Technische Universität Chemnitz

Sonderforschungsbereich 393 Numerische Simulation auf massiv parallelen Rechnern

M. Jung and J.F. Maitre

Some Remarks on the Constant in the Strengthened C.B.S. Inequality:

Application to h- and p-Hierarchical Finite Element Discretizations of Elasticity Problems

Preprint SFB393/97-15

Abstract

For a class of two-dimensional boundary value problems including diffusion and elasticity problems it is proved that the constants in the corresponding strengthened Cauchy-Buniakowski-Schwarz (C.B.S.) inequality in the cases of h-hierarchical and p-hierarchical finite element discretizations with triangular meshes differ by the factor 0.75.

For plane linear elasticity problems and triangulations with right isosceles triangles formulas are presented that show the dependence of the constant in the C.B.S. inequality on the Poisson’s ratio. Furthermore, numerically determined bounds of the constant in the C.B.S. inequality are given for three-dimensional elasticity problems discretized by means of tetrahedral elements.

Finally, the robustness of iterative solvers for elasticity problems is discussed briefly.

Key words: finite elements, elasticity problems, hierarchical methods, multilevel methods AMS(MOS) subject classification: 65N30, 65F10, 65N55, 73C02

Preprint-Reihe des Chemnitzer SFB 393

SFB393/97-15 July 1997

Authors’ address:

Dr. Michael Jung Fakultät für Mathematik Technische Universität Chemnitz D - 09107 Chemnitz, Germany e-mail: michael.jung@mathematik.tu-chemnitz.de http://www.tu-chemnitz.de/∼jung/jung.html

Prof. Dr. Jean-François Maitre Equipe d’Analyse Numérique Lyon-St-Etienne (CNRS-UMR 5585) Ecole Centrale de Lyon BP 163, 69131 Ecully Cedex, France e-mail: maitre@cc.ec-lyon.fr

1 Introduction

The constant in the strengthened Cauchy-Buniakowski-Schwarz (C.B.S.) inequality |a(u, v)| ≤ γ √ a(u, u) √ a(v, v) ∀u ∈ V_H , v ∈ T_h, V_h = V_H + T_h, (1) plays a basic role in the convergence analysis of iterative solvers for large scale systems of algebraic equations resulting from finite element discretizations of boundary value problems (b.v.p.), see, e.g., [7, 11].

We suppose that the finite element subspace V_h ⊂ [H^1(Ω)]^s is the direct sum of subspaces V_H and T_h spanned by two-level h- or p-hierarchical finite element ansatz functions (for more details see Section 2), and that a(., .) is a symmetric bilinear form arising in the variational formulation of the b.v.p.

The splitting of the finite element subspace V_h into V_H and T_h is the basis of several iterative solvers. Examples for such solvers are conjugate gradient (cg) methods with two-level h- or p-hierarchical preconditioners proposed by Bank and Dupont [8], Axelsson and Gustafsson [2, 4] (see also [16]), the cg method with algebraic multilevel preconditioners developed by Axelsson and Vassilevski [5, 6], or multigrid methods of the projection type as described by Meis and Branca [22], Braess [9, 10], Verfürth [25], Jung [14, 15], Schieweck [23], and Thole [24]. The convergence rates of all these methods depend on the constant in the strengthened C.B.S. inequality. Therefore, it is of interest to give estimates of this constant.

In the present paper it is supposed that the bilinear form a(., .) can be written as a linear combination of terms of the type ∫ Ω ∂u ∂x_i ∂v ∂x_j dx , i, j = 1, 2, where Ω is a two-dimensional bounded domain. General diffusion problems and plane linear elasticity problems can serve as examples for such bilinear forms.

In Section 2 we prove the relation (γ^l)^2 =^3_4 (γ^q)^2 for the constants γ^l and γ^q in the C.B.S. inequality in the two-level h- and p-hierarchical case, respectively, based on finite element discretizations with triangular elements. It is obvious that (γ^q)^2 = 1 is an upper bound in the p-hierarchical case. Therefore, we get for the h-hierarchical case (γ^l)^2 =^3_4 for each bilinear form of the considered type and for triangulations with arbitrary triangles.

Estimates of the constant in the C.B.S. inequality for plane linear elasticity problems are given in some papers [1, 14, 15, 16, 20]. Margenov [20] shows for triangulations with right isosceles triangles that (γ^l)^2 =^3_4 is an upper bound for all Poisson’s ratios ν ∈ (0,^1_2 ). Achchab and Maitre [1] prove that^3_4 is also an upper bound for triangulations with arbitrary triangles. In both papers the dependence of γ^l on ν is not studied. We analyse the constant in the C.B.S. inequality for plane linear elasticity problems more accurately, i.e. we show its dependence on the Poisson’s ratio ν. The estimates (γ^l)^2(ν) given in Section 3 are restricted to triangulations with right isosceles triangles.

The extension of the techniques used in [1, 20] and in this paper to three-dimensio-nal elasticity problems is very complicated. Therefore, we give only some numerically determined estimates of γ^l and γ^q, respectively, in dependence on ν.

Finally, we discuss briefly the influence of the Poisson’s ratio on the convergence properties of iterative methods.

2 A relation between the constants in the strengthened C.B.S. inequality in the two-level h- and phierarchical case

In this Section we consider symmetric bilinear forms a(., .) : V × V → R^1 arising in variational formulations of second-order elliptic b.v.p.’s. The space V is a subspace of the Sobolev space [H^1(Ω)]^s defined by the Dirichlet boundary conditions on Γ_D ⊂ ∂Ω. If not stated otherwise the case s = 1 is considered. The bilinear forms a(., .) are discretized by using finite elements. We suppose that a coarse triangulation T_H = {δ^{(r)}_H , r = 1, 2, . . . , R_H } (R_H being the number of triangles) of the polygonally bounded plane domain Ω is given. The finer triangulation T_h = {δ^{(r)}_h , r = 1, 2, . . . , R_h} is constructed by connecting the midpoints of the edges of each triangle δ^{(r)}_H . Corresponding to the triangulation T_H the finite element subspace

V_H = span{p^{(m)}_H (x), m = 1, 2, . . . , N_H } ⊂ V (2)

is defined. The functions p^{(m)}_H (x) are continuous and piecewise linear, i.e. linear on each triangle δ^{(r)}_H . Furthermore they satisfy the condition p^{(m)}_H (x^{(n)}) = δ_{mn}. Here, δ_{mn} denotes the Kronecker symbol with δ_{mn} = 1 for m = n and δ_{mn} = 0 for m ≠ n, m, n = 1, 2, . . . , N_H, N_H is the number of nodes in Ω∪Γ_N (Γ_D ∪Γ_N = ∂Ω, Γ_D ∩Γ_N = ∅), and x^{(n)} = (x^{(n)}_1 , x^{(n)}_2 ) are the coordinates of the node P^{(n)}.

In the following we want to give upper bounds of the constant in the strengthened C.B.S. inequality. Here, two-level h-hierarchical and two-level p-hierarchical finite element discretizations are considered. For that reason we introduce the finite element subspaces

T^l_h = span{p^{(m)}_h (x), m = N_H + 1, N_H + 2, . . . , N_h} (3) and T^q_h = span{q^{(m)}_H (x), m = N_H + 1, N_H + 2, . . . , N_h} (4)

with continuous piecewise linear functions p^{(m)}_h and continuous piecewise quadratic functions q^{(m)}_H (x). The functions p^{(m)}_h are linear on each triangle δ^{(r)}_h ∈ T_h, and the functions q^{(m)}_H (x) are quadratic on each triangle δ^{(r)}_H ∈ T_H . For these functions the relations p^{(m)}_h (x^{(n)}) = δ_{mn} and q^{(m)}_H (x^{(n)}) = δ_{mn}, m, n = N_H + 1, N_H + 2, . . . , N_h, hold. The space V^l_h = V_H + T^l_h ⊂ V is a finite element subspace with a two-level h-hierarchical basis and V^q_h = V_H + T^q_h ⊂ V has a two-level p-hierarchical basis.

In Lemma 2.1 we give a relation between the constants in the strengthened C.B.S. inequality (1) for the pairs of subspaces {V_H , T_h} = {V_H, T^l_h} and {V_H , T_h} = {V_H , T^q_h }. Here, the corresponding constant is denoted by γ^l and γ^q, respectively.

Lemma 2.1 Let the bilinear form a(., .) be defined as a linear combination of terms of the type ∫ Ω ∂u ∂x_i ∂v ∂x_j dx , i, j = 1, 2, (5) with u ∈ V_H and v ∈ T^l_h or v ∈ T^q_h , respectively. Then

(γ^l)^2 = 3 4 (γ^q)^2 . (6)

Proof: For a better readability of the proof we first formulate the two relations (7) which we need for proving (6), then we prove (6), and finally the relations (7) are proved.

Using the relations

a(u, v^q) = 4 3 a(u, v^l) and a(v^q, v^q) = 4 3 a(v^l, v^l) (7)

with u ∈ V_H , v^q ∈ T^q_h , v^l ∈ T^l_h, and v^q(x^{(n)}) = v^l(x^{(n)}) for all n = N_H + 1, N_H + 2, . . . , N_h we get

(a(u, v^q))^2 ≤ (γ^q)^2 a(u, u) a(v^q, v^q) ∀u ∈ V_H , ∀v^q ∈ T^q_h ≡ (4 3 a(u, v^l) )_2

≤ (γ^q)^2 a(u, u) 4 3 a(v^l, v^l) ∀u ∈ V_H , ∀v^l ∈ T^l_h

≡ (a(u, v^l))^2 ≤ 3 4 (γ^q)^2 a(u, u) a(v^l, v^l) ∀u ∈ V_H , ∀v^l ∈ T^l_h ,

i.e. (γ^l)^2 = 3 4 (γ^q)^2.

Now we prove the relation a(u, v^q) = 4 3 a(u, v^l) (8)

with u ∈ V_H , v^q ∈ T^q_h , v^l ∈ T^l_h, and v^q(x^{(n)}) = v^l(x^{(n)}) for all n = N_H + 1, N_H + 2, . . . , N_h. Since it is supposed that the bilinear form a(., .) is a linear combination of terms of the type (5) we have to prove that ∫ Ω ∂u ∂x_i ∂v^q ∂x_j dx = 4 3 ∫ Ω ∂u ∂x_i ∂v^l ∂x_j dx , i, j = 1, 2, (9) holds. We get for v = v^q and v = v^l the relations ∫ Ω ∂u ∂x_i ∂v ∂x_j dx = R_H∑ r=1 ∫

δ^{(r)}_H ∂u ∂x_i ∂v ∂x_j dx = R_H∑ r=1 [ − ∫

δ^{(r)}_H ∂^2u ∂x_i∂x_j v dx + ∫

∂δ^{(r)}_H v ∂u ∂x_i n_j dS ] , (10)

where n_j is the j-th component of the vector of the outer normal ⃗n = (n_1, n_2)^T on ∂δ^{(r)}_H . Since u is linear on δ^{(r)}_H the relation ∫ Ω ∂u ∂x_i ∂v ∂x_j dx = R_H∑ r=1 ∫

∂δ^{(r)}_H v ∂u ∂x_i n_j dS = R_H∑ r=1 3∑ α=1 ∂u ∂x_i n_j ∫

e^{(r)}_{H,α} v dS (11)

holds, where e^{(r)}_{H,α} are the edges of the triangle δ^{(r)}_H . Denoting by x^{(r,3+α)} the coordinates of the midpoints of these edges (see Figure 1) one obtains

∫

e^{(r)}_{H,α} v dS = v(x^{(r,3+α)}) meas e^{(r)}_{H,α} 2 for v = v^l

v(x^{(r,3+α)}) 4 meas e^{(r)}_{H,α} 6 for v = v^q .

(12)

Then, (8) follows immediately from (10), (11), and (12). It remains to prove a(v^q, v^q) = 4 3 a(v^l, v^l). We consider an arbitrary triangle δ^{(r)}_H of the triangulation T_H (see Figure 1).

δ^{(r)}_{H,1} δ^{(r)}_{H,2} δ^{(r)}_{H,3} δ^{(r)}_{H,4} 1

2

3

4

5 6

Figure 1: An arbitrary triangle δ^{(r)}_H with the local numbering of the nodes

Using barycentric coordinates λ_k and a local numbering of the nodes as it is shown in Figure 1, the function v^q restricted to the triangle δ^{(r)}_H can be expressed by

v^q = v^q(x^{(r,4)})q^{(r,4)}_H + v^q(x^{(r,5)})q^{(r,5)}_H + v^q(x^{(r,6)})q^{(r,6)}_H with q^{(r,4)}_H = 4λ_1λ_2 , q^{(r,5)}_H = 4λ_2λ_3 , q^{(r,6)}_H = 4λ_3λ_1 .

Therefore, the relation ∫

δ^{(r)}_H ∂v^q ∂x_i ∂v^q ∂x_j dx = 3∑ α,β=1 v^q(x^{(r,3+α)})v^q(x^{(r,3+β)}) ∫

δ^{(r)}_H ∂q^{(r,3+α)} H ∂x_i ∂q^{(r,3+β)} H ∂x_j dx (13)

holds. In the following we distinguish the cases α = β and α ≠ β. We consider α = β = 1 and α = 2, β = 3 as examples. The computation of the integrals in (13) for other α and β can be performed in an analogous manner. With ∂q^{(r,4)}_H ∂x_i = 4 ( ∂λ_1 ∂x_i λ_2 + ∂λ_2 ∂x_i λ_1 ) , ∂q^{(r,5)}_H ∂x_i = 4 ( ∂λ_2 ∂x_i λ_3 + ∂λ_3 ∂x_i λ_2 ) , ∂q^{(r,6)}_H ∂x_i = 4 ( ∂λ_3 ∂x_i λ_1 + ∂λ_1 ∂x_i λ_3 ) , and the obvious relations ∫

δ^{(r)}_H λ_kλ_l dx = meas δ^{(r)}_H 12 (1 + δ_{kl}) (δ_{kl} is the Kronecker symbol) ,

3∑ k=1 ∂λ_k ∂x_i = 3∑ k=1 ∂λ_k ∂x_j = 0 it follows that ∫

δ^{(r)}_H ∂q^{(r,5)}_H ∂x_i ∂q^{(r,6)}_H ∂x_j dx

= 16 12 meas δ^{(r)}_H [ ∂λ_2 ∂x_i ∂λ_3 ∂x_j + 2 ∂λ_2 ∂x_i ∂λ_1 ∂x_j + ∂λ_3 ∂x_i ∂λ_3 ∂x_j + ∂λ_3 ∂x_i ∂λ_1 ∂x_j ]

= 16 12 meas δ^{(r)}_H [ ∂λ_2 ∂x_i ∂λ_1 ∂x_j + ∂λ_1 ∂x_i ∂λ_2 ∂x_j ] (14) and ∫

δ^{(r)}_H ∂q^{(r,4)}_H ∂x_i ∂q^{(r,4)}_H ∂x_j dx

= 16 12 meas δ^{(r)}_H [ 2 ∂λ_1 ∂x_i ∂λ_1 ∂x_j + ∂λ_1 ∂x_i ∂λ_2 ∂x_j + ∂λ_2 ∂x_i ∂λ_1 ∂x_j + 2 ∂λ_2 ∂x_i ∂λ_2 ∂x_j ]

= 16 12 meas δ^{(r)}_H [ ∂λ_1 ∂x_i ∂λ_1 ∂x_j + ∂λ_2 ∂x_i ∂λ_2 ∂x_j + ∂λ_3 ∂x_i ∂λ_3 ∂x_j ] .

(15)

For v^l = v^l(x^{(r,4)})p^{(r,4)}_h + v^l(x^{(r,5)})p^{(r,5)}_h + v^l(x^{(r,6)})p^{(r,6)}_h , i.e. the piecewise linear case, we get ∫

δ^{(r)}_H ∂v^l ∂x_i ∂v^l ∂x_j dx = 3∑ α,β=1 [ v^l(x^{(r,3+α)})v^l(x^{(r,3+β)}) 4∑ s=1 ∫

δ^{(r)}_{H,s} ∂p^{(r,3+α)} h ∂x_i ∂p^{(r,3+β)} h ∂x_j dx ] (16)

with δ^{(r)}_H =

⋃_4

s=1 δ^{(r)}_{H,s} (see also Figure 1). Again, we consider the cases α = β = 1 and α = 2, β = 3. The functions p^{(r,3+α)}_h are defined on the triangles δ^{(r)}_{H,s} as given in Table 1. This table contains also the partial derivatives of the functions p^{(r,3+α)}_h .

δ^{(r)}_{H,1} δ^{(r)}_{H,2} δ^{(r)}_{H,3} δ^{(r)}_{H,4} δ^{(r)}_{H,1} δ^{(r)}_{H,2} δ^{(r)}_{H,3} δ^{(r)}_{H,4}

p^{(r,4)}_h 2λ_2 2λ_1 0 1 − 2λ_3 ∂p^{(r,4)}_h ∂x_i 2 ∂λ_2 ∂x_i 2 ∂λ_1 ∂x_i 0 −2 ∂λ_3 ∂x_i p^{(r,5)}_h 0 2λ_3 2λ_2 1 − 2λ_1 ∂p^{(r,5)}_h ∂x_i 0 2 ∂λ_3 ∂x_i 2 ∂λ_2 ∂x_i −2 ∂λ_1 ∂x_i p^{(r,6)}_h 2λ_3 0 2λ_1 1 − 2λ_2 ∂p^{(r,6)}_h ∂x_i 2 ∂λ_3 ∂x_i 0 2 ∂λ_1 ∂x_i −2 ∂λ_2 ∂x_i Table 1: The definition of the functions p^{(r,3+α)}_h and their partial derivatives on the triangles δ^{(r)}_{H,s}

Therefore, we obtain ∫

δ^{(r)}_H ∂p^{(r,5)}_h ∂x_i ∂p^{(r,6)}_h ∂x_j dx = 4∑ s=1 ∫

δ^{(r)}_{H,s} ∂p^{(r,5)}_h ∂x_i ∂p^{(r,6)}_h ∂x_j dx = meas δ^{(r)}_H 4 4 [ ∂λ_2 ∂x_i ∂λ_1 ∂x_j + ∂λ_1 ∂x_i ∂λ_2 ∂x_j ] (17)

and ∫

δ^{(r)}_H ∂p^{(r,4)}_h ∂x_i ∂p^{(r,4)}_h ∂x_j dx = meas δ^{(r)}_H 4 4 [ ∂λ_1 ∂x_i ∂λ_1 ∂x_j + ∂λ_2 ∂x_i ∂λ_2 ∂x_j + ∂λ_3 ∂x_i ∂λ_3 ∂x_j ] . (18)

Since (14) and (17) as well as (15) and (18) differ by a factor^4_3 also the integrals in (13) and (16) differ by a factor^4_3 . This completes the proof. 2

Remark 2.1

(i) Relations (7) were also proved by Jung and Rüde [17] for a bilinear form of the type a(u, v) = ∫ Ω (A(x)∇_xu, ∇_xv) dx (19) with a symmetric positive definite 2 × 2 matrix A(x) = [a_{ij}(x)]^2_{i,j=1}, where the functions a_{ij}(x) are constant over the triangles δ^{(r)}_H . The variable coefficient case is studied in [18].

(ii) From Lemma 2.1 we conclude that the relation (6) holds for example for bilinear forms of the type (19), or for the bilinear form corresponding to plane linear elasticity problems (see also Section 3).

(iii) The relation (8) holds also for three-dimensional problems discretized by means of tetrahedral elements. Here, we have to compute in (11) integrals over the surface of the tetrahedra. Denoting by f^{(r)}_{H,l}, l = 1, . . . , 4, the faces on the surface of the tetrahedron δ^{(r)}_H and by x^{(r,3+k,l)} the midpoints of the edges describing the face f^{(r)}_{H,l}, we get ∫

f^{(r)}_{H,l} v^q dF = 1 3 meas f^{(r)}_{H,l} 3∑ α=1 v^q(x^{(r,3+α,l)})

and ∫

f^{(r)}_{H,l} v^l dF = 1 3 meas f^{(r)}_{H,l} 4 [ (v^l(x^{(r,4,l)}) + v^l(x^{(r,6,l)})) + (v^l(x^{(r,4,l)}) + v^l(x^{(r,5,l)}))

+(v^l(x^{(r,5,l)}) + v^l(x^{(r,6,l)})) + (v^l(x^{(r,4,l)}) + v^l(x^{(r,5,l)}) + v^l(x^{(r,6,l)})) ]

= meas f^{(r)}_{H,l} 4 3∑ α=1 v^l(x^{(r,3+α,l)}) . The relation a(v^q, v^q) =^4_3 a(v^l, v^l) is not true in the three-dimensional case.

Since (γ^q)^2 = 1 is a trivial upper bound of the constant in the C.B.S. inequality in the p-hierarchical case, Lemma 2.1 implies that (γ^l)^2 =^3_4 is an upper bound in the hhierarchical case for all bilinear forms a(., .) which are a linear combination of terms of the type (5) and for triangulations T_H with arbitrary triangles.

But sometimes it is of more interest whether one can show how the constant in the C.B.S. inequality depends on the geometry of the triangles or on the coefficients in the bilinear form. Maitre and Musy give in [19] for the bilinear form (19) with a_{11} = a_{22} = 1, and a_{12} = 0 the constants γ^l and γ^q in dependence on the geometry of the triangles. They observe for this case the relation (6). Axelsson [3] considers the bilinear form (19) with constant coefficients a_{ij}, i, j = 1, 2, and shows that the constant (γ^l)^2 is bounded by^3_4 for arbitrary triangles in the h-hierarchical case. Additionally, he shows how the constant depends on a_{ij}, i, j = 1, 2, and on the geometry of the triangles. Achchab and Maitre prove in [1] for plane linear elasticity problems (state of plane strain) with arbitrary Poisson’s ratio ν ∈ (0,^1_2 ) and triangulations with arbitrary triangles that (γ^l)^2 =^3_4 is a sharp upper bound for the constant in the corresponding strengthened C.B.S. inequality in the h-hierarchical case. For the p-hierarchical case it is shown in [1] that γ^q tends to 1 for triangulations with right isosceles triangles and Poisson’s ratio close to^1_2 . Using the estimate of γ^l in [1] and Lemma 2.1 we can prove a more general result, namely that the upper bound of γ^q can not be better than 1 for triangulations with arbitrary triangles and ν →^1_2 .

In the next Section we want to give some estimates of the constants γ^l and γ^q for linear elasticity problems We show how these constants depend on the Poisson’s ratio, but unfortunately we need some restrictions on the triangulation.

3 The strengthened C.B.S. inequality for linear elasticity problems

In this Section upper bounds of the constant in the C.B.S. inequality for linear elasticity problems are presented. These upper bounds are given in dependence on the Poisson’s ratio ν. Here, it is supposed that the plane domain Ω can be decomposed into right isosceles triangles. Furthermore, we present some numerically determined bounds of the constant in the C.B.S. inequality for elasticity problems in three-dimensional domains.

The variational formulation of a plane linear elasticity problem is given by the following:

Find u = (u_1, u_2)^T ∈ V = {u ∈ [H^1(Ω)]^2 : u_1 = u_2 = 0 on Γ_D} such that a(u, v) = ⟨F, v⟩ ∀v ∈ V (20) holds with a(u, v) = ∫ Ω e^T(v)De(u) dx and ⟨F, v⟩ = ∫ Ω v^Tf dx + ∫ ΓN v^Tg_N ds. (21)

Here e(v) = (ε_{11}(v), ε_{22}(v), 2ε_{12}(v))^T , f and g_N are the vectors of the volume and surface forces, respectively, The components ε_{ij}, i, j = 1, 2, of the strain tensor are defined by ε_{ij} = 1 2 ( ∂u_i ∂x_j + ∂u_j ∂x_i )

and

D = E 1 + (1 − k)ν (1 + ν)(1 − kν) 1 ν 1 + (1 − k)ν 0 ν 1 + (1 − k)ν 1 0 0 0 1 − kν 2(1 + (1 − k)ν)

with k = 1 for the state of plane stress and k = 2 for the state of plane strain.

We discretize problem (20) by means of h-hierarchical and p-hierarchical finite element ansatz functions. As described in Section 2 it is supposed that a coarse triangulation T_H and a fine triangulation T_h of the domain Ω are generated. Since the displacement u is a vector function the basis functions of the finite element subspaces must be vector functions too. We define the spaces

V_H = span{(p^{(m)}_H , 0)^T , (0, p^{(m)}_H )^T , m = 1, 2, . . . , N_H} , T^l_h = span{(p^{(m)}_h , 0)^T , (0, p^{(m)}_h )^T , m = N_H + 1, N_H + 2, . . . , N_h} , and (22) T^q_h = span{(q^{(m)}_H , 0)^T , (0, q^{(m)}_H )^T , m = N_H + 1, N_H + 2, . . . , N_h} .

The functions p^{(m)}_H (x), p^{(m)}_h (x), and q^{(m)}_H (x) are introduced in Section 2. Next we estimate the constant in the strengthened C.B.S. inequality with the bilinear form a(., .) defined in (21). First, we formulate some lemmas which allow us to perform the estimation of the constant locally. These lemmas and their proofs can also be found in other papers (see, e.g., [2, 12, 14, 19, 24]). Corresponding to the finite element triangulation T_H the bilinear form has the representation a(u, v) = R_H∑ r=1 a^{(r)}(u, v) ∀u, v ∈ V_h, V_h = V_H + T_h, (23)

where a^{(r)}(u, v) is the restriction of a(., .) to the triangle δ^{(r)}_H . Lemma 3.1 If there exist numbers γ^{(r)} ∈ [0, 1] such that for all r = 1, 2, . . . R_H |a^{(r)}(u, v)| ≤ γ^{(r)} √ a^{(r)}(u, u) √ a^{(r)}(v, v) ∀u ∈ V_H , v ∈ T_h (24) holds, then the strengthened C.B.S. inequality holds with γ = max r=1,2,...,R_H γ^{(r)}. Let us define matrices A^{(r)}, B^{(r)}, and C^{(r)} in the following way:

(A^{(r)}u, u)_n := a^{(r)}(u, u) , ∀u ∈ V_H|_δ(r)_H ↔ u ∈ R^n, (B^{(r)}u, v)_m := a^{(r)}(u, v) , ∀u ∈ V_H|_δ(r)_H ↔ u ∈ R^n, ∀v ∈ T_h|_δ(r)_H ↔ v ∈ R^m, (25) (C^{(r)}v, v)_m := a^{(r)}(v, v) , ∀v ∈ T_h|_δ(r)_H ↔ v ∈ R^m.

In our application n = m = 6 holds. We suppose that (1) a^{(r)}(v, v) ≥ 0 ∀v ∈ V_h, (2) a^{(r)}(u, v) = a^{(r)}(v, u) ∀u, v ∈ V_h, (3) ker{C^{(r)}} = {v ∈ R^m : C^{(r)}v = 0} = {0}, (4) ker{a^{(r)}} = { v ∈ V_h|_δ(r)_H : a^{(r)}(v, z) = 0 ∀z ∈ V_h|_δ(r)_H } ⊂ V_H|_δ(r)_H . (26)

Under these assumptions (26) the inequalities (24) can be written in the equivalent form

(γ^{(r)})^2 = sup u∈V_H\ker{a^{(r)}} v∈T_h,v≠0 |a^{(r)}(u, v)|^2 a^{(r)}(u, u)a^{(r)}(v, v) = sup u∈R^n\ker{A^{(r)}} v∈R^m,v≠0 (B^{(r)}u, v)^2_m (A^{(r)}u, u)_n(C^{(r)}v, v)_m

. (27)

Lemma 3.2 Let the matrices A^{(r)}, B^{(r)}, and C^{(r)} satisfy the following properties:

(1) A^{(r)} is a symmetric, positive semidefinite n × n matrix, (2) B^{(r)} is an arbitrary m × n matrix, (3) C^{(r)} is a symmetric, positive definite m × m matrix, (4) ker{A^{(r)}} ⊆ ker{B^{(r)}}.

(28)

Then sup u∈R^n\ker{A^{(r)}} v∈R^m,v≠0 (B^{(r)}u, v)^2_m (A^{(r)}u, u)_n(C^{(r)}v, v)_m

= sup u∈R^n\ker{A^{(r)} } ((B^{(r)})^T (C^{(r)})^{−1}B^{(r)}u, u)_n (A^{(r)}u, u)_n .

Lemma 3.3 Let the assumptions (28) and the two assumptions below be fulfilled:

(1) dim ker{A^{(r)}} = n − k ≤ n (2) Let v_1, v_2, . . . , v_k /∈ ker{A^{(r)}} be linearly independent vectors of R^n such that R^n = ker{A^{(r)}} + span{v_1, v_2, . . . , v_k}. Define the matrix V^{(r)} = [v_1 v_2 . . . v_k]_{n×k}.

(29)

Then the largest eigenvalue of the generalized eigenvalue problem

(V^{(r)})^T (B^{(r)})^T (C^{(r)})^{−1}B^{(r)}V^{(r)}w = λ(V^{(r)})^T A^{(r)}V^{(r)}w , w ∈ R^k (30)

is equal to (γ^{(r)})^2 from (27).

Now we apply Lemma 3.1 – 3.3 to obtain upper bounds of the constant in the strengthened C.B.S. inequality in the case of plane linear elasticity problems. In Theorem 3.1 upper bounds in dependence on the Poisson’s ratio ν are given for discretizations with h-hierarchical finite element ansatz functions.

Theorem 3.1 Suppose that the triangulation T_H consists of right isosceles triangles δ^{(r)}_H and that h-hierarchical finite element ansatz functions are used. Then

(γ^l)^2 = ν + 4 + √ 3ν^2 − 4ν + 2 8 for the state of plane stress

3ν^2 − 7ν + 4 − (ν − 1) √ 9ν^2 − 8ν + 2 8(ν − 1)^2 for the state of plane strain.

(31)

Proof: We restrict the bilinear form a(., .) defined in (21) to a finite element δ^{(r)}_H as it is shown in Figure 2.

Define the abbreviations α = 1 1 − ν^2 , δ = ν 1 − ν^2 , β = 1 2(1 + ν)

for the state of plane stress and α = 1 − ν (1 + ν)(1 − 2ν) , δ = ν (1 + ν)(1 − 2ν) , β = 1 2(1 + ν)

@@ @@ @@ @ @@ @@ @@ @

@@
  @@

Figure 2: A right isosceles triangle of T_H

for the state of plane strain. Using the finite element subspaces defined in (22), the corresponding matrices A^{(r)}, B^{(r)}, and C^{(r)} have the following form:

A^{(r)} = E 2 α + β β + δ −α −β −β −δ β + δ α + β −δ −β −β −α −α −δ α 0 0 δ −β −β 0 β β 0 −β −β 0 β β 0 −δ −α δ 0 0 α ,

B^{(r)} = E 2 β β 0 −β −β 0 δ α −δ 0 0 −α −(α + β) −(δ + β) α β β δ −(δ + β) −(α + β) δ β β α α δ −α 0 0 −δ β β 0 −β −β 0 ,

C^{(r)} = E 2

2(α + β) β + δ −2β −(β + δ) 0 β + δ β + δ 2(α + β) −(β + δ) −2α β + δ 0 −2β −(β + δ) 2(α + β) β + δ −2α −(β + δ) −(β + δ) −2α β + δ 2(α + β) −(β + δ) −2β 0 β + δ −2α −(β + δ) 2(α + β) β + δ β + δ 0 −(β + δ) −2β β + δ 2(α + β) .

Obviously, we get

ker{A^{(r)}} = span{(1, 0, 1, 0, 1, 0)^T , (0, 1, 0, 1, 0, 1)^T , (0, 0, 0, 1, −1, 0)^T } ⊆ ker{B^{(r)}}.

Furthermore, it is easy to show that the matrices A^{(r)}, B^{(r)}, and C^{(r)} satisfy the properties (28). Since we want to apply Lemma 3.3 we have to choose a set of linearly independent vectors v_1, v_2, and v_3 with v_i /∈ ker{A^{(r)}}, i = 1, 2, 3, and ker{A^{(r)}} + span{v_1, v_2, v_3} = R^6. By means of the vectors

v_1 = (1, 0, 0, 0, 0, 0)^T , v_2 = (0, 1, 0, 0, 0, 0)^T , and v_3 = (0, 0, 1, 0, 0, 0)^T

we form the matrix V^{(r)} introduced in Lemma 3.3. The corresponding generalized eigenvalue problem (30) is solved by means of the program MAPLE V [13], which calculates the eigenvalues (31).

Using the same idea for all other right isosceles triangles we get the same largest eigenvalue. Therefore, owing to Lemma 3.3, Lemma 3.2, and Lemma 3.1 we get the upper bounds (31) of the constant in the C.B.S. inequality. 2

Theorem 3.2 follows immediately from Theorem 3.1 and Lemma 2.1.

             -

6

0.7 (γ^l)^2 0.8 0.9 (γ^q)^2 1.0

0.1 0.2 0.3 0.4 0.5 ν

(a)

             -

6

0.7 (γ^l)^2 0.8 0.9

(γ^q)^2 1.0

0.1 0.2 0.3 0.4 0.5 ν

(b)

Figure 3: Plots of the functions (γ^l)^2(ν) and (γ^q)^2(ν) for the state of plane stress (a) and the state of plane strain (b)

Theorem 3.2 For a finite element triangulation with right isosceles triangles and phierarchical finite element ansatz functions (p = 2) the constant (γ^q)^2 in the strengthened C.B.S. inequality for plane linear elasticity problems is bounded by

(γ^q)^2 = 4 3 (γ^l)^2

with γ^l from (31).

Figure 3 shows plots of the functions (γ^l)^2(ν) and (γ^q)^2(ν).

Remark 3.1

(i) Margenov [20] proves under the same assumptions as made in Theorem 3.1 that (γ^l)^2 =^3_4 is an upper bound for all ν. The dependence of the upper bound on ν is only shown by a table. Furthermore, he shows by numerical experiments that^3_4 is also an upper bound for arbitrary right triangles.

(ii) Jung considers in [15] a mesh refinement as it is shown in Figure 4. @@ @@ @@ @ H

@@ @@ @@ @

�

  � h

Figure 4: Non-standard refinement of a triangle

In this case the following estimates for (γ^l)^2 are proved:

(γ^l)^2 =

13 − ν^2 + √ (ν^2 − 8ν + 3)^2 + 16(1 − ν^2) 8(3 − ν) for the state of plane stress and

(γ^l)^2 =

13 − 26ν + 12ν^2 + √ (12ν^2 − 14ν + 3)^2 + 16(1 − 2ν)(1 − ν)^2 8(3 − 4ν)(1 − ν) for the state of plane strain. We remark that here (γ^l)^2 for the state of plane strain tends to 1 if ν tends to^1_2 (see also Figure 5).

             -

6

0.7

(γ^l)^2 0.8 0.9 1.0

0.1 0.2 0.3 0.4 0.5 ν

(a)

             -

6

0.7 0.8 0.9

(γ^l)^2 1.0

0.1 0.2 0.3 0.4 0.5 ν

(b)

Figure 5: Plots of the functions (γ^l)^2(ν) for the state of plane stress (a) and the state of plane strain (b) in the case of non-standard mesh refinement

(iii) In the paper [15], Jung studies the C.B.S. inequality for two-dimensional elasticity problems and discretizations with right isosceles triangles, where the finer triangulation is obtained by halving the triangles of the coarse triangulation (see Figure 6). For this case the following bounds of (γ^l)^2 are derived:

(γ^l)^2 = 2 3 − ν for the state of plane stress and

2(1 − ν) 3 − 4ν for the state of plane strain. @@ @@ @@ @ H

@@ @@ @@ @

�

  �h

Figure 6: Halving of a triangle

(iv) Jung, Langer, and Semmler give in [14, 16] for elasticity problems and finite element discretizations with triangular, rectangular, and hexahedral elements numerically determined bounds of (γ^q)^2.

(v) In Figure 7 we show the dependence of (γ^q)^2 (state of the plane strain) on the shape of the triangles. Here triangles with the vertices (0, 0), (1, 0), and (x^{(3)}_1 , x^{(3)}_2 ) are considered (see Figure 7). The constant (γ^q)^2 is determined numerically. Obviously, we get the smallest constant for equilateral triangles.

Unfortunately, relation (6) is not true for three-dimensional problems discretized by means of tetrahedral elements. In the following we want to give some first results concerning estimates of the constant in the C.B.S. inequality for three-dimensional elasticity

(0, 0) (1, 0)

(x^{(3)}_1 , x^{(3)}_2 )

(γ^q)^2 1.0

0.9

0.8 x^{(3)}_1 0.1 0.3 0.5 0.7 0.9 0.9 0.7 0.5 0.3 0.1 x^{(3)}_2

Figure 7: (γ^q)^2 in dependence on the shape of the triangle (ν = 0.3)

problems. The extension of Achchab’s and Maitre’s proof for two-dimensional problems to the three-dimensional case is difficult. It is also very complicated to find a formula which indicates the dependence of γ^l (γ^q) on the Poisson’s ratio ν for special triangulations. Therefore, we are only able to present some numerical experiments. We consider a reference tetrahedron (see Figure 8). Figure 8 shows also how the constants (γ^l)^2 and (γ^q)^2 depend on ν. We observe for the h-hierarchical case the upper bound 0.9 and for the p-hierarchical case the upper bound 1.

  6

          -
  �
�

x_3

x_2

x_1 -

6

0.7

(γ^l)^2

(γ^q)^2

0.8 0.9 1.0

0.1 0.2 0.3 0.4 0.5 ν

Figure 8: The reference tetrahedron and plots of the functions (γ^l)^2(ν) and (γ^q)^2(ν) for three-dimensional elasticity problems

4 A remark on multilevel iterative methods for elasticity problems

The knowledge of upper bounds of the constant in the C.B.S. inequality is of importance for computing optimal parameters in the algebraic multilevel preconditioner (AMLI) proposed by Axelsson and Vassilevski [5, 6] or in multigrid algorithms of the projection type described by Meis and Branca [22] (see also [15, 24]). In these methods subproblems related to the subspaces V_H and T^l_h, respectively, are to be solved. For the subproblem corresponding to V_H usually a recursive multilevel strategy is used. The stiffness matrix resulting from the discretization of the subproblem on T^l_h has a condition number κ which is independent of the discretization parameter [2, 8, 15], but it is increasing with an increasing Poisson’s ratio ν. Numerically determined estimates of the condition number κ(ν) in the case of triangulations with right isosceles triangles and in the case of a tetrahedron as shown in Figure 8 are plotted in Figure 9 and in Figure 10, respectively. A good approximation for the function κ(ν) is the function^{18.498−21.477ν}_{1−2ν} in the case of the state of plane strain and the function^{33.721−30.216ν}_{1−2ν} in the three-dimensional case, respectively (see also a short remark in [21]).

             -

6

400 800 1200

1600

0.1 0.2 0.3 0.4 0.5 ν κ (a)

             -

6

400 800 1200

1600

0.1 0.2 0.3 0.4 0.5 ν κ (b)

Figure 9: Plots of the functions κ(ν) for the state of plane stress (a) and the state of plain strain (b)

If one has a solver for the subproblem on T^l_h which is robust with respect to ν, then owing to Theorem 3.1 both the AMLI method and the multigrid algorithm of projection type are optimal robust iterative solvers for two-dimensional elasticity problems discretized by triangles with piecewise linear finite element ansatz functions. Up to now the construction of such robust subproblem solvers is still an open question. For other discretizations, as e.g. discretizations with quadrilateral elements and semi-coarsening, such solvers were constructed (see, e.g., [21]). Here, the special structure of the corresponding matrix is exploited such that an optimal direct solver can be used

           -

6

1400

2000

3000

4000

0.1 0.2 0.3 0.4 0.5 ν κ

Figure 10: Plots of the function κ(ν) for a discretization with a tetrahedron

5 Conclusions

The bilinear forms considered in this paper cover a large class of practically relevant problems. For all these problems the upper bound (γ^l)^2 =^3_4 in the strengthened C.B.S. inequality in the h-hierarchical case is now established. In the future work one can concentrate on showing the dependence of the constant on problem-describing parameters.

References

[1] B. Achchab and J. F. Maitre. Estimate of the constant in two strengthened CBS inequalities for FEM systems of 2D elasticity: Application to multilevel methods and a posteriori error estimators. Numer. Linear Algebra Appl., 3(2):147–159, 1996.

[2] O. Axelsson. On multigrid methods of the two-level type. In W. Hackbusch and U. Trottenberg, editors, Multigrid Methods, Proceedings of the Conference held at Köln–Porz, November 23–27, 1981, volume 960 of Lecture Notes in Mathematics, pages 352–367, Berlin–Heidelberg–New York, 1982. Springer–Verlag.

[3] O. Axelsson. Stabilization of algebraic multilevel additive methods. In Proceedings of the Conference on Algebraic Multilevel Iteration Methods with Applications, June 13 – 15, 1996, University of Nijmegen, volume 1, pages 49–62, 1996.

[4] O. Axelsson and I. Gustafsson. Preconditioning and two–level multigrid methods of arbitrary degree of approximation. Math. Comput., 40:219–242, 1983.

[5] O. Axelsson and P. S. Vassilevski. Algebraic multilevel preconditioning methods I.

Numer. Math., 56:157–177, 1989.

[6] O. Axelsson and P. S. Vassilevski. Algebraic multilevel preconditioning methods II.

SIAM J. Numer. Anal., 27(6):1569–1590, 1990.

[7] R. E. Bank. Hierarchical bases and the finite element method. Acta Numerica, 5:1–43, 1996.

[8] R. E. Bank and T. F. Dupont. An optimal order process for solving elliptic finite element equations. Math. Comput., 36:35–51, 1981.

[9] D. Braess. The contraction number of a multigrid method for solving the Poisson equation. Numer. Math., 37:387–404, 1981.

[10] D. Braess. The convergence rate of a multigrid method with Gauss–Seidel relaxation for the Poisson equation. In W. Hackbusch and U. Trottenberg, editors, Multigrid Methods, Proceedings of the Conference held at Köln–Porz, November 23–27, 1981, volume 960 of Lecture Notes in Mathematics, pages 368–386. Springer Verlag, 1982.

[11] V. Eijkhout and P. Vassilevski. The role of the strengthened Cauchy-Buniakowski- Schwarz inequality in multilevel methods. SIAM Review, 33(3):405–419, 1991.

[12] G. Haase, U. Langer, and A. Meyer. The approximate Dirichlet domain decomposition method. Part I: An algebraic approach. Part II: Applications to 2nd-order elliptic boundary value problems. Computing, 47:137–151 (Part I), 153–167 (Part II), 1991.

[13] A. Heck. Introduction to Maple. Springer-Verlag, New York, 1993.

[14] M. Jung. Konvergenzfaktoren von Mehrgitterverfahren für Probleme der ebenen linearen Elastizitätstheorie. ZAMM, 67(3):165–173, 1987.

[15] M. Jung. Konvergenzuntersuchungen von Mehrgitterverfahren für Probleme der Festkörpermechanik. Dissertation A, Technische Universität Karl–Marx–Stadt, 1988.

[16] M. Jung, U. Langer, and U. Semmler. Two–level hierarchically preconditioned conjugate gradient methods for solving linear elasticity finite element equations. BIT, 29:748–768, 1989.

[17] M. Jung and U. Rüde. Implicit extrapolation methods for multilevel finite element computations. SIAM J. Sci. Comput., 17(1):156–179, 1996.

[18] M. Jung and U. Rüde. Implicit extrapolation methods for variable coefficient problems. SIAM J. Sci. Comput., 19(3), 1998. (to appear).

[19] J. F. Maitre and F. Musy. The contraction number of a class of two–level methods, an exact evaluation for some finite element subspaces and model problems. In W. Hackbusch and U. Trottenberg, editors, Multigrid Methods, Proceedings of the Conference held at Köln–Porz, November 23–27, 1981, volume 960 of Lecture Notes in Mathematics, pages 535–544, Berlin–Heidelberg–New York, 1982. Springer–Verlag.

[20] S. D. Margenov. Upper bound of the constant in the strengthened C.B.S. inequality for FEM 2D elasticity equations. Numer. Linear Algebra Appl., 1(1):65–74, 1994.

[21] S. D. Margenov. Semi–coarsening AMLI algorithms for elasticity problems. In Proceedings of the Conference on Algebraic Multilevel Iteration Methods with Applications, June 13–15, 1996, University of Nijmegen, volume 2, pages 179–193, 1996.

[22] T. Meis and H. W. Branca. Schnelle Lösung von Randwertaufgaben. ZAMM, 62:T263–T270, 1982.

[23] N. Schieweck. A multigrid convergence proof by a strengthened Cauchy inequality for symmetric elliptic boundary value problems. In G. Telschow, editor, Second Multigrid Seminar, Garzau, November 5–8, 1985, pages 49–62, Karl–Weierstrass–Institut für Mathematik, Berlin, 1986. Report R–Math–08/86.

[24] C.-A. Thole. Beiträge zur Fourieranalyse von Mehrgittermethoden: V–cycle, ILU– Glättung, anisotrope Operatoren. Diplomarbeit, Institut für Angewandte Mathematik, Universität Bonn, 1983.

[25] R. Verfürth. The contraction number of a multigrid method with mesh ratio 2 for solving Poisson’s equation. Lin. Algebra Appl., 60, 1984. 113–128.

Other titles in the SFB393 series:

96-01 V. Mehrmann, H. Xu. Chosing poles so that the single-input pole placement problem is well-conditioned. Januar 1996.

96-02 T. Penzl. Numerical solution of generalized Lyapunov equations. January 1996. 96-03 M. Scherzer, A. Meyer. Zur Berechnung von Spannungs- und Deformationsfeldern an Interface-Ecken im nichtlinearen Deformationsbereich auf Parallelrechnern. March 1996.

96-04 Th. Frank, E. Wassen. Parallel solution algorithms for Lagrangian simulation of disperse multiphase flows. Proc. of 2nd Int. Symposium on Numerical Methods for Multiphase Flows, ASME Fluids Engineering Division Summer Meeting, July 7-11, 1996, San Diego, CA, USA. June 1996.

96-05 P. Benner, V. Mehrmann, H. Xu. A numerically stable, structure preserving method for computing the eigenvalues of real Hamiltonian or symplectic pencils. April 1996.

96-06 P. Benner, R. Byers, E. Barth. HAMEV and SQRED: Fortran 77 Subroutines for Computing the Eigenvalues of Hamiltonian Matrices Using Van Loans’s Square Reduced Method. May 1996.

96-07 W. Rehm (Ed.). Portierbare numerische Simulation auf parallelen Architekturen.

April 1996.

96-08 J. Weickert. Navier-Stokes equations as a differential-algebraic system. August 1996.

96-09 R. Byers, C. He, V. Mehrmann. Where is the nearest non-regular pencil? August 1996.

96-10 Th. Apel. A note on anisotropic interpolation error estimates for isoparametric quadrilateral finite elements. November 1996.

96-11 Th. Apel, G. Lube. Anisotropic mesh refinement for singularly perturbed reaction diffusion problems. November 1996.

96-12 B. Heise, M. Jung. Scalability, efficiency, and robustness of parallel multilevel solvers for nonlinear equations. September 1996.

96-13 F. Milde, R. A. Römer, M. Schreiber. Multifractal analysis of the metal-insulator transition in anisotropic systems. October 1996.

96-14 R. Schneider, P. L. Levin, M. Spasojević. Multiscale compression of BEM equations for electrostatic systems. October 1996.

96-15 M. Spasojević, R. Schneider, P. L. Levin. On the creation of sparse Boundary Element matrices for two dimensional electrostatics problems using the orthogonal Haar wavelet. October 1996.

96-16 S. Dahlke, W. Dahmen, R. Hochmuth, R. Schneider. Stable multiscale bases and local error estimation for elliptic problems. October 1996.

96-17 B. H. Kleemann, A. Rathsfeld, R. Schneider. Multiscale methods for Boundary Integral Equations and their application to boundary value problems in scattering theory and geodesy. October 1996.

96-18 U. Reichel. Partitionierung von Finite-Elemente-Netzen. November 1996.

96-19 W. Dahmen, R. Schneider. Composite wavelet bases for operator equations. November 1996.

96-20 R. A. Römer, M. Schreiber. No enhancement of the localization length for two interacting particles in a random potential. December 1996. to appear in: Phys. Rev. Lett., March 1997 96-21 G. Windisch. Two-point boundary value problems with piecewise constant coefficients: weak solution and exact discretization. December 1996.

96-22 M. Jung, S. V. Nepomnyaschikh. Variable preconditioning procedures for elliptic problems. December 1996.

97-01 P. Benner, V. Mehrmann, H. Xu. A new method for computing the stable invariant subspace of a real Hamiltonian matrix or Breaking Van Loan’s curse? January 1997.

97-02 B. Benhammouda. Rank-revealing ’top-down’ ULV factorizations. January 1997. 97-03 U. Schrader. Convergence of Asynchronous Jacobi-Newton-Iterations. January 1997.

97-04 U.-J. Görke, R. Kreißig. Einflußfaktoren bei der Identifikation von Materialparametern elastisch-plastischer Deformationsgesetze aus inhomogenen Verschiebungsfeldern. March 1997.

97-05 U. Groh. FEM auf irregulären hierarchischen Dreiecksnetzen. March 1997. 97-06 Th. Apel. Interpolation of non-smooth functions on anisotropic finite element meshes. March 1997 97-07 Th. Apel, S. Nicaise. The finite element method with anisotropic mesh grading for elliptic problems in domains with corners and edges.

97-08 L. Grabowsky, Th. Ermer, J. Werner. Nutzung von MPI für parallele FEM- Systeme. March 1997.

97-09 T. Wappler, Th. Vojta, M. Schreiber. Monte-Carlo simulations of the dynamical behavior of the Coulomb glass. March 1997.

97-10 M. Pester. Behandlung gekrümmter Oberflächen in einem 3D-FEM-Programm für Parallelrechner. April 1997.

97-11 G. Globisch, S. V. Nepomnyaschikh. The hierarchical preconditioning having unstructured grids. April 1997.

97-12 R. V. Pai, A. Punnoose, R. A. Römer. The Mott-Anderson transition in the disordered one-dimensional Hubbard model. April 1997.

97-13 M. Thess. Parallel Multilevel Preconditioners for Problems of Thin Smooth Shells.

May 1997.

97-14 A. Eilmes, R. A. Römer, M. Schreiber. The two-dimensional Anderson model of localization with random hopping. June 1997.

The complete list of current and former preprints is available via

http://www.tu-chemnitz.de/sfb393/sfb97pr.html.