Technische Universität Chemnitz

Sonderforschungsbereich 393 Numerische Simulation auf massiv parallelen Rechnern

Boniface Nkemzi Bernd Heinrich

Partial Fourier approximation of the Lamé equations in axisymmetric domains

Preprint SFB393/98-26

Preprint-Reihe des Chemnitzer SFB 393

SFB393/98-26 September 1998

Author’s addresses:

Bernd Heinrich TU Chemnitz Fakultät für Mathematik D-09107 Chemnitz Germany

e-mail: heinrich@mathematik.tu-chemnitz.de

Boniface Nkemzi University of Buea Faculty of Science P.O. box 63 Buea Republic of Cameroon

PARTIAL FOURIER APPROXIMATION OF THE LAMÉ EQUATIONS IN AXISYMMETRIC DOMAINS

Boniface Nkemzi^� and Bernd Heinrich^y

Abstract

In this paper, we study the partial Fourier method for treating the Lamé equations in threedimensional axisymmetric domains subjected to nonaxisymmetric loads. We consider the mixed boundary value problem of the linear theory of elasticity with the displacement û, the body force f̂ ∈ (L2)3 and homogeneous Dirichlet and Neumann boundary conditions. The partial Fourier decomposition reduces, without any error, the three-dimensional boundary value problem to an infinite sequence of two-dimensional boundary value problems, whose solutions ûn (n = 0, 1, 2, · · ·) are the Fourier coefficients of û. This process of dimension reduction is described, and appropriate function spaces are given to characterize the reduced problems in two dimensions. The trace properties of these spaces on the rotational axis and some properties of the Fourier coefficients ûn are proved, which are important for further numerical treatment, e.g. by the finite-element method. Moreover, generalized completeness relations are described for the variational equation, the stresses and the strains. The properties of the resulting system of two-dimensional problems are characterized. Particularly, a priori estimates of the Fourier coefficients ûn and of the error of the partial Fourier approximation are given.

1 Introduction

The finite-element method has proved to be a very efficient and flexible numerical method for solving approximately problems in engineering and physics based on variational principles, see e.g. [1, 6, 21] . However, the application of the finite-element method for approximating three-dimensional boundary value problems (BVP), particularly in the theory of elasticity, involves the discretization of complex structures and the solution of large system of equations for which the cost, despite the advanced computational possibilities, may be extremly high. It is therefore still important to analyse approaches which simplify the solution process of three-dimensional problems, reduce the cost or admit an effective parallelization. Considerable computational advantages can be achieved, if special geometrical and material properties of the elastic body are given and taken into account, as e.g. for axisymmetric solids subjected to nonaxisymmetric loads. Here, a dimension reduction can be obtained by applying partial Fourier analysis, which relies on the Fourier series expansion with respect to the rotational angle φ. By this means, the three-dimensional boundary value problem can be reduced to a sequence of two-dimensional boundary value problems, which do not depend on the rotational angle φ.

For the Lamé operator in three-dimensional axisymmetric domains with homogeneous and isotropic material properties, the reduced boundary value problems in two dimensions are posed on the meridian of the domain; they are decoupled and can be solved in parallel. In general, for boundary value problems in two dimensions, standard tools for pre- and postprocessing as well as finite element algorithms and solvers are available and can be applied more easily than in three dimensions.

The application of the partial Fourier approximation (truncated partial Fourier series) for the dimension reduction, as a first step, and the subsequent discretization of the finite number of reduced problems by the finite-element method, as the second step, yields to the so-called Fourier-finite-element method. This method is often applied in engineering to approximate the solutions of boundary value problems in the theory of elasticity and in heat

�Faculty of Science, University of Buea, Cameroon yFaculty of Mathematics, Technical University of Chemnitz, Germany

conduction, see e.g. [1, 3, 7, 9, 10, 12, 15, 16, 17, 18]; see also [4, 5, 11] for the approximating Fourier method. The mathematical framework of the Fourier-finite-element method for solving the Poisson equation and related problems is studied in [2, 8, 9, 10, 12, 18], with some extension to the Lamé equations in [14]. In papers of the engineering literature about the Fourier-finite-element method for the boundary value problems in the theory of elasticity (see e.g. [1, 3, 7, 15, 16, 17, 19, 20]) one finds mainly the practical implementation and experimental demonstration of the method. Particularly, further work is necessary to give some mathematical framework of the method also in the case of the Lamé equations.

In this paper, we consider the following model problem

−μ△û(x) − (λ + μ)grad div û(x) = f̂(x) in Ω̂,

û(x) = 0 on Γ̂_D, (1.1) 3∑ j=1 σ̂_{ij}(û(x))ν̂_j = 0 (i = 1, 2, 3) on Γ̂_N ,

where û is the displacement vector, f̂ the body force, λ and μ are the Lamé-coefficients, Γ̂_D and Γ̂_N are disjoint parts of the boundary Γ̂ of Ω̂ with Dirichlet and Neumann conditions, respectively, σ̂_{ij}(û) are the components of the stress tensor, and ν̂_j the components of the unit outer normal on Γ̂_N .

The main objective of this paper is to give the analytical framework of the partial Fourier decomposition and approximation for studying the boundary value problems of the linear theory of elasticity in three-dimensional axisymmetric domains with nonaxisymmetric data. Here, we describe the approach and define appropriate function spaces on the twodimensional meridian domain Ω_a (Ω_a generates the three-dimensional axisymmetric domain Ω̂ ⊂ R3) needed for the two-dimensional boundary value problems. Especially in the case where the boundary ∂Ω_a of Ω_a satisfies ∂Ω_a ∩ {r = 0} ≠ ∅ (i.e. Ω̂ contains the rotational axis), these spaces are weighted Sobolev spaces, where the powers of the radial coordinate r play the role of the weights.

In [3, 7, 15, 16] the trace properties of the Fourier coefficients on the rotational axis have been derived by mechanical considerations. In this paper, we shall confirm the assertions and give a rigorous mathematical proof for it.

Furthermore, functions over the three-dimensional domain Ω̂ are characterized by their Fourier coefficients via the generalized Parseval equations. The same is done for the functionals connected with the boundary value problem. Here we shall also give completeness relations which clarify the decomposition of function spaces related to Ω̂ into function spaces connected with the meridian domain Ω_a and which are needed to describe the behaviour of the Fourier coefficients. The properties of the two-dimensional boundary value problems determining the Fourier coefficients are studied, a priori estimates of the Fourier coefficients and of the error of the partial Fourier approximation are given, for f̂ ∈ (L_2(Ω̂))^3 and without further regularity assumptions on the solution û.

The paper is divided into four Sections. In Section 2, the boundary value problem, its variational formulation as well as the corresponding function spaces are given, also in terms of cylindrical coordinates r, φ, z. In Section 3, the partial Fourier analysis is discussed and the corresponding function spaces on the plane meridian domain Ω_a of the axisymmetric domain Ω̂ are defined to characterize the two-dimensional problems for the Fourier coefficients. The trace properties of the solutions on the rotational axis are proved. Completeness relations are given to characterize the functions defined on Ω̂ by their Fourier coefficients on Ω_a. In Section 4, the dimension reduction of the three-dimensional problem as well as the associate boundary value problems in two dimensions are investigated and, finally, a priori estimates of their solutions and of the truncation error are given.

2 The variational formulation of the boundary value problem

Let Ω̂ ⊂ R^3 be a bounded domain, with Lipschitz continuous and piecewise twice continuously differentiable boundary Γ̂ := ∂Ω̂ (Γ̂ ∈ C^{0,1} ∩ P C^2), and let Γ̂_D and Γ̂_N denote two disjoint open subsets of Γ̂ such that Γ̂ = Γ̂_D ∪ Γ̂_N and meas(Γ̂_D) > 0 (Lebesgue measure of Γ̂_D). Let (x_1, x_2, x_3) be the Cartesian coordinates of the point x ∈ R3. We assume that the domain Ω̂ is axisymmetric with respect to the x_3-axis, and that Ω̂ \ Γ_0 is generated by rotation of a plane meridian domain Ω_a about the x_3-axis, where Γ_0 is the part of the x_3-axis contained in Ω̂. Define Γ_a := ∂Ω_a \ Γ̄_0 (Γ̄_0: closure of Γ_0) and suppose, for simplicity, that Γ_0 and Γ_a form right angles at the points P_i = Γ̄_0 ∩ Γ̄_a (i = 1, 2), and that Γ_a is straight-line in some neighbourhood of P_1 and P_2, see Figure 1. Thus, edges on ∂Ω̂ are admitted, but conical points of the domain Ω̂ are excluded.

           -

6

r z

Ω_a

P_2 �

P_1 �

HH^{Γ0}

            HHH_{Γa}

Figure 1

Let W^k_2 (Ω̂) (k = 0, 1, ...; W^0_2 = L_2) denote the usual Sobolev spaces, and let Ŵ (Ω̂) be defined by Ŵ (Ω̂) := (W^1_2 (Ω̂))^3.

The variational solution of the boundary value problem (1.1) (cf. [6]) will be obtained by looking for û ∈ V̂_0(Ω̂) such that

b̂(û, v̂) = f̂(v̂) for any v̂ ∈ V̂_0(Ω̂), (2.1)

where

b̂(û, v̂) = ∫ Ω̂ { λ(div û)(div v̂) + 2μ 3∑ i,j=1 e_{ij}(û)e_{ij}(v̂) } dx, f̂ (v̂) = ∫ Ω̂ 3∑ i=1 f̂_iv̂_idx (2.2) and V̂_0(Ω̂) = {v̂ ∈ Ŵ (Ω̂) : v̂ = 0 on Γ̂_D}. (2.3)

The components of the linearized strain tensor (deformation) are derived from the displacement vector field û by

e_{ij} (û) = 1 2 ( ∂û_i ∂x_j + ∂û_j ∂x_i ), i, j = 1, 2, 3.

The corresponding components of the linearized stress tensor are, according to Hooke’s law,

σ̂_{ij}(û) = λ

(^3∑ k=1 e_{kk}(û) ) δ_{ij} + 2μe_{ij}(û), i, j = 1, 2, 3, (2.4) where δ_{ij} denotes the Kronecker symbol, and λ, μ (λ, μ > 0) are the Lamé coefficients. For the proof of the existence and uniqueness of the variational solution û ∈ V̂_0(Ω̂) of (2.1), one employs Korn’s inequality (cf. [13]), ∫ Ω̂ 3∑ i,j=1 e_{ij} (v̂)e_{ij}(v̂)dx ≥ C‖v̂‖^2_{(W 12 (Ω̂))3} for v̂ ∈ V̂_0(Ω̂). (2.5)

Remark 2.1. For meas Γ_D > 0, the mapping

‖v̂‖ = (∫ Ω̂ 3∑ i,j=1 |e_{ij}(v̂)|^2dx )_1/_2

defines a norm on V̂_0(Ω̂) which is equivalent to the norm ‖v̂‖V̂_0(Ω̂) := ‖v̂‖_{(W} 1_{2 (Ω̂))3} , cf. [6]. That is, there are constants C_1 and C_2 such that the following inequalities hold,

C_1‖v̂‖V̂_0(Ω̂) ≤ ‖v̂‖ ≤ C_2‖v̂‖V̂_0(Ω̂) for v̂ ∈ V̂_0(Ω̂). (2.6)

It is easy to prove that the bilinear and the linear forms defined by (2.2) are continuous over V_0(Ω̂) × V_0(Ω̂) and V_0(Ω̂),respectively. To prove the V_0(Ω̂)-ellipticity of the bilinear form, one uses Korn’s inequality and relation (2.6). As a consequence of the Lax-Milgram lemma (see e.g. [6]), there is a unique solution û ∈ V_0(Ω̂) of the variational problem (2.1). Thus, the following theorem holds. Theorem 2.1 Let f̂ ∈ (L_2(Ω̂))^3 and meas Γ̂_D > 0 be satisfied. Further, let μ > 0 and λ > 0 be fulfilled. Then, there exists a unique solution û ∈ V_0(Ω̂) of the variational problem (2.1). Moreover, the following a priori estimate holds, ‖û‖ V_0(Ω̂) ≤ C‖ f̂‖_{(L2(Ω̂))3} (2.7)

Proof: See e.g. [13].

Let r, φ, z denote the cylindrical coordinates, i.e. x_1 = r cos φ, x_2 = r sin φ, x_3 = z. The domain Ω̂ \ Γ_0 is transformed by the corresponding one-to-one mapping into the domain Ω := Ω_a × (−π, π], with cylindrical coordinates (r, z) ∈ Ω_a and φ ∈ (−π, π]. We now assume that Γ̂_D and Γ̂_N are such that they can be represented via the given mapping by Γ_D := Γ_{aD} × (−π, π] and Γ_N := Γ_{aN} × (−π, π], i.e. Γ_{aD} and Γ_{aN} are that parts of the boundary Γ_a of Ω_a which produce Γ̂_D and Γ̂_N , respectively, by rotation about the x_3-axis. Consequently, for each function û(x), x ∈ Ω̂ \ Γ_0, some function u(r, φ, z) on Ω is defined uniquely by u(r, φ, z) := û(r cos φ, r sin φ, z), (2.8) and each vector field û(x) = (û_1(x), û_2(x), û_3(x))^T , x ∈ Ω̂ \ Γ_0, is transformed uniquely into a vector field u = (u_r(r, φ, z), u_φ(r, φ, z), u_z(r, φ, z))^T on Ω by (cf. [13])

u_r = û_1 cos φ + û_2 sin φ, u_φ = −û_1 sin φ + û_2 cos φ, (2.9) u_z = û_3.

Accordingly, mappings L_2(Ω̂ \ Γ_0) → X^k_{1/2}(Ω) and Ŵ (Ω̂ \ Γ_0) → W (Ω) are defined, with X^0_{1/2}(Ω) and W (Ω) given by (2.11). Hence we have (see e.g. [8, 12, 13])

L^∗_2(Ω) := {v = v(r, φ, z) : ∫ Ω |v|^2drdφdz < ∞, 2π-periodic with respect to φ},

X^0_{1/2}(Ω) := {v = v(r, φ, z) : r^{1/2}v ∈ L^∗_2(Ω)},

W (Ω) := {v = (v_r, v_φ, v_z) ∈ (X^0_{1/2}(Ω))^3 : ∂v_r ∂r , ∂v_φ ∂r , ∂v_z ∂r , ∂v_r ∂z , (2.10) ∂v_φ ∂z , ∂v_z ∂z , 1 r ∂v_r ∂φ − 1 r v_φ, 1 r ∂v_φ ∂φ + 1 r v_r, 1 r ∂v_z ∂φ ∈ X^0_{1/2}(Ω)},

V_0(Ω) := {v ∈ W (Ω) : v|_{ΓD} = 0}.

The norms in the above spaces are derived from the norms of the corresponding Sobolev spaces by using Cartesian coordinates. We get

‖v‖_X0_{1/2(Ω)} = {∫ Ω |v|^2rdrdφdz }_1/_2 , ‖v‖W (Ω) = {∫ Ω ( |v_r|^2 + |v_φ|^2 + |v_z|^2 + | | ∂v_r ∂r | |^2 + | | ∂v_φ ∂r | |^2 + | | ∂v_z ∂r | |^2 + | | ∂v_r ∂z | |^2 + | | ∂v_φ ∂z | |^2 + | | ∂v_z ∂z | |^2 + | | 1 r ( ∂v_r ∂φ − v_φ) | |^2 + | | 1 r ( ∂v_φ ∂φ + v_r) | |^2 + | | 1 r ∂v_z ∂φ | |^2 ) rdrdφdz }_1/_2 , ‖v‖V_0(Ω) = ‖v‖W (Ω) for v ∈ V_0(Ω). (2.11)

Further, the strain tensor ε(u) = (ε_{rr}, ε_{φφ}, ε_{zz}, γ_{rz}, γ_{φr}, γ_{zφ})^T can be expressed in terms of the displacement vector field u in Ω by

ε_{rr} ε_{φφ} ε_{zz} γ_{rz} γ_{φr} γ_{zφ} =

∂ ∂r 0 0 1 r 1 r ∂ ∂φ 0 0 0^∂_{∂z} ∂ ∂z 0^∂_{∂r} 1 r ∂ ∂φ ∂ ∂r − 1 r 0 0^∂_{∂z}^1_r^∂_{∂φ} u_r u_φ u_z , or in matrix form by ε = Du. (2.12)

The stress tensor σ(u) = (σ_{rr}, σ_{φφ}, σ_{zz}, τ_{rz}, τ_{φr}, τ_{zφ})^T is given according to Hooke’s law by σ_{rr} σ_{φφ} σ_{zz} τ_{rz} τ_{φr} τ_{zφ} = E (1 + ν)(1 − 2ν)

1 − ν ν ν 0 0 0 ν 1 − ν ν 0 0 0 ν ν 1 − ν 0 0 0 0 0 0^1_2 − ν 0 0 0 0 0 0^1_2 − ν 0 0 0 0 0 0^1_2 − ν ε_{rr} ε_{φφ} ε_{zz} γ_{rz} γ_{φr} γ_{zφ} (2.13)

or in matrix form by σ = Eε, where E is Young’s modulus of elasticity and ν is Poisson’s ratio. The Lamé cofficients λ and μ can be expressed in terms of E and ν as follows (see e.g. [13]): λ = Eν (1 + ν)(1 − 2ν) , μ = E 2(1 + ν)

. (2.14)

One easily observes that the relations λ > 0, μ > 0 correspond to E > 0, 0 < ν <^1_2 . The variational solution of the boundary value problem (1.1) in cylindrical coordinates is obtained as follows (see e.g. [13, 15]). Find u ∈ V_0(Ω) such that

b(u, v) = f(v) for any v ∈ V_0(Ω), (2.15)

where b(u, v) = ∫ Ω (ε(u))^T σ(v)rdrdφdz, f(v) = ∫ Ω f^T vrdrdφdz. (2.16)

3 Partial Fourier decomposition of the solution

Let us consider the domain Ω := Ω_a × (−π, π], which is obtained from the axisymmetric domain Ω̂ (or more precisely: Ω̂ \ Γ_0) by transformation in cylindrical coordinates. The system of trigonometric functions 1, sin φ, cos φ, . . ., cos nφ, sin nφ, . . . (3.1) is orthogonal and complete in L_2(−π, π). Any function w = w(φ), w ∈ L_2(−π, π) and w being periodic with the period 2π, can be represented by a converging Fourier series with respect to the system (3.1). Let u(r, φ, z) ∈ X^0_{1/2}(Ω). Then, the function u(r, φ, z) is, according to the definition of X^0_{1/2}(Ω), 2π-periodic with respect to φ, and r^{1/2}u is square integrable on Ω = Ω_a × (−π, π]. It follows that u is square integrable on (−π, π) with respect to φ for almost any (r, z) ∈ Ω_a. Consequently, u(r, φ, z) can be represented by a Fourier series converging in L_2(−π, π) for almost any (r, z) ∈ Ω_a. For the components u_r, u_φ, u_z of the displacement vector field u we define the Fourier series as proposed in the engineering literature (see e.g. [1, 3, 7, 15, 17, 20]):

u_r(r, φ, z) = ∞∑ n=0 (u^s_{rn}(r, z) cosnφ + u^a_{rn}(r, z) sin nφ), u_φ(r, φ, z) = ∞∑ n=0 (u^s_{φn}(r, z)(− sinnφ) + u^a_{φn}(r, z) cosnφ), (3.2) u_z(r, φ, z) = ∞∑ n=0 (u^s_{zn}(r, z) cosnφ + u^a_{zn}(r, z) sin nφ),

with the symmetric and antisymmetric Fourier coefficients defined by (use N := {1, 2, 3, . . .}):

u^s_{t0} = 1 2π ∫ π −π u_t(r, φ, z)dφ, u^s_{tn} = 1 π ∫ π −π u_t(r, φ, z) cosnφ dφ, n ∈ N, t = r, z, u^a_{t0} = 0, u^a_{tn} = 1 π ∫ π −π u_t(r, φ, z) sin nφ dφ, n ∈ N, t = r, z, (3.3) u^s_{φ0} = 0, u^s_{φn} = − 1 π ∫ π −π u_φ(r, φ, z) sin nφ dφ, n ∈ N, u^a_{φ0} = 1 2π ∫ π −π u_φ(r, φ, z)dφ, u^a_{φn} = 1 π ∫ π −π u_φ(r, φ, z) cosnφ dφ, n ∈ N. We note that the modified expansion of u_φ as given by (3.2) leads to a convenient decoupling of the two-dimensional problems. For u = (u_r(r, φ, z), u_φ(r, φ, z), u_z(r, φ, z))^T ∈ W (Ω), it is not evident from the definition of W (Ω) that the partial derivatives of the components of u with respect to the coordinate variable φ are elements of the space X^0_{1/2}(Ω). Neverthelesss, we have Lemma 3.1. Let u = (u_r(r, φ, z), u_φ(r, φ, z), u_z(r, φ, z))^T ∈ W (Ω) be satisfied. Then relation^{∂ut}_{∂φ} ∈ X^0_{1/2}(Ω) holds for t = r, φ, z.

Proof: First, we show^{∂ur}_{∂φ} ∈ X^0_{1/2}(Ω). Using r_{max} := max{r : (r, z) ∈ Ω_a} and the definition of W (Ω) we obtain 1 r^2_{max} ∫ Ω | | ∂u_r ∂φ | |^2rdrdφdz = 1 r^2_{max} ∫ Ω | | ∂u_r ∂φ − u_φ + u_φ | |^2rdrdφdz ≤ 2 ∫ Ω | | 1 r (∂ur ∂φ − u_φ )| |^2rdrdφdz + 2 r^2_{max} ∫ Ω |u_φ|^2rdrdφdz < ∞.

Consequently,^{∂ur}_{∂φ} ∈ X^0_{1/2}(Ω) is fulfilled. The remaining assertions can be proved similarly.

Thus, the first order derivatives^{∂ut}_{∂r} ,^{∂ut}_{∂φ} ,^{∂ut}_{∂z} (t = r, φ, z) of the components of the function u ∈ W (Ω) can be represented by converging Fourier series according to (3.2). If ( ∂ut ∂r )s n , ( ∂ut ∂r )a n , . . . are the Fourier coefficients of the derivatives^{∂ut}_{∂r} , . . ., then we have for t = r, z ∂u_t ∂r = ∞∑ n=0 (( ∂u_t ∂r )s n cos nφ + ( ∂u_t ∂r )a n sin nφ ) , ∂u_t ∂z = ∞∑ n=0 (( ∂u_t ∂z )s n cos nφ + ( ∂u_t ∂z )a n sin nφ ) , ∂u_t ∂φ = ∞∑ n=1 (( ∂u_t ∂φ )s n (− sin nφ) + ( ∂u_t ∂φ )a n cos nφ ) , ∂u_φ ∂r = ∞∑ n=0 (( ∂u_φ ∂r )s n (− sin nφ) + ( ∂u_φ ∂r )a n cos nφ ) , (3.4) ∂u_φ ∂z = ∞∑ n=0 (( ∂u_φ ∂z )s n (− sin nφ) + ( ∂u_φ ∂z )a n cos nφ ) , ∂u_φ ∂φ = ∞∑ n=1 (( ∂u_φ ∂φ )s n cos nφ + ( ∂u_φ ∂φ )a n sin nφ ) , where the coefficients are given by (n ∈ N) (∂ut ∂ξ )s 0 = 1 2π ∫ π −π ∂u_t(r, φ, z) ∂ξ dφ, (∂ut ∂ξ )s n = 1 π ∫ π −π ∂u_t(r, φ, z) ∂ξ cos nφ dφ, (∂ut ∂ξ )a 0 = 0, (∂ut ∂ξ )a n = 1 π ∫ π −π ∂u_t(r, φ, z) ∂ξ sin nφ dφ, ξ = r, z, (∂ut ∂φ )s n = − 1 π ∫ π −π ∂u_t(r, φ, z) ∂φ sin nφ dφ, (∂ut ∂φ )a n = 1 π ∫ π −π ∂u_t(r, φ, z) ∂φ cos nφ dφ, t = r, z, (3.5) (∂uφ ∂ξ )s 0 = 0, (∂uφ ∂ξ )s n = − 1 π ∫ π −π ∂u_φ(r, φ, z) ∂ξ sin nφ dφ,

(∂uφ ∂ξ )a 0 = 1 2π ∫ π −π ∂u_φ(r, φ, z) ∂ξ dφ, (∂ut ∂φ )s/a 0 = 0 for t = r, φ, z, (∂uφ ∂ξ )a n = 1 π ∫ π −π ∂u_φ(r, φ, z) ∂ξ cos nφ dφ, ξ = r, z, (∂uφ ∂φ )s n = 1 π ∫ π −π ∂u_t(r, φ, z) ∂φ cos nφ dφ, (∂uφ ∂φ )a n = 1 π ∫ π −π ∂u_t(r, φ, z) ∂φ sin nφ dφ. Here and in the following, the notation u^{s/a} means that some relation holds for u^s as well as u^a.

Lemma 3.2. Let u ∈ W (Ω) be satisfied and the Fourier coefficients of the series (3.2) and (3.4) be defined according to (3.3) and (3.5), respectively. Then the following relations are satiesfied: (i) ( ∂u_t ∂r )s/a n = ∂u^{s/a}_{tn} ∂r , (ii) ( ∂u_t ∂z )s/a n = ∂u^{s/a}_{tn} ∂z for t = r, φ, z, n ∈ N_0,

(iii) ( ∂u_t ∂φ )s/a n = { nu^{s/a}_t : t = r, z, n ∈ N, −nu^{s/a}_{tn} : t = φ, n ∈ N, where u^{s/a}_{tn} (t = r, φ, z) are defined by (3.3), with N_0 := {0, 1, 2, · · ·}. Proof: Let v(r, z) ∈ C^∞_0 (Ω_a) (space of infinitely differentiable functions with compact support in Ω_a). Then, owing to the definition of the Fourier coefficients and to the integration by parts, we get for t = r or t = z the relations ∫ Ωa u^s_{tn}(r, z) ∂v(r, z) ∂r drdz = 1 π ∫ Ωa (∫ π −π u_t(r, φ, z) cosnφ dφ )∂v(r, z) ∂r drdz = − 1 π ∫ Ωa (∫ π −π ∂u_t ∂r cos nφ dφ ) v(r, z)drdz = − ∫ Ωa (∂ut ∂r )s n v(r, z) drdz, n ∈ N. (3.6) Similarly, we get a corresponding relation for n = 0, ∫ Ωa u^s_{t0}(r, z) ∂v(r, z) ∂r drdz = − ∫ Ωa (∂ut ∂r )s 0 v(r, z) drdz. (3.7) Taking into consideration the definition of the generalized first order derivative, we obtain from (3.6) and (3.7) the relation^{∂ustn}_{∂r} = ( ∂ut ∂r )s n for t = r, z and n ∈ N_0. By analogous

argumentation one proves the relations^{∂uatn}_{∂r} = ( ∂ut ∂r )a n and^{∂us/atn}_{∂z} = ( ∂ut ∂z )s/a n for t = r, z,

furthermore^{∂us/aφn}_{∂r} = ( ∂u_φ ∂r )s/a n and^{∂us/aφn}_{∂z} = ( ∂u_φ ∂z )s/a n , n ∈ N_0.

Applying integration by parts and the periodicity condition u_t|_{−π} = u_t|_π (t = r, φ, z), which holds for almost any (r, z) ∈ Ω_a, we get the relations ( ∂u_t ∂φ )a n = 1 π ∫ π −π ∂u_t ∂φ cos nφdφ = n π ∫ π −π u_t(r, φ, z) sin nφdφ = nu^a_{tn}, ( ∂u_t ∂φ )s n = − 1 π ∫ π −π ∂u_t ∂φ sin nφdφ = n π ∫ π −π u_t cos nφdφ = nu^s_{tn}, t = r, z, (3.8) ( ∂u_φ ∂φ )s n = 1 π ∫ π −π ∂u_φ ∂φ cos nφdφ = n π ∫ π −π u_φ sin nφdφ = −nu^s_{φn}, ( ∂u_φ ∂φ )a n = 1 π ∫ π −π ∂u_φ ∂φ sin nφdφ = − n π ∫ π −π u_φ cos nφdφ = −nu^a_{φn}, n ∈ N, and assertion (iii) is proved too.

For the characterization of the Fourier coefficients, employ the following spaces of functions on Ω_a (see e.g. [8, 12]), with real α:

L_2(Ω_a) := {w = w(r, z) : ∫ Ωa |w|^2drdz < ∞}, L_{2,α}(Ω_a) := {w = w(r, z) : r^αw ∈ L_2(Ω_a)},

W^{1,2}_α (Ω_a) := {w ∈ L_{2,α}(Ω_a) : ∂w ∂r , ∂w ∂z ∈ L_{2,α}(Ω_a)}, (3.9)

W^{2,2}_{1/2}(Ω_a) := {w ∈ W^{1,2}_{1/2}(Ω_a) :

∂^2w ∂r^2 , ∂^2w ∂z^2 , ∂^2w ∂r∂z ∈ L_{2,1/2}(Ω_a)},

X^{1,2}_{1/2}(Ω_a) := {w ∈ W^{1,2}_{1/2}(Ω_a) : r^{−1}w ∈ L_{2,1/2}(Ω_a)}.

These spaces are equipped with the norms ‖w‖_{L2(Ωa)} = {∫ Ωa |w|^2drdz }_1/_2 , ‖w‖_{L2,α(Ωa)} = {∫ Ωa |r^αw|^2drdz }_1/_2 , ‖w‖_W 1,2_{α (Ωa)} = { ‖w‖^2_{L2,α(Ωa)} + ‖ ‖ ∂w ∂r ‖ ‖^2 L2_{,α}(Ωa) + ‖ ‖ ∂w ∂z ‖ ‖^2 L2_{,α}(Ωa) }_1/_2 , |w|_W 2,2_{1/2(Ωa)} = {‖ ‖ ∂^2w ∂r^2 ‖ ‖^2

L2_,1_/2(Ωa) + ‖ ‖ ∂^2w ∂z^2 ‖ ‖^2

L2_,1_/2(Ωa) + 2 ‖ ‖ ∂^2w ∂r∂z ‖ ‖^2

L2_,1_/2(Ωa)

}_1/_2

, (3.10)

‖w‖_W 2,2_{1/2(Ωa)} = { |w|^2_W 2,2_{1/2(Ωa)} + ‖w‖^2_W 1,2_{1/2(Ωa)}

}_1/_2 , ‖w‖_X1,2_{1/2(Ωa)} = {‖ ‖ w r ‖ ‖^2

L2_,1_/2(Ωa) + ‖ ‖ ∂w ∂r ‖ ‖^2

L2_,1_/2(Ωa) + ‖ ‖ ∂w ∂z ‖ ‖^2

L2_,1_/2(Ωa)

}_1/_2 . In [12] it was shown that these spaces are suitable for the analysis of the Fourier coefficients of the solutions of boundary value problems of heat conduction in axisymmetric domains. However, for vector functions u ∈ W (Ω), whose Fourier coefficients are also vector functions defined on Ω_a, the function spaces introduced previously are not sufficient to study their properties. For the mathematical analysis of the partial Fourier method for problems in elasticity further function spaces are needed.

Definition 3.1. Using w = (w_1(r, z), w_2(r, z), w_3(r, z))^T, we introduce the following sets of functions:

V^a(Ω_a) := {w = (w_1, w_2, w_3)^T ∈ ( W^{1,2}_{1/2}(Ω_a)

)_3

: r^{−1}w_1, r^{−1}w_2 ∈ L_{2,1/2}(Ω_a)},

W^a(Ω_a) := {w = (w_1, w_2, w_3)^T ∈ ( W^{1,2}_{1/2}(Ω_a)

)_3 : r^{−1}(w_1 − w_2), r^{−1}w_3 ∈ L_{2,1/2}(Ω_a)}, (3.11)

V^a_0 (Ω_a) := {w ∈ V^a(Ω_a) : w = 0 on Γ_{aD}}, W^a_0 (Ω_a) := {w ∈ W^a(Ω_a) : w = 0 on Γ_{aD}}.

It can easily be verified that these spaces are linear spaces.

Definition 3.2. In V^a(Ω_a), W^a(Ω_a), V^a_0 (Ω_a) and W^a_0 (Ω_a) we introduce the norms

‖w‖V a(Ω_a) := {‖w_1‖^2_X1,2_{1/2(Ωa)} + ‖w_2‖^2_X1,2_{1/2(Ωa)} + ‖w_3‖^2_W 1,2_{1/2(Ωa)}}^{1/2},

‖w‖V a_0 (Ω_a) := ‖w‖V a(Ω_a) for w ∈ V^a_0 (Ω_a)

‖w‖W a(Ω_a) :=

{^3∑ i=1 ‖w_i‖^2_W 1,2_{1/2(Ωa)} + ‖ ‖ 1 r (w_1 − w_2) ‖ ‖^2

L2_,1_/2(Ωa) + ‖ ‖ w_3 r ‖ ‖^2

L2_,1_/2(Ωa)

}_1/_2 , ‖w‖W a_0 (Ω_a) := ‖w‖W a(Ω_a) for w ∈ W^a_0 (Ω_a).

It is not difficult to show that the functionals given in (3.12) are indeed norms in the corresponding linear spaces. Now we state that these normed spaces are complete. Lemma 3.3. The normed linear spaces V^a(Ω_a) and W^a(Ω_a) are Banach spaces. Proof. Here, we have to show that any fundamental sequence (Cauchy sequence) in V^a(Ω_a) and W^a(Ω_a), repectively, converges. We will prove this assertion only for W^a(Ω_a), the proof for V^a(Ω_a) can be done likewise.

Let {w_n = (w_{1n}(r, z), w_{2n}(r, z), w_{3n}(r, z))^T}^∞_{n=1} be any fundamental sequence in W^a(Ω_a). We associate with {w_n} another sequence {v^n}^∞_{n=1} in W (Ω) and show that this is a fundamental sequence in W (Ω), and thus convergent, since W (Ω) is a Banach space. We define v^n by v^n = (v^n_r (r, φ, z), v^n_φ(r, φ, z), v^n_z (r, φ, z))^T := (w_{1n}(r, z) sin φ, w_{2n}(r, z) cosφ, w_{3n}(r, z) sin φ)^T , n ∈ N. (3.12)

Using Fubini’s theorem and the relation w_n = (w_{1n}, w_{2n}, w_{3n}) ∈ W^a(Ω_a), n ∈ N, it can be shown that v^n ∈ W (Ω) for every n ∈ N. For example, we get

‖v^n_r ‖^2_X0_{1/2(Ω)} = ∫ Ωa ∫ π −π |w_{1n}(r, z) sin φ|^2rdrdφdz = π‖w_{1n}‖^2_{L2,1/2(Ωa)} < ∞. (3.13) In the same way, we derive that the X^0_{1/2}(Ω)-norm of the rest of the terms in the definition of W (Ω) (see (2.11)) are bounded.

Let ε and N(ε) be such that ‖w_n − w_m‖^2W a(Ω_a) ≤ ε/(2π) for n, m ≥ N(ε) holds. Then we also get ‖v^n − v^m‖^2W (Ω) ≤ ε for n, m ≥ N(ε). Using the definition of ‖ · ‖W (Ω), expressions of the type (3.13) and the triangle inequality, one easily proves the relation

‖v^n − v^m‖^2W (Ω) = π

{^3∑ i=1 ‖w_{in} − w_{im}‖^2_W 1,2_{1/2(Ωa)} + ‖ ‖ 1 r (w_{3n} − w_{3m}) ‖ ‖^2

L2_,1_/2 (Ωa) + 2 ‖ ‖ 1 r [((w_{1n} − w_{2n}) − 1 r (w_{1m} − w_{2m})] ‖ ‖^2

L2_,1_/2(Ωa) }

≤ 2π‖w_n − w_m‖^2W a(Ω_a) ≤ ε, for n, m > N(ε). (3.14)

It follows from (3.14) that the sequence {v^n}^∞_{n=1} is a Cauchy sequence in W (Ω) and thus convergent. Let us denote by v = (w_1(r, z) sin φ, w_2(r, z) cosφ, w_3(r, z) sin φ)^T its limit. In what follows we show that the fundamental sequence {w_n}^∞_{n=1} in W^a(Ω_a) converges towards w = (w_1(r, z), w_2(r, z), w_3(r, z))^T and that w ∈ W^a(Ω_a) holds. Using the definition of ‖·‖W (Ω) and ‖·‖W^a(Ω_a) one easily deduces the inequalities ‖w‖^2W^a(Ω_a) ≤^1π ‖v‖^2W (Ω) < ∞ and ‖w_n − w‖^2W_a(Ω_a) ≤^1_π ‖v^n − v‖^2W (Ω) < ∞. This implies w_n → w ∈ W^a(Ω_a), and the assertion is proved.

In the following, we characterize functions u ∈ W (Ω) by means of their Fourier coefficients and some completeness relations.

Lemma 3.4. Let u^s_n = (u^s_{rn}, u^s_{φn}, u^s_{zn})^T and u^a_n = (u^a_{rn}, u^a_{φn}, u^a_{zn})^T (cf. (3.3)) represent the symmetric and the antisymmetric parts of the Fourier coefficients of the function u ∈ W (Ω). For t = r, φ, z, we get the completeness relations

‖u_t‖^2_X0_{1/2(Ω)} = 2π‖u^s_{t0}‖^2_{L2,1/2(Ωa)} + π ∞∑ n=1 ( ‖u^s_{tn}‖^2_{L2,1/2(Ωa)} + ‖u^a_{tn}‖^2_{L2,1/2(Ωa)} ) < ∞,(3.15)

moreover,

‖u‖^2W (Ω) = 2π { ‖u^s_{r0}‖^2_W 1,2_{1/2(Ωa)} + ‖u^s_{z0}‖^2_W 1,2_{1/2(Ωa)} + ‖u^a_{φ0}‖^2_W 1,2_{1/2(Ωa)}

+ ‖ ‖ 1 r u^s_{r0} ‖ ‖^2

L2_,1_/2(Ωa) + ‖ ‖ 1 r u^a_{φ0} ‖ ‖^2

L2_,1_/2(Ωa) } + π ∞∑ n=1 ∑ e∈{s,a} { ‖u^e_{rn}‖^2_W 1,2_{1/2(Ωa)}

+ ‖u^e_{φn}‖^2_W 1,2_{1/2(Ωa)} + ‖u^e_{zn}‖^2_W 1,2_{1/2(Ωa)} + ‖ ‖ 1 r (u^e_{rn} − nu^e_{φn}) ‖ ‖^2

L2_,1_/2(Ωa) + ‖ ‖ 1 r (nu^e_{rn} − u^e_{φn}) ‖ ‖^2

L2_,1_/2(Ωa)

+ n^2 ‖ ‖ 1 r u^e_{zn}‖^2_{L2,1/2(Ωa)} } < ∞, (3.16)

where ∑ e∈{s,a} means summation over s and a. Furthermore, the inequality

‖u‖^2W (Ω) ≥ 2π{‖u^s_0‖^2V a(Ω_a) + ‖u^a_0‖^2V a(Ω_a)} + π ∞∑ n=1 {‖u^s_n‖^2W a(Ω_a) + ‖u^a_n‖^2W a(Ω_a)} (3.17)

holds.

Proof: Starting from u^s_{rn} = 1 π ∫ π −π u_r(r, φ, z) cosnφdφ, n ∈ N, and using the Cauchy-Schwarz inequality, we get the expression |u^s_{rn}|^2 ≤ 1 π^2 ∫ π −π |u_r(r, φ, z)|^2dφ ∫ π −π | cos nφ|^2dφ = 1 π ∫ π −π |u_r(r, φ, z)|^2dφ, n ∈ N, (3.18) and similarly one deduces the relation

|u_{r0}|^2 ≤ 1 4π^2 ∫ π −π |u_r(r, φ, z)|^2dφ ∫ π −π dφ = 1 2π ∫ π −π |u_r(r, φ, z)|^2dφ. (3.19) Multiplying the expressions (3.18) and (3.19) respectively with r (r > 0), integrating by parts over Ω_a, and applying the theorem of Fubini, we get the inequality

C‖u^s_{rn}‖^2_{L2,1/2(Ωa)} ≤ ‖u_r‖^2_X0_{1/2(Ω)} < ∞, (3.20)

with C = 2π for n = 0 and C = π for n ∈ N. In the same way, one verifies the relation C‖u^a_{rn}‖^2_{L2,1/2(Ωa)} ≤ ‖u_r‖^2_{X01/2(Ω)} < ∞ and similar relations for u^{s/a}φn , u^{s/a}zn , i.e. we have

C‖u^{s/a}_{tn} ‖^2_{L2,1/2(Ωa)} ≤ ‖u_t‖^2_X0_{1/2(Ω)} < ∞, n ∈ N_0, for t = r, φ, z. (3.21)

This implies u^{s/a}rn , u^{s/a}φn , u^{s/a}zn ∈ L_{2,1/2}(Ω_a). For the system of functions (3.1) we get the completeness relation ∫ π −π |u_t(r, φ, z)|^2dφ = 2π|u_{t0}(r, z)|^2 + π ∞∑ n=1 ( |u^s_{tn}(r, z)|^2 + |u^a_{tn}(r, z)|^2 ) < ∞ (t = r, φ, z), which holds for almost every (r, z) ∈ Ω_a (see e.g. [4]). Multiplying both sides of this equation with r (r > 0) and integrating over Ω_a, we prove by applying the well-known theorems of Fubini and Lebesgue the identity (3.15). For u ∈ W (Ω), we get u_r, u_φ, u_z,^{∂ur}_{∂r} ,^{∂uφ}_{∂r} , ∂uz ∂r ,^1_r (^{∂uφ}_{∂φ} + u_r),^1_r (^{∂ur}_{∂φ} − u_φ),^1_r^{∂uz}_{∂φ} ,^{∂ur}_{∂z} ,^{∂uφ}_{∂z} ,^{∂uz}_{∂z} ∈ X^0_{1/2}(Ω) (cf. (2.11)). Therefore, the Fourier coefficients of these functions fulfil relations of the form (3.20) and (3.21). Moreover, for each term quoted previously completeness relations of the type (3.15) can be shown. The relation (3.16) follows from the definition of ‖u‖W (Ω) (cf. (2.11)) and Lemma 3.2. Inequality (3.17) follows immediately from the identity (3.16) and the definition of the norms ‖.‖V a(Ω_a) and ‖.‖W a(Ω_a), taking into consideration the relations u^s_0 = (u^s_{r0}, 0, u^s_{z0})^T and u^a_0 = (0, u^a_{φ0}, 0)^T .

Previously, it was proved that by Definition 3.1 complete normed spaces are given. However, to show that these spaces are appropriate for the analysis of the Fourier coefficients u^{s/a}n , n ∈ N_0 (cf. (3.3)), of the solution u ∈ V_0(Ω) of the three-dimensional boundary value problem (2.15), we still have to prove that the Fourier coefficients are contained in these spaces. Moreover, these spaces contain additional weights of the form r^{−1} and in the case where Γ_0 ≠ ∅ (see Figure 1), it is important to investigate the behaviour of u^{s/a}_n for r = 0, in particular in view of the numerical solution of the boundary value problems determining the Fourier coefficients on the meridian plane Ω_a. The engineers derived the trace properties of the Fourier coefficients u^{s/a}n on the part Γ_0 of the rotational axis by mechanical considerations (see e.g. [3, 7, 15, 16]). Mercier/Raugel (cf. [12]) gave a basic assertion for functions w ∈ X^{1,2}_{1/2}(Ω_a), which is formulated in Lemma 3.5.

Lemma 3.5. Let X^{1,2}_{1/2}(Ω_a) be defined as in (3.9), with Γ_0 ≠ ∅. Then, there is a continuous linear mapping γ : X^{1,2}_{1/2}(Ω_a) → L_2(Γ_0) such that for all w ∈ X^{1,2}_{1/2}(Ω_a) the relation γw = w(0, z) = 0 holds in L_2(Γ_0). Proof: See [12] Proposition 4.1.

In the following, we prove some assertions on the traces of the Fourier coefficients u^{s/a}n of u, n ∈ N_0.

Lemma 3.6. Let u ∈ V_0(Ω) be satisfied and let u^s_n = (u^s_{rn}, u^s_{φn}, u^s_{zn})^T and u^a_n = (u^a_{rn}, u^a_{φn}, u^a_{zn})^T , n ∈ N_0, respectively denote the symmetric and antisymmetric Fourier coefficients defined according to (3.3). Then the following relations are fulfilled:

(i) u^s_0, u^a_0 ∈ V^a_0 (Ω_a), u^s_n, u^a_n ∈ W^a_0 (Ω_a), n ∈ N,

(ii) u^{s/a}_{r0} = u^{s/a}_{φ0} = 0 on Γ_0, (3.22)

(iii) u^{s/a}_{r1} = u^{s/a}_{φ1} and u^{s/a}_{z1} = 0 on Γ_0,

u^{s/a}_{rn} = u^{s/a}_{φn} = u^{s/a}_{zn} = 0 on Γ_0, for n ≥ 2.

Proof: (i) It follows from the definition of the Fourier coefficients of u (see (3.3)) that u^s_0 = (u^s_{r0}, 0, u^s_{z0})^T and u^a_0 = (0, u^a_{φ0}, 0)^T . With the help of completeness relation (3.16) and the definition of V^a(Ω_a), we obtain u^s_0, u^a_0 ∈ V^a(Ω_a). Moreover, identity (3.16) also implies the relations^1_r (u^{s/a}rn − nu^{s/a}φn ),^1_r (nu^{s/a}rn − u^{s/a}φn ) ∈ L_{2,1/2}(Ω_a), n ∈ N. Since^1_r (u^{s/a}rn − nu^{s/a}φn ) + 1 r (nu^{s/a}rn − u^{s/a}φn ) = (n + 1)^1_r (u^{s/a}rn − u^{s/a}φn ) holds, we also have^1_r (u^{s/a}rn − u^{s/a}φn ) ∈ L_{2,1/2}(Ω_a) for n ∈ N. Together with^1_r u^{s/a}zn ∈ L_{2,1/2}(Ω_a), we get u^s_n, u^a_n ∈ W^a(Ω_a), n ∈ N. The boundary condition u^s_n = u^a_n = 0 on Γ_{aD} (n ∈ N_0) follows from u = 0 on Γ_D = Γ_{aD} × (−π, π] (see the definition of V_0(Ω)).

(ii) Assertion (ii) obviously follows from (i), the definition of V^a(Ω_a) and Lemma 3.5.

(iii) In the following, we show that the relations u^{s/a}_{r1} − u^{s/a}_{φ1} , u^{s/a}_{z1} ∈ X^{1,2}_{1/2}(Ω_a), and for n ∈ N \ {1}, u^{s/a}rn , u^{s/a}φn , u^{s/a}zn ∈ X^{1,2}_{1/2}(Ω_a) are satisfied. Owing to (3.16) and (i), the terms 1 r (u^{s/a}rn − nu^{s/a}φn ),^{∂us/arn}_{∂r} − n^{∂us/aφn}_{∂r} ,^{∂us/arn}_{∂z} − n^{∂us/aφn}_{∂z} , and^1_r (nu^{s/a}rn − u^{s/a}φn ), n^{∂us/arn}_{∂r} −^{∂us/aφn}_{∂r} , n^{∂us/arn}_{∂z} − ∂u^{s/a}_{φn} ∂z are elements of the function space L_{2,1/2}(Ω_a). Moreover, repeating arguments from (i), we see that u^{s/a}_{rn} − nu^{s/a}_{φn} , nu^{s/a}_{rn} − u^{s/a}_{φn} ∈ X^{1,2}_{1/2}(Ω_a) holds. According to Lemma 3.5 the identities u^{s/a}rn − nu^{s/a}φn = 0, nu^{s/a}rn − u^{s/a}φn = 0 on Γ_0, for n ∈ N, are obvious. From here, one easily sees that the relations u^{s/a}_{r1} = u^{s/a}_{φ1} on Γ_0 and u^{s/a}_{rn} = u^{s/a}_{φn} = 0 on Γ_0 for n = 2, 3, 4, . . . are satisfied. For the components u^{s/a}zn , n ∈ N, one again uses (3.16) and Lemma 3.5 to complete the proof.

4 Partial Fourier decomposition of the BVP

In the previous section, we were mainly concerned with the analysis of the partial Fourier series expansion and with the study of the properties of the Fourier coefficients of the solution u ∈ W (Ω) of the three-dimensional boundary value problem. The aim of this section consists in decomposing the three-dimensional variational problem (2.15) into a sequence of twodimensional variational problems on the meridian plane Ω_a using partial Fourier analysis. Moreover, we show that there are unique solutions of the two-dimensional boundary value problems and that these solutions are the Fourier coefficients of the solution u ∈ W (Ω) of (2.15). For simplicity, we introduce the following notations: u^{s/a}_n = (u^{s/a}_{rn} (r, z), u^{s/a}_{φn} (r, z), u^{s/a}_{zn} (r, z))^T, f^{s/a}_n = (f^{s/a}_{rn} (r, z), f^{s/a}_{φn} (r, z), f^{s/a}_{zn} (r, z))^T , ε^{s/a}_n = (ε^{s/a}_{rrn}, ε^{s/a}_{φφn}, ε^{s/a}_{zzn}, γ^{s/a}_{rzn}, γ^{s/a}_{φrn}, γ^{s/a}_{zφn})^T , σ^{s/a}_n = (σ^{s/a}_{rrn}, σ^{s/a}_{φφn}, σ^{s/a}_{zzn} , τ^{s/a}_{rzn} , τ^{s/a}_{φrn}, τ^{s/a}_{zφn})^T , (4.1) R^s_n = diag[cos nφ, − sin nφ, cos nφ], R^a_n = diag[sin nφ, cos nφ, sin nφ], Q^s_n = diag[cos nφ, cos nφ, cos nφ, cos nφ, − sin nφ, − sin nφ], Q^a_n = diag[sin nφ, sin nφ, sin nφ, sin nφ, cos nφ, cos nφ],

D_n =

∂ ∂r 0 0 1 r − n r 0 0 0^∂_{∂z} ∂ ∂z 0^∂_{∂r} n r ∂ ∂r − 1 r 0 0^∂_{∂z}^n_r

.

Here, R^{s/a}n and Q^{s/a}n are diagonal matrices with the given diagonal elements. Theorem 4.1. Let u, v ∈ W (Ω) and f ∈ (X^0_{1/2}(Ω))^3 be satisfied, and let the strain ε and the stress tensors σ be defined as in (2.12) and (2.13), respectively. Then the following assertions are satisfied:

(i) The strain and stress tensors can be represented by converging Fourier series of the form ε = ∞∑ n=0 (Q^s_nε^s_n + Q^a_nε^a_n) , with ε^{s/a}_n = D_nu^{s/a}_n , (4.2) σ = ∞∑ n=0 (Q^s_nσ^s_n + Q^a_nσ^a_n) , with σ^{s/a}_n = Eε^{s/a}_n and E from (2.13). (4.3)

(ii) The strain tensor ε and its Fourier coefficients ε^{s/a}_n satisfy the completeness relation ‖ε(v)‖^2 (X^0_{1/2}(Ω))^6

= 2π{‖ε^s_0(v^s_0)‖^2 (L_{2,1/2}(Ωa))^6

+ ‖ε^a_0(v^a_0)‖^2

(L_{2,1/2}(Ωa))^6 }

+ π ∞∑ n=1 {‖ε^s_n(v^s_n)‖^2 (L_{2,1/2}(Ωa))^6

+ ‖ε^a_n(v^a_n)‖^2 (L_{2,1/2}(Ωa))^6 } < ∞. (4.4) (iii) The bilinear form b(u, v) and the linear functional f(v) from (2.16) can be represented in the form

b(u, v) = 2π{b_0(u^s_0, v^s_0) + b_0(u^a_0, v^a_0)} + π ∞∑ n=1 {b_n(u^s_n, v^s_n) + b_n(u^a_n, v^a_n)}, (4.5)

f(v) = 2π{f^s_0 (v^s_0) + f^a_0 (v^a_0)} + π ∞∑ n=1 {f^s_n(v^s_n) + f^a_n (v^a_n)}. (4.6)

The bilinear forms b_n(u^{s/a}n , v^{s/a}n ) and the linear functionals f^{s/a}n (v^{s/a}n ), n ∈ N_0, from (4.5) and (4.6), in particular with u^s_0 = (u^s_{r0}, 0, u^s_{z0})^T and u^a_0 = (0, u^a_{φ0}, 0)^T , are given by

b_n(u^{s/a}_n , v^{s/a}_n ) = ∫ Ωa ( ε^{s/a}_n (u^{s/a}_n ) )T σ^{s/a}_n (v^{s/a}_n )rdrdz

= E (1 + ν)(1 − 2ν) ∫ Ωa { (1 − ν) [∂us/arn ∂r ∂v^{s/a}rn ∂r + n^2 r^2 u^{s/a}_{φn} v^{s/a}_{φn}

− n r^2 u^{s/a}_{φn} v^{s/a}_{rn} − n r^2 u^{s/a}_{rn} v^{s/a}_{φn} + 1 r^2 u^{s/a}_{rn} v^{s/a}_{rn} + ∂u^{s/a}_{zn} ∂z ∂v^{s/a}_{zn} ∂z ]

+ ν [1 r ∂u^{s/a}_{rn} ∂r v^{s/a}_{rn} − n r ∂u^{s/a}_{rn} ∂r v^{s/a}_{φn} + ∂u^{s/a}_{rn} ∂r ∂v^{s/a}_{zn} ∂z − n r u^{s/a}_{φn} ∂v^{s/a}rn ∂r − n r u^{s/a}_{φn} ∂v^{s/a}zn ∂z + 1 r u^{s/a}_{rn} ∂v^{s/a}rn ∂r + 1 r u^{s/a}_{rn} ∂v^{s/a}zn ∂z + ∂u^{s/a}zn ∂z ∂v^{s/a}rn ∂r − n r ∂u^{s/a}zn ∂z v^{s/a}_{φn} + 1 r ∂u^{s/a}zn ∂z v^{s/a}_{rn} ]

+ 1 − 2ν 2 [∂us/aφn ∂r ∂v^{s/a}φn ∂r + n r ∂u^{s/a}φn ∂r v^{s/a}_{rn} − 1 r ∂u^{s/a}φn ∂r v^{s/a}_{φn} + n r u^{s/a}_{rn} ∂v^{s/a}φn ∂r + n^2 r^2 u^{s/a}_{rn} v^{s/a}_{rn} − n r^2 u^{s/a}_{rn} v^{s/a}_{φn} − 1 r u^{s/a}_{φn} ∂v^{s/a}φn ∂r − n r^2 u^{s/a}_{φn} v^{s/a}_{rn} + 1 r^2 u^{s/a}_{φn} v^{s/a}_{φn}

+ ∂u^{s/a}zn ∂r ∂v^{s/a}zn ∂r + ∂u^{s/a}zn ∂r ∂v^{s/a}rn ∂z + ∂u^{s/a}rn ∂z ∂v^{s/a}zn ∂r + ∂u^{s/a}rn ∂z ∂v^{s/a}rn ∂z + n^2 r^2 u^{s/a}_{zn} v^{s/a}_{zn}

+ n r u^{s/a}_{zn} ∂v^{s/a}φn ∂z + n r ∂u^{s/a}φn ∂z v^{s/a}_{zn} + ∂u^{s/a}φn ∂z ∂v^{s/a}φn ∂z ]} rdrdz, (4.7) f^{s/a}_n (v^{s/a}_n ) = ∫ Ωa f^{s/aT}_n v^{s/a}_n rdrdz = ∫ Ωa {f^{s/a}_{rn} v^{s/a}_{rn} + f^{s/a}_{φn} v^{s/a}_{φn} + f^{s/a}_{zn} v^{s/a}_{zn} }rdrdz. (4.8) Proof: (i) Since u = (u_r, u_φ, u_z)^T ∈ W (Ω) is satisfied, the functions u_r, u_φ, u_z as well as their first order partial derivatives are contained in X^0_{1/2}(Ω) (cf. (2.11) and Lemma

3.1). Consequently, the components of the strain and stress tensors can be expressed by converging Fourier series using the series (3.2) and (3.4). Finally, using the relations given by Lemma 3.2, the definition of ε^{s/a}_n and σ^{s/a}_n and the notations (4.1), one easily shows that the expressions (4.2) and (4.3), respectively, represent the Fourier series expansion of ε and σ with respect to the system of trigonometric functions (3.1). (ii) The proof of (4.4) is analogous to the proof of (iii) given next.

(iii) Let b(u, v) be defined as in (2.16). Using the relations (4.2) and (4.3) we get by applying the results of the theorems of Lebesgue and Fubini the following identities:

b(u, v) = ∫ Ω (ε(u))^T σ(v)rdrdφdz = ∫ Ω {^∞∑ n=0 [ (Q^s_nε^s_n(u^s_n))^T + (Q^a_nε^a_n(u^a_n))^T ]^∞∑ m=0 [Q^s_mσ^s_m(v^s_m) + Q^a_mσ^a_m(v^a_m)] } rdrdφdz

= ∞∑ n=0 ∞∑ m=0 ∫ Ωa ∫ π −π { (ε^s_n(u^s_n))^T Q^{sT}_n Q^s_mσ^s_m(v^s_m) + (ε^a_n(u^a_n))^T Q^{aT}_n Q^a_mσ^a_m(v^a_m)

+ (ε^s_n(u^s_n))^T Q^{sT}_n Q^a_mσ^a_m(v^a_m) + (ε^a_n(u^a_n))^T Q^{aT}_n Q^s_mσ^s_m(v^s_m) } dφrdrdz = ∞∑ n=0 ∞∑ m=0 ∫ Ωa { (ε^s_n(u^s_n))^T ∫ π −π Q^{sT}_n Q^s_m dφ σ^s_m(v^s_m)

+ (ε^a_n(u^a_n))^T ∫ π −π Q^{aT}_n Q^a_m dφ σ^a_m(v^a_m) + (ε^s_n(u^s_n))^T ∫ π −π Q^{sT}_n Q^a_m dφ σ^a_m(v^a_m)

+ (ε^a_n(u^a_n))^T ∫ π −π Q^{aT}_n Q^s_m dφ σ^s_m(v^s_m) } rdrdz. (4.9) The integrals ∫ π −π Q^{sT}_n Q^s_mdφ, ∫ π −π Q^{aT}_n Q^a_mdφ, ∫ π −π Q^{sT}_n Q^a_mdφ, and ∫ π −π Q^{aT}_n Q^s_mdφ contain expressions of the type (see (4.1)) ∫ π −π cos nφ cos mφdφ = 0 : n ≠ m π : n = m ≠ 0 2π : n = m = 0 ∫ π −π sin nφ sin mφdφ = 0 : n ≠ m π : n = m ≠ 0 0 : n = m = 0

(4.10) ∫ π −π sin nφ cos nφdφ = 0, n ∈ N_0.

It follows from (4.9) and (4.10) that

b(u, v) = ∞∑ n=0 ∫ Ωa { (ε^s_n(u^s_n))^T ∫ π −π Q^{sT}_n Q^s_m dφ σ^s_m(v^s_m)

+ (ε^a_n(u^a_n))^T ∫ π −π Q^{aT}_n Q^a_m dφ σ^a_m(v^a_m) } rdrdz = 2π ∫ Ωa { (ε^s_0(u^s_0))^T σ^s_0(v^s_0) + (ε^a_0(u^a_0))^T σ^a_0 (v^a_0) } rdrdz

+ π ∞∑ n=1 ∫ Ωa { (ε^s_n(u^s_n))^T σ^s_n(v^s_n) + (ε^a_n(u^a_0))^T σ^a_n(v^a_n) } rdrdz

= 2π{b_0(u^s_0, v^s_0) + b_0(u^a_0, v^a_0)} + π ∞∑ n=1 {b_n(u^s_n, v^s_n) + b_n(u^a_n, v^a_n)}.

Similarly, using for f Fourier series expansion of the type (3.2), (3.3) and the notation in (4.1), one gets the relations

f(v) = ∫ Ω f^T vrdrdφdz = ∞∑ n=0 ∫ Ωa { f^{sT}_n ∫ π −π R^{sT}_n R^s_n dφ v^s_n + f^{aT}_n ∫ π −π R^{aT}_n R^a_n dφ v^a_n } rdrdz

= 2π {∫ Ωa f^{sT}_0 v^s_0rdrdz + ∫ Ωa f^{aT}_0 v^a_0rdrdz }

+ π ∞∑ n=1 {∫ Ωa f^{sT}_n v^s_nrdrdz + ∫ Ωa f^{aT}_n v^a_nrdrdz }

= 2π{f^s_0 (v^s_0) + f^a_0 (v^a_0)} + π ∞∑ n=1 {f^s_n(v^s_n) + f^a_n(v^a_n)}.

In Theorem 4.1 it is proved above all that the symmetric bilinear form b(u, v) and the linear functional f(v) in three dimensions can be represented by converging series. For n ∈ N_0, the terms b_n(u^{s/a}n , v^{s/a}n ) are obviously symmetric bilinear forms, and the terms f^{s/a}n (v^{s/a}n ), n ∈ N_0, are linear forms in the corresponding function spaces on Ω_a. Moreover, from the representation of b(u, v) and f(v) in Theorem 4.1 one can derive a sequence of two-dimensional variational problems, which are totally decoupled and can be solved independently from each other.

Theorem 4.2. Let u^s_n and u^a_n be the Fourier coefficients of the solution u ∈ V_0(Ω) of the three-dimensional variational problem (2.15). Then u^s_n and u^a_n, n ∈ N_0, are unique solutions of the following two-dimensional variational problems. Find functions

u^s_0 = (u^s_{r0}, 0, u^s_{z0})^T , u^a_0 = (0, u^a_{φ0}, 0)^T ∈ V^a_0 (Ω_a) and

u^s_n = (u^s_{rn}, u^s_{φn}, u^s_{zn})^T , u^a_n = (u^a_{rn}, u^a_{φn}, u^a_{zn})^T ∈ W^a_0 (Ω_a), n ∈ N,

satisfying the equations

b_0(u^s_0, w) = f^s_0 (w), (4.11) b_0(u^a_0, w) = f^a_0 (w) for w ∈ V^a_0 (Ω_a), (4.12)

b_n(u^s_n, w) = f^s_n(w), (4.13) b_n(u^a_n, w) = f^a_n (w) for w ∈ W^a_0 (Ω_a), n ∈ N, (4.14)

where the bilinear forms b_n(u^{s/a}n , w) and the linear forms f^{s/a}n (w), n ∈ N_0, are defined by (4.7) and (4.8), respectively.

Proof: We consider the variational equation (2.15), with b(u, v) and f(v) according to the completeness relations (4.5) and (4.6). For proving the decoupling, we define some special test functions as follows:

v^{(0)} := (w_r(r, z), 0, w_z(r, z))^T ∈ V^a_0 (Ω_a), v^{(n)} := (w_r(r, z) cosnφ, w_φ(r, z)(− sin nφ), w_z(r, z) cosnφ)^T for n ∈ N, (4.15) with (w_r(r, z), w_φ(r, z), w_z(r, z))^T ∈ W^a_0 (Ω_a).

It is clear that v^{(n)} ∈ V_0(Ω) for all n ∈ N_0, with V_0(Ω) from (2.11). For these functions, Fourier series expansion of the type (3.2) can be proved and their corresponding Fourier coefficients are given according to (3.3) by ( v^{(0)} )s k = (w_r(r, z), 0, w_z(r, z))^T δ_{0k}, ( v^{(0)} )a k = 0, k ∈ N_0, ( v^{(n)} )s k = (w_r(r, z), w_φ(r, z), w_z(r, z))^T δ_{nk}, ( v^{(n)} )a k = 0, k ∈ N_0, n ∈ N,

where δ_{nk} is the Kronecker symbol. We get the equations (4.11) and (4.13) by inserting these test functions in (2.15) and (2.16), and by taking into consideration the completeness relations (4.5) and (4.6). On the other hand, the equations (4.12) and (4.14) are derived by using the test functions

v^{(0)} = (0, w_φ(r, z), 0)^T ∈ V^a_0 (Ω_a), v^{(n)} = (w_r(r, z) sin nφ, w_φ(r, z) cosnφ, w_z(r, z) sinnφ)^T for n ∈ N, with (w_r(r, z), w_φ(r, z), w_z(r, z))^T ∈ W^a_0 (Ω_a), (4.16)

in (2.15) and (2.16), together with the representation (4.5) and (4.6). Subsequently, we show that the equations (4.11) − (4.14) have unique solutions, which are the Fourier coefficients of the three-dimensional solution. To do this, we have to prove that the assumptions of the lemma of Lax-Milgram (see e.g. [6]) are fulfilled. The continuity of the linear forms f^{s/a}n (.) follows immediately from the Cauchy-Schwarz inequality and further estimates, viz. | |f s/a_0 (w) | | = | | ∫ Ωa f^{s/aT}_0 wrdrdz | | ≤ ‖f s/a_0 ‖_(L_{2,1/2(Ωa))}3 ‖w‖_(L_{2,1/2(Ωa))}3

≤ C‖f^{s/a}_0 ‖_{(L2,1/2(Ωa))}3 ‖w‖V a_0 (Ω_a) for w ∈ V^a_0 (Ω_a) (4.17) | |f s/an (w) | | = | | ∫ Ωa f^{s/aT}_n wrdrdz | | ≤ ‖f s/an ‖_(L_{2,1/2(Ωa))}3 ‖w‖_(L_{2,1/2(Ωa))}3

≤ ‖f^{s/a}_n ‖_{(L2,1/2(Ωa))}3 ‖w‖W a_0 (Ω_a) for w ∈ W^a_0 (Ω_a), n ∈ N, (4.18)

with some positive constant C. From Korn’s inequality (2.5), we get the relation

‖v‖^2V_0(Ω) ≤ K‖ε(v)‖^2 (X^0_{1/2}(Ω))^6 for v ∈ V_0(Ω), with K > 0. (4.19)

Inserting the test functions defined by (4.15) and (4.16) in (4.19), and taking into consideration the inequality (3.17) and the completeness relation (4.4), we derive the a priori estimates

‖v^s_0‖^2V a_0 (Ω_a) ≤ K‖ε^s_0(v^s_0)‖^2 (L_{2,1/2}(Ωa))^6

, ‖v^a_0‖^2V a_0 (Ω_a) ≤ K‖ε^a_0(v^a_0)‖^2 (L_{2,1/2}(Ωa))^6

, (4.20)

‖v^s_n‖^2W a_0 (Ω_a) ≤ K‖ε^s_n(v^s_n)‖^2 (L_{2,1/2}(Ωa))^6

, ‖v^a_n‖^2W a_0 (Ω_a) ≤ K‖ε^a_n(v^a_n)‖^2 (L_{2,1/2} (Ωa))^6 , n ∈ N,

where v^s_n, v^a_n (n ∈ N_0) are the Fourier coefficients of v^{(n)}, n ∈ N_0. It follows from (2.6) (see Remark 2.1), the definition of ‖ · ‖V_0(Ω), ‖ · ‖V a_0 (Ω_a), ‖ · ‖W a_0 (Ω_a) and the completeness relation (4.4) that the following inequalities hold:

‖ε^s_0(v^s_0)‖^2

(L_{2,1/2}(Ωa))^6

≤ C‖v^s_0‖^2V a_0 (Ω_a), ‖ε^a_0(v^a_0)‖^2 (L_{2,1/2}(Ωa))^6

≤ C‖v^a_0‖^2V a_0 (Ω_a), (4.21)

‖ε^s_n(v^s_n)‖^2 (L_{2,1/2}(Ωa))^6

≤ C‖v^s_n‖^2W a_0 (Ω_a), ‖ε^a_n(v^a_n)‖^2 (L_{2,1/2}(Ωa))^6

≤ C‖v^a_n‖^2W a_0 (Ω_a), n ∈ N, whith some C > 0. Denoting by λ_1 the largest eigenvalue of the matrix E from (2.13) and using (4.7) as well as the Cauchy-Schwarz inequality, we get |b_n(u^{s/a}_n , v^{s/a}_n )| = | | ∫ Ωa ( ε^{s/a}_n (u^{s/a}_n ) )T E ε^{s/a}_n (v^{s/a}_n )rdrdz | | ≤ λ_1‖ε^{s/a}_n (u^{s/a}_n )‖(_{L2,1/2(Ωa)})6 ‖ε^{s/a}_n (v^{s/a}_n )‖(_{L2,1/2(Ωa)})6 , n ∈ N_0. (4.22)

Finally, the continuity of b_n(., .) follows from (4.22) and (4.21). If λ_2 denotes the smallest eigenvalue of E, we get the V^a_0 − and W^a_0 −ellipticity condition, respectively, by considering

b_n(u^{s/a}_n , u^{s/a}_n ) = ∫ Ωa ( ε^{s/a}_n (u^{s/a}_n ) )T E ε^{s/a}_n (u^{s/a}_n )rdrdz ≥ λ_2‖ε^{s/a}_n (u^{s/a}_n )‖^2 (L_{2,1/2}(Ωa))^6

, (4.23)

where n ∈ N_0, together with relation (4.20). Thus, it is proved that the assumptions of the Lax-Milgram lemma are satisfied. The uniqueness of the solutions of the variational problems (4.11) − (4.14) implies that u^{s/a}n , n ∈ N_0, are the Fourier coefficients of the solution u of the three-dimensional variational problem (2.15). Theorem 4.3. Let u^{s/a}n = (u^{s/a}rn , u^{s/a}φn , u^{s/a}zn )^T and f^{s/a}n = (f^{s/a}rn , f^{s/a}φn , f^{s/a}zn )^T , n ∈ N_0, be the Fourier coefficients of u and f from (2.15). Then, for u^{s/a}n we get the following a priori estimates:

‖u^{s/a}_0 ‖^2V a_0 (Ω_a) ≤ K‖ε^{s/a}_0 (u^{s/a}_0 )‖^2 (L_{2,1/2} (Ωa))^6

≤ C‖f^{s/a}_0 ‖^2_{(L2,1/2(Ωa))}3 , (4.24)

‖u^{s/a}_n ‖^2W a_0 (Ω_a) ≤ K‖ε^{s/a}_n (u^{s/a}_n )‖^2 (L_{2,1/2} (Ωa))^6

≤ C‖f^{s/a}_n ‖^2_{(L2,1/2(Ωa))}3 , n ∈ N, (4.25)

‖u^{s/a}_n ‖^2W a_0 (Ω_a) ≤ M { ‖u^{s/a}_n ‖^2_{(W} 1,2_{1/2(Ωa))3} + n^2 ‖ ‖ 1 r u^{s/a}_n ‖^2_{(L2,1/2(Ωa))}3 }

≤ C n^2

‖f^{s/a}_n ‖^2_{(L2,1/2(Ωa))}3 for n ≥ 2, (4.26)

with some positive constants C, K and M.

Proof: For brevity, we utilize in the following C as a generic positive constant; i. e., C has different values at different places, but C is independent of n and of the corresponding Fourier coefficients. By analogy to (4.17), (4.18), we get | |f s/a_0 (us/a_0 ) | | ≤ C‖f s/a_0 ‖_(L_{2,1/2(Ωa))}3 ‖us/a_0 ‖V a_0 (Ωa), (4.27) | |f s/an (us/an ) | | ≤ ‖f s/an ‖_(L_{2,1/2(Ωa))}3‖us/an ‖W a_0 (Ωa), n ∈ N. (4.28) Starting from (4.11)–(4.14) for w = u^{s/a} and using (4.23), the relations | |f s/an (us/an ) | | ≥ λ_2‖εs/an (us/an )‖^2 (L_{2,1/2}(Ωa))^6

, n ∈ N_0, (4.29)

hold. Combining (4.27), (4.28) and (4.29), one derives the inequalities ‖ε^{s/a}_0 ‖^2 (L_{2,1/2}(Ωa))^6

≤ C‖f^{s/a}_0 ‖_{(L2,1/2(Ωa))}3 ‖u^{s/a}_0 ‖V a_0 (Ω_a), (4.30) ‖ε^{s/a}_n ‖^2 (L_{2,1/2}(Ωa))^6

≤ C‖f^{s/a}_n ‖_{(L2,1/2(Ωa))}3 ‖u^{s/a}_n ‖W a_0 (Ω_a), n ∈ N. (4.31)

Using (4.23) and (4.20), we get

b_0(u^{s/a}_0 , u^{s/a}_0 ) ≥ C‖u^{s/a}_0 ‖^2V a_0 (Ω_a), b_n(u^{s/a}_n , u^{s/a}_n ) ≥ C‖u^{s/a}_n ‖^2W a_0 (Ω_a), n ∈ N. (4.32)

Finally, owing to (4.27), (4.28) and (4.32), we derive the relations

b_0(u^{s/a}_0 , u^{s/a}_0 ) = f^{s/a}_0 (u^{s/a}_0 ) ≤ C‖f^{s/a}_0 ‖_{(L2,1/2(Ωa))}3 ‖u^{s/a}_0 ‖V a_0 (Ω_a), (4.33)

b_n(u^{s/a}_n , u^{s/a}_n ) = f^{s/a}_n (u^{s/a}_n ) ≤ C‖f^{s/a}_n ‖_{(L2,1/2(Ωa))}3 ‖W a_0 (Ω_a), n ∈ N. (4.34)

Taking into account (4.30), (4.33) and (4.31), (4.34), respectively, we derive the relations ‖ε^{s/a}_n ‖^2 (L_{2,1/2}(Ωa))^6

≤ C‖f^{s/a}_n ‖^2_{(L2,1/2(Ωa))}3 , n ∈ N_0. (4.35)

Finally, the assertions (4.24) and (4.25) follow from (4.20) and (4.35). In order to show assertion (4.26), we first of all prove the following equivalence for some norm terms: { n^2 ‖ ‖ 1 r u^{s/a}_{rn} ‖^2_{L2,1/2(Ωa)} + n^2 ‖ ‖ 1 r u^{s/a}_{φn} ‖ ‖^2

L2_,1_/2(Ωa) }

≤ C ‖ ‖ 1 r u^{s/a}_{rn} − n r u^{s/a}_{φn} ‖ ‖^2

L2_,1_/2(Ωa) + ‖ ‖ n r u^{s/a}_{rn} − 1 r u^{s/a}_{φn} ‖ ‖^2

L2_,1_/2(Ωa) ≤ C { n^2 ‖ ‖ 1 r u^{s/a}_{rn} ‖ ‖^2

L2_,1_/2(Ωa)

+ n^2 ‖ ‖ 1 r u^{s/a}_{φn} ‖ ‖^2

L2_,1_/2(Ωa) } for n ≥ 2. (4.36)

Obviously, for n ≥ 2 the inequality

n^2 ≤ 16 9 ( n − 1 n )_2 (4.37)

holds, and from ( n − 1 n )us/arn r = (n r u^{s/a}_{rn} − 1 r u^{s/a}_{φn} ) − 1 n (1 r u^{s/a}_{rn} − n r u^{s/a}_{φn} ) , one obtains the inequality ( n − 1 n )_2‖ ‖ u^{s/a}rn r ‖ ‖^2

L2_,1_/2 (Ω) ≤ 2 ‖ ‖ n r u^{s/a}_{rn} − 1 r u^{s/a}_{φn} ‖ ‖^2

L2_,1_/2(Ωa) + 2 n^2 ‖ ‖ 1 r u^{s/a}_{rn} − n r u^{s/a}_{φn} ‖ ‖^2

L2_,1_/2(Ω)

.(4.38)

Similarly, one shows the relation ( n − 1 n )_2‖ ‖ u^{s/a}φn r ‖ ‖^2

L2_,1_/2 (Ω) ≤ 2 ‖ ‖ 1 r u^{s/a}_{rn} − n r u^{s/a}_{φn} ‖ ‖^2

L2_,1_/2(Ωa) + 2 n^2 ‖ ‖ n r u^{s/a}_{rn} − 1 r u^{s/a}_{φn} ‖ ‖^2

L2_,1_/2(Ω)

.(4.39)

The first inequality of (4.36) follows from (4.37), (4.38) and (4.39). The application of the triangle inequality leads to the second one.

Taking the definition of the norm of W^a_0 (Ω_a), inequality (4.19), and the completeness relations (4.4) and (3.16), we derive the estimate

‖u^{s/a}_n ‖^2W a_0 (Ω_a) ≤ C{‖u^{s/a}_n ‖^2_{(W} 1,2_{1/2(Ωa))3} + ‖ ‖ 1 r u^{s/a}_{rn} − n r u^{s/a}_{φn} ‖ ‖^2

L2_,1_/2(Ωa) + ‖ ‖ n r u^{s/a}_{rn} − 1 r u^{s/a}_{φn} ‖ ‖^2

L2_,1_/2(Ωa)

+ n^2 ‖ ‖ 1 r u^{s/a}_{zn} ‖ ‖^2

L2_,1_/2 (Ωa) } ≤ C‖ε^{s/a}_n (u^{s/a}_n )‖^2 (L_{2,1/2}(Ωa))^6

. (4.40)

Furthermore, using (4.36), (4.29) and (4.40), we get

‖u^{s/a}_n ‖^2W a_0 (Ω_a) ≤ C{‖u^{s/a}_n ‖^2_{(W} 1,2_{1/2(Ωa))3} + n^2 ‖ ‖ 1 r u^{s/a}_n ‖ ‖^2_(

L2_,1_/2(Ωa))3 } ≤ C‖ε^{s/a}_n (u^{s/a}_n )‖^2 (L_{2,1/2} (Ωa))^6

≤ C‖f^{s/a}_n ‖_{(L2,1/2(Ωa))}3 ‖u^{s/a}_n ‖_{(L2,1/2(Ωa))}3 ≤ C‖f^{s/a}_n ‖_{(L2,1/2(Ωa))}3 ‖ ‖ 1 r u^{s/a}_n ‖ ‖_(

L2_,1_/2(Ωa))3

. (4.41)

By means of the inequality 2ab ≤ a^2/n^2 + n^2b^2, for n ≥ 2 the relation

kf^{s/a}n k(L_{2,1/2}(Ω_a))3^‖^1_r u^{s/a}n^‖_{(L2,1/2(Ωa))3} ˇ^1_2^{{ 1}_n2 kf^{s/a}n k^2_{(L2,1/2(Ωa))}3 + n^{2‖}^1_r u^{s/a}n^‖^2_{(L2,1/2(Ωa))3}^}. (4.42)

is obvious. Taking (4.42) and (4.41), we get the completion of the proof by

‖u^{s/a}_n ‖^2W a_0 (Ω_a) ≤ C n^2

‖f^{s/a}_n ‖^2_{(L2,1/2(Ωa))}3 . (4.43)

We now consider a finite number of two-dimensional problems (4.11)–(4.14), here for n = 0, 1, ..., N, and their solutions which are the corresponding Fourier coefficients u^{s/a}n of u. By means of R^{s/a}n from (4.1), the solution u = (u_r, u_φ, u_z)^T of the three-dimensional boundary value problem (2.15) and its partial Fourier approximation (truncated partial Fourier series) u_N = (u_{rN} , u_{φN} , u_{zN} )^T can be written as follows:

u = ∞∑ n=0 (R^s_nu^s_n + R^a_nu^a_n) and u_N = N∑ n=0 (R^s_nu^s_n + R^a_nu^a_n) . (4.44)

It is well-known that the approximation of functions in L_2(−π, π) by means of the trigonometric functions {1, ..., sin Nφ, cosNφ} leads to the corresponding truncated Fourier series of the order N, see e. g. [4, 5, 11], with the obvious extension to partial Fourier series. Now we shall estimate the norm of the error u − u_N in the space W (Ω).

Theorem 4.4. Let u ∈ V_0(Ω) be the solution of the variational problem (2.15), with f ∈ (X^0_{1/2}(Ω))^3, and u_N its Fourier approximation defined by (4.44). Then there is a constant C independent of N and f such that the following estimate holds:

‖u − u_N ‖W (Ω) ≤ CN^{−1}‖f ‖(_{X01/2(Ω)})3 for N ≥ 1. (4.45)

Proof: Using (4.44), the completeness relation (3.16), the triangle inequality and the a priori estimate (4.26), we get the inequalities

‖u − u_N ‖^2W (Ω) ≤ CN^{−2} ∞∑ n=N +1 ∑ e∈{s,a} n^2 { ‖u^e_n‖^2 (W^{1,2}_{1/2}(Ωa))^3

+ n^2 ‖ ‖ 1 r u^e_n ‖ ‖^2(

L2_,1_/2(Ωa)) 3 }

≤ CN^{−2} ∞∑ n=2 ∑ e∈{s,a} ‖f^e_n‖^2 (L_{2,1/2} (Ωa))^3 ≤ CN^{−2}‖f ‖^2 (X^0_{1/2}(Ω))^3

, (4.46)

and, thus, Theorem 4.4 is proved.

Obviously, the error estimate (4.45) is valid without additional smoothness requirements like û ∈ (W^2_2 (Ω̂))^3. This is due to the refined a priori estimate (4.26) which indicates some additional regularity of u with respect to the angle φ.

References

[1] J. Argyris und H.-P. Mlejnek. Die Methode der finiten Elemente in der elementaren Strukturmechanik, Band 1. Friedr. Vieweg & Sohn Verlagsgesellschaft mbH, 1986.

[2] M. Azaïez, Ch. Bernardi, M. Dauge, and Y. Maday. Spectral Methods for Axisymmetric Domains.

Prépublic. 96-37, I.R.M.R., Univ. de Rennes 1, Déc. 1996.

[3] K. E. Buck. Zur Berechnung der Verschiebungen und Spannungen in rotationssymmetrischen Körpern unter beliebiger Belastung. Dissertation, Universität Stuttgart, 1970.

[4] B.L. Butzer and R.J. Nessel. Fourier Analysis and Approximation. Birkhäuser-Verlag, Basel, Switzerland, 1971.

[5] C. Canuto, M.Y. Hussaini, A. Quarteroni, and T.A. Zang. Spectral Methods in Fluid Dynamics.

Springer-Verlag, Berlin 1987.

[6] P. Ciarlet. The Finite Element Method for Elliptic Problems. North-Holland, Amsterdam, 1978.

[7] G. Fritzsche. Zur Berechnung des Verschiebungs- und Spannungszustandes von Rotationskörpern unter beliebig verteilter Belastung. Dissertation, TU Magdeburg, 1979.

[8] B. Heinrich. Singularity Functions at Axisymmetric Edges and their Representation by Fourier Series. Math. Meth. Appl. Sci., Vol. 16, pp. 837–854, 1993.

[9] B. Heinrich. The Fourier-finite-element Method for Poisson’s Equation in Axisymmetric Domains with Edges. SIAM J. Num. Anal., Vol. 33, No. 5, pp. 1885-1911, 1996.

[10] B. Heinrich and B. Weber. Fourier-finite-element Approximation of Elliptic Interface Problems in Axisymmetric Domains. Math. Meth. Appl. Sci., Vol. 19, pp. 909–931, 1996.

[11] B. Mercier. An Introduction to the Numerical Analysis of Spectral Methods. Springer-Verlag, Berlin 1989.

[12] B. Mercier and G. Raugel. Résolution d’un problèmeaux limites dans un ouvert axisymétrique par éléments finis en r,z et séries de Fourier en θ. R.A.I.R.O. Anal. Numér., Vol. 16, No. 4, pp. 405–461, 1982.

[13] J. Nečas and I. Hlaváček. Mathematical Theory of Elastic and Elasto-Plastic Bodies: An Introduction. Elsevier Scientific Publishing Company, New York 1981.

[14] B. Nkemzi. Numerische Analysis der Fourier-Finite-Elemente-Methode für die Gleichungen der Elastizitätstheorie. Dissertation, TU Chemnitz 1997.

[15] E. Schultchen, H. Ulonska und W. Wurmnest. Statische Berechnung von Rotationskörpern unter beliebiger nicht rotationssymmetrischer Belastung mit dem Programmsystem ANTRAS-ROT. Forschungsbericht 35-2, Tech. Mitt. Krupp, 1977.

[16] M. Sedaghat and L.R. Hermann. A Nonlinear Semi-analytical Finite Element Analysis for Nearly Axisymmetric Solids. Comp. & Struct., vol. 17, No. 3, pp. 389–401, 1983.

[17] U. Tilsch. Finite-Element-Methode zur elastostatischen Berechnung rotationssymmetrischer Körper unter Nutzung von Fourieransätzen. Dissertation, TU Magdeburg 1994.

[18] B. Weber. Die Fourier-Finite-Elemente-Methode für elliptische Interfaceprobleme in axialsymmetrischen Gebieten. Dissertation, TU Chemnitz-Zwickau 1994.

[19] W. Weese. Spannungs- und Verformungsberechnung in Rotationskörpern mit beliebiger Belastung auf der Grundlage der Fourierreihenentwicklung nach der Methode der finiten Elemente. Anwenderdokumentation für das Programm ROKO3/83, TU Magdeburg, 1983.

[20] E. L. Wilson. Structural Analysis of Axisymmetric Solids. AIAA Journal, Vol. 3, No. 12, pp.

2269–2274, 1965.

[21] O.C. Zienkiewicz. The Finite Element Method, 3rd ed., Mc Graw–Hill, New York, 1977. Fachbuchverlag Leipzig, 1987.