Technische Universität Chemnitz

Sonderforschungsbereich 393

Numerische Simulation auf massiv parallelen Rechnern

Volker Mehrmann Hongguo Xu

Structured Jordan Canonical Forms for Structured Matrices that are Hermitian, Skew Hermitian or Unitary with Respect to Indefinite Inner Products

Preprint SFB393/98-29

Preprint-Reihe des Chemnitzer SFB 393

SFB393/98-29 October 1998

Contents

1 Introduction 1 2 Preliminaries 3 3 Σ_{p,q}-Hermitian matrices 9 4 Σ_{p,q}-skew Hermitian matrices 22 5 Σ_{p,q}-unitary matrices 32 6 Conclusion 49

Structured Jordan Canonical Forms for Structured Matrices that are Hermitian, Skew Hermitian or Unitary with Respect to Indefinite Inner Products

Volker Mehrmann^∗ Hongguo Xu^∗

October 6, 1998

Abstract

For inner products defined by a symmetric indefinite matrix Σ_{p,q}, we study canonical forms for real or complex Σ_{p,q}-Hermitian matrices, Σ_{p,q} -skew Hermitian matrices and Σ_{p,q}-unitary matrices under equivalence transformations which keep the class invariant.

Keywords. structured eigenvalue problems, Lie group, Lie algebra, Jordan algebra AMS subject classification. 15A21, 65F15,

1 Introduction

In several recent papers [1, 14, 15, 6] the topic of canonical forms for structured matrices and pencils associated with classical Lie groups, Lie algebras and Jordan algebras has been studied. Although the invariants under equivalence transformations have been classified already for quite a while [5, 17], the recent interest comes from the fact that structure preserving transformations can be used very effectively in numerical computations. They allow a reduction in complexity and at the same time often give a better perturbation and error analysis, see for example [2, 3, 4]. The main goal today is to use equivalence transformations that preserve the algebraic structure, but that can also be implemented in a numerically stable way, which usually means that they are unitary transformations. A second goal is to obtain canonical forms that are essentially triangular (within the given structure), and where the nonunitary structured canonical form is just a more condensed version of an analogous unitary structured canonical form.

A complete analysis for the case of Hamiltonian, skew Hamiltonian and symplectic matrices, i.e., matrices that are Hermitian, skew Hermitian and unitary with respect to an indefinite scalar product given by a skew symmetric matrix, has recently been given in [14]. In this paper we now derive analogous results for the matrices that are Hermitian, skew Hermitian and unitary with respect to an inner product defined via the indefinite symmetric matrix

Σ_{p,q} := [ I_p 0 0 −I_q ] , where I_p is the p × p identity matrix. We consider the following classes

of matrices.

∗Fakultät für Mathematik, TU Chemnitz, D-09107 Chemnitz, FR Germany. This work has been supported by Deutsche Forschungsgemeinschaft, Research Grant Me 790/7-2.

Definition 1 Let R and C denote the real and complex field, respectively.

• A matrix C ∈ C^{(p+q)×(p+q)} is called Σ_{p,q}-Hermitian if CΣ_{p,q} = (CΣ_{p,q})^H. C is called Σ_{p,q}-symmetric if it is Σ_{p,q}-Hermitian and real.

• A matrix C ∈ C^{(p+q)×(p+q)} is called Σ_{p,q}-skew Hermitian if CΣ_{p,q} = −(CΣ_{p,q})^H. C is called Σ_{p,q}-skew symmetric if it is Σ_{p,q}-skew Hermitian and real.

• A matrix G ∈ C^{(p+q)×(p+q)} is called Σ_{p,q}-unitary if G^HΣ_{p,q}G = Σ_{p,q}. It is called Σ_{p,q}- orthogonal if it is Σ_{p,q}-unitary and real.

Note that the Σ_{p,q}-Hermitian matrices form a Lie algebra, while the Σ_{p,q}-skew Hermitian matrices from a Jordan algebra. Both algebras are invariant under similarity transformations with Σ_{p,q}-unitary matrices.

Proposition 1

1. If C is Σ_{p,q}-Hermitian and G is Σ_{p,q}-unitary then G^{−1}CG is Σ_{p,q}-Hermitian.

2. If C is Σ_{p,q}-skew Hermitian and G is Σ_{p,q}-unitary then G^{−1}CG is Σ_{p,q}-skew Hermitian.

3. If G_1 and G_2 are Σ_{p,q}-unitary then G_1G_2 is also Σ_{p,q}-unitary.

Similar to the approach for Hamiltonian and symplectic matrices in [14] we derive structured Jordan canonical forms for these classes of matrices. But different from the case of Hamiltonian and symplectic matrices and pencils, for matrices that are Σ_{p,q}-Hermitian, skew Hermitian or unitary, it is difficult to derive structured triangular Schur like forms with similarity transformations that are both unitary and Σ_{p,q}-unitary, since this class has only a very small dimension. Currently the best that one can do in this respect are the fishbone like forms of [1]. The approach that we present here is different. To describe the general idea let us consider the case of Σ_{p,q}-Hermitian matrices. The discussion for the other cases is similar. There are many different approaches that one can take to derive canonical and condensed forms for such matrices. A very simple approach to obtain a canonical form is the idea to express the Σ_{p,q}-Hermitian matrix C as an Hermitian pencil λΣ_{p,q} − Σ_{p,q}C. Using congruence transformations U^H(λΣ_{p,q} −Σ_{p,q}C)U, we obtain a canonical form via classical results, see e.g., [8, 18, 19]. In view of our goals, however, this is not quite what we want, since in general these forms do not give that U^H Σ_{p,q}U = Σ_{p,q}, hence they do not lead directly to the structured form that we want. Clearly, however, the characteristic quantities that we obtain from this canonical form will have to appear in our canonical from, too.

The outline of the paper is as follows:

We will present some basic preliminary results in Section 2 and then present structured canonical forms for Σ_{p,q}-Hermitian matrices and Σ_{p,q}-skew Hermitian matrices under Σ_{p,q} unitary similarity transformations in Section 3 and Section 4, respectively. By combining the Cayley transformation and the structured canonical forms for Σ_{p,q}-skew Hermitian matrices we will then derive the structured canonical forms for Σ_{p,q}-unitary matrices in Section 5. All canonical forms are represented both for real and complex matrices.

2 Preliminaries

In this section we introduce some further notation, derive some preliminary results and state some basic facts that are needed in the following analysis.

Let Λ(A) denote the spectrum of a matrix A. We begin with a well-known fact on the relationship between left and right invariant subspaces, see e.g., [7].

Proposition 2 Let the columns of U span the left invariant subspace of a square matrix A corresponding to λ_1 ∈ Λ(A) and let the columns of V span the right invariant subspace corresponding to λ_2 ∈ Λ(A). If λ_1 ≠ λ_2 then U^HV = 0 and if λ_1 = λ_2 then det(U^HV ) ≠ 0.

Our construction of structured Jordan froms will be based on the combination of different blocks of the classical, unstructured Jordan form. To do this we need to study in particular canonical forms under congruence for matrices K that satisfy

KM = ±M^H K, K = K^H, det K ≠ 0. (1)

Let us recall some facts from the classical theory. Let

N_r := 0 1 ... ... ... 1 0 (2)

be an r × r nilpotent Jordan block and let N(r, m) := diag(N_r, . . ., N_r m ), (3)

then the general structure of the Jordan canonical form of a nilpotent matrix is

M = diag(N(r_1, m_1), . . ., N(r_s, m_s)). (4)

Consider, analogously

P_r := −1 (−1)^2 · (−1)^r

, P̂_r := 1 · · 1 r×r (5)

and P (r, m) := diag(P_r, . . ., P_r m ), P̂ (r, m) := diag(P̂_r, . . ., P̂_r m ). Then the following relations can be easily verified.

Proposition 3

i) P^H_r = P^{−1}_r = (−1)^{r−1}P_r;

ii) P^{−1}_r N^H_r P_r = −N_r;

iii) P̂_r = P̂^H_r = P̂^{−1}_r ;

iv) P̂^{−1}_r N^H_r P̂_r = N_r.

For any given nilpotent matrix N = diag(N_{r1}, . . ., N_{rs}) we set

P_N := diag(P_{r1} , . . ., P_{rs}), P̂_N := diag(P̂_{r1} , . . ., P̂_{rs}) (6)

and we denote by G(N) the set of all matrices that commute with N. To characterize the matrices in G(N), we need upper triangular Toeplitz matrices of the form

T := τ_0 τ_1 . . . τ_{r−1} ... ... . . ... τ_1 0 τ_0 = r−1∑ k=0 τ_kN^k_r . (7)

The diagonal element of such a matrix is denoted by Θ(T ) := τ_0. We have the following well-known Lemma, see Lemma 4.4.11 in [11].

Lemma 2 Let N_j, N_k be as in (2). A matrix E ∈ C^{j×k} satisfies N_jE = EN_k if and only if E has the form

E = T j = k, [ 0 T ] j < k, [ T 0 ] j > k, (8)

where T has the form (7).

For more complicated nilpotent matrices in Jordan form we have the following well-known Lemma, see [7, 10], where we denote the set of j × k rectangular upper triangular Toeplitz matrices E as in (8) by G^{j×k}.

Lemma 3 Let N be a nilpotent Jordan matrix of the form N = diag(N_{r1}, . . .N_{rs}). A matrix E commutes with N if and only if E has the block structure E = [E_{i,j}]_{s×s}, where each E_{i,j} ∈ C^{ri×rj} is a rectangular upper triangular Toeplitz matrix of the form (8).

For the particular nilpotent matrix N_{(r,m)} as in (3), it follows that E ∈ G(N_{(r,m)}) if and only if E has the block structure E = [E_{i,j}]_{m×m}, partitioned conformally with N_{(r,m)}, where E_{i,j} ∈ G^{r×r}. Collecting the diagonal elements of each of the blocks in one matrix we obtain an m × m matrix

Θ(E) :=

Θ(E_{1,1}) . . . Θ(E_{1,m}) . . ... . . Θ(E_{m,1}) . . . Θ(E_{m,m}) , which we call the main submatrix of E. Defining Ω := [e_1, e_{r+1}, . . ., e_{(m−1)r+1}; e_2, e_{r+2}, . . ., e_{(m−1)r+2}; . . .; e_r, e_{2r}, . . ., e_{mr}], where e_k is the k-th unit vector, we have for each E ∈ G(N_{(r,m)}), that

ω(E) := Ω^T EΩ =

E_0 E_1 . . . E_{r−1} ... ... . . ... E_1 0 E_0 (9)

with E_0 = Θ(E). This transformation sets up a one-to-one relationship between G(N_{(r,m)}) and the set of block upper triangular Toeplitz matrices. We then have the following result.

Lemma 4 Let M be as in (4) and P_M as in (6). Let E ∈ G(M) and partition E conformally with the block structure of M in (4), i.e., E = [E_{i,j}]_{s×s} and E_{k,k} ∈ G(N(r_k, m_k)). Let Θ(E_{k,k}) be the main submatrices of the diagonal blocks E_{k,k}, k = 1, . . ., s. Then E is nonsingular if and only if det(Θ(E_{k,k})) ≠ 0, for all k = 1, . . ., s.

If E is nonsingular, then there exists a matrix Y ∈ G(M), such that

(P^{−1}_M Y^H P_M )EY =

Ê_{1,1} 0 ∗ Ê_{2,2} . . ... ... ∗ . . . ∗ Ê_{s,s} ∈ G(M), (10)

where Θ(Ê_{k,k}) = Θ(E_{k,k}), k = 1, . . ., s, (11) and where for each k, Θ(Ê_{k,k}) is the main submatrix of the diagonal block Ê_{k,k} ∈ G(N(r_k, m_k)).

Similarly there exists Y ∈ G(M), such that (P̂^{−1}_M Y^HP̂_M )EY and (P̂^{−1}_M Y^T P̂_M )EY , respectively, have the block lower triangular forms as in (10) with the diagonal blocks Ê_{k,k} satisfying (11).

If E is a real matrix, then in all cases Y can be chosen real as well.

Proof. The proof of the first part is given in [14], the other parts follow analogously. The following Lemma is an extension of Lemma 11 in [14].

Lemma 5 Let E ∈ G(N(r, m)) be nonsingular, where N(r, m) is defined in (3).

i) If P (r, m)E is Hermitian then there exists a matrix Y ∈ G(N(r, m)), such that Y^H (P (r, m)E)Y = diag(π_1P_r, . . ., π_mP_r), with π_k ∈ {±i} if r is even and π_k ∈ {±1} if r is odd.

If E is real, then we have two cases. If r is odd, then Y can be chosen real as well and if r is even, then there exists a real Y such that

Y^T (P (r, m)E)Y = diag( [ 0 P_r P^T_r 0 ] , . . ., [ 0 P_r P^T_r 0 ]

m 2 ).

ii) If P̂ (r, m)E is Hermitian, then there exists a matrix Y ∈ G(N(r, m)), such that

Y^H (P̂ (r, m)E)Y = diag(π_1P̂_r, . . ., π_mP̂_r),

with π_k ∈ {±1} for all k = 1, . . ., m. If E is real, then Y can be chosen real.

iii) If P̂ (r, m)E is complex symmetric then there exists a matrix Y ∈ G(N(r, m)) such that Y^T (P̂ (r, m)E)Y = diag(P̂_r, . . ., P̂_r m ).

Proof. i) For convenience we abbreviate P (r, m) by P . With the linear operator ω in (9), we have that Ẽ = ω(E) is a block upper triangular Toeplitz matrix with diagonal block E_0 = Θ(E). Using Kronecker products (A ⊗ B = [a_{ij}B], see [12]), Ẽ can be expressed as Ẽ = ∑^{r−1}_{k=0} N k_r ⊗ E_k, and

P̃ = ω(P ) = 0 −I_m (−I_m)^2 · · · (−I_m)^r 0 = Pr ⊗ Im.

Since P E is Hermitian, so is P̃ Ẽ and by symmetry if r is even then E_0, E_2, . . ., E_{r−2} are skew Hermitian and E_1, E_3, . . ., E_{r−1} are Hermitian. Similarly if r is odd then E_0, E_2, . . ., E_{r−1} are Hermitian and E_1, E_3, . . ., E_{r−2} are skew Hermitian. Suppose that Ỹ is a block upper triangular Toeplitz matrix with the same block structure as Ẽ. Let Ỹ = ∑r_{−1} k=0 N^k_r ⊗ Y_k. Then using properties of the Kronecker product [12], we obtain

P̃^{−1}Ỹ^HP̃ =^{r−1} ∑ k=0 (P^{−1}_r N^H_r P_r)^k ⊗ Y^H_k = r−1∑ k=0 (−1)^kN^k_r ⊗ Y^H_k

and hence

(P̃^{−1}Ỹ^HP̃ )ẼỸ = r−1∑ k=0 N^k_r ⊗ { k∑ p=0 (−1)^pY^H_p ( k−p∑ q=0 E_{k−p−q}Y_q)}. ( Note that N^k_r = 0 for k ≥ r.) We will choose Ỹ such that

(P̃^{−1}Ỹ^HP̃ )ẼỸ = I_r ⊗ Π, Π = diag(π_1, . . ., π_m). (12)

To this end we will determine matrices Y_0, . . ., Y_{r−1} that satisfy

Y^H_0 E_0Y_0 = Π (13)

and for k = 1, . . ., r − 1

Y^H_0 E_0Y_k +(−1)^kY^H_k E_0Y_0 = −

Y_0 Y_1 . . Y_{k−1}

H E_k E_{k−1} . . . E_1 −E_{k−1} −E_{k−2} . . . −E_0 . . . . · (−1)^{k−1}E_1 (−1)^{k−1}E_0 0

Y_0 Y_1 . . Y_{k−1} ,

(14)

Since E_0 = Θ(E), solving (13) is equivalent to determining the canonical form of E_0 under congruence, which is clearly possible. Once Y_0 has been determined, each equation in (14) has the form Y^H_0 E_0Y_k + (−1)^kY^H_k E_0Y_0 = −C_k.

We now consider different cases: If r and k are both odd or both even then C_k is skew Hermitian and otherwise C_k is Hermitian. By Lemma 4, det E ≠ 0 implies det E_0 ≠ 0. So in any case Y_k can be chosen successively (but not necessarily uniquely) as Y_k = −^1_2 (Y^H_0 E_0)^{−1}C_k to satisfy (14).

Now we apply the inverse transformation ω^{−1} in (12). Using Y = ω^{−1}(Ỹ ), it follows by (9) that Y ∈ G(N(r, m)) and

(P^{−1}Y^H P )EY = ω^{−1}(I_r ⊗ Π) = diag(π_1I_r, . . ., π_mI_r).

Pre-multiplying by P we obtain the assertion.

When E is real, if r is odd then, since E_0 = Θ(E) is real symmetric, Y_0 can be chosen real in (13). From (14) then all Y_k and hence also Ỹ and therefore Y can be chosen real. If r is even, then E_0 is real skew symmetric but we can still choose a real Y_0 to transform E_0 under

congruence to the real skew symmetric canonical form diag( [ 0 1 −1 0 ] , . . ., [ 0 1 −1 0 ] ). For

this real Y_0 the remaining Y_k can and therefore also Ỹ and Y again can be chosen real and we obtain a real form.

ii) In this case with Ẽ as before, since ω(P̂ (r, m)) = P̂_r ⊗ I_m it follows that all E_k are Hermitian. Similarly as before, we can determine a matrix Ỹ = ∑r_{−1} k=0 N^k_r ⊗ Y_k so that {ω(P̂ (r, m))^{−1}Ỹ^H ω(P̂ (r, m))}ẼỸ = diag(Π, . . ., Π), where Π is the canonical form of E_0 under congruence. Taking again the inverse transformation of ω we obtain the result and clearly if E is real we can determine a real Y .

iii) This case is proved analogous as ii).

The final result in this section presents special condensed forms of the matrices K satisfying (1).

Theorem 6 Consider a matrix M as in (4).

i) If K is nonsingular Hermitian and satisfies KM + M^H K = 0, then there exists a nonsingular matrix Y ∈ G(M) such that Y^H KY = diag(π_{1,1}P_{r1} , . . ., π_{1,m1} P_{r1} ; . . .; π_{s,1}P_{rs} , . . ., π_{s,ms} P_{rs}), where for j = 1, . . ., m_k, k = 1, . . ., s we have π_{k,j} ∈ {±i} if r_k is even and π_{k,j} ∈ {±1} otherwise.

If K is real then there exists a real nonsingular matrix Y such that

Y^T KY = diag(K_1, . . ., K_s),

where K_k = diag(π_{k,1}P_{rk} , . . ., π_{k,mk} P_{rk} ) for odd r_k and

K_k = diag( [ 0 P_{rk} P^T_{rk} 0 ] , . . ., [ 0 P_{rk} P^T_{rk} 0 ]

mk 2 )

for even r_k.

ii) If K is nonsingular Hermitian and satisfies KM = M^H K, then there exists a nonsingular matrix Y ∈ G(M) such that Y^H KY = diag(π_{1,1}P̂_{r1} , . . ., π_{1,m1}P̂_{r1} ; . . .; π_{s,1}P̂_{rs} , . . ., π_{s,ms}P̂_{rs}), where π_{k,j} ∈ {±1} for all j = 1, . . ., m_k, k = 1, . . ., s. If K is real then Y can be chosen real.

iii) If K is nonsingular symmetric and satisfies KM = M^HK, then there exists a nonsingular matrix Y ∈ G(M) such that Y^T KY = diag(P̂ (r_1, m_1), . . ., P̂ (r_s, m_s)), where P̂ (r_k, m_k) = diag(P̂_{rk} , . . ., P̂_{rk} m_k ).

Furthermore all results still hold if M is replaced by a more general matrix N = diag(N_{r1} , . . ., N_{rs}). Proof. We only prove i). The proofs of the other cases are similar. Since KM + M^HK = 0, by Proposition 3 we have KM = P_M MP^{−1}_M K, or equivalently (P^{−1}_M K)M = M(P^{−1}_M K). This implies that P^{−1}_M K commutes with M, and hence by Lemma 3 there exists a matrix E ∈ G(M) such that K = P_M E. Since K is nonsingular, so is E. Applying Lemma 4 and using that K = K^H , there exists a nonsingular matrix Y_1 ∈ G(M) such that Y^H_1 KY_1 = P_M diag(E_1, . . ., E_s) = diag(P (r_1, m_1)E_1, . . ., P (r_s, m_s)E_s), where E_k ∈ G(N(r_k, m_k)). Moreover for all k = 1, . . ., s the matrices P (r_k, m_k)E_k are nonsingular Hermitian. Finally applying Lemma 5 for each P (r_k, m_k)E_k finishes the proof in the complex case. The real case directly follows from Lemma 4 and 5.

For the last statement we recognize that any matrix N can be transformed to the form of M via an appropriate permutation.

Remark 1 By Lemma 4 and 5 we see that the parameters π_{ij} that occur in the different cases of Theorem 6 are only related to the matrix K and the nilpotent matrix M. They are invariant under the transformations with matrices in G(M).

Remark 2 The structured canonical forms can be obtained in an analogous way for all problems associated with nonsingular matrices K satisfying one of the following relations, 1) KM + M^HK = 0, K = K^H, 2) KM = M^HK, K = K^H , 3) KM + M^HK = 0, K = −K^H , 4) KM = M^HK, K = −K^H , 5) KM + M^HK = 0, K = K^T , 6) KM = M^HK, K = K^T , 7) KM + M^HK = 0, K = −K^T ,

8) KM = M^HK, K = −K^T .

Here M is as in (4).

We have now finished the preliminary considerations and come to the structured Jordan forms.

3 �p,q-Hermitian matrices

In this section we derive structured Jordan canonical forms for Σ_{p,q}-Hermitian matrices. We will always consider two cases, a structured canonical form where the transformation matrices are not necessarily Σ_{p,q}-unitary and a structured canonical form under Σ_{p,q}-unitary matrices. We first prove some Lemmas which then will be combined to prove the canonical forms.

Lemma 7 Let C be a Σ_{p,q}-Hermitian matrix and let λ ∈ Λ(C) be nonreal. Let N(λ) = λI +N with N = diag(N_{r1}, . . ., N_{rs}) be the Jordan structure associated with λ and let P̂_N be as in (6). Then there exists a full rank matrix U such that

U^H Σ_{p,q}U = [ 0 P̂_N P̂ H_N 0 ] , CU = U [ N(λ) 0 0 N(λ) ] . Furthermore, λ ∈ Λ(C) has the same algebraic and geometric multiplicity as λ.

If C is real, then the matrix U can be chosen of the form [V, V ].

Proof. Since N(λ) is the Jordan structure associated with one eigenvalue λ, there exists a full rank matrix U_1, whose columns are composed by the chains of root vectors such that

CU_1 = U_1N(λ). (15)

Substituting C^H = Σ_{p,q}CΣ_{p,q} into the conjugate transpose of (15) we obtain

U^H_1 Σ_{p,q}C = N(λ)^HU^H_1 Σ_{p,q}. (16)

Now since λ is nonreal, we have λ ≠ λ and it is clear that λ ∈ Λ(C). Using the relationship between (15) and (16) we obtain that λ and λ have the same algebraic and geometric multiplicity.

It follows that there exists a full rank matrix U_2 such that

CU_2 = U_2N(λ), (17)

i.e., the columns of U_2 span the right invariant subspace of C corresponding to λ. Similarly as before we obtain U^H_2 Σ_{p,q}C = N(λ)^HU^H_2 Σ_{p,q}. (18)

Using (15)-(18) we get that the columns of U_1, Σ_{p,q}U_2 and U_2, Σ_{p,q}U_1 form bases of the right and left invariant subspaces of C corresponding to λ and λ, respectively. Since λ ≠ λ, by Proposition 2, U^H_1 Σ_{p,q}U_1 = 0, U^H_2 Σ_{p,q}U_2 = 0, det(U^H_1 Σ_{p,q}U_2) ≠ 0. (19)

Premultiplying by U^H_1 Σ_{p,q} in (17) and postmultiplying by U_2 in (16) we obtain

(U^H_1 Σ_{p,q}U_2)N(λ) = N(λ)^H(U^H_1 Σ_{p,q}U_2)

and thus (U^H_1 Σ_{p,q}U_2)N = N^H(U^H_1 Σ_{p,q}U_2). Since by Proposition 3, P̂^H_N N^HP̂_N = N, then P̂_N (U H_1 Σ_{p,q}U_2) commutes with N, so does (U H_1 Σ_{p,q}U_2)−1P̂_N . Therefore we have

N(λ)(U^H_1 Σ_{p,q}U_2)^{−1}P̂_N = (U^H_1 Σ_{p,q}U_2)^{−1}P̂_N N(λ). (20)

Let U = [U_1, U_2(U^H_1 Σ_{p,q}U_2)^{−1}P̂_N ]. From (19) we have U^HΣ_{p,q}U = [ 0 P̂_N P̂ H_N 0 ] and from (15), (17), (20) we obtain CU = U diag(N(λ), N(λ)).

If C is real, then (15) implies that

CU_1 = U_1N(λ).

Replacing U_2 by U_1 we still have (19) and

(U^H_1 Σ_{p,q}U_1)N(λ) = N(λ)^H(U^H_1 Σ_{p,q}U_1),

or (U^H_1 Σ_{p,q}U_1)N = N^H(U^H_1 Σ_{p,q}U_1). Note that U^H_1 Σ_{p,q}U_1 is complex symmetric, and since it is also nonsingular by Theorem 6 iii), there exists a nonsingular matrix Y ∈ G(N) such that Y^T (U^H_1 Σ_{p,q}U_1)Y = P̂_N . Now set V = U_1Y and U = [V, V ] then we also have U^HΣ_{p,q}U = [ 0 P̂_N P̂ H_N 0 ] , CU = U [ N(λ) 0 0 N(λ) ] . This finishes the proof.

The main difficulty in the construction of structured Jordan canonical forms arises from the real eigenvalues. For this case we will employ the results of Section 2.

Lemma 8 Let C be a Σ_{p,q}-Hermitian matrix, let λ ∈ Λ(C) be real and let N(λ) = λI + N with N = diag(N_{r1} , . . ., N_{rs}) be the Jordan structure associated with λ. Then there exists a full rank matrix U such that

U^HΣ_{p,q}U = diag(π_1P̂_{r1} , . . ., π_sP̂_{rs}),

with π_k ∈ {±1} and CU = UN(λ). Moreover, if C is real then the matrix U can be chosen real as well.

Proof. Let U_1 be a matrix formed from the chains of root vectors corresponding to λ. Then from (15) and (16), since λ is real, U_1 and Σ_{p,q}U_1 are the bases of the right and left invariant subspaces of C corresponding to λ. By Proposition 2 we have det U^H_1 Σ_{p,q}U_1 ≠ 0.

Premultiplying U^H_1 Σ_{p,q} in (15) and postmultiplying U_1 in (16) we get

U^H_1 Σ_{p,q}CU_1 = (U^H_1 Σ_{p,q}U_1)N(λ) = N(λ)^H(U^H_1 Σ_{p,q}U_1),

which implies that (U^H_1 Σ_{p,q}U_1)N = N^H (U^H_1 Σ_{p,q}U_1).

Since U^H_1 Σ_{p,q}U_1 is Hermitian and nonsingular, we can apply Theorem 6 ii) and obtain that there exists a nonsingular matrix Y ∈ G(N) such that

(U_1Y )^H Σ_{p,q}(U_1Y ) = diag(π_1P̂_{r1} , . . ., π_sP̂_{rs} )

Set U = U_1Y , then, since Y and N commute, Y and N(λ) also commute and hence CU = CU_1Y = U_1N(λ)Y = U_1Y N(λ) = UN(λ). If C is real, then since λ is real, also the initial U_1 can be chosen real and by Theorem 6, Y can be chosen real and hence U is real.

It follows from Remark 1 that the parameters π_k in Lemma 8 are uniquely determined by the Jordan structure associated with the eigenvalue λ. For this reason we call the parameters π_k the structure inertia indices of C corresponding to the real eigenvalue λ, or simply the structure inertia indices of λ. We will denote the complete set of parameters by Ind(λ) = {π_1, . . ., π_s}. Note that for each Jordan block there is a corresponding structure inertia index.

Using Lemma 7 and 8 we now obtain the structured Jordan canonical form for Σ_{p,q}- Hermitian matrices under general similarity transformations.

Theorem 9 Let C be a Σ_{p,q}-Hermitian matrix with pairwise different real eigenvalues α_1, . . ., α_ν and pairwise different eigenvalues λ_1, . . ., λ_μ, with positive imaginary parts. Then there exists a nonsingular matrix U such that

U^{−1}CU = diag(R^+_c , R^−_c , R_r), (21)

where the blocks are

R^+_c = diag(H_1(λ_1), . . ., H_μ(λ_μ)), R^−_c = diag(H_1(λ_1), . . ., H_μ(λ_μ)), R_r = diag(M_1(α_1), . . ., M_ν(α_ν )),

with substructures

H_k(λ_k) = λ_kI + H_k, H_k(λ_k) = λ_kI + H_k, H_k = diag(N_{pk,1} , . . ., N_{pk,sk} ),

for k = 1, . . ., μ, and M_k(α_k) = α_kI + M_k, M_k = diag(N_{qk,1}, . . .N_{qk,tk} ), for k = 1, . . ., ν. The matrix U has the form

U^HΣ_{p,q}U = 0 W_c 0 W^H_c 0 0 0 0 W_r , (22)

with W_c = diag(P̂_{H1} , . . ., P̂_{Hμ}) and W_r = diag(W^r_1 , . . ., W^r_ν ), where for k = 1, . . ., μ we have P̂_{Hk} = diag(P̂_{pk,1} , . . ., P̂_{pk,sk} ) and for k = 1, . . ., ν and Ind(α_k) = {π_{k,1}, . . ., π_{k,tk} } we have W^r_k = diag(π_{k,1}P̂_{qk,1} , . . ., π_{k,tk}P̂_{qk,tk} ).

Proof. For each nonreal eigenvalue λ_k with the corresponding Jordan structure H_k(λ_k), by Lemma 7 we can choose a matrix U_k such that

U^H_k Σ_{p,q}U_k = [ 0 P̂_{Hk} P̂ H_{Hk} 0 ] , CU_k = U_k diag(H_k(λ_k), H_k(λ_k)). (23)

Partition U_k = [U_{k,1}, U_{k,2}], where U_{k,1}, U_{k,2} have the same size and set

U_c = [U_{1,1}, . . ., U_{μ,1}; U_{1,2}, . . ., U_{μ,2}] = [U^c_1 ; U^c_2 ].

Note that the columns of U^c_1 , Σ_{p,q}U^c_2 and U^c_2 , Σ_{p,q}U^c_1 form bases of the right and left invariant subspaces corresponding to the two disjoint sets of eigenvalues {λ_1, . . ., λ_μ} and {λ_1, . . ., λ_μ}, respectively. By Proposition 2 and (23) we have

U^H_c Σ_{p,q}U_c = [ 0 W_c W^H_c 0 ] , CU = U diag(R^+_c , R^−_c ),

with W_c, R^+_c and R^−_c as asserted.

For each real eigenvalue α_k with the corresponding Jordan structure M_k(α_k), by Lemma 8 we can choose a matrix V_k such that V^H_k Σ_{p,q}V_k = diag(π_{k1}P̂_{qk,1} , . . ., π_{k,tk}P̂_{qk,tk} ), where Ind(α_k) = {π_{k,1}, . . ., π_{k,tk} } and CV_k = V_kM_k(λ_k). Set U_r = [V_1, . . ., V_ν], then by Proposition 2 we have U^H_r Σ_{p,q}U_r = W_r, CU_r = U_rR_r,

where W_r and R_r are of the asserted form and with U = [U_c, U_r] the result follows from Proposition 2.

The canonical form in Theorem 9 is just the classical Jordan canonical form, but the transformation matrix is constructed in such a way that it satisfies the relationship (22) associated with Σ_{p,q}. This is not quite what we want, since we would rather like to have that the transformation matrix is Σ_{p,q}-unitary. In order to obtain this we have to look at the structure in more detail. For this we need to use transformations with

Υ_r = √ 2 2 [ I_r −I_r I_r I_r ] , (24)

for which we have

Υ^H_r [ 0 I_r I_r 0 ] Υ_r = [ I_r 0 0 −I_r ] . We also need in the following the symmetric and skew symmetric part of Jordan blocks

N^+_r = 1 2 (N_r + N^T_r ), N^−_r = 1 2 (N_r − N^T_r ). and N^+_r (λ) = λI_r + N^+_r , N^−_r (λ) = λI_r + N^−_r .

By Lemma 7 and 8 we only need to analyse the structure of the left and right chains of root vectors corresponding to a pair of Jordan blocks N_r(λ), N_r(λ) for a nonreal λ and to a Jordan block N_r(α) for a real α. We first consider nonreal eigenvalues.

Lemma 10 Let C be a Σ_{p,q}-Hermitian matrix and let λ ∈ Λ(C) be nonreal. If N_r(λ) = λI+N_r is a Jordan block of C, then there exists a full rank matrix U such that

U^H Σ_{p,q}U = [ I_r 0 0 −I_r ] , CU = U [ N^+_r (Re λ) −N^−_r (i Im λ) −N^−_r (i Im λ) N^+_r (Re λ) ] . (25)

Proof. By Lemma 7 for the Jordan block N_r(λ), there exists a full rank matrix Û such that

Û^H Σ_{p,q}Û = [ 0 P̂_r P̂_r 0 ] , CÛ = Û diag(N_r(λ), N_r(λ)). Set Z_r = diag(I_r, P̂_r)Υ_r (26)

and let U = ÛZ_r. Using Proposition 3 we can easily verify that U satisfies (25).

The next lemma analyses the Jordan blocks associated with a real eigenvalue.

Lemma 11 Let C be a Σ_{p,q}-Hermitian matrix, let α ∈ Λ(C) be real. Let N_r(α) = αI + N_r be a Jordan block and let π ∈ Ind(α) be the structure inertia index associated with this Jordan block. Then there exists a full rank matrix U such that

U^H Σ_{p,q}U = [ I_s 0 0 −I_s ] , CU = U [ N^+_s (α) +^1_2 πe_se^H_s −N^−_s +^1_2 πe_se^H_s −N^−_s −^1_2 πe_se^H_s N^+_p (α) −^1_2 πe_se^H_s ] (27)

if r = 2s and

U^H Σ_{p,q}U =

I_s 0 0 0 π 0 0 0 −I_s , CU = U N^+_s (α) √ 2 2 e_s −N^−_s √ 2 2 πe^H_s α^{√2}_2 πe^H_s −N^−_s − √ 2 2 e_s N^+_s (α)

(28)

if r = 2s + 1.

Moreover, if C is real, then U can be chosen real.

Proof. By Lemma 8, for the Jordan block N_r(α) there exists a matrix Û such that Û H Σ_{p,q}Û = πP̂_r and CÛ = ÛN_r(α).

If r = 2s, then we form the partition

πP̂_r = [ 0 πP̂_s (πP̂_s)^H 0 ] , N_r(α) = [ N_s(α) e_se^H_1 0 N_s(α) ] . With Ẑ_r = diag(I_s, πP̂_s)Υ_s and U = ÛẐ_r, then a simple calculation yields (27).

If r = 2s + 1, then we form the partition

πP̂_r =

0 0 πP̂_s 0 π 0 (πP̂_s)^H 0 0 , Nr(α) = N_s(α) e_s 0 0 α e^H_1 0 0 N_s(α) .

With

Ẑ_r = [ I_{s+1} 0 0 πP̂_s ] √ 2 2 I_s 0 − √ 2 2 I_s 0 1 0 √ 2 2 I_s 0 √ 2 2 I_s and U = ÛẐ_r, then a simple calculation yields (28).

If C is real, by Lemma 8 Û can be chosen real and since in both cases Ẑ_r is real, U can be chosen real.

Combining Lemmas 10 and 11 we obtain the structured Jordan form of Σ_{p,q}-Hermitian matrices under Σ_{p,q}-unitary similarity transformations.

Theorem 12 Let C be a Σ_{p,q}-Hermitian matrix with pairwise different real eigenvalues α_1, . . ., α_ν and pairwise different eigenvalues λ_1, . . ., λ_μ, with positive imaginary parts. Then there exists a Σ_{p,q}-unitary matrix U such that

U^{−1}CU = R_c T_c R^+_r T_r −T^H_c R_c −T^H_r R^−_r . (29) For the blocks we have the following substructures.

i) The blocks with index c, associated with the nonreal eigenvalues, are R_c = diag(R^c_1, . . ., R^c_μ) and T_c = diag(T^c_1 , . . ., T^c_μ), where for k = 1, . . ., μ we have

R^c_k = diag(N^+_{pk,1}(Re λ_k), . . ., N^+_{pk,sk} (Re λ_k)), T^c_k = − diag(N^−_{pk,1}(i Im λ_k), . . ., N^−_{pk,sk} (i Im λ_k)).

ii) The blocks with index r, associated with the real eigenvalues are

R^+_r = diag(C_1, . . ., C_ν), R^−_r = diag(D_1, . . ., D_ν), T_r = diag(F_1, . . ., F_ν). For k = 1, . . ., ν these have the substructures

C_k = diag(C^e_k, C^+_k , C^−_k ), D_k = diag(D^e_k, D^+_k , D^−_k ), F_k = diag(F^e_k , F^+_k , F^−_k ), where

C^e_k = diag(N^+_{qk,1} (α_k) + 1 2 π_{k,1}e_{qk,1} e^H_{qk,1} , . . ., N^+_{qk,tk} (α_k) + 1 2 π_{k,tk} e_{qk,tk} e^H_{qk,tk} ), D^e_k = diag(N^+_{qk,1} (α_k) − 1 2 π_{k,1}e_{qk,1} e^H_{qk,1} , . . ., N^+_{qk,tk} (α_k) − 1 2 π_{k,tk} e_{qk,tk} e^H_{qk,tk} ), F^e_k = diag(−N^−_{qk,1} + 1 2 π_{k,1}e_{qk,1} e^H_{qk,1} , . . ., −N^−_{qk,tk} + 1 2 π_{k,tk} e_{qk,tk} e^H_{qk,tk} ), C^+_k = diag( N^+u^{k,1} (αk) √ 2 2 e_{uk,1} √ 2 2 e^H_{uk,1} α_k , . . ., N + u_{k,wk} (αk) √ 2 2 e_{uk,wk} √ 2 2 e^H_{uk,wk} α_k ), D^+_k = diag(N^+_{uk,1} (α_k), . . ., N^+_{uk,wk} (α_k)),

F^+_k = diag( [ −N^−_{uk,1} √ 2 2 e_{uk,1} ] , . . ., [ −N^−_{uk,wk} √ 2 2 e_{uk,wk} ] ); C^−_k = diag(N^+_{vk,1} (α_k), . . ., N^+_{vk,zk} (α_k)),

D^−_k = diag( αk − √ 2 2 e^H_{vk,1} −^{√2}_2 e_{vk,1} N^+_{vk,1} (α_k) , . . ., αk − √ 2 2 e^H_{vk,zk} −^{√2}_2 e_{vk,zk} N^+_{vk,zk} (α_k) ),

F^−_k = diag([ √ 2 2 e_{vk,1} , −N^−_{vk,1} ], . . ., [ √ 2 2 e_{vk,zk} , −N^−_{vk,zk} ]).

Here each nonreal λ_k (λ_k) has s_k Jordan blocks of sizes p_{k,1}, . . ., p_{k,sk} and each real eigenvalue α_k has

a) t_k even sized Jordan blocks of sizes 2q_{k,1}, . . ., 2q_{k,tk} and the corresponding structure inertia indices π_{k,1}, . . ., π_{k,tk} ;

b) w_k odd sized Jordan blocks of sizes 2u_{k,1}+1, . . ., 2u_{k,wk} +1, corresponding to the structure inertia index 1;

c) z_k odd sized Jordan blocks of sizes 2v_{k,1} +1, . . ., 2v_{k,zk} +1, corresponding to the structure inertia index −1.

Proof. Let λ_k be a nonreal eigenvalue with associated Jordan structure λ_kI + H_k, where H_k = diag(N_{pk,1} , . . ., N_{pk,sk} ). By Lemma 7 we can determine a matrix Û such that CÛ_k = Û_k diag(N_{pk,1}(λ_k), N_{pk,1}(λ_k), . . ., N_{pk,sk} (λ_k), N_{pk,sk} (λ_k)) and Û^H_k Σ_{p,q}Û_k = diag( [ 0 P̂_{pk,1} P̂ H_{pk,1} 0 ] , . . ., [ 0 P̂_{pk,sk} P̂ H_{pk,sk} 0 ] ). In fact this form is obtained by an appropriate permutation applied simultaneously to the equations in Lemma 7. Partition Û_k = [Û_{k,1}, . . ., Û_{k,sk} ], where for j = 1, . . ., s_k the part Û_{k,j} has 2p_{k,j} columns. Applying Lemma 10 to each diagonal block composed from the pair N_{pk,j} (λ_k), N_{pk,j} (λ_k) we obtain that for each U_{k,j} = Û_{k,j}Z_{pk,j} , with Z_{pk,j} as in (26), we have U^H_{k,j}Σ_{p,q}U_{k,j} = [ I_{pk,j} 0 0 −I_{pk,j} ] , CU_{k,j} = U_{k,j} [ N^+_{pk,j} (Re λ_k) −N^−_{pk,j} (i Im λ_k) −N^−_{pk,j} (i Im λ_k) N^+_{pk,j} (Re λ_k) ] . Partition U_{k,j} = [V_{k,j}, W_{k,j}], with V_{k,j} and W_{k,j} of the same dimensions and set U_k = [V_{k,1}, . . ., V_{k,sk} |W_{k,1}, . . ., W_{k,sk} ], then a simple calculation yields

U^H_k Σ_{p,q}U_k = [ I_{mk} 0 0 −I_{mk} ] , CU_k = U_k [ R^c_k T^c_k −(T^c_k )^H R^c_k ] , where m_k = ∑s_k j=1 p_{k,j}. Let m = ∑μ k=1 m_k and partition U_k = [V_k, W_k], where V_k and W_k have the same dimensions. Let

V_c = [V_1, . . ., V_μ], W_c = [W_1, . . ., W_μ], U_c = [V_c, W_c].

Then by the invariant subspace property in Proposition 2 we obtain

U^H_c Σ_{p,q}U_c = [ I_m 0 0 −I_m ] , CU_c = U_c [ R_c T_c −T^H_c R_c ] . (30)

Similarly let α_k be a real eigenvalue with associated even sized Jordan blocks of sizes 2q_{k,1}, . . ., 2q_{k,tk} and associated odd sized Jordan blocks of sizes 2u_{k,1}+1, . . ., 2u_{k,wk} +1 and 2v_{k,1} + 1, . . ., 2v_{k,zk} + 1 corresponding to the structure inertia indices 1 and −1, respectively. By Lemma 8 and Lemma 11 for each even block there is a matrix Û^e_{k,j} such that

(Û^e_{k,j})^HΣ_{p,q}Û^e_{k,j} = [ I_{qk,j} 0 0 −I_{qk,j} ] , CÛ^e_{k,j} = Û^e_{k,j} [ N^+_{qk,j} (α_k) +^1_2 π_{k,j} e_{qk,j} e^H_{qk,j} −N^−_{qk,j} +^1_2 π_{k,j} e_{qk,j} e^H_{qk,j} −N^−_{qk,j} −^1_2 π_{k,j} e_{qk,j} e^H_{qk,j} N^+_{qk,j} (α_k) −^1_2 π_{k,j}e_{qk,j} e^H_{qk,j} ] . For each odd sized Jordan block we have two cases. If the structure inertia index is 1 then there exists a matrix Û^+_{k,j} such that

(Û^+_{k,j} )^HΣ_{p,q}Û^+_{k,j} = [ I_{uk,j +1} 0 0 −I_{uk,j} ] , CÛ^+_{k,j} = Û^+_{k,j} N^+_{uk,j} (α_k)^{√2}_2 e_{uk,j} −N^−_{uk,j} √ 2 2 e^H_{uk,j} α_k √ 2 2 e^H_{uk,j} −N^−_{uk,j} − √ 2 2 e_{uk,j} N^+_{uk,j} (α_k) .

If the structure inertia index is −1, then there exists a matrix Û^−_{k,j} such that

(Û^−_{k,j})^HΣ_{p,q}Û^−_{k,j} = [ I_{vk,j} 0 0 −I_{vk,j +1} ] , CÛ^−_{k,j} = Û^−_{k,j} N^+_{vk,j} (α_k) √ 2 2 e_{vk,j} −N^−_{vk,j} −^{√2}_2 e^H_{vk,j} α_k −^{√2}_2 e^H_{vk,j} −N^−_{vk,j} − √ 2 2 e_{vk,j} N^+_{vk,j} (α_k) .

Partition Û^e_{k,j} = [V^e_{k,j}, W^e_{k,j}] with V^e_{k,j}, W^e_{k,j} having the same number of columns, partition Û^+_{k,j} = [V^+_{k,j}, W^+_{k,j}], where V^+_{k,j} has u_{k,j} + 1 columns and W^+_{k,j} has u_{k,j} columns and partition Û^−_{k,j} = [V^−_{k,j}, W^−_{k,j}], where V^−_{k,j} has v_{k,j} columns and W^−_{k,j} has v_{k,j} + 1 columns. Set V_k = [V^e_{k,1}, . . ., V^e_{k,tk} |V^+_{k,1}, . . ., V^+_{k,wk} |V^−_{k,1}, . . ., V^−_{k,zk} ], W_k = [W^e_{k,1}, . . ., W^e_{k,tk} |W^+_{k,1}, . . ., W^+_{k,wk} |W^−_{k,1}, . . ., W^−_{k,zk} ] and U_k = [V_k, W_k]. Then a simple calculation yields

U^H_k Σ_{p,q}U_k = [ I_{nk,1} 0 0 −I_{nk,2} ] , CU_k = U_k [ C_k F_k −F^H_k D_k ] , where n_{k,1} = w_k + ∑t_k l=1 q_{k,l} + ∑w_k l=1 u_{k,l} + ∑z_k l=1 v_{k,l} and n_{k,2} = z_k + ∑t_k l=1 q_{k,l} + ∑w_k l=1 u_{k,l} + ∑z_k l=1 v_{k,l}. Set n_1 = ∑ν k=1 n_{k,1}, n_2 = ∑ν k=1 n_{k,2}. Then with

V_r = [V_1, . . ., V_ν], W_r = [W_1, . . ., W_ν], U_r = [V_r, W_r]

we have

U^H_r Σ_{p,q}U_r = [ I_{n1} 0 0 −I_{n2} ] , CU_r = U_r [ R^+_r T_r −T^H_r R^−_r ] , (31)

Finally set U = [V_c, V_r|W_c, W_r], then by Proposition 2 and by above construction we have U^HΣ_{p,q}U = [ I_{m+n1} 0 0 −I_{m+n2} ] . Since U is nonsingular it follows that U^HΣ_{p,q}U is congruent to Σ_{p,q} and hence m + n_1 = p, m + n_2 = q and U^H Σ_{p,q}U = Σ_{p,q}. Equation (29) then follows from (30) and (31).

Remark 3 The difference between the structured canonical form of Theorems 9 and 12 is that in order to get a Σ_{p,q}-unitary transformation matrix we need to refine further and combine different blocks together. This leads to a loss in structure in the Jordan canonical form, which becomes more complicated, but shows that the classical Jordan canonical form somehow obscures the extra structure in the chains of root vectors.

Remark 4 By the structured Jordan from we immediately obtain the following relationships p = μ∑ k=1 s_k∑ j=1 p_{k,j} + ν∑ k=1 (w_k + t_k∑ j=1 q_{k,j} + w_k∑ j=1 u_{k,j} + z_k∑ j=1 v_{k,j}),

q = μ∑ k=1 s_k∑ j=1 p_{k,j} + ν∑ k=1 (z_k + t_k∑ j=1 q_{k,j} + w_k∑ j=1 u_{k,j} + z_k∑ j=1 v_{k,j} ),

|p − q| = | ν∑ k=1 (w_k − z_k)|. (32)

These relationship show that the parameters p, q will affect the eigenstructure of C. For example, we get in the case q = 0 that C is unitarily similar to a real diagonal matrix. Another direct consequence is that for a real eigenvalue the largest size of the associated Jordan block is not larger than 2 min{p, q} + 1, and for a nonreal eigenvalue the largest size of the associated Jordan block is not larger than min{p, q}. Furthermore, it is clear that if |p − q| ≠ 0, then C must have real eigenvalues with at least |p − q| odd sized Jordan blocks.

In the case of a real matrix we can obtain real structured canonical forms under real Σ_{p,q}-orthogonal similarity transformations combining blocks associated with pairs of complex conjugate eigenvalues. Note that for real eigenvalues based on Lemma 8 and 11 we have already real canonical forms. Hence we only need to consider the Jordan structure associated with nonreal eigenvalues. Parallel to the complex case we only need to set up the real forms as in Lemma 7 and 10. Before we do this we need some further notation. Let Ψ_{2r} = [e_1, e_{r+1}, e_2, e_{r+2}, . . ., e_r, e_{2r}], Φ_{2r} = diag(Φ_2, Φ_2, . . ., Φ_2 r ), (33)

where

Φ_2 = √ 2 2 [ 1 −i 1 i ] . Then the following properties hold, see [14].

Lemma 13 If A = [a_{i,j}] ∈ C^{r×r}, then

(Ψ_{2r}Φ_{2r})^H [ A 0 0 A ] (Ψ_{2r}Φ_{2r}) = B =: [B_{ij} ],

where for i, j = 1, . . ., r the blocks are B_{ij} = [ Re a_{ij} Im a_{ij} − Im a_{ij} Re a_{ij} ]

and if U ∈ C^{n×r}, then [U, U]Ψ_{2r}Φ_{2r} is a real matrix.

For a nonreal eigenvalue λ ∈ Λ(C) set Λ = [ Re λ Im λ − Im λ Re λ ] and for a real 2 × 2 matrix A

we set

N_r(A) = I_r ⊗ A + N_r ⊗ I_2 = A I_2 ... ... ... I_2 A .

In particular we denote by N_r(Λ) the real Jordan block of C corresponding to the eigenvalues λ and λ. Similarly for N = diag(N_{r1}, . . ., N_{rs}) we set

N(Λ) = diag(N_{r1} (Λ), . . ., N_{rs}(Λ))

and with the 2 × 2 zero matrix 0_2 we set

N^+_r (0_2) = 1 2 (N_r(0_2) + N_r(0_2)^T ), N^−_r (0_2) = 1 2 (N_r(0_2) − N_r(0_2)^T ),

and analogously

N^+_r (A) = I_r ⊗ A + N^+_r (0_2), N^−_r (A) = I_r ⊗ A + N^−_r (0_2)

for a real 2 × 2 matrix A.

Lemma 14 Let C be a real Σ_{p,q}-symmetric matrix and let λ ∈ Λ(C) be nonreal. If N(λ) = λI +N, where N = diag(N_{r1} , . . ., N_{rs}), is the Jordan structure corresponding to the eigenvalue λ, then there exists a real full rank matrix U such that

U^T Σ_{p,q}U = P̂_N ⊗ Σ_{1,1} = diag(P̂_{r1} ⊗ Σ_{1,1}, . . ., P̂_{rs} ⊗ Σ_{1,1}), CU = UN(Λ). (34)

Proof. By Lemma 7, if C is real, then there exists a matrix Û = [V, V ] such that

Û^HΣ_{p,q}Û = [ 0 P̂_N P̂ H_N 0 ] , CÛ = Û [ N(λ) 0 0 N(λ) ] . Partition V = [V_1, . . ., V_s], where for k = 1, . . ., s, V_k has r_k columns. Let Ṽ_k = [V_k, V_k] and set Ũ = [Ṽ_1, . . ., Ṽ_s], then

Ũ^H Σ_{p,q}Ũ = diag( [ 0 P̂_{r1} P̂ H_{r1} 0 ] , . . ., [ 0 P̂_{rs} P̂ H_{rs} 0 ] ), CŨ = Ũ diag( [ N_{r1} (λ) 0 0 N_{r1} (λ) ] , . . ., [ N_{rs}(λ) 0 0 N_{rs}(λ) ] ). Setting U = Ũ diag(Ψ_{2r1} Φ_{2r1} , . . ., Ψ_{2rs}Φ_{2rs}) it follows by Lemma 13 that U is real and satisfies (34).

The nonreal eigenvalues of a complex Σ_{p,q}-Hermitian matrix are already coupled in conjugate pairs. But in the real case Lemma 14 shows that the root vectors have additional structure.

Lemma 15 Let C be a real Σ_{p,q}-symmetric matrix and let λ ∈ Λ(C) be nonreal. Let Λ = [ Re λ Im λ − Im λ Re λ ] and let N_r(Λ) be a real Jordan block of C. Then there exists a real full rank

matrix U such that

U^T Σ_{p,q}U = [ I_r 0 0 −I_r ] , CU = U [ A_1 B −B^T A_2 ] , (35)

where we have the following two cases.

i) If r = 2s, then

A_1 = N^+_s ((Re λ)I_2) + E_r, A_2 = N^+_s ((Re λ)I_2) − E_r, B = −N^−_s ((Im λ)J_1) + E_r,

with E_r =^1_2 [ 0 0 0 Σ_{1,1} ] . ii) If r = 2s + 1, then

A_1 = [ N^+_s ((Re λ)I_2)^{√2}_2 e_{r−2} √ 2 2 e^T_{r−2} Re λ ] , A_2 = [ N^+_s ((Re λ)I_2)^{√2}_2 e_{r−1} √ 2 2 e^T_{r−1} Re λ ] ,

B = [ −N^−_s ((Im λ)J_1) − √ 2 2 e_{r−1} √ 2 2 e^T_{r−2} − Im λ ] ,

where J_1 = [ 0 1 −1 0 ] .

Proof. By Lemma 14 for a real Jordan block there exists a real matrix Û such that

Û^T Σ_{p,q}Û = P̂_r ⊗ Σ_{1,1}, CÛ = ÛN_r(Λ).

i) If r = 2s, then we partition

Û^T Σ_{p,q}Û = [ 0 P̂_s ⊗ Σ_{1,1} P̂_s ⊗ Σ_{1,1} 0 ] , N_r(Λ) =

N_s(Λ) 0 0 I_2 0 0 N_s(Λ)

and we can easily verify that

(P̂_s ⊗ Σ_{1,1})^{−1} = P̂_s ⊗ Σ_{1,1} = (P̂_s ⊗ Σ_{1,1})^T , (P̂_s ⊗ Σ_{1,1})^T (N_s(Λ))(P̂_s ⊗ Σ_{1,1}) = (N_s(Λ))^T .

Let U = Û diag(I_r, P̂_s ⊗ Σ_{1,1})Υ_r, where Υ_r is defined in (24). Then U is real and we have (35).

ii) If r = 2s + 1, then we partition

Û^T Σ_{p,q}Û =

0 0 P̂_s ⊗ Σ_{1,1} 0 Σ_{1,1} 0 P̂_s ⊗ Σ_{1,1} 0 0 , Nr(Λ) = N_s(Λ) 0 I_2 0 0 Λ I_2 0 0 0 N_s(Λ) .

Setting U = Û diag(I_{r+1}, P̂_s ⊗ Σ_{1,1}) √ 2 2 I_{r−1} 0 −^{√2}_2 I_{r−1} 0 0 1 0 0 0 0 0 −1 √ 2 2 I_{r−1} 0 √ 2 2 I_{r−1} 0

, it follows that U is real

and we obtain (35).

Combining Lemmas 8, 11, 14 and15, we obtain the real versions of Theorems 9 and 12.

Theorem 16 Let C be a real Σ_{p,q}-symmetric matrix with pairwise different real eigenvalues α_1, . . ., α_ν and pairwise different eigenvalues λ_1, . . ., λ_μ, with positive imaginary parts.

Then there exists a real full rank matrix U such that

U^{−1}CU = diag(R_c, R_r),

where R_c = diag(H_1(Λ_1), . . ., H_μ(Λ_μ))

and for k = 1, . . ., μ the subblocks are H_k(Λ_k) = diag(N_{pk,1} (Λ_k), . . ., N_{pk,sk} (Λ_k)) with Λ_k = [ Re λ_k Im λ_k − Im λ_k Re λ_k ] . The other diagonal block is

R_r = diag(M_1(α_1), . . ., M_ν(α_ν )),

where for k = 1, . . ., ν the subblocks are M_k(α_k) = α_kI +M_k with M_k = diag(N_{qk,1} , . . .N_{qk,tk} ). The matrix U has the form

U^T Σ_{p,q}U = [ W_c 0 0 W_r ] , where W_c = diag(P̂_{H1} ⊗ Σ_{1,1}, . . ., P̂_{Hμ} ⊗ Σ_{1,1}), W_r = diag(W^r_1 , . . ., W^r_ν ), and where for k = 1, . . ., μ we have P̂_{Hk} = diag(P̂_{pk,1} , . . ., P̂_{pk,sk} ) and for Ind(α_k) = {π_{k,1}, . . ., π_{k,tk} } and k = 1, . . ., ν we have W^r_k = diag(π_{k,1}P̂_{qk,1} , . . ., π_{k,tk}P̂_{qk,tk} ). Proof. The proof is similar to the proof of Theorem 9.

The real structured Jordan canonical form under real Σ_{p,q}-orthogonal matrices is also obtained analogously.

Theorem 17 Let C be a real Σ_{p,q}-symmetric matrix with pairwise different real eigenvalues α_1, . . ., α_ν and pairwise different eigenvalues λ_1, . . ., λ_μ with positive imaginary parts. Then there exists a real Σ_{p,q}-orthogonal matrix U, such that

U^{−1}CU = R^+_c T_c

R^+_r T_r −T^T_c R^−_c −T^T_r R^−_r . (36)

i) The blocks with index c, associated with nonreal eigenvalues, are R^+_c = diag(A_1, . . ., A_μ), R^−_c = diag(B_1, . . ., B_μ) and T_c = diag(T^c_1 , . . ., T^c_μ), where for k = 1, . . ., μ we have

A_k = diag(A^e_k, A^o_k), B_k = diag(B^e_k, B^o_k), T^c_k = diag(T^e_k , T^o_k ), A^e_k = diag(N^+_{pk,1} ((Re λ_k)I_2) + E_{k,1}, . . ., N^+_{pk,sk} ((Re λ_k)I_2) + E_{k,sk} ),

B^e_k = diag(N^+_{pk,1} ((Re λ_k)I_2) − E_{k,1}, . . ., N^+_{pk,sk} ((Re λ_k)I_2) − E_{k,sk} ), T^e_k = − diag(N^−_{pk,1} ((Im λ_k)J_1) − E_{k,1}, . . ., N^−_{pk,sk} ((Im λ_k)J_1) − E_{k,sk} ),

A^o_k = diag( N + l_{k,1} ((Re λk)I2) √ 2 2 e_{2lk,1−1} √ 2 2 e^T_{2lk,1−1} Re λ_k , . . ., N^+_{lk,xk} ((Re λ_k)I_2)^{√2}_2 e_{2lk,xk −1} √ 2 2 e^T_{2lk,xk −1} Re λ_k ),

B^o_k = diag( N + l_{k,1} ((Re λk)I2) √ 2 2 e_{2lk,1} √ 2 2 e^T_{2lk,1} Re λ_k , . . ., N^+_{lk,xk} ((Re λ_k)I_2) √ 2 2 e_{2lk,xk} √ 2 2 e^T_{2lk,xk} Re λ_k ),

T^o_k = diag( −N − l_{k,1} ((Im λk)J1) − √ 2 2 e_{2lk,1} √ 2 2 e^T_{2lk,1−1} − Im λ_k , . . ., −N^−_{lk,xk} ((Im λ_k)J_1) − √ 2 2 e_{2lk,xk} √ 2 2 e^T_{2lk,xk −1} − Im λ_k ),

with E_{k,j} =^1_2 [ 0 0 0 Σ_{1,1} ] . ii) The blocks with index r, associated with real eigenvalues, are

R^+_r = diag(C_1, . . ., C_ν), R^−_r = diag(D_1, . . ., D_ν), T_r = diag(F_1, . . ., F_ν).

These have for k = 1, . . ., ν the substructures

C_k = diag(C^e_k, C^+_k , C^−_k ), D_k = diag(D^e_k, D^+_k , D^−_k ), F_k = diag(F^e_k , F^+_k , F^−_k ),

where

C^e_k = diag(N^+_{qk,1} (α_k) + 1 2 π_{k,1}e_{qk,1} e^T_{qk,1} , . . ., N^+_{qk,tk} (α_k) + 1 2 π_{k,tk} e_{qk,tk} e^T_{qk,tk} ), D^e_k = diag(N^+_{qk,1} (α_k) − 1 2 π_{k,1}e_{qk,1} e^T_{qk,1} , . . ., N^+_{qk,tk} (α_k) − 1 2 π_{k,tk} e_{qk,tk} e^T_{qk,tk} ), F^e_k = diag(−N^−_{qk,1} + 1 2 π_{k,1}e_{qk,1} e^T_{qk,1} , . . ., −N^−_{qk,tk} + 1 2 π_{k,tk} e_{qk,tk} e^T_{qk,tk} ), C^+_k = diag( N^+u^{k,1} (αk) √ 2 2 e_{uk,1} √ 2 2 e^T_{uk,1} α_k , . . ., N^+_{uk,wk} (α_k)^{√2}_2 e_{uk,wk} √ 2 2 e^T_{uk,wk} α_k ), D^+_k = diag(N^+_{uk,1} (α_k), . . ., N^+_{uk,wk} (α_k)),

F^+_k = diag( [ −N^−_{uk,1} √ 2 2 e_{uk,1} ] , . . ., [ −N^−_{uk,wk} √ 2 2 e_{uk,wk} ] ); C^−_k = diag(N^+_{vk,1} (α_k), . . ., N^+_{vk,zk} (α_k)),

D^−_k = diag( αk − √ 2 2 e^T_{vk,1} − √ 2 2 e_{vk,1} N^+_{vk,1} (α_k) , . . ., α_k −^{√2}_2 e^T_{vk,zk} − √ 2 2 e_{vk,zk} N^+_{vk,zk} (α_k) ),

F^−_k = diag([ √ 2 2 e_{vk,1} , −N^−_{vk,1} ], . . .[ √ 2 2 e_{vk,zk} , −N^−_{vk,zk} ]). Each λ_k (λ_k) has s_k even sized Jordan blocks of sizes 2p_{k,1}, . . ., 2p_{k,sk} , and x_k odd sized Jordan blocks of sizes 2l_{k,1} + 1, . . ., 2l_{k,xk} + 1.

For each real eigenvalue α_k there are a) t_k even sized Jordan blocks of sizes 2q_{k,1}, . . ., 2q_{k,tk} corresponding to the structure inertia indices π_{k,1}, . . ., π_{k,tk} ; b) w_k odd sized Jordan blocks of sizes 2u_{k,1} +1, . . ., 2u_{k,wk} +1 corresponding to the structure inertia index 1;

c) z_k odd sized Jordan blocks of sizes 2v_{k,1} + 1, . . ., 2v_{k,zk} + 1 corresponding to the structure inertia index −1.

Proof. The proof is analogous to the proof of Theorem 12.

In this section we have obtained real and complex structured Jordan canonical forms for Σ_{p,q}-Hermitian matrices. In the next section we obtain analogous results for Σ_{p,q}-skew Hermitian matrices.

4 �p,q-skew Hermitian matrices

In this section we discuss structured Jordan canonical forms for Σ_{p,q}-skew Hermitian matrices. The construction is similar to that for Σ_{p,q}-Hermitian matrices discussed in Section 3 and therefore we can omit much of the detail. The essential difference is that the role of the real eigenvalues is now taken by the purely imaginary eigenvalues.

But let us first discuss Jordan structures associated with eigenvalues that are not purely imaginary.

Lemma 18 Let C be a Σ_{p,q}-skew Hermitian matrix and let λ ∈ Λ(C) have nonzero real part. Let N(λ) = λI + N with N = diag(N_{r1} , . . ., N_{rs}) be the Jordan structure associated with λ and let P_N be as in (6). Then there exists a full rank matrix U such that

U^H Σ_{p,q}U = [ 0 P_N P^H_N 0 ] , CU = U [ N(λ) 0 0 N(−λ) ] . Furthermore, −λ ∈ Λ(C) and has the same algebraic and geometric multiplicity as λ.

In the case that C is real, we have two cases. If λ is real nonzero, then there exists a real full rank matrix U such that

U^T Σ_{p,q}U = [ 0 P_N P^T_N 0 ] , CU = U [ N(λ) 0 0 N(−λ) ]

and if λ is nonreal, then there exists a real full rank matrix U such that

U^T Σ_{p,q}U = [ 0 P_N ⊗ Σ_{1,1} P^T_N ⊗ Σ_{1,1} 0 ] , CU = U [ N(Λ) 0 0 N(−Λ) ] ,

with Λ = [ Re λ Im λ − Im λ Re λ ] . Proof. By hypothesis there exists a full rank matrix U_1 such that

CU_1 = U_1N(λ). (37)

Since C is Σ_{p,q}-skew Hermitian, we have C^H = −Σ_{p,q}CΣ_{p,q}. Substituting this into the conjugate transpose of (37) we obtain

U^H_1 Σ_{p,q}C = −N(λ)^HU^H_1 Σ_{p,q}. (38)

Now since Re λ ≠ 0, we have −λ ≠ λ and as in the proof of Lemma 7 for the Σ_{p,q}-Hermitian case we obtain −λ ∈ Λ(C), and that −λ and λ have the same algebraic and geometric multiplicities.

Let U_2 be a full rank matrix such that

CU_2 = U_2N(−λ). (39)

Then U^H_2 Σ_{p,q}C = −N(−λ)^H U^H_2 Σ_{p,q} (40) and we have U^H_1 Σ_{p,q}U_1 = 0, U^H_2 Σ_{p,q}U_2 = 0, det(U^H_1 Σ_{p,q}U_2) ≠ 0. (41) Premultiplying (39) with U^H_1 Σ_{p,q} and postmultiplying (38) with U_2, we obtain

(U^H_1 Σ_{p,q}U_2)N(−λ) = −N(λ)^H(U^H_1 Σ_{p,q}U_2).

Since P_N N^HP^H_N = −N, we have P_N (−N(λ)^H)P^H_N = N(−λ) and therefore P^H_N (U^H_1 Σ_{p,q}U_2) and N(−λ) commute, or equivalently,

N(−λ)(P^H_N (U^H_1 Σ_{p,q}U_2))^{−1} = (P^H_N (U^H_1 Σ_{p,q}U_2))^{−1}N(−λ). (42)

Let U = [U_1, U_2(U^H_1 Σ_{p,q}U_2)^{−1}P_N ], then from (41) we have U^H Σ_{p,q}U = [ 0 P_N P^H_N 0 ] and by

(37), (39), (42) we obtain CU = U diag(N(λ), N(−λ)).

If C is real and λ is real then U_1, U_2 can be chosen real and hence U is real. If λ is nonreal then from (37) and (39), we obtain

CU_1 = U_1N(λ), CU_2 = U_2N(−λ),

which implies that λ, −λ ∈ Λ(C) have the same algebraic and geometric multiplicities as λ. Since Re λ, Im λ ≠ 0, the four eigenvalues λ, λ, −λ and −λ are pairwise distinct. Let Û_2 = U_2(U H_1 Σ_{p,q}U_2)−1P_N and set Û = [U_1, U_1, Û_2, Û_2]. Then by the invariant subspace property of Proposition 2 we obtain

Û^H Σ_{p,q}Û = P_N P_N P^H_N P^H_N , CÛ = Û = N(λ) N(λ) N(−λ) N(−λ) .

Let U = Û diag(ΨΦ, ΨΦ) with Ψ, Φ as in (33), then by Lemma 13, U is real and we can easily verify that

U^T Σ_{p,q}U = [ 0 P_N ⊗ Σ_{1,1} P^T_N ⊗ Σ_{1,1} ] , CU = U [ N(Λ) 0 0 N(−Λ) ] .

While in the Σ_{p,q}-Hermitian case difficulties arise from the real eigenvalues, here the purely imaginary eigenvalues are causing difficulties. The characterization of the Jordan structure for the purely imaginary eigenvalues is given in the following Lemma analogous to Lemma 11.

Lemma 19 Let C be a Σ_{p,q}-skew Hermitian matrix and let σ ∈ Λ(C) be purely imaginary. Let N(σ) = σI + N with N = diag(N_{r1} , . . ., N_{rs}) be the Jordan structure associated with σ. Then there exists a full rank matrix U such that U^H Σ_{p,q}U = diag(π_1P_{r1} , . . ., π_sP_{rs} ), CU = UN(σ), with π_k ∈ {±i} for even r_k and π_k ∈ {±1} for odd r_k.

If C is real then there are again two cases.

i) If σ is zero then there exists a real matrix U such that

U^T Σ_{p,q}U = diag(π_1P_{2u1+1}, . . ., π_aP_{2ua+1}, [ 0 P_{2v1} P^T_{2v1} 0 ] , . . ., [ 0 P_{2vb} P^T_{2vb} 0 ] ), CU = UN = U diag(N_{2u1+1}, . . ., N_{2ua+1}, N_{2v1}, N_{2v1}, . . ., N_{2vb}, N_{2vb}). This implies that for zero eigenvalues the number of even sized Jordan blocks must be even and the corresponding structure inertia indices must occur in i, −i pairs.

ii) If σ is nonzero then there exists a real matrix V such that

V^T Σ_{p,q}V = diag(P_{r1} ⊗ Ξ_1, . . ., P_{rs} ⊗ Ξ_s), CV = V N((Im σ)J_1),

where Ξ_k = π_kI_2 if r_k is odd and Ξ_k = (Im π_k)J_1 if r_k is even.

Proof. Let the columns of U_1 be the chains of root vectors corresponding to σ. Then we have (37) and (38), by replacing λ with σ. Since σ is purely imaginary, U_1 and Σ_{p,q}U_1 are the bases of the right and left invariant subspaces of C corresponding to σ. By Proposition 2 we have det(U^H_1 Σ_{p,q}U_1) ≠ 0. Premultiplying (37) by U^H_1 Σ_{p,q} and postmultiplying (38) by U_1 we obtain U^H_1 Σ_{p,q}CU_1 = (U^H_1 Σ_{p,q}U_1)N(σ) = −N(σ)^H(U^H_1 Σ_{p,q}U_1), which implies that (U^H_1 Σ_{p,q}U_1)N = −N^H(U^H_1 Σ_{p,q}U_1).

Note that U^H_1 Σ_{p,q}U_1 is Hermitian and nonsingular. Thus, we can apply Theorem 6 i) and hence there exists a nonsingular matrix Y ∈ G(N) such that

(U_1Y )^H Σ_{p,q}(U_1Y ) = diag(π_1P_{r1} , . . ., π_sP_{rs} )

Set U = U_1Y , then

CU = CU_1Y = U_1N(σ)Y = U_1Y N(σ) = UN(σ)

and U is as required.

Now consider the case that C is real.

i) If σ = 0, then clearly U_1 can be chosen real and as before we can apply Theorem 6 i) which yields the assertion.

ii) If σ is nonzero then we also have U^H Σ_{p,q}U = diag(π_1P_{r1} , . . ., π_sP_{rs} ), CU = UN(σ).

Set V = [U, U]ΨΦ. Then, since σ ≠ σ, we have

Φ^H_2 diag(π_k, π_k)Φ_2 = { π_kI_2 if r_k is odd (Im π_k)J_1 if r_k is even

and by Lemma 13 we obtain that V is real and as desired.

We can combine Lemmas 18 and 19 to obtain the structured Jordan canonical form for Σ_{p,q}-skew Hermitian matrices.

Theorem 20 Let C be a Σ_{p,q}-skew Hermitian matrix with pairwise different purely imaginary eigenvalues σ_1, . . ., σ_ν and pairwise different eigenvalues λ_1, . . ., λ_μ with positive real parts. Then there exists a nonsingular matrix U such that

U^{−1}CU = diag(R^+_c , R^−_c , R_g), (43)

i) The diagonal blocks with index c, associated with eigenvalues not on the imaginary axis, are R^+_c = diag(H_1(λ_1), . . ., H_μ(λ_μ)), R^−_c = diag(H_1(−λ_1), . . ., H_μ(−λ_μ)),

where for k = 1, . . ., μ we have H_k(λ_k) = λ_kI + H_k, H_k(−λ_k) = −λ_kI + H_k H_k = diag(N_{pk,1}, . . ., N_{pk,sk} ). ii) The block R_g, associated with purely imaginary eigenvalues, has the form

R_g = diag(M_1(σ_1), . . ., M_ν(σ_ν)),

where M_k(σ_k) = σ_kI + M_k and for k = 1, . . ., ν we have M_k = diag(N_{qk,1} , . . .N_{qk,tk} ).

The matrix U has the form

U^H Σ_{p,q}U =

0 W_c 0 W^H_c 0 0 0 0 W_g , (44) where W_c = diag(P_{H1} , . . ., P_{Hμ}), W_g = diag(W^g_1 , . . ., W^g_ν ), and for k = 1, . . ., μ we have P_{Hk} = diag(P_{pk,1} , . . ., P_{pk,sk} ), and with Ind(σ_k) = {π_{k,1}, . . ., π_{k,tk} } for k = 1, . . ., ν we have W^g_k = diag(π_{k,1}P_{qk,1} , . . ., π_{k,tk} P_{qk,tk} ). Proof. The proof is analogous to that for Theorem 9, using Lemmas 18 and 19 instead of Lemma 7 and 8, respectively.

For real matrices under nonstructured similarity transformation we obtain the following canonical form.

Theorem 21 Let C be a real Σ_{p,q}-skew symmetric matrix with pairwise different nonzero purely imaginary eigenvalues σ_1, . . ., σ_ν with positive imaginary parts, pairwise different eigenvalues λ_1, . . ., λ_μ with positive real and imaginary parts and pairwise different real positive eigenvalues α_1, . . ., α_η. (Note that the spectrum contains with σ_k also −σ_k, with α_j also −α_j and with λ_j also −λ_j, λ_j, −λ_j and also 0 may be a further eigenvalue.) Then there exists a real nonsingular matrix U such that

U^{−1}CU = diag(R^+_c , R^−_c , R_g).

i) The blocks with index c, associated with eigenvalues not on the imaginary axis, are R^+_c = diag(R̂^+_c , R̃^+_c ), with R̂^+_c = diag(K_1(α_1), . . ., K_η(α_η)) where for k = 1, . . ., η we have K_k(α_k) = α_kI + K_k and K_k = diag(N_{fk,1} , . . ., N_{fk,lk} ). Analogously R̃^+_c =

diag(H_1(Λ_1), . . ., H_μ(Λ_μ)), where for k = 1, . . ., μ we have Λ_k = [ Re λ_k Im λ_k − Im λ_k Re λ_k ]

and H_k(Λ_k) = diag(N_{pk,1} (Λ_k), . . ., N_{pk,sk} (Λ_k)).

The block R^−_c = diag(R̂^−_c , R̃^−_c ), has the same substructure as R^+_c just replacing α_j with −α_j and Λ_j by −Λ_j.

ii) The block R_g, associated with purely imaginary eigenvalues, has the structure

R_g = diag(M_1((Im σ_1)J_1), . . ., M_ν((Im σ_ν)J_1), M_0),

where for k = 1, . . ., ν we have

M_k((Im σ_k)J_1) = diag(N_{qk,1}((Im σ_k)J_1), . . ., N_{qk,tk} ((Im σ_k)J_1))

and where

M_0 = diag(N_{2g1+1}, . . ., N_{2ga+1}, N_{2h1}, N_{2h1}, . . ., N_{2hb}, N_{2hb})

is the structure associated with the eigenvalue 0.

The matrix U has the form

U^T Σ_{p,q}U =

0 W_c 0 W^T_c 0 0 0 0 W_g ,

where W_c = diag(Ŵ_c, W̃_c) with

Ŵ_c = diag(P_{K1} , . . ., P_{Kη} ), W̃_c = diag(P_{H1} ⊗ Σ_{1,1}, . . ., P_{Hμ} ⊗ Σ_{1,1}),

and where P_{Kk} = diag(P_{fk,1} , . . ., P_{fk,lk} ), P_{Hk} = diag(P_{pk,1} , . . ., P_{pk,sk} ). The block W_g has the form W_g = diag(W^g_1 , . . ., W^g_ν , W_0), where for k = 1, . . ., ν and Ind(σ_k) = {π_{k,1}, . . ., π_{k,tk} } we have W^g_k = diag(P_{qk,1} ⊗ Ξ_{k,1}, . . ., P_{qk,tk} ⊗ Ξ_{k,tk} ), with Ξ_{k,j} = π_{k,j}I_2 if q_{k,j} is odd and Ξ_{k,j} = (Im π_{k,j})J_1 if q_{k,j} is even.

Finally for Ind(0) = {π^0_1, . . ., π^0_a, i, −i, . . ., i, −i} we have

W_0 = diag(π^0_1P_{2g1+1}, . . ., π^0_aP_{2ga+1}, [ 0 P_{2h1} P^T_{2h1} 0 ] , . . ., [ 0 P_{2hb} P^T_{2hb} 0 ] ). Proof. The proof follows from Lemmas 18 and 19.

After determining the Jordan structure under non Σ_{p,q}-unitary similarity transformations we now derive the corresponding structured canonical form under Σ_{p,q}-unitary transformations. For this we need the following two lemmas.

Lemma 22 Let C be a Σ_{p,q}-skew Hermitian matrix and let λ ∈ Λ(C) and Re λ ≠ 0. If N_r(λ) = λI + N_r is a Jordan block of C, then there exists a full rank matrix U such that

U^H Σ_{p,q}U = [ I_r 0 0 −I_r ] , CU = U [ N^−_r (i Im λ) −N^+_r (Re λ) −N^+_r (Re λ) N^−_r (i Im λ) ] . (45)

If C is real, then there are two cases.

i) If λ is real nonzero then there exists a real full rank matrix U such that

U^T Σ_{p,q}U = [ I_r 0 0 −I_r ] , CU = U [ N^−_r −N^+_r (λ) −N^+_r (λ) N^−_r ] .

ii) If λ is nonreal then there exists a real full rank matrix U such that

U^T Σ_{p,q}U = [ I_{2r} 0 0 −I_{2r} ] , CU = U [ N^−_r ((Im λ)J_1) −N^+_r ((Re λ)I_2) −N^+_r ((Re λ)I_2) N^−_r ((Im λ)J_1) ] .

Proof. By Lemma 18 for the Jordan block N_r(λ) there exists a full rank matrix Û such that

Û^H Σ_{p,q}Û = [ 0 P_r P^H_r 0 ] , CÛ = Û diag(N_r(λ), N_r(−λ)). Set Z_r = diag(I_r, P^{−1}_r )Υ_r and U = ÛZ_r. Then we can easily verify that (45) holds.

Now let C be real. Then in case i), if λ is real nonzero, taking Û real we have the real form. In case ii) if λ is nonreal, by Lemma 18 there exists a real matrix Û such that

Û^T Σ_{p,q}Û = [ 0 P_r ⊗ Σ_{1,1} P^T_r ⊗ Σ_{1,1} 0 ] , CÛ = Û diag(N_r(Λ), N_r(−Λ)),

with Λ = [ Re λ Im λ − Im λ Re λ ] . Setting

Z_r = diag(I_{2r}, (P_r ⊗ Σ_{1,1})^{−1})Υ_{2r}

and U = ÛZ_r, the assertion follows.

Lemma 23 Let C be a Σ_{p,q}-skew Hermitian matrix and let σ ∈ Λ(C) be purely imaginary. If N_r(σ) = σI + N_r is a Jordan block of C, then there exists a full rank matrix U such that we have the following cases:

i) If r = 2s, then U^HΣ_{p,q}U = [ I_s 0 0 −I_s ] , CU = U [ N^−_s (σ) +^1_2 iβe_se^H_s −N^+_s +^1_2 iβe_se^H_s −N^+_s −^1_2 iβe_se^H_s N^−_s (σ) −^1_2 iβe_se^H_s ] , (46)

where β = (−1)^siπ and π ∈ {±i} is the structure index corresponding to the Jordan block N_r(σ).

ii) If r = 2s + 1, then

U^H Σ_{p,q}U =

I_s 0 0 0 β 0 0 0 −I_s , CU = U N^−_s (σ)^{√2}_2 e_s −N^+_s − √ 2 2 βe^H_s σ − √ 2 2 βe^H_s −N^+_s −^{√2}_2 e_s N^−_s (σ) , (47)

where β = (−1)^{s+1}π and π ∈ {±1} is the structure index corresponding to the Jordan block N_r(σ).

If C is real then we have to distinguish whether σ = 0 or not.

a) If σ = 0, then there exists a real full rank matrix U such that

U^T Σ_{p,q}U = [ I_s 0 0 −I_s ] , CU = U [ N^−_s −N^+_s −N^+_s N^−_s ]

if r = 2s and

U^T Σ_{p,q}U =

I_s 0 0 0 β 0 0 0 −I_s , CU = U N^−_s √ 2 2 e_s −N^+_s −^{√2}_2 βe^T_s 0 −^{√2}_2 βe^T_s −N^+_s − √ 2 2 e_s N^−_s ,

if r = 2s + 1. Here β = (−1)^{s+1}π and π ∈ {±1} is the structure index corresponding to the Jordan block N_r.

b) If σ is nonzero then there exists a real full rank matrix U such that if r = 2s then

U^T Σ_{p,q}U = [ I_r 0 0 −I_r ] , CU = U [ N^−_s ((Im σ)J_1) + E_r −N^+_s (0_2) + E_r −N^+_s (0_2) − E_r N^−_s ((Im σ)J_1) − E_r ] ,

where E_r =^1_2 β [ 0 0 0 J_1 ] and β is the same as in the complex case. If r = 2s + 1, then

U^T Σ_{p,q}U = I_{r−1} βI_2 −I_{r−1} ,

CU = U N^−_s ((Im σ)J_1)

0_√ 2 2 I_2

−N^+_s (0_2)

0 −^{√2}_2 βI_2 (Im σ)J1 0 −^{√2}_2 βI_2

−N^+_s (0_2) 0 − √ 2 2 I_2

N^−_s ((Im σ)J_1) ,

where β is again the same as in the complex case.

Proof. By Lemma 19, for the Jordan block N_r(σ), there exists a matrix Û such that Û H Σ_{p,q}Û = πP_r and CÛ = ÛN_r(σ).

i) If r = 2s, then we partition πP_r = [ 0 πP_s (πP_s)^H 0 ] , N_r(σ) = [ N_s(σ) e_se^H_1 0 N_s(σ) ] .

Here we have used that P^H_s = (−1)^{s−1}P_s and π ∈ {±i}. Setting Ẑ_r = diag(I_s, (πP_s)^{−1})Υ_s and U = ÛẐ_r, a simple calculation yields (46) with this U.

ii) If r = 2s + 1, then we partition

πP_r = 0 0 πP_s 0 (−1)^{s+1}π 0 (πP_s)^H 0 0 , Nr(σ) = N_s(σ) e_s 0

0 σ e^H_1 0 0 N_s(σ) ,

where π ∈ {±1}. Setting

Ẑ_r = [ I_{s+1} 0 0 (πP_s)^{−1} ] √ 2 2 I_s 0 −^{√2}_2 I_s 0 1 0 √ 2 2 I_s 0 √ 2 2 I_s and U = ÛẐ_r, again a simple calculation yields (47).

With Lemma 19 the real case follows analogously.

Using these lemmas we can now derive the structured Jordan canonical form for Σ_{p,q}-skew Hermitian matrices under similarity transformations with Σ_{p,q}-unitary matrices.

Theorem 24 Let C be a Σ_{p,q}-skew Hermitian matrix with pairwise distinct eigenvalues λ_1, . . ., λ_μ with positive real parts and pairwise distinct σ_1, . . ., σ_ν with real part zero. Then there exists a Σ_{p,q}-unitary matrix U, such that

U^{−1}CU = R_c T_c R^+_g T_g T^H_c R_c T^H_g R^−_g . (48)

For the different blocks we have the following substructures.

i) The blocks with index c, associated with eigenvalues not on the imaginary axis, are R_c = diag(R^c_1, . . ., R^c_μ) and T_c = diag(T^c_1 , . . ., T^c_μ) where for k = 1, . . ., μ

R^c_k = diag(N^−_{pk,1} (i Im λ_k), . . ., N^−_{pk,sk} (i Im λ_k)),

T^c_k = − diag(N^+_{pk,1} (Re λ_k), . . ., N^+_{pk,sk} (Re λ_k)).

ii) The blocks with index g, associated with purely imaginary eigenvalues, are

R^+_g = diag(C_1, . . ., C_ν), R^−_g = diag(D_1, . . ., D_ν), T_g = diag(F_1, . . ., F_ν),

where for k = 1, . . ., ν the substructures are

C_k = diag(C^e_k, C^+_k , C^−_k ), D_k = diag(D^e_k, D^+_k , D^−_k ), F_k = diag(F^e_k , F^+_k , F^−_k ),

with further partitioning

C^e_k = diag(N^−_{qk,1} (σ_k) + 1 2 iβ_{k,1}e_{qk,1} e^H_{qk,1} , . . ., N^−_{qk,tk} (σ_k) + 1 2 iβ_{k,tk} e_{qk,tk} e^H_{qk,tk} ), D^e_k = diag(N^−_{qk,1} (σ_k) − 1 2 iβ_{k,1}e_{qk,1} e^H_{qk,1} , . . ., N^−_{qk,tk} (σ_k) − 1 2 iβ_{k,tk} e_{qk,tk} e^H_{qk,tk} ),

F^e_k = diag(−N^+_{qk,1} + 1 2 iβ_{k,1}e_{qk,1} e^H_{qk,1} , . . ., −N^+_{qk,tk} + 1 2 iβ_{k,tk} e_{qk,tk} e^H_{qk,tk} ), C^+_k = diag( N^−u^{k,1} (σk) √ 2 2 e_{uk,1} − √ 2 2 e^H_{uk,1} σ_k , . . ., N^−_{uk,wk} (σ_k)^{√2}_2 e_{uk,wk} − √ 2 2 e^H_{uk,wk} σ_k ), D^+_k = diag(N^−_{uk,1} (σ_k), . . ., N^−_{uk,wk} (σ_k)),

F^+_k = − diag( [ N^+_{uk,1} √ 2 2 e^H_{uk,1} ] , . . ., N^+_{uk,wk} √ 2 2 e^H_{uk,wk} ), C^−_k = diag(N^−_{vk,1} (σ_k), . . ., N^−_{vk,zk} (σ_k)), D^−_k = diag( σk √ 2 2 e^H_{vk,1} − √ 2 2 e_{vk,1} N^−_{vk,1} (σ_k) , . . ., σk √ 2 2 e^H_{vk,zk} − √ 2 2 e_{vk,zk} N^−_{vk,zk} (σ_k) ),

F^−_k = diag([ √ 2 2 e_{vk,1} , −N^+_{vk,1} ], . . .[ √ 2 2 e_{vk,zk} , −N^+_{vk,zk} ]). Each λ_k (−λ_k) has s_k Jordan blocks of sizes p_{k,1}, . . ., p_{k,sk} . Each purely imaginary eigenvalue σ_k has

a) t_k even sized Jordan blocks of sizes 2q_{k,1}, . . ., 2q_{k,tk} with the corresponding structure inertia indices i(−1)^{qk,1+1}β_{k,1}, . . ., i(−1)^{qk,t}k^{+1}β_{k,tk} ;

b) w_k odd sized Jordan blocks of sizes 2u_{k,1} +1, . . ., 2u_{k,wk} +1 corresponding to the structure inertia indices (−1)^{uk,1+1}, . . ., (−1)^{uk,w}k^{+1};

c) z_k odd sized Jordan blocks of sizes 2v_{k,1} + 1, . . ., 2v_{k,zk} + 1 corresponding to the structure indices (−1)^{vk,1} , . . ., (−1)^{vk,z}k . Proof. The proof is analogous to that of Theorem 12, using Lemmas 22 and 23 instead of Lemma 10 and 11, respectively.

As the final result in this section we present the real version of Theorem 24.

Theorem 25 Let C be a real Σ_{p,q}-skew symmetric matrix with pairwise distinct real positive eigenvalues α_1, . . ., α_η, pairwise distinct eigenvalues λ_1, . . ., λ_μ with positive real and imaginary parts and pairwise distinct purely imaginary eigenvalues σ_1, . . ., σ_ν with positive imaginary parts. (Note that we then also have eigenvalues −α_1, . . ., −α_η, λ_1, . . ., λ_μ, −λ_1, . . ., −λ_μ, −λ_1, . . ., −λ_μ and −σ_1, . . ., −σ_η and also 0 may be another eigenvalue.)

Then there exists a real Σ_{p,q}-orthogonal matrix U, such that

U^{−1}CU = R_c T_c R^+_g T_g T^T_c R_c T^T_g R^−_g , (49)

where the different blocks have the following substructures:

i) The blocks with index c, associated with the eigenvalues with nonzero real part, are

R_c = diag(R̂_c, R̃_c), T_c = diag(T̂_c, T̃_c), R̂_c = diag(R̂^c_1, . . ., R̂^c_η), R̃_c = diag(R̃^c_1, . . ., R̃^c_μ),

T̂_c = diag(T̂^c_1 , . . ., T̂^c_η), T̃_c = diag(T̃^c_1 , . . ., T̃^c_μ), where for k = 1, . . ., η the substructures are R̂^c_k = diag(N^−_{fk,1} , . . ., N^−_{fk,lk} ), T̂^c_k = − diag(N^+_{fk,1} (α_k), . . ., N^+_{fk,lk} (α_k)), and for k = 1, . . ., μ, R̃^c_k = diag(N^−_{pk,1} ((Im λ_k)J_1), . . ., N^−_{pk,sk} ((Im λ_k)J_1)), T̃^c_k = − diag(N^+_{pk,1} ((Re λ_k)I_2), . . ., N^+_{pk,sk} ((Re λ_k)I_2)).

ii) The blocks with index g, associated with the purely imaginary eigenvalues, are

R^+_g = diag(C_1, . . ., C_ν, C_0), R^−_g = diag(D_1, . . ., D_ν, D_0), T_g = diag(F_1, . . ., F_ν, F_0),

with the partitioning

C_k = diag(C^e_k, C^+_k , C^−_k ), D_k = diag(D^e_k, D^+_k , D^−_k ), F_k = diag(F^e_k , F^+_k , F^−_k ),

and for k = 1, . . ., ν the blocks have the further substructure

C^e_k = diag(N^−_{qk,1} ((Im σ_k)J_1) + E_{k,1} . . . , N^−_{qk,tk} ((Im σ_k)J_1) + E_{k,tk} ), D^e_k = diag(N^−_{qk,1} ((Im σ_k)J_1) − E_{k,1}, . . ., N^−_{qk,tk} ((Im σ_k)J_1) − E_{k,tk} ), F^e_k = diag(−N^+_{qk,1} (0_2) + E_{k,1}, . . ., −N^+_{qk,tk} (0_2) + E_{k,tk} ),

C^+_k = diag(

N^−_{uk,1} ((Im σ_k)J_1)

0_√ 2 2 I_2 0 −^{√2}_2 I_2 (Im σk)J1 , . . ., N^−_{uk,wk} ((Im σ_k)J_1)

0_√ 2 2 I_2 0 −^{√2}_2 I_2 (Im σk)J1 ), D^+_k = diag(N^−_{uk,1} ((Im σ_k)J_1), . . ., N^−_{uk,wk} ((Im σ_k)J_1)),

F^+_k = − diag( [ N^+_{uk,1} (0_2) 0^{√2}_2 I_2 ] , . . ., [ N^+_{uk,wk} (0_2) 0^{√2}_2 I_2 ] ); C^−_k = diag(N^−_{vk,1} ((Im σ_k)J_1), . . ., N^−_{vk,zk} ((Im σ_k)J_1)),

D^−_k = diag(

(Im σ_k)J_1 0^{√2}_2 I_2 0 − √ 2 2 I_2

N^−_{vk,1} ((Im σ_k)J_1) , . . ., (Im σ_k)J_1 0^{√2}_2 I_2 0 − √ 2 2 I_2

N^−_{vk,zk} ((Im σ_k)J_1) ),

F^−_k = diag( [ 0_√ 2 2 I_2

−N^+_{vk,1} (0_2) ] , . . ., [ 0_√ 2 2 I_2

−N^+_{vk,zk} (0_2) ] ).

Here for j = 1, . . ., t_k, E_{k,j} =^1_2 β_{k,j} [ 0 0 0 J_1 ] . Finally, the blocks with index 0, associated to the eigenvalue 0, are

C_0 = diag(C^e_0, C^+_0 , C^−_0 ), D_0 = diag(D^e_0, D^+_0 , D^−_0 ), F_0 = diag(F^e_0 , F^+_0 , F^−_0 ),

with substructures

C^e_0 = D^e_0 = diag(N^−_{2x1} , . . ., N^−_{2xc}), F^e_0 = − diag(N^+_{2x1} , . . ., N^+_{2xc});

C^+_0 = diag( [ N^−_{g1}^{√2}_2 e_{g1} −^{√2}_2 e^T_{g1} 0 ] , . . ., [ N^−_{ga}^{√2}_2 e_{ga} −^{√2}_2 e^T_{ga} 0 ] ), D^+_0 = diag(N^−_{g1}, . . ., N^−_{ga}), F^+_0 = − diag( [ N^+_{g1} √ 2 2 e^T_{g1} ] , . . ., [ N^+_{ga} √ 2 2 e^T_{ga} ] ); C^−_0 = diag(N^−_{h1}, . . ., N^−_{hb}), F^−_0 = diag([ √ 2 2 e_{h1} , −N^+_{h1} ], . . ., [ √ 2 2 e_{hb} , −N^+_{hb}]), D^−_0 = diag( [ 0^{√2}_2 e^T_{h1} − √ 2 2 e_{h1} N^−_{h1} ] , . . ., [ 0 √ 2 2 e^T_{hb} − √ 2 2 e_{hb} N^−_{hb} ] ).

Each nonzero real eigenvalue α_k (−α_k) has l_k Jordan blocks of sizes f_{k,1}, . . ., f_{k,lk} and each nonreal eigenvalue λ_k (−λ_k, λ_k, −λ_k) that is not on the imaginary axis has s_k Jordan blocks with sizes p_{k,1}, . . ., p_{k,sk} . For each nonzero purely imaginary eigenvalue σ_k (−σ_k) we have

a) t_k even sized Jordan blocks of sizes 2q_{k,1}, . . ., 2q_{k,tk} with the corresponding structure iner- tia indices i(−1)^{qk,1+1}β_{k,1}, . . ., i(−1)^{qk,t}k^{+1}β_{k,tk} for σ_k and i(−1)^{qk,1}β_{k,1}, . . ., i(−1)^{qk,t}k β_{k,tk} for −σ_k;

b) w_k odd sized Jordan blocks of sizes 2u_{k,1} +1, . . ., 2u_{k,wk} +1 corresponding to the structure inertia indices (−1)^{uk,1+1}, . . ., (−1)^{uk,w}k^{+1};

c) z_k odd sized Jordan blocks of sizes 2v_{k,1} + 1, . . ., 2v_{k,zk} + 1 corresponding to the structure indices (−1)^{vk,1} , . . ., (−1)^{vk,z}k . The zero eigenvalue has 2c even sized Jordan blocks with sizes of 2x_1, 2x_1, . . ., 2x_c, 2x_c with corresponding structure inertia indices i, −i, . . ., i, −i , and a + b odd sized Jordan blocks, where a of them have sizes 2g_1 +1, . . ., 2g_a +1 with the corresponding structure inertia indices (−1)^{g1+1}, . . ., (−1)^{ga+1} and b of them have sizes 2h_1 + 1, . . ., 2h_b + 1 with the corresponding structure inertia indices (−1)^{h1} , . . ., (−1)^{hb}.

Proof. The proof is analogous to the proof of Theorem 17 using Lemmas 22 and 23. We have seen that the results for Σ_{p,q}-Hermitian and skew Hermitian matrices are quite similar, which was to be expected, since both classes have an algebra structure. In the next section we now study the canonical forms for matrices in the associated Lie group of Σ_{p,q}- unitary matrices.

5 �p,q-unitary matrices

In the previous two sections we have studied structured Jordan canonical forms for Σ_{p,q}- Hermitian and skew Hermitian matrices. Both these classes have an algebra structure, the Σ_{p,q}-Hermitian matrices form a Jordan algebra and the Σ_{p,q}-skew Hermitian matrices a Lie algebra. The Lie group associated with these two algebras is the class of Σ_{p,q}-unitary matrices. In order to derive structured canonical forms for this group analogous to the results for the algebras, we can make use of the Cayley transformation.

Lemma 26 If A is Σ_{p,q}-unitary and 1 ∉ Λ(A) then the Cayley transformation of B

B = ρ(A) = (A + I)(A − I)^{−1} (50) is Σ_{p,q}-skew Hermitian. Conversely, if A is Σ_{p,q}-skew Hermitian then B as in (50) is Σ_{p,q}- unitary.

Proof. We only prove the result for the case that A is Σ_{p,q}-unitary. The other direction follows form the fact that ρ(ρ(A)) = A.

Since A is Σ_{p,q}-unitary, Σ_{p,q}A = A^{−H} Σ_{p,q}. By this relation

Σ_{p,q}B = Σ_{p,q}(A + I)(A − I)^{−1} = (A^{−H} + I)Σ_{p,q}(A − I)^{−1} = (A^{−H} + I)(A^{−H} − I)^{−1}Σ_{p,q} = (I + A^H )(A^{−H} )(A^H)(I − A^H )^{−1}Σ_{p,q} = (A + I)^H(I − A)^{−H} Σ_{p,q} = −B^H Σ_{p,q} = −(Σ_{p,q}B)^H.

Therefore B is Σ_{p,q}-skew Hermitian.

Using the Cayley transformation ρ the canonical forms of Σ_{p,q}-unitary matrices (if 1 is not an eigenvalue) can be easily obtained from the canonical form of the corresponding Σ_{p,q}-skew Hermitian matrix discussed in Section 4. However, if we Cayley transform the canonical form it is usually not a canonical form again and we need further reductions to obtain again the canonical form. But, obviously it suffices to further reduce each Jordan block separately. Before discussing these reductions, we first split the Jordan structure of a Σ_{p,q}-unitary matrix G into two parts, the part related to the eigenvalue 1 and the rest.

Lemma 27 Let G be a Σ_{p,q}-unitary matrix that has 1 as an eigenvalue. Then, there exists a nonsingular matrix Y, such that

Y^H Y = diag(Σ_{p1,q1} , Σ_{p2,q2} ), Y^{−1}GY = diag(G_1, G_2),

where p_1 + p_2 = p, q_1 + q_2 = q, G_1 is Σ_{p1,q1} -unitary with 1 ∉ Λ(G_1) and G_2 is Σ_{p2,q2} -unitary and has 1 as only eigenvalue.

Furthermore, if G is real, then Y can be chosen real, so that also G_1, G_2 are real.

Proof. Let Ŷ be a nonsingular matrix such that

GŶ = Ŷ diag(Ĝ_1, Ĝ_2) = ŶĜ,

with 1 ∉ Λ(Ĝ_1) and Λ(Ĝ_2) = {1}. Then we have Ŷ^H G^H = Ĝ^HŶ^H and, using the Σ_{p,q}-unitarity of G we have the discrete Lyapunov (or Stein) equation

Ĝ^H (Ŷ^HΣ_{p,q}Ŷ)Ĝ = Ŷ^H Σ_{p,q}Ŷ. (51)

By the diagonal block form of Ĝ and the eigenvalue splitting, the solution of (51) has also block diagonal form, i.e., Ŷ^HΣ_{p,q}Ŷ = diag(T_1, T_2). Note that Ŷ^H Σ_{p,q}Ŷ as well as T_1, T_2 are nonsingular Hermitian. Therefore, there exist nonsingular matrices Z_1, Z_2 such that

Z^H_1 T_1Z_1 = Σ_{p1,q1} , Z^H_2 T_2Z_2 = Σ_{p2,q2} .

To finish the proof, we set Y = Ŷ diag(Z_1, Z_2), G_1 = Z^{−1}_1 Ĝ_1Z_1 and G_2 = Z^{−1}_2 Ĝ_2Z_2.

The real case is clear, since 1 is a real eigenvalue.

It is well known, that Cayley transformation directly leads to a rational relationship between the eigenvalues, i.e., if γ ≠ 1 is an eigenvalue of a Σ_{p,q}-unitary matrix G, then λ = ρ(γ) =^{γ+1}_{γ−1} is an eigenvalue of the Cayley transformation ρ(G) and we have the following well-known facts.

Proposition 4 Let G be Σ_{p,q}-unitary with 1 ∉ Λ(G). Set C = ρ(G) and let γ ∈ Λ(G) and λ = ρ(γ) ∈ Λ(C). Then

i) λ ≠ 1, −1.

ii) γ and λ have the same algebraic and geometric multiplicities.

iii) |γ| = 1 if and only if λ is purely imaginary.

iv) If λ ∈ Λ(C) is not purely imaginary, then −λ = ρ(γ^{−1}) and, furthermore, λ, −λ ∈ Λ(C) if and only if γ, γ^{−1} ∈ Λ(G).

In order to further reduce Cayley transformed Jordan blocks we need the following result.

Lemma 28 Let N_r(λ) be a Jordan block with λ ≠ 1 and let γ = ρ(λ). Then there exists a nonsingular upper triangular matrix X_r such that

X^{−1}_r ρ(N_r(λ))X_r = N_r(γ),

and e^T_r X_re_r ≠ 0.

Proof. See, e.g., [14].

We are now prepared to present block by block the transformations of the results in Section 4.

Lemma 29 Let G be a Σ_{p,q}-unitary matrix and let N(γ) = γI+N with N = diag(N_{r1}, . . ., N_{rs}) be the Jordan structure of G corresponding to γ ∈ Λ(G) with |γ| ≠ 1. Then there exists a full rank matrix U such that

U^H Σ_{p,q}U = [ 0 P̂_N P̂ H_N 0 ] , GU = U [ N(γ) 0 0 N(γ)^{−1} ] (52)

and γ^{−1} ∈ Λ(G) has the same algebraic and geometric multiplicities as γ.

If G is real then we have two cases:

i) If γ is real then there exists a real full rank matrix U such that

U^T Σ_{p,q}U = [ 0 P̂_N P̂ T_N 0 ] , GU = U [ N(γ) 0 0 (N(γ))^{−1} ] .

ii) If γ is nonreal then there exists a real full rank matrix U such that

U^T Σ_{p,q}U = [ 0 P̂_N ⊗ Σ_{1,1} P̂ T_N ⊗ Σ_{1,1} 0 ] , GU = U [ N(Γ) 0 0 (N(Γ))^{−1} ] ,

with Γ = [ Re γ Im γ − Im γ Re γ ] .

Proof. We may assume without loss of generality that 1 ∉ Λ(G). Otherwise by Lemma 27 we can consider the smaller size matrix G_1. If ρ is the Cayley transformation, then by Lemma 26, C = ρ(G) is Σ_{p,q}-skew Hermitian. Furthermore, λ = ρ(γ) ∈ Λ(C) and by Proposition 4 ii), iv), λ is not purely imaginary and the associated Jordan structure associated with λ is λI + N. Applying Lemma 18 there exists a matrix Û such that

Û^H Σ_{p,q}Û = [ 0 P_N P^H_N 0 ] , CÛ = Û [ N(λ) 0 0 N(−λ) ] . With Ũ = Û diag(I, P^{−1}_N ) and, since P_N NP^H_N = −N^H , we have

Ũ^HΣ_{p,q}Ũ = [ 0 I I 0 ] , CŨ = Ũ [ N(λ) 0 0 −(N(λ))^H ] . Using the Cayley transformation then we have GŨ = Ũ = [ ρ(N(λ)) 0 0 ρ(−(N(λ))^H) ] . Note that

ρ(−N(λ))^H) = (−N(λ)^H + I)(−N(λ)^H − I)^{−1} = {(N(λ) − I)(N(λ) + I)^{−1})}^H = {ρ(N(λ))}^{−H}. Applying Lemma 28, there exists a nonsingular matrix X = diag(X_{r1} , . . ., X_{rs}) such that X^{−1}ρ(N(λ))X = N(γ). Obviously X^H{ρ(N(λ))}^{−H}X^{−H} = N(γ)^{−H}. Setting V = Ũ diag(X, X^{−H}) we obtain V^HΣ_{p,q}V = [ 0 I I 0 ] , GV = V [ N(γ) 0 0 N(γ)^{−H} ] (53)

and taking U = V diag(I, P̂_N) finishes the proof in the complex case..

Since the Cayley transformation of a real matrix is also real, we can apply Lemma 18 to get the result for the real case.

This result shows for the eigenvalues of a Σ_{p,q}-unitary matrix that are not of modulus 1, the structured canonical form cannot be of the form of a usual Jordan matrix, only half of these eigenvalues have the classical Jordan structure, while for the other half of the eigenvalues we have to involve the inverses of Jordan blocks.

For eigenvalues with |γ| = 1 the canonical structure is even more complicated. If we restrict the chains of root vectors to have the proper structures coming form a Σ_{p,q}-skew Hermitian matrices as in Lemma 19 then no Jordan block will appear in the canonical form. We can do further reductions for which we will need the following simple result.

Lemma 30 Given a vector t = [t_1, . . ., t_r]^T and t_r ≠ 0 then there exists a nonsingular upper triangular Toeplitz matrix T such that T^{−1}t = e_r.

Proof. See [14].

We now study the reduction of Cayley transformed blocks arising form unimodular eigenvalues.

Lemma 31 Let G be a Σ_{p,q}-unitary matrix and let γ ∈ Λ(G) with |γ| = 1 and γ ≠ 1. Let N_r(γ) be a single Jordan block, then there exists a full rank matrix U such that U^H Σ_{p,q}U = P̂_r, GU = U [ N_s(γ) iβe_se^H_1 N_s(γ)^{−1} 0 N_s(γ)^{−1} ] , (54)

if r = 2s and U^H Σ_{p,q}U = βP̂_r, (55) GU = U N_s(γ) γe_s^γ_{1−γ} e_se^H_1 N_s(γ)^{−1} 0 γ −e^H_1 N_s(γ)^{−1} 0 0 N_s(γ)^{−1} , if r = 2s + 1.

Here β = (−1)^siπ with π ∈ {±i} if r = 2s and β = (−1)^{s+1}π, π ∈ {±1} if r = 2s + 1 where π is the structure inertia index of the corresponding eigenvalue λ = ρ(γ).

If G is real then we have two cases:

i) If γ ≠ −1, then with Γ = [ Re γ Im γ − Im γ Re γ ] , P̂_2 = [ 0 1 1 0 ] and S(γ) = −^1_2 [ 1^{Im γ}_{1−Re γ}

Im γ 1−Re γ −1 ] , there exists a real full rank matrix U such that if r = 2s, then

U^T Σ_{p,q}U = P̂_r ⊗ Σ_{1,1}, GU = U N_s(Γ) −β [ 0 0 P̂_2 0 ] N_s(Γ)^{−1}

0 N_s(Γ)^{−1}

(56)

and if r = 2s + 1, then U^T Σ_{p,q}U = β 0 0 P̂_s ⊗ Σ_{1,1} 0 I_2 0 P̂_s ⊗ Σ_{1,1} 0 0 , (57)

GU = U N_s(Γ) 0 Γ [ 0 0 S(γ) 0 ] N_s(Γ)^{−1}

0 Γ [−Σ_{1,1}, 0]N_s(Γ)^{−1} 0 0 N_s(Γ)^{−1} .

ii) If γ = −1, then there exists a real full rank matrix U such that

U^T Σ_{p,q}U = [ 0 P̂_r P̂ T_r 0 ] , GU = U [ N_r(−1) 0 0 N_r(−1)^{−1} ] , (58)

if r is even and U^T Σ_{p,q}U = βP̂_r, GU = U N_s(−1) −e_s −^1_2 e_se^T_1 N_s(−1)^{−1} 0 −1 −e^T_1 N_s(−1)^{−1} 0 0 N_s(−1)^{−1} , (59)

if r = 2s+1. Here β = (−1)^{s+1}π and π is the structure inertia index of 0 corresponding to ρ(G).

Proof. We may again assume without loss of generality that 1 ∉ Λ(G) and set C = ρ(G). By Proposition 4 the corresponding λ = ρ(γ) now is purely imaginary, and C has the Jordan block λI + N_r. Applying Lemma 19 there exists a matrix Û such that

Û^H Σ_{p,q}Û = πP_r, CÛ = ÛN_r(λ). (60)

If r = 2s then π ∈ {±i} and we partition

Û^H Σ_{p,q}Û = [ 0 πP_s (πP_s)^H 0 ] , N_r(λ) = [ N_s(λ) e_se^H_1 0 N_s(λ) ] . Applying the Cayley transformation we obtain GÛ = Ûρ(N_r(λ)). Using the notation N̂_s(γ) = ρ(N_s(λ)) and the property that (N_s(λ) − I)^{−1} =^1_2 (N̂_s(γ) − I) we obtain ρ(N_r(λ)) = [ N̂_s(γ)^1_2 (I − N̂_s(γ))e_seH_1 (N̂_s(γ) − I) 0 N̂_s(γ) ] . Setting Ũ = Û diag(I_s, (πP_s)^{−1}), then

Ũ^HŨ = [ 0 I I 0 ] , GŨ = Ũ [ N̂_s(γ)^{iβ}_2 (I − N̂_s(γ))e_seH_s N̂_s(γ)−H(I − N̂_s(γ))H 0 N̂_s(γ)^{−H} ] . By Lemma 27, there exists a nonsingular upper triangular matrix X such that X^{−1}N̂_s(γ)X = N_s(γ). Since the last component of t := X^{−1}( √ 2 2 e_s) is nonzero, by Lemma 29 there exists a nonsingular upper triangular Toeplitz matrix T such that T^{−1}t = e_s. Setting Y = X(I − N_s(γ))T and U = Ũ diag(Y, Y^{−H}P̂_s), we obtain (54), since (I − N_s(γ))T commutes with N_s(γ) and P̂^{−1}_s N_s(γ)^{−H}P̂_s = N_s(γ)^{−1}.

If r is odd, following (60) we partition

Û^HΣ_{p,q}Û = 0 0 πP_s 0 β 0 (πP_s)^H 0 0 , Nr(λ) = N_s(λ) e_s 0 0 λ e^H_1 0 0 N_s(λ)

and as before we obtain GÛ = Û N̂_s(γ)^{γ−1}_2 (I − N̂_s(γ))e_s^{1−γ}_4 (I − N̂_s(γ))e_seH_1 (N̂_s(γ) − I) 0 γ^{1−γ}_2 e^H_1 (N̂_s(γ) − I) 0 0 N̂_s(γ) .

With Ũ = Û diag(I_{s+1}, (πP_s)^{−1}) we then have

Ũ^H Σ_{p,q}Ũ =

0 0 I_s 0 β 0 I_s 0 0 ,

CŨ = Ũ N_s(λ)^{γ−1}_2 (I − N̂_s(γ))e_s^{γ−1}_4 β(I − N̂_s(γ))e_se^H_s N̂_s(γ)^{−H}(I − N̂_s(γ)^H) 0 γ β^{γ−1}_2 e^H_s N̂_s(γ)^{−H}(I − N̂_s(γ)^H) 0 0 N̂_s(γ)^{−H} .

Setting Y =^{1−γ}_2 X(I − N_s(γ))T and U = Ũ diag(Y, 1, Y^{−H} βP̂_s), we have (55).

If G is real and γ ≠ −1 then similarly we can use the transformation ΨΦ to update the real forms (56) and (57) from (54) and (55), respectively. If γ = −1 then the corresponding eigenvalue of C = ρ(G) is 0. By Lemma 19 for an even size Jordan block of C there exists a real matrix Û such that

Û^T Σ_{p,q}Û = [ 0 P_r P^T_r 0 ] , CÛ = Û [ N_r 0 0 N_r ] . Proceeding as in Lemma 29 we obtain (58). For odd size Jordan blocks Û in (60) can be chosen real and from (55) we obtain (59).

So far we have restricted ourselves to the Jordan structure associated with eigenvalues not equal to 1. For the eigenvalue 1 we give a separate analysis.

Lemma 32 Let G be a Σ_{p,q}-unitary matrix and let N_r(1) be a Jordan block of G. Then there exists a full rank matrix U such that U^H Σ_{p,q}U = P̂_r, GU = U [ N_s(1) −iβe_se^H_1 N_s(1)^{−1} 0 N_s(1)^{−1} ] , if r = 2s and if r = 2s + 1, then U^H Σ_{p,q}U = βP̂_r, GU = U N_s(1) e_s −^1_2 e_se^H_1 N_s(1)^{−1} 0 1 −e^H_1 N_s(1)^{−1} 0 0 N_s(1)^{−1} . (61)

Here β = (−1)^siπ with π ∈ {±i} if r = 2s and β = (−1)^{s+1}π with π ∈ {±1} if r = 2s + 1.

If G is real, then there exists a real matrix U such that U^T Σ_{p,q}U = P̂_{2r}, GU = U [ N_r(1) 0 0 N_r(1)^{−1} ] , if r is even and if r = 2s + 1 we have again (61).

Proof. By Lemma 27 we may assume without loss of generality that Λ(G) = {1}. Otherwise we work on the small size matrix G_2. We cannot use the Cayley transformation ρ but a different rational transformation ρ̂(z) = (1 − z)(1 + z)^{−1}. If A is Σ_{p,q}-unitary then B = ρ̂(A) is Σ_{p,q}-skew Hermitian and conversely. With this new transformation we obtain the proof analogous to the proof of Lemma 31.

Using these results, we have the following structured canonical form.

Theorem 33 Let G be a Σ_{p,q}-unitary matrix G, let λ_1, . . ., λ_μ be the pairwise different eigenvalues of modulus less than one and let σ_1, . . ., σ_ν be the pairwise different eigenvalues of modulus one. Then there exists a nonsingular matrix U such that

U^{−1}GU = diag(R_c, R^i_c, R_u).

i) The diagonal blocks R_c, R^i_c, associated with eigenvalues not on the unit circle, are

R_c = diag(H_1(λ_1), . . ., H_μ(λ_μ)), R^i_c = diag(H_1(λ_1)^{−1}, . . ., H_μ(λ_μ)^{−1}),

where for k = 1, . . ., μ we have H_k(λ_k) = λ_kI + H_k, H_k(λ_k) = λ_kI + H_k and H_k = diag(N_{pk,1} , . . ., N_{pk,sk} ).

ii) The diagonal block R_u associated with the unimodular eigenvalues are R_u = diag(M_1, . . ., M_ν), where for k = 1, . . ., ν, we have M_k = diag(A_{k,1}, . . ., A_{k,tk} ; B_{k,1}, . . ., B_{k,wk} ). Here for j = 1, . . ., t_k we have A_{k,j} = [ N_{qk,1} (σ_k) iδ_kβ^e_{k,j}e_{qk,j} e^H_1 N_{qk,j} (σ_k)^{−1} 0 N_{qk,j} (σ_k)^{−1} ] , with δ_k = 1 if σ_k ≠ 1 and δ_k = −1 if σ_k = 1 and furthermore β^e_{k,j} = (−1)^{pk,j} iπ^e_{k,j} with π^e_{k,j} ∈ {±i}. Moreover, for j = 1, . . ., w_k, we have B_{k,j} = N_{rk,j} (σ_k) σ_ke_{rk,j} s(σ_k)e_{rk,j} e^H_1 N_{rk,j} (σ_k)^{−1} 0 σ_k −e^H_1 N_{rk,j} (σ_k)^{−1} 0 0 N_{rk,j} (σ_k)^{−1} , with s(σ_k) =^{σk}_{1−σk} if σ_k ≠ 1 and s(1) = −^1_2 .

The matrix U has the form

U^H Σ_{p,q}U =

0 W_c 0 W^H_c 0 0 0 0 W_u ,

with W_c = diag(P̂_{H1} , . . ., P̂_{Hμ}) and W_u = diag(W^u_1 , . . ., W^u_ν ), where for k = 1, . . ., μ we have P̂_{Hk} = diag(P̂_{pk,1} , . . ., P̂_{pk,sk} ) and for k = 1, . . ., ν we have W^u_k = diag(P̂_{2qk,1} , . . ., P̂_{2qk,tk} ; β^o_{k,1}P̂_{2rk,1+1}, . . ., β^o_{k,wk}P̂_{2rk,wk +1}). Here for j = 1, . . ., w_k we have β^o_{k,j} = (−1)^{rk,j+1}π^o_{k,j} with π^o_{kj} ∈ {±1}.

Each eigenvalue λ_k (λ_k^{−1}) has s_k Jordan blocks of sizes p_{k,1}, . . ., p_{k,sk} and each unimodular eigenvalue σ_k has

a) t_k even sized Jordan blocks of sizes 2q_{k,1}, . . ., 2q_{k,tk} corresponding to the structure inertia indices (−1)^{qk,1+1}iβ^e_{k,1}, . . ., (−1)^{qk,t}k^{+1}iβ^e_{k,tk} and b) w_k odd sized Jordan blocks of sizes 2r_{k,1} +1, . . ., 2r_{k,wk} +1 corresponding to the structure inertia indices (−1)^{rk,1+1}β^o_{k,1}, . . ., (−1)^{rk,w}k^{+1}β^o_{k,wk} .

Proof. The proof follows from Lemmas 29, 31 and 32.

Note that the structure inertia indices actually arise through the Cayley transformation in the associated Σ_{p,q}-skew Hermitian matrices, but they inherently describe also the associated structure for the unimodular eigenvalues of G.

In the real case the structure is again more complicated.

Theorem 34 Let G be a real Σ_{p,q}-orthogonal matrix, let α_1, . . ., α_η be pairwise different real eigenvalues of modulus less than one, let λ_1, . . ., λ_μ be pairwise different nonreal eigenvalues with positive imaginary parts of modulus less than one, and let γ_1, . . ., γ_ν be pairwise different nonreal eigenvalues of modulus 1, also with positive imaginary parts. (Note that then also α^{−1}_1 , . . ., α^{−1}_η , λ_1, . . ., λ_μ; λ^{−1}_1 , . . ., λ^{−1}_μ ; λ_1^{−1}, . . ., λ_μ^{−1}, γ_1, . . ., γ_ν and possibly also −1, 1 are eigenvalues.) Then there exists a real nonsingular matrix U such that

U^{−1}GU = diag(R_c, R^i_c, R_u).

i) The blocks with index c, associated with eigenvalues not on the unit circle, are R_c = diag(R̂_c, R̃_c) and R^i_c = diag(R̂^i_c, R̃^i_c), with

R̂_c = diag(K_1(α_1), . . ., K_η(α_η)), R̂^i_c = diag(K_1(α_1)^{−1}, . . ., K_η(α_η)^{−1}), R̃_c = diag(H_1(Λ_1), . . ., H_μ(Λ_μ)), R̃^i_c = diag(H_1(Λ_1)^{−1}, . . ., H_μ(Λ_μ)^{−1}),

where for k = 1, . . ., η we have K_k(α_k) = α_kI + K_k and K_k = diag(N_{fk,1} , . . ., N_{fk,lk} ) and for k = 1, . . ., μ we have H_k(Λ_k) = diag(N_{pk,1}(Λ_k), . . ., N_{pk,sk} (Λ_k)), with Λ_k = [ Re λ_k Im λ_k − Im λ_k Re λ_k ] . ii) The block R_u, associated with the unimodular eigenvalues, is R_u = diag(M_1, . . ., M_ν, M_−, M_+) with M_k = diag(A_{k,1}, . . ., A_{k,tk} ; B_{k,1}, . . ., B_{k,wk} ), M_− = diag(A^−_1 , . . ., A^−_{t−}, B^−_1 , . . ., B^−_{w−} ), M_+ = diag(A^+_1 , . . ., A^+_{t+}, B^+_1 , . . ., B^+_{w+} ).

Here we have the following substructures:

a) For j = 1, . . ., t_k

A_{k,j} = N_{qk,1} (Γ_k) −β^e_{k,j} [ 0 0 P̂_2 0 ] N_{qk,j} (Γ_k)^{−1} 0 N_{qk,j} (Γ_k)^{−1} ,

with β^e_{k,j} = (−1)^{pk,j} iπ^e_{k,j} and π^e_{k,j} ∈ {±i}. b) For j = 1, . . ., w_k

B_{k,j} = N_{rk,j} (Γ_k) 0 Γ_k [ 0 0 S(Γ_k) 0 ] N_{rk,j} (Γ_k)^{−1} 0 Γ_k [−Σ_{1,1}, 0]N_{rk,j} (Γ_k)^{−1} 0 0 N_{rk,j} (Γ_k)^{−1} ,

with

Γ_k = [ Re γ_k Im γ_k − Im γ_k Re γ_k ] , S(Γ_k) = − 1 2 [ 1^{Im γk}_{1−Re γk} Im γk 1−Re γk −1 ] . c) For k = 1, . . ., t_−

A^−_k = [ N_q−_k (−1) 0 0 N_q−_k (−1)^{−1} ] , d) For k = 1, . . ., w_−

B^−_k =

N_r−_k (−1) −e_r−_k −^1_2 e_r−_k e^T_1 N_r−_k (−1)^{−1} 0 −1 −e^T_1 N_r−_k (−1)^{−1} 0 0 N_r−_k (−1)^{−1} .

e) For k = 1, . . ., t_+

A^+_k = [ N_q+_k (1) 0 0 N_q+_k (1)^{−1} ] . f) For k = 1, . . ., w_+

B^+_k =

N_r+_k (1) e_r+_k −^1_2 e_r+_k e^T_1 N_r+_k (1)^{−1} 0 1 −e^T_1 N_r+_k (1)^{−1} 0 0 N_r+_k (1)^{−1} .

The matrix U has the form

U^T Σ_{p,q}U =

0 W_c 0 W^T_c 0 0 0 0 W_u ,

where

W_c = diag(Ŵ_c, W̃_c), W_u = diag(W^u_1 , . . ., W^u_ν , W^u_−, W^u_+), Ŵ_c = diag(P̂_{K1} , . . ., P̂_{kη} ), W̃_c = diag(P̂_{H1} ⊗ Σ_{1,1}, . . ., P̂_{Hμ} ⊗ Σ_{1,1})

and as substructures we have for k = 1, . . ., η that P̂_{Kk} = diag(P̂_{fk,1} , . . ., P̂_{fk,lk} ) and for k = 1, . . ., μ that P̂_{Hk} = diag(P̂_{pk,1} , . . ., P̂_{pk,sk} ). The substructure for the blocks with index u is as follows:

1) For j = 1, . . ., w_k we have

W^u_k = diag(P̂_{2qk,1} ⊗ Σ_{1,1}, . . ., P̂_{2qk,tk} ⊗ Σ_{1,1}; β^o_{k,1}

0 0 P̂_{rk,1} ⊗ Σ_{1,1} 0 I_2 0 P̂ T_{rk,1} ⊗ Σ_{1,1} 0 0 ,

. . ., β^o_{k,wk} 0 0 P̂_{rk,wk} ⊗ Σ_{1,1} 0 I_2 0 P̂ T_{rk,wk} ⊗ Σ_{1,1} 0 0 ),

with β^o_{k,j} = (−1)^{rk,j+1}π^o_{k,j} and π^o_{k,j} ∈ {±1}. 2) For k = 1, . . ., w_− we have

W^u_− = diag(P̂_{2q}−_1 , . . ., P̂_{2q}−_{t−} ; β^−_1 P̂_{2r}−_{1 +1}, . . ., β^−_{w−}P̂_{2r}−_{w− +1}),

with β^−_k = (−1)^{r−}k^{+1}π^−_k and π^−_k ∈ {±1}.

3) For k = 1, . . ., w_+ we have

W^u_+ = diag(P̂_{2q}+_1 , . . ., P̂_{2q}+_{t+} ; β^+_1 P̂_{2r}+_{1 +1}, . . ., β^+_{w+}P̂_{2r}+_{w+ +1}),

with β^+_k = (−1)^{r+}k^{+1}π^+_k , and π^+_k ∈ {±1}.

Each real eigenvalue α_k (α^{−1}_k ) has l_k Jordan blocks of sizes f_{k,1}, . . ., f_{k,lk} and each eigenvalue λ_k (λ_k, λ^{−1}_k , λ_k^{−1}) has s_k Jordan blocks of sizes p_{k,1}, . . ., p_{k,sk} .

Each nonreal unimodular eigenvalue γ_k (γ_k) has t_k even sized Jordan blocks of sizes 2q_{k,1}, . . ., 2q_{k,tk} corresponding to the structure inertia indices (−1)^{qk,1+1}iβ^e_{k,1}, . . ., (−1)^{qk,t}k^{+1}iβ^e_{k,tk} and w_k odd sized Jordan blocks of sizes 2r_{k,1} + 1, . . ., 2r_{k,wk} + 1 corresponding to the structure inertia in- dices (−1)^{rk,1+1}β^o_{k,1}, . . ., (−1)^{rk,w}k^{+1}β^o_{k,wk} . The eigenvalue −1 has 2t_− even sized Jordan blocks of sizes q^−_1 , q^−_1 , . . ., q^−_{t−} , q^−_{t−} corresponding to the structure inertia indices i, −i, . . ., i, −i, and w_− odd sized Jordan blocks of sizes 2r^−_1 + 1, . . ., 2r^−_{w−} + 1 corresponding to the indices (−1)^{r−1 +1}β^−_1 , . . ., (−1)^{r−w−+1}β^−_{w−} .

The eigenvalue 1 has 2t_+ even sized Jordan blocks of sizes q^+_1 , q^+_1 . . ., q^+_{t+} , q^+_{t+} corresponding to the structure inertia indices i, −i, . . ., i, −i and w_+ odd size Jordan blocks of sizes 2r^+_1 + 1, . . ., 2r^+_{w+} + 1 corresponding to the indices (−1)^{r+}1^{+1}β^+_1 , . . ., (−1)^{r+w++1}β^+_{w+} .

Proof. The proof is analogous to the proof of Theorem 33.

Finally we discuss the canonical forms under Σ_{p,q}-unitary similarity transformations. To simplify the notation which is even more technical, we introduce for a nonzero scalar γ the blocks N^+_r (γ) = 1 2 (N_r(γ) + N_r(γ)^{−H}), N^−_r (γ) = 1 2 (N_r(γ) − N_r(γ)^{−H})

and similarly for a 2 × 2 real nonsingular matrix Γ we set

N^+_r (Γ) = 1 2 (N_r(Γ) + N_r(Γ)^{−T} ), N^−_r (Γ) = 1 2 (N_r(Γ) − N_r(Γ)^{−T} ).

Lemma 35 Let G be a Σ_{p,q}-unitary matrix and let N_r(γ) = γI + N_r be a Jordan block of G. If |γ| ≠ 1, then there exists a full rank matrix U such that

U^H Σ_{p,q}U = [ I_r 0 0 −I_r ] , GU = U [ N^+_r (γ) −N^−_r (γ) −N^−_r (γ) N^+_r (γ) ] . (62)

If G is real then we have two cases:

i) If γ is real then there exists a real full rank matrix U such that

U^T Σ_{p,q}U = [ I_r 0 0 −I_r ] , GU = U [ N^+_r (γ) −N^−_r (γ) −N^−_r (γ) N^+_r (γ) ] . (63)

ii) If γ is nonreal then there exists a real full rank matrix U such that

U^T Σ_{p,q}U = [ I_{2r} 0 0 −I_{2r} ] , GU = U [ N^+_r (Γ) −N^−_r (Γ) −N^−_r (Γ) N^+_r (Γ) ] , (64)

with Γ = [ Re γ Im γ − Im γ Re γ ] . Proof. By Lemma 29 for N_r(γ) there exists a matrix Û such that

Û^H Σ_{p,q}Û = [ 0 P̂_r P̂ H_r 0 ] , GÛ = Û [ N_r(γ) 0

0 N_r(γ)^{−1} ] .

With U = Û diag(I_r, P̂_r)Υ_r we then have (62).

If G is real and γ is real, then Û can be chosen real and hence also U is real and we have (63). If γ is nonreal, then by the real form in Lemma 29 we obtain (64).

Lemma 36 Let G be a Σ_{p,q}-unitary matrix and let N_r(γ) be a Jordan block associated with an eigenvalue γ of modulus one. Then there exists a full rank matrix U with the following properties:

i) If r = 2s, then with β = (−1)^siπ, where π ∈ {±i} we have

U^H Σ_{p,q}U = [ I_s 0 0 −I_s ] , GU = U [ N^+_s (γ) +^{iδβ}_2 e_se^H_s N_s(γ)^{−H} −N^−_s (γ) +^{iδβ}_2 e_se^H_s N_s(γ)^{−H} −N^−_s (γ) −^{iδβ}_2 e_se^H_s N_s(γ)^{−H} N^+_s (γ) −^{iδβ}_2 e_se^H_s N_s(γ)^{−H} ] , where δ = 1 if γ ≠ 1 and δ = −1 if γ = 1.

ii) If r = 2s + 1, then with β = (−1)^{s+1}π, where π ∈ {±1} we have

U^H Σ_{p,q}U =

I_s 0 0 0 β 0 0 0 −I_s ,

GU = U N^+_s (γ) +^{βs(γ)}_2 e_se^H_s N_s(γ)^{−H} √ 2 2 γe_s −N^−_s (γ) +^{βs(γ)}_2 e_se^H_s N_s(γ)^{−H} − √ 2 2 βe^H_s N_s(γ)^{−H} γ − √ 2 2 βe^H_s N_s(γ)^{−H} −N^−_s (γ) −^{βs(γ)}_2 e_se^H_s N_s(γ)^{−H} − √ 2 2 γe_s N^+_s (γ) −^{βs(γ)}_2 e_se^H_s N_s(γ)^{−H} . where s(γ) =^γ_{1−γ} if γ ≠ 1 and s(1) = −^1_2 .

If G is real then there exists a real matrix U with the following properties:

a) If γ ≠ ±1 and r = 2s, then

U^T Σ_{p,q}U = [ I_r 0 0 −I_r ] , GU = U [ N^+_s (Γ) + E_r −N^−_s (Γ) + E_r −N^−_s (Γ) − E_r N^+_s (Γ) − E_r ] ,

where Γ = [ Re γ Im γ − Im γ Re γ ] and E_r =^β_2 [ 0 0 0 J_1 ] N_s(Γ)^{−T} .

b) If γ ≠ ±1 and r = 2s + 1, then

U^T Σ_{p,q}U =

I_{2s} 0 0 0 βI_2 0 0 0 −I_{2s} ,

GU = U N^+_s (Γ) + Ê_r

0_√ 2 2 Γ −N^−_s (Γ) + Ê_r

−^{√2}_2 β[0, I_2]N_s(Γ)^{−T} Γ −^{√2}_2 β[0, I_2]N_s(Γ)^{−T}

−N^−_s (Γ) − Ê_r 0 −^{√2}_2 Γ

N^+_s (Γ) − Ê_r ,

where Ê_r =^β_2 [ 0 0 0 Ŝ(γ) ] N_s(Γ)^{−T} and Ŝ(γ) = −^1_2 [ 1 −^{Im γ}_{1−Re γ}

Im γ 1−Re γ 1 ] .

c) If γ = −1 and r = 2s, then

U^T Σ_{p,q}U = [ I_r 0 0 −I_r ] , GU = U [ N^+_r (−1) −N^−_r (−1) −N^−_r (−1) N^−_r (−1) ] .

d) If γ = −1 and r = 2s + 1, then

U^T Σ_{p,q}U =

I_s 0 0 0 β 0 0 0 −I_s ,

GU = U N^+_s (−1) −^β_4 e_se^T_s N_s(−1)^{−T} − √ 2 2 e_s −N^−_s (−1) −^β_4 e_se^T_s N_s(−1)^{−T} −^{√2}_2 βe^T_s N_s(−1)^{−T} −1 −^{√2}_2 βe^T_s N_s(−1)^{−T} −N^−_s (−1) +^β_4 e_se^T_s N_s(−1)^{−T} √ 2 2 e_s N^+_s (−1) +^β_4 e_se^T_s N_s(−1)^{−T} .

e) If γ = 1 and r = 2s, then

U^T Σ_{p,q}U = [ I_r 0 0 −I_r ] , GU = U [ N^+_r (1) −N^−_s (1) −N^−_s (1) N^+_r (1) ] .

f) If γ = 1 and r = 2s + 1, then

U^T Σ_{p,q}U =

I_s 0 0 0 β 0 0 0 −I_s ,

GU = U N^+_s (1) −^β_4 e_se^T_s N_s(1)^{−T} √ 2 2 e_s −N^−_s (1) −^β_4 e_se^T_s N_s(1)^{−T} − √ 2 2 βe^T_s N_s(1)^{−T} 1 − √ 2 2 βe^T_s N_s(1)^{−T} −N^−_s (1) +^β_4 e_se^T_s N_s(1)^{−T} − √ 2 2 e_s N^+_s (1) +^β_4 e_se^T_s N_s(1)^{−T} .

Proof. The proof is analogous to the proof of Lemma 35, using the results in Lemmas 31 and 32.

This finally brings us to the structured canonical forms under Σ_{p,q}-unitary or in the real case Σ_{p,q}-orthogonal transformations.

Theorem 37 Ley G be a Σ_{p,q}-unitary matrix with pairwise distinct eigenvalues λ_1, . . ., λ_μ of modulus less than one and pairwise distinct eigenvalues γ_1, . . ., γ_ν of modulus one. Note that then also λ_1^{−1}, . . ., λ_μ^{−1} are eigenvalues. Then there exists a Σ_{p,q}-unitary matrix U, such that U^{−1}GU = R_c T_c R^+_u T_u T_c R_c Y_u R^−_u .

i) The blocks with index c, associated with the eigenvalues that do not have modulus one, have the form R_c = diag(R^c_1, . . ., R^c_μ) and T_c = diag(T^c_1 , . . ., T^c_μ), where for k = 1, . . ., μ

R^c_k = diag(N^+_{pk,1} (λ_k), . . ., N^+_{pk,sk} (λ_k)), T^c_k = − diag(N^−_{pk,1} (λ_k), . . ., N^−_{pk,sk} (λ_k)).

ii) The blocks with index u, associated with the unimodular eigenvalues, are

R^+_u = diag(C_1, . . ., C_ν), R^−_u = diag(D_1, . . ., D_ν), T_u = diag(F_1, . . ., F_ν), Y_u = diag(G_1, . . ., G_ν).

Here for k = 1, . . ., ν the blocks are

C_k = diag(C^e_k, C^+_k , C^−_k ), D_k = diag(D^e_k, D^+_k , D^−_k ), F_k = diag(F^e_k , F^+_k , F^−_k ), G_k = diag(G^e_k, G^+_k , G^−_k ),

and with δ_k = 1 for γ_k ≠ 1 and δ_k = −1 if γ_k = 1 the substructures are

C^e_k = diag(N^+_{qk,1}(γ_k) + 1 2 iδ_kβ_{k,1}e_{qk,1} e^H_{qk,1} N_{qk,1} (γ_k)^{−H}, . . . , N^+_{qk,tk} (γ_k) + 1 2 iδ_kβ_{k,tk} e_{qk,tk} e^H_{qk,tk} N_{qk,tk} (γ_k)^{−H} ), D^e_k = diag(N^+_{qk,1}(γ_k) − 1 2 iδ_kβ_{k,1}e_{qk,1} e^H_{qk,1} N_{qk,1} (γ_k)^{−H}, . . . , N^+_{qk,tk} (γ_k) − 1 2 iδ_kβ_{k,tk} e_{qk,tk} e^H_{qk,tk} N_{qk,tk} (γ_k)^{−H} ), F^e_k = diag(−N^−_{qk,1} (γ_k) + 1 2 iδ_kβ_{k,1}e_{qk,1} e^H_{qk,1} N_{qk,1} (γ_k)^{−H} , . . . , −N^−_{qk,tk} (γ_k) + 1 2 iδ_kβ_{k,tk} e_{qk,tk} e^H_{qk,tk} N_{qk,tk} (γ_k)^{−H}); G^e_k = − diag(N^−_{qk,1}(γ_k) + 1 2 iδ_kβ_{k,1}e_{qk,1} e^H_{qk,1} N_{qk,1} (γ_k)^{−H}, . . . , N^−_{qk,tk} (γ_k) + 1 2 iδ_kβ_{k,tk} e_{qk,tk} e^H_{qk,tk} N_{qk,tk} (γ_k)^{−H} ); C^+_k = diag(

N^+u^{k,1} (γk) +

s(γ_k ) 2 e_{uk,1} e^H_{uk,1} N_{uk,1} (γ_k)^{−H} √ 2 2 γ_ke_{uk,1} −^{√2}_2 e^H_{uk,1} N_{uk,1} (γ_k)^{−H} γ_k ,

. . . , N + u_{k,wk} (γk) + s(γ_k) 2 e_{uk,wk} e^H_{uk,wk} N_{uk,wk} (γ_k)^{−H} √ 2 2 γ_ke_{uk,wk} −^{√2}_2 e^H_{uk,wk} N_{uk,wk} (γ_k)^{−H} γ_k ),

D^+_k = diag(N^+_{uk,1} (γ_k) − s(γ_k) 2 e_{uk,1} e^H_{uk,1} N_{uk,1} (γ_k)^{−H} , . . ., N^+_{uk,wk} (γ_k) − s(γ_k) 2 e_{uk,wk} e^H_{uk,wk} N_{uk,wk} (γ_k)^{−H} ), F^+_k = − diag( N^−u^{k,1} (γk) − s(γ_k) 2 e_{uk,1} e^H_{uk,1} N_{uk,1} (γ_k)^{−H} √ 2 2 e^H_{uk,1} N_{uk,1} (γ_k)^{−H} ,

. . ., N^−_{uk,wk} (γ_k) −^{s(γk )}_2 e_{uk,wk} e^H_{uk,wk} N_{uk,wk} (γ_k)^{−H} √ 2 2 e^H_{uk,wk} N_{uk,wk} (γ_k)^{−H} );

G^+_k = − diag([N^−_{uk,1} (γ_k) + s(γ_k) 2 e_{uk,1} e^H_{uk,1} N_{uk,1} (γ_k)^{−H} , √ 2 2 γ_ke^H_{uk,1} ], . . . , [N^−_{uk,1}(γ_k) + s(γ_k) 2 e_{uk,wk} e^H_{uk,wk} N_{uk,wk} (γ_k)^{−H} , √ 2 2 γ_ke^H_{uk,wk} ]);

C^−_k = diag(N^+_{vk,1} (γ_k) − s(γ_k) 2 e_{vk,1} e^H_{vk,1} N_{vk,1} (γ_k)^{−H} , . . ., N^+_{vk,zk} (γ_k) − s(γ_k) 2 e_{vk,zk} e^H_{vk,zk} N_{vk,zk} (γ_k)^{−H} ), D^−_k = diag( γk √ 2 2 e^H_{vk,1} N_{vk,1} (γ_k)^{−H} −^{√2}_2 γ_ke_{vk,1} N^+_{vk,1} (γ_k) +^{s(γk)}_2 e_{vk,1} e^H_{vk,1} N_{vk,1} (γ_k)^{−H} ,

. . . , γk √ 2 2 e^H_{vk,zk} N_{vk,zk} (γ_k)^{−H} −^{√2}_2 γ_ke_{vk,zk} N^+_{vk,zk} (γ_k) +^{s(γk)}_2 e_{vk,zk} e^H_{vk,zk} N_{vk,zk} (γ_k)^{−H} ),

F^−_k = diag([ √ 2 2 γ_ke_{vk,1} , −N^−_{vk,1} (γ_k) − s(γ_k) 2 e_{vk,1} e^H_{vk,1} N_{vk,1} (γ_k)^{−H} ], . . . , [ √ 2 2 γ_ke_{vk,zk} , −N^−_{vk,zk} (γ_k) − s(γ_k) 2 e_{vk,zk} e^H_{vk,zk} N_{vk,zk} (γ_k)^{−H} ]), G^−_k = diag( √ 2 2 e^H_{vk,1} N_{vk,1} (γ_k)^{−H} −N^−_{vk,1} (γ_k) +^{s(γk )}_2 e_{vk,1} e^H_{vk,1} N_{vk,1} (γ_k)^{−H} ,

. . . , √ 2 2 e^H_{vk,zk} N_{vk,zk} (γ_k)^{−H} −N^−_{vk,zk} (γ_k) +^{s(γk)}_2 e_{vk,zk} e^H_{vk,zk} N_{vk,zk} (γ_k)^{−H} ). In these formulas we have used s(γ_k) =^{γk}_{1−γk} if γ_k ≠ 1 and s(1) = −^1_2 .

Each λ_k (λ_k^{−1}) has s_k Jordan blocks of sizes p_{k,1}, . . ., p_{k,sk} . For each unimodular eigenvalue γ_k we have

a) t_k even sized Jordan blocks of sizes 2q_{k,1}, . . ., 2q_{k,tk} with the corresponding structure inertia indices i(−1)^{qk,1+1}β_{k,1}, . . ., i(−1)^{qk,t}k^{+1}β_{k,tk} ;

b) w_k odd sized Jordan blocks of sizes 2u_{k,1} + 1, . . ., 2u_{k,wk} + 1 corresponding to the indices (−1)^{uk,1+1}, . . ., (−1)^{uk,w}k^{+1}; c) z_k odd sized Jordan blocks of sizes 2v_{k,1} + 1, . . ., 2v_{k,zk} + 1 corresponding to the indices (−1)^{vk,j} , . . ., (−1)^{vk,z}k . Proof. The proof follows from Lemmas 35 and 36.

As our last result we present the real version of the structured canonical form of Σ_{p,q}- orthogonal matrices under Σ_{p,q}-orthogonal similarity transformations. Theorem 38 Let G be a real Σ_{p,q}-orthogonal matrix with pairwise distinct real eigenvalues α_1, . . ., α_η of modulus less than one, pairwise distinct nonreal eigenvalues λ_1, . . ., λ_μ of modulus less than one with positive imaginary parts, and pairwise different nonreal eigenvalues γ_1, . . ., γ_ν of modulus one also with positive imaginary parts. (Note that we then also have the eigenvalues α^{−1}_1 , . . ., α^{−1}_η , λ_1, . . ., λ_μ, λ^{−1}_1 , . . ., λ^{−1}_μ , λ_1^{−1}, . . ., λ_μ^{−1} and γ_1, . . ., γ_ν as well as possibly −1, 1.)

Then there exists a real Σ_{p,q}-orthogonal matrix U such that

U^{−1}GU = R_c T_c R^+_u T_u T_c R_c Y_u R^−_u .

i) The blocks with index c, associated with eigenvalues not on the unit circle, are split further as R_c = diag(R̂_c, R̃_c) and T_c = diag(T̂_c, T̃_c) with R̂_c = diag(R̂^c_1, . . ., R̂^c_η), R̃_c = diag(R̃^c_1, . . ., R̃^c_μ), T̂_c = diag(T̂^c_1 , . . ., T̂^c_η), T̃_c = diag(T̃^c_1 , . . ., T̃^c_μ)

and for k = 1, . . ., η we have

R̂^c_k = diag(N^+_{fk,1} (α_k), . . ., N^+_{fk,lk} (α_k)), T̂^c_k = − diag(N^−_{fk,1} (α_k), . . ., N^−_{fk,lk} (α_k)),

while for k = 1, . . ., μ

R̃^c_k = diag(N^+_{pk,1} (Λ_k), . . ., N^+_{pk,sk} (Λ_k)), T̃^c_k = − diag(N^−_{pk,1} (Λ_k), . . ., N^−_{pk,sk} (Λ_k)).

ii) The blocks with index u, associated with the unimodular eigenvalues, are split further in real and nonreal eigenvalues, as

R^+_u = diag(C_1, . . ., C_ν, C_−, C_+), R^−_u = diag(D_1, . . ., D_ν, D_−, D_+), T_u = diag(F_1, . . ., F_ν , F_−, F_+), Y_u = diag(G_1, . . ., G_ν, G_−, G_+)

and have for k = 1, . . ., ν the partitioning

C_k = diag(C^e_k, C^+_k , C^−_k ), D_k = diag(D^e_k, D^+_k , D^−_k ), F_k = diag(F^e_k , F^+_k , F^−_k ), G_k = diag(G^e_k, G^+_k , G^−_k ).

In these blocks we have with E_{k,j} = 1 2 β_{k,j} [ 0 0 0 J_1 ] N_{qk,j} (Γ_k)^{−T} , Ẽ_{k,j} = 1 2 [ 0 0 0 E_1 ] N_{vk,j} (Γ_k)^{−T} , Ê_{k,j} = 1 2 [ 0 0 0 E_1 ] N_{uk,j} (Γ_k)^{−T} , E_1 = − 1 2 [ 1 −^{Im γk}_{1−Re γk} Im γk 1−Re γk 1 ] , the following substructures.

C^e_k = diag(N^+_{qk,1} (Γ_k) + E_{k,1} . . ., N^+_{qk,tk} (Γ_k) + E_{k,tk} ), D^e_k = diag(N^+_{qk,1} (Γ_k) − E_{k,1}, . . ., N^+_{qk,tk} (Γ_k) − E_{k,tk} ), F^e_k = diag(−N^−_{qk,1} (Γ_k) + E_{k,1}, . . ., −N^−_{qk,tk} (Γ_k) + E_{k,tk} ) G^e_k = − diag(N^−_{qk,1} (Γ_k) + E_{k,1}, . . ., N^−_{qk,tk} (Γ_k) + E_{k,tk} )

C^+_k = diag(

N^+_{uk,1} (Γ_k) + Ê_{k,1}

0_√ 2 2 Γ_k [0, − √ 2 2 I_2]N_{uk,1} (Γ_k)^{−T} Γ_k ,

. . . , diag( N^+_{uk,wk} (Γ_k) + Ê_{k,wk} 0_√ 2 2 Γ_k [0, −^{√2}_2 I_2]N_{uk,wk} (Γ_k)^{−T} Γ_k ), D^+_k = diag(N^+_{uk,1} (Γ_k) − Ê_{k,1}, . . ., N^+_{uk,wk} (Γ_k) − Ê_{k,wk} ),

F^+_k = − diag( [ N^−_{uk,1} (Γ_k) − Ê_{k,1} [0,^{√2}_2 I_2]N_{uk,1} (Γ_k)^{−T} ] , . . ., N^−_{uk,wk} (Γ_k) − Ê_{k,wk} [0,^{√2}_2 I_2]N_{uk,wk} (Γ_k)^{−T} ),

G^+_k = − diag([N^−_{uk,1} (Γ_k) + Ê_{k,1}|

0_√ 2 2 Γ_k ], . . ., [N^−_{uk,wk} (Γ_k) + Ê_{k,wk} | 0_√ 2 2 Γ_k ]); C^−_k = diag(N^+_{vk,1} (Γ_k) − Ẽ_{k,1}, . . ., N^+_{vk,zk} (Γ_k) − Ẽ_{k,zk} ),

D^−_k = diag(

Γ_k [0, √ 2 2 I_2]N_{vk,1} (Γ_k)^{−T} 0 −^{√2}_2 Γ_k

N^+_{vk,1} (Γ_k) + Ẽ_{k,zk} ,

. . . , Γ_k [0,^{√2}_2 I_2]N_{vk,zk} (Γ_k)^{−T} 0 −^{√2}_2 Γ_k N^+_{vk,zk} (Γ_k) + Ẽ_{k,zk} ),

F^−_k = diag([

0_√ 2 2 I_2 | − N^−_{vk,1} (γ_k) − Ẽ_{k,1}], . . ., [ 0_√ 2 2 I_2 | − N^−_{vk,zk} (Γ_k) − Ẽ_{k,zk} ]),

G^−_k = diag( [ [0, √ 2 2 I_2]N_{vk,1} (Γ_k)^{−T} −N^−_{vk,1} + Ẽ_{k,1} ] , . . ., [ [0, √ 2 2 I_2]N_{vk,zk} (Γ_k)^{−T} −N^−_{vk,zk} + Ẽ_{k,zk} ] ). The blocks associated with eigenvalues 1, −1 are partitioned further as

C_± = diag(C^e_±, C^+_± , C^−_± ), D_± = diag(D^e_±, D^+_±, D^−_±), F_± = diag(F^e_±, F^+_± , F^−_± ), G_± = diag(G^e_±, G^+_±, G^−_±);

and have with E^±_k =^1_4 e_g±_k e^T_{g±k} N_g±_k (±1)^{−T} and Ê^±_k =^1_4 e_h±_k e^T_{h±k} N_h±_k (±1)^{−T} the substructures

C^e_± = D^e_± = diag(N^+_{2x±1} (±1), . . ., N^+_{2x±c±} (±1)),

F^e_± = G^e_± = − diag(N^−_{2x±1} (±1), . . ., N^−_{2x±c±} (±1));

C^+_± = diag(

N^+_{g±1} (±1) − E^±_1 ± √ 2 2 e_g±_1 − √ 2 2 e^T_{g±1} N_g±_1 (±1)^{−T} ±1 , . . ., N^+_{g±a±} (±1) − E^±_{a±} ± √ 2 2 e_g±_{a±} − √ 2 2 e^T_{g±a±} N_g±_{a±} (±1)^{−T} ±1 ), D^+_± = diag(N^+_{g±1} (±1) + E^±_1 , . . ., N^+_{g±a±} (±1) + E^±_{a±} ),

F^+_± = − diag(

N^−_{g±1} (±1) + E^±_1 √ 2 2 e^T_{g±1} N_g±_1 (±1)^{−T} , . . ., N^−_{g±a±} (±1) + E^±_{a±} √ 2 2 e^T_{g±a±} N_g±_{a±} (±1)^{−T} ),

G^+_± = − diag([N^−_{g±1} (±1) − E^±_1 | ± √ 2 2 e_g±_1 ], . . ., [N^−_{g±a±} (±1) − E^±_{a±}| ± √ 2 2 e_g±_{a±} ]), C^−_± = diag(N^+_{h±1} (±1) + Ê^±_1 , . . ., N^+_{h±b±} (±1) + Ê^±_{b±} ),

D^−_± = diag( ±1 √ 2 2 e^T_{h±1} N_h±_1 (±1)^{−T} ∓ √ 2 2 e_h±_1 N^+_{h±1} (±1) − Ê^±_1 , . . ., ±1 √ 2 2 e^T_{h±b±} N_h±_{b±} (±1)^{−T} ∓ √ 2 2 e_h±_{b±} N^+_{h±b±} (±1) − Ê^±_{b±} ),

F^−_± = diag([± √ 2 2 e_h±_1 , −N^−_{h±1} (±1) + Ê^±_1 ], . . ., [± √ 2 2 e_h±_{b±} , −N^−_{h±b±} (±1) + Ê^±_{b±} ]),

G^−_± = diag( √ 2 2 e^T_{h±1} N_h±_1 (±1)^{−T} −N^−_{h±1} (±1) − Ê^±_1 , . . ., √ 2 2 e^T_{h±b±} N_h±_{b±} (±1)^{−T} −N^−_{h±b±} (±1) − Ê^±_{b±} ).

Each real eigenvalue α_k (α^{−1}_k ) has l_k Jordan blocks of sizes f_{k,1}, . . ., f_{k,lk} and each λ_k (λ^{−1}_k , λ_k, λ_k^{−1}) has s_k Jordan blocks of sizes p_{k,1}, . . ., p_{k,sk} .

Each nonreal unimodular eigenvalue γ_k (γ_k) has

a) t_k even sized Jordan blocks of sizes 2q_{k,1}, . . ., 2q_{k,tk} with the corresponding structure inertia indices i(−1)^{qk,1+1}β_{k,1}, . . ., i(−1)^{qk,t}k^{+1}β_{k,tk} associated with γ_k and i(−1)^{qk,1} β_{k,1}, . . . , i(−1)^{qk,t}k β_{k,tk} associated with γ_k;

b) w_k odd sized Jordan blocks of sizes 2u_{k,1} +1, . . ., 2u_{k,wk} +1 corresponding to the structure inertia indices (−1)^{uk,1+1}, . . ., (−1)^{uk,w}k^{+1};

c) z_k odd sized Jordan blocks of sizes 2v_{k,1} + 1, . . ., 2v_{k,zk} + 1 corresponding to the structure inertia indices (−1)^{vk,1} , . . ., (−1)^{vk,z}k .

The eigenvalue 1 has 2c_+ even sized Jordan blocks of sizes 2x^+_1 , 2x^+_1 , . . ., 2x^+_{c+} , 2x^+_{c+} corresponding to the structure inertia indices i, −i, . . ., i, −i, and a_+ + b_+ odd sized Jordan blocks, a_+ of them of sizes 2g^+_1 + 1, . . ., 2g^+_{a+} + 1 with the corresponding structure inertia indices (−1)^{g+1 +1}, . . ., (−1)^{g+a++1} and b_+ of them of sizes 2h^+_1 + 1, . . ., 2h^+_{b+} + 1 with the corresponding

structure inertia indices (−1)^{h+}1 , . . ., (−1)^{h+b+} .

Similarly, the eigenvalue −1 has 2c_− even sized Jordan blocks of sizes 2x^−_1 , 2x^−_1 , . . ., 2x^−_{c−} , 2x^−_{c−} corresponding to the structure inertia indices i, −i, . . ., i, −i, and a_− + b_− odd sized Jordan blocks, a_− of them of sizes 2g^−_1 +1, . . ., 2g^−_{a−} +1 with the corresponding structure inertia indices (−1)^{g−}1^{+1}, . . ., (−1)^{g−a−+1} and b_− of them of sizes 2h^−_1 + 1, . . ., 2h^−_{b−} + 1 with the corresponding

structure inertia indices (−1)^{h−}1 , . . ., (−1)^{h−b−} .

Proof. The proof follows directly from Lemmas 35 and 36.

6 Conclusion

We have presented real and complex structured Jordan canonical forms under real Σ_{p,q}- orthogonal and Σ_{p,q}-unitary matrices, respectively. Combining these results with the structured canonical forms for Hamiltonian, skew Hamiltonian and symplectic matrices in [14] a complete list of the possible structured canonical forms is available.

Actually by Remark 2 the structured Jordan canonical forms for groups of structure matrices such as complex Σ_{p,q}-symmetric, skew symmetric and orthogonal matrices, complex J symmetric, skew symmetric and orthogonal matrices, can be derived in a similar way, were J = [ 0 I_n −I_n 0 ] . We can also generalize these results to the cases that Σ_{p,q} and J are re-

placed by general nonsingular Hermitian and skew Hermitian matrices, respectively. Due to the large amount of material that we have already presented we have refrained from presenting these results.

It is also possible to generalize all these results to the matrix pencil case with structures as it has been done for Hamiltonian pencils, and symplectic pencils in [14] and for skew Hamiltonian/Hamiltonian pencils in [15, 16]. This generalization can be done as follows: Suppose that for a matrix pencil A−λB with say A = A^H , B = B^H the matrix B is invertible, then the matrix Â = B^{−1}A satisfies BÂ = Â^H B. So we can determine a nonsingular matrix U such that U^H BU = D_b, U^{−1}ÂU = D_a. Taking the product form of Â we have U^H BU = D_b, U^H AU = D_bD_a, which is just the result of Thompson [18] or Uhlig for the real case [20]. We can also easily obtain the canonical forms for all the pencils with A = ±A^H , B = ±B^H .

References

[1] G. Ammar, C. Mehl, and V. Mehrmann, Schur-like Forms for matrix Lie groups, Lie algebras and Jordan algebras, Preprint SFB393/97-26, Sonderforschungsbereich 393, Numerische Simulation auf massiv parallelen Rechnern, Fak. f. Mathematik, TU Chemnitz, D-09107 Chemnitz, FRG, 1997, to appear in Linear Algebra Appl. 1999.

[2] P. Benner, V. Mehrmann, and H. Xu, A new method for computing the stable invariant subspace of a real Hamiltonian matrix, J. Comput. Appl. Math., 86, pp. 17-43, 1997.

[3] P. Benner, V. Mehrmann, and H. Xu, A numerically stable, structure preserving method for computing the eigenvalues of real Hamiltonian or symplectic pencils, Numer. Math., 78, pp. 329-358, 1998.

[4] A. Bunse-Gerstner, An analysis of the HR algorithm for computing the eigenvalues of a matrix, Linear Algebra Appl., 35, pp. 155-173, 1981.

[5] D.Ž. Djoković, J. Patera, P. Winternitz, and H. Zassenhaus, Normal forms of elements of classical real and complex Lie and Jordan algebras, J. Math. Phys. 24, pp. 1363-1373, 1983.

[6] A. Ferrante and B.C. Levy, Canonical form of symplectic matrix pencils, Linear Algebra Appl., 274, pp. 259-300, 1998.

[7] R. Gantmacher, Theory of Matrices, Vol. I, II, Chelsea, New York, 1959.

[8] I. Gohberg, P. Lancaster, and L. Rodman, Matrices and Indefinite Scalar Products, Birkhäuser, Basel, 1983.

[9] G.H. Golub and C.F. Van Loan, Matrix Computations, 3rd Edition, The Johns Hopkins University Press, Baltimore, 1996.

[10] R.A. Horn and C.R. Johnson Matrix Analysis, Cambridge University Press, 1985.

[11] R.A. Horn and C.R. Johnson Topics in Matrix Analysis, Cambridge University Press, 1991.

[12] P. Lancaster and M. Tismenetsky, The Theory of Matrices, 2nd Edition, Academic Press, Orlando, 1985.

[13] P. Lancaster and L. Rodman, The Algebraic Riccati Equation, Oxford University Press, Oxford, 1995.

[14] W.W. Lin, V. Mehrmann and H.G. Xu, Jordan Canonical Forms for Hamiltonian and Symplectic Matrices and Pencils, submitted for publication. Preliminary version of first two authors appeared as Preprint SFB393/98-07, Sonderforschungsbereich 393, Numerische Simulation auf massiv parallelen Rechnern, Fak. f. Mathematik, TU Chemnitz, D-09107 Chemnitz, FRG, 1998.

[15] C. Mehl, Condensed forms for skew-Hamiltonian/Hamiltonian pencils, Preprint SFB393/98-08, Sonderforschungsbereich 393, Numerische Simulation auf massiv parallelen Rechnern, Fak. f. Mathematik, TU Chemnitz, D-09107 Chemnitz, FRG, 1998, to appear in SIAM J. Matrix Analysis and Appl. 1999.

[16] C. Mehl, Compatible Lie and Jordan algebras and applications to structured matrices and pencils, PhD Thesis, Fak. f. Mathematik, TU Chemnitz, D-09107 Chemnitz, FRG, 1998.

[17] J. Patera and C. Rousseau, Versal deformations of elements of classical Jordan algebras, J. Math. Phys., 24, pp. 1375-1379, 1983.

[18] B. P. Thompson, The characteristic polynomial of a principal subpencil of a hermitian matrix pencil, Linear Algebra Appl., 14, pp. 136-177, 1976.

[19] B. P. Thompson, Pencils of complex and real symmetric and skew matrices, Linear Algebra Appl., 147, pp. 323-371, 1991.

[20] F. Uhlig, A canonical form for a pair of real symmetric matrices that generate a nonsingular pencil, Linear Algebra Appl., 14, pp. 189-209, 1976.

Other titles in the SFB393 series:

97-01 P. Benner, V. Mehrmann, H. Xu. A new method for computing the stable invariant subspace of a real Hamiltonian matrix or Breaking Van Loan’s curse? January 1997.

97-02 B. Benhammouda. Rank-revealing ’top-down’ ULV factorizations. January 1997. 97-03 U. Schrader. Convergence of Asynchronous Jacobi-Newton-Iterations. January 1997. 97-04 U.-J. Görke, R. Kreißig. Einflußfaktoren bei der Identifikation von Materialparametern elastischplastischer Deformationsgesetze aus inhomogenen Verschiebungsfeldern. March 1997.

97-05 U. Groh. FEM auf irregulären hierarchischen Dreiecksnetzen. March 1997. 97-06 Th. Apel. Interpolation of non-smooth functions on anisotropic finite element meshes. March 1997 97-07 Th. Apel, S. Nicaise. The finite element method with anisotropic mesh grading for elliptic problems in domains with corners and edges.

97-08 L. Grabowsky, Th. Ermer, J. Werner. Nutzung von MPI für parallele FEM-Systeme. March 1997.

97-09 T. Wappler, Th. Vojta, M. Schreiber. Monte-Carlo simulations of the dynamical behavior of the Coulomb glass. March 1997.

97-10 M. Pester. Behandlung gekrümmter Oberflächen in einem 3D-FEM-Programm für Parallelrechner. April 1997.

97-11 G. Globisch, S. V. Nepomnyaschikh. The hierarchical preconditioning having unstructured grids. April 1997.

97-12 R. V. Pai, A. Punnoose, R. A. Römer. The Mott-Anderson transition in the disordered onedimensional Hubbard model. April 1997.

97-13 M. Thess. Parallel Multilevel Preconditioners for Problems of Thin Smooth Shells. May 1997. 97-14 A. Eilmes, R. A. Römer, M. Schreiber. The two-dimensional Anderson model of localization with random hopping. June 1997.

97-15 M. Jung, J. F. Maitre. Some remarks on the constant in the strengthened C.B.S. inequality:

Application to h- and p-hierarchical finite element discretizations of elasticity problems. July 1997.

97-16 G. Kunert. Error estimation for anisotropic tetrahedral and triangular finite element meshes.

August 1997.

97-17 L. Grabowsky. MPI-basierte Koppelrandkommunikation und Einfluß der Partitionierung im 3D-Fall. August 1997.

97-18 R. A. Römer, M. Schreiber. Weak delocalization dueto long-range interaction for two electrons in a random potential chain. August 1997.

97-19 A. Eilmes, R. A. Römer, M. Schreiber. Critical behavior in the two-dimensional Anderson model of localization with random hopping. August 1997.

97-20 M. Meisel, A. Meyer. Hierarchically preconditioned parallel CG-solvers with and without coarsematrix-solvers inside FEAP. September 1997.

97-21 J. X. Zhong, U. Grimm, R. A. Römer, M. Schreiber. Level-Spacing Distributions of Planar Quasiperiodic Tight-Binding Models. October 1997.

97-22 W. Rehm (Ed.). Ausgewählte Beiträge zum 1. Workshop Cluster-Computing. TU Chemnitz, 6./7. November 1997.

97-23 P. Benner, Enrique S. Quintana-Ortí. Solving stable generalized Lyapunov equations with the matrix sign function. October 1997 97-24 T. Penzl. A Multi-Grid Method for Generalized Lyapunow Equations. October 1997 97-25 G. Globisch. The hierarchical preconditioning having unstructured threedimensional grids. December 1997

97-26 G. Ammar, C. Mehl, V. Mehrmann. Schur-like forms for matrix Lie groups, Lie algebras and Jordan algebras. November 1997 97-27 U. Elsner. Graph partitioning - a survey. December 1997.

97-28 W. Dahmen, R. Schneider. Composite Wavelet Bases for Operator Equations. December 1997. 97-29 P. L. Levin, M. Spasojević, R. Schneider. Creation of Sparse Boundary Element Matrices for 2-D and Axi-symmetric Electrostatics Problems Using the Bi-orthogonal Haar Wavelet. December 1997.

97-30 W. Dahmen, R. Schneider. Wavelets on Manifolds I: Construction and Domain Decomposition.

December 1997.

97-31 U. Elsner, V. Mehrmann, F. Milde, R. A. Römer, M. Schreiber. The Anderson Model of Localization: A Challenge for Modern Eigenvalue Methods. December 1997.

98-01 B. Heinrich, S. Nicaise, B. Weber. Elliptic interface problems in axisymmetric domains. Part II: The Fourier-finite-element approximation of non-tensorial singularities. January 1998.

98-02 T. Vojta, R. A. Römer, M. Schreiber. Two interfacing particles in a random potential: The random model revisited. February 1998.

98-03 B. Mehlig, K. Müller. Non-universal properties of a complex quantum spectrum. February 1998.

98-04 B. Mehlig, K. Müller, B. Eckhardt. Phase-space localization and matrix element distributions in systems with mixed classical phase space. February 1998.

98-05 M. Bollhöfer, V. Mehrmann. Nested divide and conquer concepts for the solution of large sparse linear systems. March 1998.

98-06 T. Penzl. A cyclic low rank Smith method for large, sparse Lyapunov equations with applications in model reduction and optimal control. March 1998.

98-07 V. Mehrmann, H. Xu. Canonical forms for Hamiltonian and symplectic matrices and pencils.

March 1998.

98-08 C. Mehl. Condensed forms for skew-Hamiltonian/Hamiltonian pencils. March 1998. 98-09 M. Meyer. Der objektorientierte hierarchische Netzgenerator Netgen69-C++. April 1998. 98-10 T. Ermer. Mappingstrategien für Kommunikatoren. April 1998.

98-11 D. Lohse. Ein Standard-File für 3D-Gebietsbeschreibungen. – Definition des Fileformats V 2.1 –. April 1998.

98-13 L. Grabowsky, T. Ermer. Objektorientierte Implementation eines PPCG-Verfahrens. April 1998.

98-14 M. Konik, R. Schneider. Object-oriented implementation of multiscale methods for boundary integral equations. May 1998.

98-15 W. Dahmen, R. Schneider. Wavelets with complementary boundary conditions - Function spaces on the cube. May 1998.

98-16 P. Hr. Petkov, M. M. Konstantinov, V. Mehrmann. DGRSVX and DMSRIC: Fortran 77 subroutines for solving continuous-time matrix algebraic Riccati equations with condition and accuracy estimates. May 1998.

98-17 D. Lohse. Ein Standard-File für 3D-Gebietsbeschreibungen. - Datenbasis und Programmschnittstelle data read. April 1998.

98-18 A. Fachat, K. H. Hoffmann. Blocking vs. Non-blocking Communication under MPI on a Master- Worker Problem. June 1998.

98-19 W. Dahmen, R. Schneider, Y. Xu. Nonlinear Functionals of Wavelet Expansions - Adaptive Reconstruction and Fast Evaluation. June 1998.

98-20 M. Leadbeater, R. A. Römer, M. Schreiber. Interaction-dependent enhancement of the localisation length for two interacting particles in a one-dimensional random potential. June 1998.

98-21 M. Leadbeater, R. A. Römer, M. Schreiber. Formation of electron-hole pairs in a one-dimensional random environment. June 1998.

98-22 A. Eilmes, U. Grimm, R. A. Römer, M. Schreiber. Two interacting particles at the metalinsulator transition. August 1998.

98-23 M. Leadbeater, R. A. Römer, M. Schreiber. Scaling the localisation lengths for two interacting particles in one-dimensional random potentials. July 1998.

98-24 M. Schreiber, U. Grimm, R. A. Römer, J. X. Zhong. Energy levels of quasi-periodic Hamiltonians, spectral unfolding, and random matrix theory. July 1998.

98-25 V. Mehrmann, H. Xu. Lagrangian invariant subspaces of Hamiltonian matrices. August 1998. 98-26 B. Nkemzi, B. Heinrich. Partial Fourier approximation of the Lamé equations in axisymmetric domains. September 1998.

98-27 V. Uski, B. Mehlig, R. A. Römer, M. Schreiber. Smoothed universal correlations in the twodimensional Anderson model. September 1998.

98-28 D. Michael, M. Meisel. Some remarks to large deformation elasto-plasticity (continuum formulation). September 1998.

98-29 V. Mehrmann, H. Xu. Structured Jordan Canonical Forms for Structured Matrices that are Hermitian, skew Hermitian or unitary with respect to indefinite inner products. October 1998.

The complete list of current and former preprints is available via

http://www.tu-chemnitz.de/sfb393/preprints.html.