respect to indefinite inner products. October 1998.

98-30 G. Globisch. The hierarchical preconditioning on locally refined unstructured grids. October 1998.

98-31 M. Bollhöfer. Algebraic domain decomposition. (PhD thesis) March 1998. 98-32 X. Guan, U. Grimm, R. A. Römer. Lax pair formulation for a small-polaron chain. (Proceedings PILS’98, in: Ann. Physik, Leipzig 1998). November 1998.

98-33 U. Grimm, R. A. Römer, G. Schliecker. Electronic states in topologically disordered systems. (Proceedings PILS’98, in: Ann. Physik, Leipzig 1998). November 1998.

98-34 C. Villagonzalo, R. A. Römer. Low temperature behavior of the thermopower in disordered systems near the Anderson transition. (Proceedings PILS’98, in: Ann. Physik, Leipzig 1998). November 1998.

98-35 V. Uski, B. Mehlig, R. A. Römer. A numerical study of wave-function and matrix-element statistics in the Anderson model of localization. (Proceedings of PILS’98, in: Ann. Physik, Leipzig 1998) November 1998.

98-36 F. Milde, R. A. Römer. Energy level statistics at the metal-insulator transition in the Anderson model of localization with anisotropic hopping. (Proceedings of PILS’98, in: Ann. Physik, Leipzig 1998). November 1998.

98-37 M. Schreiber, U. Grimm, R. A. Römer, J. X. Zhong. Energy Levels of Quasiperiodic Hamiltonians, Spectral Unfolding and Random Matrix Theory. November 1998.

The complete list of current and former preprints is available via

http://www.tu-chemnitz.de/sfb393/preprints.html.