Technische Universität Chemnitz-Zwickau

Sonderforschungsbereich 393 Numerische Simulation auf massiv parallelen Rechnern

Thomas Apel Serge Nicaise

The finite element method with anisotropic mesh grading for elliptic problems in domains with corners and edges

Preprint SFB393/97-07

Abstract. This paper is concerned with a specific finite element strategy for solving elliptic boundary value problems in domains with corners and edges. First, the anisotropic singular behaviour of the solution is described. Then the finite element method with anisotropic, graded meshes and piecewise linear shape functions is investigated for such problems; the schemes exhibit optimal convergence rates with decreasing mesh size. For the proof, new local interpolation error estimates for functions from anisotropically weighted spaces are derived. Finally, a numerical experiment is described, that shows a good agreement of the calculated approximation orders with the theoretically predicted ones.

AMS(MOS) subject classification. 65N30

Key Words. Elliptic boundary value problem, singularities, finite element method, anisotropic mesh grading.

Preprint-Reihe des Chemnitzer SFB 393

SFB393/97-07 March 1997

Contents

1 Introduction 1 2 Regularity results 2 3 The finite element mesh 8 4 Local interpolation error estimates 13 5 Global error estimates 19 6 A test example 23

Authors’ addresses: Thomas Apel TU Chemnitz-Zwickau Fakultät für Mathematik D-09107 Chemnitz, Germany

apel@mathematik.tu-chemnitz.de
http://www.tu-chemnitz.de/~tap/

Serge Nicaise Université de Valenciennes et du Hainaut Cambrésis LIMAV, Institut des Sciences et Techniques de Valenciennes B.P. 311 F-59304 - Valenciennes Cedex, France

snicaise@univ-valenciennes.fr

1 Introduction 1

1 Introduction

Consider the Dirichlet problem for a second order elliptic equation in a three-dimensional polyhedral domain Ω, − 3∑ i,j=1 a_{ij} ∂^2u ∂x_i∂x_j = f in Ω, u = 0 on ∂Ω, (1.1)

where the coefficients a_{ij} = a_{ji} are constant,

∑_3 i,j=1 aijξiξj ≥ C0 > 0 for all ξ1, ξ2, ξ3 ∈ R such that ξ^2_1 + ξ^2 + ξ^2_3 = 1, and the right hand side f satisfies

f ∈ L^p(Ω) for some p > 2. (1.2)

If Ω is not convex then the solution has in general singular behaviour near edges and corners. It is well known that these singularities lead to a low approximation order of the standard finite element method.

Two-dimensional problems with corner singularities can be treated with a certain mesh refinement near these corners in order to improve the approximation order [6, 7, 26, 28]. This approach has been generalized to the three-dimensional case in [2, 6, 22]. The isotropic mesh refinement as described in these papers seems to be appropriate near corners, however, it leads to overrefinement near edges.

The anisotropic structure of an edge is reflected by an anisotropic behaviour of the solution near the edge: The singular part of the solution can be represented by a convolution of some two-dimensional singularity functions with a regular function in the third direction [23, 24]. Thus it seems to be natural to treat edge singularities with meshes which are graded perpendicularly to the edge and quasi-uniform in the edge direction. However, such meshes are anisotropic in the sense that elements in the refinement region have an aspect ratio which is growing to infinity for h → 0, h is the global mesh size. In [1, 5] it is shown for the Poisson equation that this strategy is successful. But in these papers problems with only edge singularities were considered, corner singularities were excluded.

Our aim is to treat more general operators and both corner and edge singularities. The idea is quite obvious, we want to combine anisotropic mesh refinement near singular edges with isotropic refinement near corners. The main difficulty is to describe and to construct the meshes in the transition from anisotropy to isotropy. A complication is that corner singularities can be stronger or weaker than edge singularities. In [6], where isotropic mesh refinement was considered, this was circumvented by controlling the refinement with the strongest singularity appearing in the problem under consideration. We try to avoid this by allowing different refinement parameters in different regions. Moreover, in the previous paper [1] on anisotropic mesh refinement, prismatic domains were considered only. The tensor product character of such domains was used to describe the mesh. But these orthogonalities are no longer available because we want to treat general polyhedral domains. Finally, we want to assume data with low regularity. We use right hand sides f ∈ L^p(Ω) with some p > 2, see (1.2). The case p = 2 did not work but (1.2) is considerably weaker than the assumption in [1].

To explain our approach subdivide Ω into a finite number of disjoint tetrahedral subdomains, Ω = ⋃L ℓ=1 Λ_ℓ, such that each subdomain contains at most one singular edge and at most one singular corner. In this way we localize the problem and reduce all considerations to few standard cases. Note that the singularities are of local nature only. In Section 2, we describe the properties of the solution u in suitable weighted Sobolev spaces.

Section 3 is devoted to the meshing in the subdomains and the proof that the sub-meshes fit together. We describe the mesh by a set of properties which are suited for both proving the optimal approximation order and constructing such meshes for general domains Ω. We tried to keep the properties as simple as possible; therefore we did not try to give a minimal set of conditions and we allowed some kind of overrefinement.

Local interpolation error estimates are derived in Section 4. In the following section they are fitted together to interpolation error estimates in the subdomains Λ_ℓ and then in the domain Ω. Via the Céa lemma we can conclude the estimate of the finite element error in the W^{1,2}(Ω)-norm. With a numerical test we complete our paper.

To refer to some more literature we mention that there are several approaches to cope with singularities. Regularity investigations go back to the pioneering work of Kondrat’ev [18]. The theory has been developed then in two ways, namely the characterization of the solution by weighted Sobolev spaces it belongs to, and by representation formulae. For an introduction and overview on this topic see for example [15, 16, 19].

In any case the crucial point is the knowledge of the singularity exponents; they are also of interest in the paper at hand because they determine the mesh grading. For edges the exponents can in general be given analytically, but for corners an eigenvalue problem for the Laplace-Beltrami operator has to be solved numerically, see for example [10, 20, 29].

In our paper we study the numerical solution of the boundary value problem (1.1), (1.2), by a finite element method using anisotropic mesh refinement. Another method is the boundary element method with anisotropic mesh refinement, see for example [27, 29]. The singular function method is well developed for two-dimensional problems [12, 30], but it is hard to handle in the case of edge singularities [9, 21]. Some authors calculate the leading singular part of the solution explicitly. Additionally to the solution of the eigenvalue problem mentioned above this includes the computation of the corresponding coefficient, the so-called stress intensity factor [8, 13].

Finally, the notation a . b and a ∼ b means the existence of positive constants C_1 and C_2 (which are independent of T_h and of the function under consideration) such that a ≤ C_2b and C_1b ≤ a ≤ C_2b, respectively.

2 Regularity results

Let Ω ⊂ R^3 be a bounded Lipschitz domain whose boundary Γ consists of plain faces. Over this domain Ω, we consider the boundary value problem (1.1) whose variational formulation is given by:

Find u ∈^oH^1(Ω) such that a_Ω(u, v) = (f, v) for all v ∈^oH^1(Ω). (2.1)

The bilinear form a_Ω(., .) and the linear form (f, .) are defined by

a_Ω(u, v) := ∫ Ω 3∑ i,j=1 a_{ij}∂_iu∂_jv dx, (2.2) (f, v) := ∫ Ω fv dx. (2.3) We use the abbreviations ∂_i for^∂_{∂xi} and ∂_{ij} for ∂_i∂_j. The space^oH^1(Ω) is defined, as

usual, by^oH^1(Ω) := {v ∈ H^1(Ω) : v|_Γ = 0}. The datum f is assumed to be in L^p(Ω) for some p ≥ 2. The restriction p > 2, see (1.2), is necessary only in Section 5. L^p(.) (1 ≤ p ≤ ∞) are the usual Lebesgue spaces, W^{s,p}(.) (s ≥ 0, 1 ≤ p ≤ ∞) the Sobolev(-Slobodetskiĭ) spaces (sometimes we write W^{0,p}(.) for L^p(.)), and H^s(.) := W^{s,2}(.). — Note that the conditions of the Lax–Milgram lemma are satisfied; thus the solution u ∈^oH^1(Ω) of problem (2.1) exists and is unique.

It is well known [15, 16, 18, 23] that u contains edge and/or vertex singularities. Since there exists a linear change of variables y = Bx which transforms the problem (1.1) into the Laplace operator with Dirichlet boundary conditions in another polyhedral domains Ω^′, it suffices to describe the singularities of the Laplace operator. Moreover in view of their local character, we simply need to describe them in a neighbourhood of one vertex S of Ω. Without loss of generality, we may suppose that S is the origin of our Cartesian system of coordinates. Let C_S be the infinite polyhedral cone of R^3 which coincides with Ω in a neighbourhood of S; we set G_S = C_S ∩ S^2(S), the intersection of C_S with the unit sphere centered at S. Then the vertex singular exponent related to S is given by λ_{v,S} = −^1_2 + √ λ_{S,1} +^1_4 , where λ_{S,k} > 0,

k ∈ N^∗ = {1, 2, . . .}, are the eigenvalues (in increasing order) of the (positive) Laplace-

Beltrami operator Δ^′ on G_S with Dirichlet boundary conditions (the associated eigenvector will be denoted by φ_{S,k}). The vertex S will be called singular if λ_{v,S} < 2 −^3_p (note that we always have λ_{v,S} > 0). On the other hand, for any edge A_{S,j} adjacent to S, 1 ≤ j ≤ J_S (J_S denotes the number of such edges), the edge singular exponent is simply λ_{e,S,j} =^π_{ωS,j} , where ω_{S,j} is the interior angle between the two faces containing A_{S,j}. Similarly the edge A_{S,j} will be called singular if λ_{e,S,j} < 2−^2_p (remark that λ_{e,S,j} >^1_2 ). Recall that for the general system (1.1), we need first to perform the above change of variables which is changing the cone C_S and the angles ω_{S,j} .

Recall from the introduction that Ω is supposed to be divided into a finite number of disjoint tetrahedral subdomains: Ω = ⋃L ℓ=1 Λ_ℓ, such that each subdomain contains at most one singular edge and at most one singular corner. For any ℓ = 1, . . . , L, we set λ^{(ℓ)}_v = λ_{S,v} if Λ_ℓ contains one singular vertex S of Ω, otherwise we take λ^{(ℓ)}_v = +∞ and λ^{(ℓ)}_e = λ_{e,S,j} if Λ_ℓ contains one singular edge A_{S,j} of Ω, otherwise we take λ^{(ℓ)}_e = +∞.

Further, define in each subdomain Λ_ℓ (ℓ = 1, . . . , L) a Cartesian coordinate system (x^{(ℓ)}_1 , x^{(ℓ)}_2 , x^{(ℓ)}_3 ) with the following properties:

• One vertex of Λ_ℓ is located in the origin. In particular, if Λ_ℓ possesses a refinement vertex, then this one is chosen.

• One edge of Λ_ℓ is contained in the x^{(ℓ)}_3 -axis. In particular, if Λ_ℓ possesses a refinement edge, then this one is used.

In order to describe anisotropic regularities of the solution u ∈^oH^1(Ω) of problem (2.1), we need to introduce some weighted Sobolev space of Kondrat’ev type defined as follows and already introduced in [14, 25] (see also [22] for slightly different spaces):

Definition 2.1 Let Λ be a fixed subdomain of Ω. For a integer k ≥ 0, 1 ≤ p ≤ ∞ and two real numbers β, δ, we set V^{k,p}_{β,δ} (Λ) := {v ∈ D^′(Λ) : R^{β−k+|α|}θ^{δ−k+|α|}D^αv ∈ L^p(Λ), ∀α ∈ N^3 : |α| ≤ k}, where R(x) is the distance from x to the vertices of Ω, r(x) is the distance from x to the edges of Ω and θ(x) :=^{r(x)}_{R(x)} is the “angular” distance from x to the edges of Ω. It is a Banach space for the norm ‖v; V^k_{β,δ}(Λ)‖ := { ∑ |α|≤k ‖R^{β−k+|α|}θ^{δ−k+|α|}D^αv; L^p(Λ)‖^p } 1_p . (2.4)

Theorem 2 of [25] (see also Theorem 2.3 of [6]) implies that the solution u ∈^oH^1(Ω) of problem (2.1) with a datum in L^p(Ω) has the regularity u ∈ V^{2,p}_{β,δ} (Λ_ℓ) for any β, δ ≥ 0 such that β > 2 − 3 p − λ^{(ℓ)}_v , δ > 2 − 2 p − λ^{(ℓ)}_e .

Unfortunately, we have no extra information for the derivatives in the direction of one singular edge (if Λ_ℓ contains it). In other words, the above result gives no anisotropic regularities. Therefore our goal is to improve such results in order to get them.

As already explained before we are reduced to consider the Laplace operator in Ω, so that, until further notice, we suppose that a_{ij} = δ_{ij}.

Since we are working with data in L^p(Ω) with p not necessarily equal to 2 and since Ω may have singular edges, it is not direct that Δ(ηu) belongs to L^p(Ω) for any cut-off function η. Therefore we first solve this localization problem along the edges.

Lemma 2.2 Let ξ be a fixed interior point of one edge A of Ω and let η be a cut-off function such that η ≡ 1 in a neighbourhood of ξ and η ≡ 0 in a neighbourhood of the vertices and the other edges. Take the x_3-axis parallel to the edge A. Then η∂_3u ∈ L^p 0 (Ω) ∀p^′ < 6. (2.5)

Proof Set V = supp η ∩ Ω. Let us consider a certain v ∈ D(V ) and fix the unique solution y ∈^oH^1(V ) of a_V (y, w) = ∫ V vw dx ∀w ∈^oH^1(V ). (2.6)

Introduce for h > 0 the finite difference operator

δ_hv(x_1, x_2, x_3) = v(x_1, x_2, x_3 + h) − v(x_1, x_2, x_3) h . Then for h > 0 small enough, we clearly have δ_h(ηu) ∈^oH^1(V ). Applying (2.6) with w = δ_h(ηu), we get ∫ V vδ_h(ηu) dx = a_Ω(ỹ, δ_h(ηu)), where ỹ means the extension of y by 0 outside V which is still in^oH^1(Ω), because V has a Lipschitz boundary. Using a change of variable and the symmetry of a_Ω, we arrive at ∫ V vδ_h(ηu) dx = a_Ω(δ_h(ỹ), ηu) = ∫ Ω gδ_h(ỹ) dx, because ηu is solution of (1.1) with the datum g = −Δ(ηu) := ηf −2∇η ·∇u−uΔη ∈ L^2(Ω). Using the Cauchy-Schwarz inequality and Lemma 2.2.2.2 of [16], we get | | | | ∫ V vδ_h(ηu) dx | | | | . ‖g; L^2(Ω)‖‖ỹ; H^1(Ω)‖. (2.7)

Finally as y is solution of (2.6), we have

‖y; H^1(V )‖ . ‖v; H^{−1}(V )‖ . ‖v; L^q 0 (V )‖, for q^′ > 1 such that^1_p0 +^1_q0 = 1, since the Sobolev embedding theorem yields^oH^1(V ) → L^p 0 (V ), for all p^′ < 6. Inserting this estimate into (2.7), we obtain | | | | ∫ V δ_h(ηu)v dx | | | | . ‖g; L^2(Ω)‖‖v; L^{q0}(V )‖. (2.8)

Because L^q 0 (V ) is the dual space of L^p 0 (V ) this means that ‖δ_h(ηu); L^p 0 (V )‖ . ‖g; L^2(Ω)‖,

because (2.8) holds for all v ∈ D(V ). Finally since δ_h(ηu) → ∂_3(ηu) in D^′(V ) as h → 0, we get the conclusion. 2

Corollary 2.3 Let the assumption of Lemma 2.2 be satisfied, and take the cut-off function η introduced in Lemma 2.2 in the tensorial form η(x_1, x_2, x_3) = η_{1,2}(x_1, x_2)η_3(x_3). Then Δ(ηu) ∈ L^p(Ω), if p < 6. (2.9) Proof Using the Leibniz rule we have Δ(ηu) = uΔη + 2∇η · ∇u + ηΔu and it remains to show that ∇η · ∇u ∈ L^p(Ω). In the interesting strip where ∇η does not vanish we are either far from the edge or ∂_1η = ∂_2η = 0. Thus only ∂_3η∂_3u plays a role, and the previous lemma gives the assertion. 2 The previous corollary shows that for p < 6, we can always localize our problem in a neighbourhood of an edge. Therefore, we can apply Theorem 2.2 of [5] to ηu to get the (anisotropic) edge regularity of ηu and then of u. This is summarized in the next theorem. Note that θ ∼ r in V .

Theorem 2.4 Let A be a fixed edge of Ω and let η be a cut-off function as introduced in Corollary 2.3. Denote by λ_e the edge singular exponent associated with A. Then for p < 6, one has ηu ∈ V^{2,p}_{0,δ} (Ω), (2.10) for any δ ≥ 0 such that δ > 2 −^2_p − λ_e. If moreover 1 −^2_p < λ_e, then

∂_3(ηu) ∈ V^{1,p}_{0,0} (Ω). (2.11) This theorem gives the desired regularity near the edges. We now attack the same problem near a fixed corner S. For the sake of simplicity, we drop the dependence with respect to S if no confusion is possible. Let us now fix a cut-off function χ such that χ ≡ 1 in a neighbourhood of S and χ ≡ 0 in a neighbourhood of the other vertices. We further suppose that χ ≡ χ(R), that means, χ depends only on R (here R means the distance to S). Lemma 2.5 Assume that 1 −^2_p < λ_{e,S,j} , for all j ∈ {1, . . . , J_S} and p < 6. Then Δ(χu) ∈ L^p(C_S). (2.12) Proof Direct consequence of Theorem 2.4 using the Leibniz rule (the hypothesis on p implying that we may choose δ < 1). 2 We are now in position to apply the results of section 7 of [17] to χu, the solution of −Δ(χu) = g ∈ L^p(C_S ), χu = 0 on ∂C_S, (2.13) in the cone C_S . Using these results in our framework, we get the following decomposition: Theorem 2.6 Assume that λ_{e,S,j} :=^{kπ}_{ωS,j} ≠ 2 −^2_p, for all k ∈ N^∗, j ∈ {1, . . . , J_S} and λ_{S,k} ≠ 2 −^3_p , for all k ∈ N^∗. Then the solution χu of (2.13) admits the decomposition χu = u_r + u_e + u_v, (2.14) where u_r ∈ W^{2,p}(C_S) is the regular part, u_e is the edge singularity given by u_e = R^{2− 3p} v(ln R, ω), (2.15)

with v ∈^oH^1(R× G_S ) being a function satisfying (t = ln R) − ∂^2v ∂t^2 + Δ^′v ∈ L^p(R× G_S ). (2.16)

Finally, u_v is the usual vertex singularity given by

u_v = ∑ − 12 <λS,k<2− 3p c_kR^{λS,k} φ_{S,k}(ω), (2.17)

where c_k ∈ R.

We first look at the regularity of the edge singularity. We introduce the following notation (see [22]): For any j ∈ {1, . . . , J_S}, denote by θ_{S,j} the angle between a point x of C_S and the edge A_{S,j} and for a fixed (sufficiently small) constant ν > 0, set C_{S,j} = {x ∈ C_S : θ_{S,j} < ν} (ν > 0 is chosen sufficiently small such that C_{S,j} does not contain the other edges of C_S).

Theorem 2.7 Let the assumptions of Theorem 2.6 be satisfied. Fix j ∈ {1, . . . , J_S} and a Cartesian system of coordinates (x_1, x_2, x_3) such that the x_3-axis contains the edge A_{S,j}. If 1 −^2_p < λ_{e,S,j} , then we have

∂_ku_e ∈ V^{1,p}_{0,δ} (C_{S,j}), k = 1, 2, ∂_3u_e ∈ V^{1,p}_{0,0} (C_{S,j}), (2.18)

for any δ ≥ 0 such that δ > 2 − 2 p − λ_{e,S,j} . (2.19) Proof Since v ∈^oH^1(R× G_S ) is a function satisfying (2.16) in the cylinder R× G_S , we can proceed as in the proof of Theorem 2.2 of [5]. (Here, the operator has variable coefficients with a principal part frozen at θ_{S,j} = 0 equal to the Laplace operator, consequently in the arguments of [5] we use Theorems 10.2 and 10.3 of [23] instead of Theorems 4.1 and 7.2 of [23], respectively.) Using the coordinates (t, θ_{S,j}, φ_{S,j}) (near A_{S,j}, (θ_{S,j}, φ_{S,j}) plays the role of polar coordinates on G_S ) and fixing a cut-off function χ_{S,j} on G_S which is equal to 1 near A_{S,j} and equal to 0 near the other vertices of G_S , this yields χ_{S,j}θ^{δ+k−2}_{S,j} ∂^{k+ℓ}v ∂θ^k_{S,j}∂φ^ℓ_{S,j} ∈ L^p(R× G_S ), ∀1 ≤ k + ℓ ≤ 2, χ_{S,j}θ^{δ−ℓ}_{S,j} ∂^2v ∂t∂θ^k_{S,j}∂φ^ℓ_{S,j} ∈ L^p(R× G_S ), ∀k + ℓ = 1, χ_{S,j}θ^{−1}_{S,j} ∂v ∂t ∈ L^p(R× G_S ), χ_{S,j} ∂^2v ∂t^2 ∈ L^p(R× G_S ), for any δ satisfying the assumption of the theorem. Performing the change of variable R = e^t, and going back to the Cartesian system of coordinates introduced in the theorem, we get θ^δ_{S,j}∂_{kℓ}u_e ∈ L^p(C_{S,j} ), ∀k, ℓ = 1, 2, ∂_{k3}u_e ∈ L^p(C_{S,j} ), ∀k = 1, 2, 3, θ^{δ−1}_{S,j} R^{−1}∂_ku_e ∈ L^p(C_{S,j} ), ∀k = 1, 2, θ^{−1}_{S,j}R^{−1}∂_3u_e ∈ L^p(C_{S,j} ). This leads to (2.18) since θ^δ_{S,j} is bounded on C_{S,j} . 2

Theorem 2.8 Let the assumptions of Theorem 2.6 be satisfied. Fix j ∈ {1, . . . , J_S} and a Cartesian system of coordinates (x_1, x_2, x_3) such that the x_3-axis contains the edge A_{S,j}. Then we have χ∂_ju_v ∈ V^{1,p}_{β,δ} (C_{S,j}), j = 1, 2, (2.20) χ∂_3u_v ∈ V^{1,p}_{β,0} (C_{S,j}), (2.21) for any δ ≥ 0 satisfying (2.19) and any β ≥ 0 such that β > 2 − 3 p − λ_{v,S,j} . (2.22) Proof Direct calculations using the fact that in C_{S,j}, the vertex singularity u_v behaves near S like R^{λv,S,j} θ^{λe,S,j}_{S,j} . 2 In summary, we have obtained the following regularity result near the corner S:

Theorem 2.9 Let the assumptions of Theorem 2.7 be satisfied. Then, for j ∈ {1, . . . , J_S}, the solution u of problem (1.1) admits the following decomposition near S: u = u_r + u_s, where u_r ∈ W^{2,p}(C_S) and χ∂_ju_s ∈ V^{1,p}_{β,δ} (C_{S,j}), j = 1, 2, (2.23) χ∂_3u_s ∈ V^{1,p}_{β,0} (C_{S,j}), (2.24) for any δ ≥ 0 satisfying (2.19) and any β ≥ 0 satisfying (2.22).

Proof We have simply set u_s = u_e + u_v and we remark that u_e also satisfies (2.23) and (2.24) since R^β is bounded on the support of χ. 2 Remark now that Theorems 2.4 and 2.9 are also valid for the general problem (1.1) using a linear change of variables (note that one edge of Ω is transformed into one edge of Ω^′). As a consequence of that results and the definition of the subdomains Λ_ℓ as well as the Cartesian system of coordinates (x^{(ℓ)}_1 , x^{(ℓ)}_2 , x^{(ℓ)}_3 ), we clearly have the Theorem 2.10 Let the assumptions of Theorem 2.6 be satisfied. Fix ℓ ∈ {1, . . . , L} and assume that 1 −^2_p < λ^{(ℓ)}_e and p < 6. Then the solution u of the general problem (1.1) admits the following decomposition in Λ_ℓ:

u = u_r + u_s, (2.25) where u_r ∈ W^{2,p}(Λ_ℓ) and ∂u_s ∂x^{(ℓ)}_j ∈ V^{1,p}_{β,δ} (Λ_ℓ), j = 1, 2, (2.26) ∂u_s ∂x^{(ℓ)}_3

∈ V^{1,p}_{β,0} (Λ_ℓ), (2.27)

for any β, δ ≥ 0 satisfying β > 2 − 3 p − λ^{(ℓ)}_v , δ > 2 − 2 p − λ^{(ℓ)}_e . Proof If Λ_ℓ does not contain a vertex of Ω this is a consequence of Theorem 2.4. On the other hand if Λ_ℓ contains a vertex of Ω this follows from Theorem 2.9 (recall that if Λ_ℓ contains a singular edge of Ω then the x^{(ℓ)}_3 -axis is chosen parallel to this edge, otherwise it does not matter). 2

3 The finite element mesh

The freedom in the choice of the finite element mesh is restricted by the following three needs:

A. general admissibility conditions arising from the finite element theory and the subdomain approach,

B. refinement conditions, such that the global error estimates can be proven,

C. geometrical conditions on the elements such that anisotropic local interpolation error estimates can be proven.

We will now elaborate a set of conditions that satisfies all the needs. Afterwards we give simple examples how one can construct such a mesh. We point out that we do not attempt to give a minimal set of conditions. Rather, we want to describe a set of conditions that is both sufficient for our error estimates and simple to be verified for our examples. We also admit (but do not request) overrefinement in certain regions if the mesh generation algorithm can be kept simple then.

The general conditions on the triangulation T_h = {Ω_i}^m_{i=1} are:

A1. Ω is exactly triangulated by tetrahedra Ω_i, Ω = ⋃m i=1 Ω_i.

A2. The triangulation is such that the subdomains Λ_ℓ are resolved exactly, Λ_ℓ = ⋃ i∈L_ℓ Ωi, ℓ = 1, . . . , L, where L_ℓ ⊂ {1, . . . , m} is an index set.

A3. The elements are disjoint, Ω_i ∩ Ω_j = ∅ for i ≠ j.

A4. Any face of any element Ω_i is either a face of another element Ω_j or part of the boundary.

A5. The number m of elements is related to the global mesh parameter h by m ∼ h^{−3}.

To describe the refinement conditions we need some further notation. Recall from Section 2 that we introduced in each Λ_ℓ a Cartesian coordinate system (x^{(ℓ)}_1 , x^{(ℓ)}_2 , x^{(ℓ)}_3 ). For each finite element Ω_i ⊂ Λ_ℓ we denote by

r_i := inf_{x∈Ωi} [ (x^{(ℓ)}_1 )^2 + (x^{(ℓ)}_2 )^2

] 1_2 , i = 1, . . . , m, R_i := inf_{x∈Ωi} [ (x^{(ℓ)}_1 )^2 + (x^{(ℓ)}_2 )^2 + (x^{(ℓ)}_3 )^2

] 1_2 , i = 1, . . . , m, the distances of Ω_i to the x^{(ℓ)}_3 -axis and the origin. Note that R_i ≥ r_i. Moreover, we introduce in each Λ_ℓ refinement parameters μ_ℓ, ν_ℓ ∈ (0, 1] corresponding to the refinement edge/vertex, respectively. If there is no refinement edge/vertex we let μ_ℓ = 1 or ν_ℓ = 1, respectively.

As mentioned above we want to admit overrefinement. Therefore we distinguish between size parameters h_i, H_i (i = 1, . . . , m),

h_i := { h^{1μ}ℓ if r_i = 0, hr^{1−μℓ}_i if r_i > 0, H_i := h^{1ν}ℓ if 0 ≤ R_i . h^{1ν}ℓ , hR^{1−νℓ}_i if R_i & h^{1νℓ} ,

and actual mesh sizes h̃_{1,i}, h̃_{2,i}, h̃_{3,i} which are defined as the lengths of the projections of Ω_i ⊂ Λ_ℓ on the x^{(ℓ)}_1 -, x^{(ℓ)}_2 -, or x^{(ℓ)}_3 -axis, respectively. (The tilde is used because this definition is different from the mesh sizes h_{1,i}, h_{2,i}, h_{3,i} as used for example in [3].) Note that h^{1νℓ} ∼ hR^{1−νℓ}_i for R_i ∼ h^{1νℓ} .

The relation between these sizes is given by condition B1:

B1. If μ_ℓ < 1 then h̃_{1,i} ∼ h_i, h̃_{2,i} ∼ h_i, h̃_{3,i} . H_i (i = 1, . . . , m). But in particular we demand that h̃_{3,i} ∼ H_i if r_i = 0.

If μ_ℓ = 1 then h̃_{j,i} . H_i (i = 1, . . . , m, j = 1, 2, 3) and in particular h̃_{j,i} ∼ H_i if R_i = 0.

Note that Assumption A5 is indeed a condition but not a consequence of B1. That was different in our previous paper [5] where overrefinement was not allowed. In this sense we will also demand two similar conditions:

B2. The number of elements Ω_i ⊂ Λ_ℓ with r_i = 0 is of order h^{−1}.

B3. The number of elements Ω_i ⊂ Λ_ℓ such that 0 ≤ R_i . h^{1ν}ℓ is bounded by h^{2μℓν}ℓ^{−2}. In particular, there is only one element Ω_i with R_i = 0.

Though further conditions on the parameters μ_ℓ and ν_ℓ are imposed in the following section, we want to ensure a priori that h_i . H_i for μ_ℓ < 1:

B4. If μ_ℓ < 1 then μ_ℓ ≤ ν_ℓ (ℓ = 1, . . . , L).

The next set of conditions is imposed to prove anisotropic local interpolation error estimates which are needed in subdomains with a refinement edge. Such estimates are usually proven on a reference element Ω_0 (or a finite number of reference elements) and then transformed on the finite element Ω_i via a linear coordinate transformation

x^{(i,ℓ)} = F^{(i)}(x̂) = B^{(i)}x̂, (3.1)

x̂ = (x̂_1, x̂_2, x̂_3), B^{(i)} = (b^{(i)}_{j,k})^3_{j,k=1} ∈ R^{3×3}, and x^{(i,ℓ)} = (x^{(i,ℓ)}_1 , x^{(i,ℓ)}_2 , x^{(i,ℓ)}_3 ) is a local Cartesian system of coordinates. For our application we need that the elements b^{(i)}_{j,k} and the elements b^{(i,−1)}_{j,k} of (B^{(i)})^{−1} satisfy the relations |b^{(i)}_{j,k}| . { H_i if j = k = 3, h_i else,

(3.2) |b^{(i)}_{j,k}| · |b^{(i,−1)}_j0_{,k} | . 1 ∀j, j^′, k = 1, 2, 3. (3.3) We will show in Lemma 4.8 that these rather abstract relations can be concluded from B1 and the following conditions.

C1. The finite elements Ω_i must satisfy the maximal angle condition [1]: The maximal interior angle γ_{F,i} of the four faces as well as the maximal angle γ_{E,i} between any two faces of Ω_i is bounded by a constant γ_⋆ < π: γ_{F,i} < γ_⋆, γ_{E,i} < γ_⋆, i = 1, . . . , m.

C2. If Λ_ℓ contains a refinement edge then all elements Ω_i ⊂ Λ_ℓ have two vertices such that the straight line through them is parallel to the x^{(ℓ)}_3 -axis.

C3. If Λ_ℓ does not contain a refinement edge then all elements are isotropic, that means, they have bounded aspect ratio.

Note that we proved (3.2), (3.3) in [3] under the maximal angle condition C1 and a coordinate system condition which is very technical.

To keep notation short we will omit from now on the indices i and ℓ, if the considerations are local in one element Ω_i or one subdomain Λ_ℓ, respectively.

0 1

2

3

Case 1: Equidistant mesh.

0 1

2

3

Case 2: Refinement towards a corner (ν = 0.67).

0 1

2

3

Case 3: Refinement towards an edge (μ = 0.5).

0 1

2

3

Case 4: Refinement towards a corner and an edge (ν = 0.67, μ = 0.5).

Figure 3.1: Illustration of the meshing of the subdomains (n = 4).

We will now give a constructive proof that one can always generate meshes which satisfy all the assumptions made. To do this we will start with the meshing of one subdomain Λ_ℓ and then we discuss the satisfaction of Condition A4 after gluing together the meshes of the subdomains. We distinguish four cases: 1) Λ_ℓ contains neither a singular corner nor a singular edge, 2) Λ_ℓ contains a singular corner but no singular edge, 3) Λ_ℓ contains a singular edge but no singular corner, 4) Λ_ℓ contains both a singular corner and a singular edge.

The meshing in these four situations is illustrated in Figure 3.1. A mathematical description of this mesh generation procedure can be given as follows: Introduce barycentric coordinates λ_0, . . . , λ_3 (λ_i > 0,

∑_4

i=0 λ_i = 1) in Λ_ℓ such that the refinement vertex has the coordinate λ_0 = 1 and the refinement edge is described by λ_1 = λ_2 = 0. Let n ∈ N be an integer such that h ∼ n^{−1}.

Case 1: The vertices P_{i,j,k} have the coordinates

λ_1 =^i_n , λ_2 =^j_n , λ_3 =^k_n , 0 ≤ i + j + k ≤ n.

The tetrahedra are described as quadruples of vertices; they are (P_{i,j,k}, P_{i+1,j,k}, P_{i,j+1,k}, P_{i,j,k+1}), 0 ≤ i + j + k ≤ n − 1, (P_{i+1,j,k}, P_{i,j+1,k}, P_{i,j,k+1}, P_{i+1,j,k+1}), 0 ≤ i + j + k ≤ n − 2, (P_{i,j+1,k}, P_{i,j,k+1}, P_{i+1,j,k+1}, P_{i,j+1,k+1}), 0 ≤ i + j + k ≤ n − 2, (P_{i+1,j,k}, P_{i,j+1,k}, P_{i+1,j+1,k}, P_{i+1,j,k+1}), 0 ≤ i + j + k ≤ n − 2, (P_{i,j+1,k}, P_{i+1,j+1,k}, P_{i+1,j,k+1}, P_{i,j+1,k+1}), 0 ≤ i + j + k ≤ n − 2, (P_{i+1,j+1,k}, P_{i+1,j,k+1}, P_{i,j+1,k+1}, P_{i+1,j+1,k+1}), 0 ≤ i + j + k ≤ n − 3.

Case 2: The topology is as in Case 1 but the coordinates of the vertices P_{i,j,k} change to

λ_1 =^i_n ( i+j+k n )_{−1+} 1_ν

, λ_2 =^j_n ( i+j+k n )_{−1+} 1_ν

, λ_3 =^k_n ( i+j+k n )_{−1+} 1_ν , 0 ≤ i + j + k ≤ n. Case 3: We introduce here a larger set of nodes P_{i,j,k} 0 ≤ i + j ≤ n, 0 ≤ k ≤ n if i + j < n, k = 0 if i + j = n, with the coordinates

λ_1 =^i_n ( i+j n )_{−1+} 1_μ

, λ_2 =^j_n ( i+j n )_{−1+} 1_μ

, λ_3 =^k_n (1 − λ_1 − λ_2).

The tetrahedra are described in three cases: Subdivision of pentahedra: (P_{i,j,k}, P_{i+1,j,k}, P_{i,j+1,k}, P_{i,j,k+1}), 0 ≤ i + j ≤ n − 2, (P_{i+1,j,k}, P_{i,j+1,k}, P_{i,j,k+1}, P_{i+1,j,k+1}), 0 ≤ i + j ≤ n − 2, (P_{i,j+1,k}, P_{i,j,k+1}, P_{i+1,j,k+1}, P_{i,j+1,k+1}), 0 ≤ i + j ≤ n − 2, (P_{i+1,j,k}, P_{i,j+1,k}, P_{i+1,j+1,k}, P_{i+1,j,k+1}), 0 ≤ i + j ≤ n − 3, (P_{i,j+1,k}, P_{i+1,j+1,k}, P_{i+1,j,k+1}, P_{i,j+1,k+1}), 0 ≤ i + j ≤ n − 3, (P_{i+1,j+1,k}, P_{i+1,j,k+1}, P_{i,j+1,k+1}, P_{i+1,j+1,k+1}), 0 ≤ i + j ≤ n − 3, 0 ≤ k ≤ n − 1 in all cases.

Subdivision of pyramids: (P_{i+1,j,k}, P_{i,j+1,k}, P_{i+1,j,k+1}, P_{i+1,j+1,0}), n − 2 ≤ i + j ≤ n − 2, (P_{i,j+1,k}, P_{i+1,j,k+1}, P_{i,j+1,k+1}, P_{i+1,j+1,0}), n − 2 ≤ i + j ≤ n − 2, 0 ≤ k ≤ n − 1 in both cases.

Remaining tetrahedra: (P_{i,j,k}, P_{i,j,k+1}, P_{i+1,j,0}, P_{i,j+1,0}), n − 1 ≤ i + j ≤ n − 1, 0 ≤ k ≤ n − 1. Case 4: The topology is as in Case 3 but the λ_3-coordinate of the points P_{i,j,k} changes to

λ_3 = ( k n ) 1_ν (1 − λ_1 − λ_2).

We have now to prove that such a mesh satisfies all conditions: A1, A2, A3, and A5 are obvious. Assumption A4 is equivalent to the necessity that faces Λ_ℓ ∩ Λ_ℓ0 are meshed in the same way. This leads in general to some cascade effect: Let M ⊂ ∂Ω be a connected set of singular edges and vertices (edges are considered as closed sets), then we have to choose μ_ℓ = ν_ℓ = μ_M for all ℓ : Λ_ℓ ∩ M ≠ ∅.

That means that the refinement is determined by the strongest singularity in this region. An exception is the case when the face λ_3 = 0 is part of the boundary ∂Ω. Then ν_ℓ can be chosen larger than μ_ℓ. We remark that the cascade effect could be avoided by using mortar elements [11].

The coordinate transformation λ_0, . . . , λ_3 → x_1, . . . , x_3 is independent of h. Therefore, Assumption B1 can easily be verified noting that

(s + h)^{1μ} − s^{1μ} ∼ hs^{1−μ}, λ_1 + λ_2 + λ_3 ∼ R,

λ_1 + λ_2 ∼ r.

Indeed, in Case 2 all elements are isotropic, that means h̃_m is of the size of the distance of the two planes λ_4 = (^{i+j+k+1}_n )^{1ν} and λ_4 = (^{i+j+k}_n )^{1ν} , h̃_m ∼ ( i+j+k+1 n ) 1_ν − ( i+j+k n ) 1_ν ∼ hR^{1−ν} (m = 1, 2, 3). In cases 3 and 4, the projection of the element into the λ_1, λ_2-plane is isotropic, that means h̃_m ∼ ( i+j+1 n ) 1_μ − ( i+j n ) 1_μ ∼ hr^{1−μ} (m = 1, 2). Finally, we see in Case 4 that

h̃_3 . λ_3(P_{.,.,k+1}) − λ_3(P_{.,.,k}) + (h̃_1 + h̃_2)

.^{( k+1}_n^{) 1ν} −^{( k}_n^{) 1ν} + hr^{1−μ} . hz^{1−ν} + hr^{1−ν} . hR^{1−ν} , because ν ≥ μ.

Condition B2 is satisfied by construction. B3 is checked by realizing that the number of elements is of order i^2 where i satisfies (^i_n )^{1μ} . (^1_n )^{1ν} , that means i . n^{1− μν} . Condition B4 is independent of our meshing strategy. Conditions C1–C3 are also satisfied by construction. Note that overrefinement is accepted in Cases 3 and 4 near the edge λ_0 = λ_4 = 0 and due to the cascade effect described above.

Note that the number of elements is n^3 for Cases 1 and 2, and 3n^3 − 3n^2 + n for Cases 3 and 4. We introduced the richer topology in the latter cases to ensure the maximal angle condition C1. However, we can use the topology of Cases 1/2 if μ = ν < 1, compare Figure 3.2. The vertices P_{i,j,k} have then the coordinates

λ_1 =^i_n ( i+j n )_{−1+} 1_μ

, λ_2 =^j_n ( i+j n )_{−1+} 1_μ

, λ_3 = ( i+j+k n ) 1_μ − λ_1 − λ_2. 0 ≤ i + j + k ≤ n. We point out that also simpler meshing strategies can be applied where overrefinement takes place in more regions. Figure 6.1 shows an example where artificial refinement edges are introduced. Moreover, we introduced the Assumptions A1-C3 in order to allow other refinement strategies which are not based on the domain decomposition approach, see Figure 3.3 for an example with a coordinate transformation.

We introduce now the finite element space V_h of all continuous functions whose restriction to any Ω_i (i = 1, . . . , m) is a polynomial of first degree. Furthermore, we let V_{0h} be defined by V_{0h} := {v_h ∈ V_h : v_h|_{∂Ω} = 0}. Note that V_h ⊂ H^1(Ω) and V_{0h} ⊂^oH^1(Ω). The finite element solution of problem (1.1) is defined by:

Find u_h ∈ V_{0h} such that a_Ω(u_h, v_h) = (f, v_h) for all v_h ∈ V_{0h}, (3.4)

Since the assumptions of the Lax–Milgram lemma are fulfilled this problem has a unique solution.

0 1

2

3

Figure 3.2: Modification of Case 4 for μ = ν < 1.

Figure 3.3: Tensor product domain with mesh refinement near the singular edge and the corners.

4 Local interpolation error estimates

As motivated in the Introduction, we are interested in local interpolation error estimates for anisotropic elements. In [1], the case of classical Sobolev spaces was treated, while in [5], the case of weighted Sobolev spaces with a weight which is the distance to one edge was considered. The first case is useful far from the edge and the corners, and the second one far from the corners, but both cannot be applied for the tetrahedra along one (singular) edge and hitting the corners. In this section, we shall extend these results to weighted Sobolev spaces with two weights: one is the distance to the corner and the other one the angular distance to the edge. For two-dimensional interpolation error estimates in weighted Sobolev spaces, we refer to [28].

We consider first estimates on a reference element Ω_0 ∈ R where R = {Ω_a, Ω_b} is the set of reference elements discussed later, see Figure 4.1.

Using a similar notation as in [1, §2] we denote by P a space of polynomials, and since each monomial x^α = x^{α1}_1 x^{α2}_2 x^{α3}_3 can be identified with the multi-index α ∈ N^3, we also identify P with the corresponding set of multi-indices. The hull P of P is the set P := P ∪ {α + e_i : α ∈ P, i = 1, 2, 3} ({e_i}^3_{i=1} denotes the canonical basis of R^3) and the boundary ∂P of P is the set P \ P . Note that max_{α∈P} |α| = 1 + max_{α∈P} |α|.

We introduce now weighted Sobolev spaces on Ω_0: For a finite set P ⊂ N^3 with 0 ∈ P and for β, δ ∈ R we set V^{P,p}_{β,δ} (Ω_0) := {v ∈ D^′(Ω_0) : ‖v; V^{P,p}_{β,δ} (Ω_0)‖ < ∞}, where ‖v; V^{P,p}_{β,δ} (Ω_0)‖^p := ∑ α∈P ∫ Ω0 |R̂^{β−k+|α|}θ̂^{δ−k+|α|}D^αv|^p dx̂, k := max_{α∈P} |α|, D^α := ∂^{α1}_1 ∂^{α2}_2 ∂^{α3}_3 , R̂(x̂) := (x̂^2_1 + x̂^2 + x̂^2_3)^12 , r̂(x̂) := (x̂^2_1 + x̂^2)^12 , and θ̂ =^{r̂}_{R̂} is the angular distance to the edge x̂_1 = x̂_2 = 0. (Note that the case when there is no weight with respect to θ̂ is also available by simply putting θ̂ = 1 in the rest of this section.) For v ∈ V^{P ,p}_{β,δ} (Ω_0) we also introduce the seminorm |v; V^{P ,p}_{β,δ} (Ω_0)|^p := ∑ α∈∂P ∫ Ω0 |R̂^{β−k−1+|α|}θ̂^{δ−k−1+|α|}D^αv|^p dx̂. For P = {(0, 0, 0)} ∪ {e_i}_{i=1,2,3}, we denote V^{P,p}_{β,δ} (Ω_0) by V^{1,p}_{β,δ} (Ω_0). The space W^{P,p}(Ω_0) is introduced in analogy to V^{P,p}_{β,δ} (Ω_0) by omitting the weights. Note also that the space V^{P,p}_{β,β} (Ω_0) coincides with the space V^{P,p}_β (Ω_0) introduced in [5].

Lemma 4.1 Let P ⊂ N^3, P finite with 0 ∈ P . Then we have the compact embedding V^{P ,p}_{β,δ} (Ω_0)^c→ V^{P,p}_{β,δ} (Ω_0).

Proof The proof of that Lemma is analogous to that of Lemma 3.1 of [5] using spherical coordinates (R̂, θ̂, φ̂) and the compact embedding W^{1,p}(Ω_0)^c→ L^p(Ω_0) (Rellich–Kondrašov theorem). 2 Now using the Hölder inequality and again spherical coordinates, we can show the following result (see Lemma 3.2 of [5]).

Lemma 4.2 Let P ⊂ N^3, P finite, such that 0 ∈ P . If β < 3 −^3_p , and δ < 2 −^2_p , then for all v ∈ V^{P,p}_{β,δ} (Ω_0) the following relation holds:

D^αv ∈ L^1(Ω_0) for all α ∈ P. (4.1) From Lemmas 4.1 and 4.2 and using the same arguments as in [1, Lemma 2], we obtain the following lemma.

Lemma 4.3 Let P ⊂ N^3 be a finite set of multi-indices with 0 ∈ P . If β < 3 −^3_p and δ < 2 −^2_p, then ‖v; V^{P ,p}_{β,δ} (Ω_0)‖ . |v; V^{P,p}_{β,δ} (Ω_0)|, (4.2) for all v ∈ V^{P,p}_{β,δ} (Ω_0) satisfying ∫ Ω0 D^αv dx̂ = 0 for α ∈ P .

We are now ready to give the interpolation estimate, first in a very general form, then especially for our purposes.

Lemma 4.4 Let β < 3 −^3_p and δ < 2 −^2_p , and let P, Q ⊂ N^3 and γ ∈ N^3 be such that 0 ∈ Q and Q + γ ⊂ P . Further introduce a linear operator I : C^μ(Ω_0) → P , μ ∈ N, and assume that there are linear functionals F_i ∈ ( V^{Q,p}_{β,δ} (Ω_0) )_′ , i = 1, . . . , j, j = dimD^γ P , satisfying

F_i(D^γ Iv) = F_i(D^γ v) (i = 1, . . . , j) for all v ∈ C^μ(Ω_0) ∩ V^{Q+γ,p}_{β,δ} (Ω_0), F_i(D^γ q) = 0 for all i = 1, . . . , j =⇒ D^γ q = 0 for all q ∈ P.

(4.3)

Then ‖D^γ (v − Iv); V^{Q,p}_{β,δ} (Ω_0)‖ . |D^γ v; V^{Q,p}_{β,δ} (Ω_0)| for all v ∈ C^μ(Ω_0) ∩ V^{Q+γ,p}_{β,δ} (Ω_0).

Proof We follow the proof of Lemma 3 of [1], since Lemma 1 of [1] can be extended to the spaces V^{P,p}_{β,δ} (Ω_0) (owing to Lemma 4.2), while Lemma 2 of [1] is replaced by Lemma 4.3. 2

Theorem 4.5 Suppose that 0 ≤ β < 1 −^1_p , 0 ≤ δ < 1 −^1_p , p > 2, and let Iv be the linear Lagrangian interpolant of v with respect to the vertices. Then for all v ∈ C(Ω̄_0) such that ∂_iv ∈ V^{1,p}_{β,δ} (Ω_0) for i = 1, 2 and ∂_3v ∈ V^{1,p}_{β,0} (Ω_0), then we have ‖ ‖ ‖R̂^{β−1}θ̂^{δ−1}∂_i(v − Iv); L^p(Ω_0) ‖ ‖ ‖ p .^∫_{Ω0}^^R^{pβ^}θ^{pδ} [|∂1iv|^p + |∂2iv|^p + |∂3iv|^p] dx̂, ‖ ‖ ‖R̂^{β−1}θ̂^{−1}∂_3(v − Iv); L^p(Ω_0) ‖ ‖ ‖ p .^∫_{Ω0}^^R^{pβ} [|∂13v|^p + |∂23v|^p + |∂33v|^p] dx̂.

Proof We set Q := {(0, 0, 0)}, Q := {(0, 0, 0)}∪{e_i}_{i=1,2,3} and remark that the assumptions are simply that ∂_iv ∈ V^{Q,p}_{β,δ} (Ω_0) (i = 1, 2) and ∂_3v ∈ V^{Q,p}_{β,0} (Ω_0). To prove the assertion we apply Lemma 4.4 with P = Q, γ := e_i and F_1(v) := ∫ E_i v dxi, where Ei is that edge of Ω0

which is parallel to the x_i-axis, which exists due to the choice of the reference elements. It remains to prove the continuity of F_1.

For i = 1, 2 we use that v ∈ V^{1,p}_{β,δ} (Ω_0) implies R̂^βθ̂^δv ∈ W^{1,p}(Ω_0) → W^{1−2/p,p}(E_i) → L^p(E_i), i = 1, 2. Using the Hölder inequality, we conclude for^1_p +^1_q = 1 that ∫ E_i |v| dx_i ≤‖R̂^{−β}θ̂^{−δ}; L^q(E_i)‖ ‖R̂^βv; L^p(E_i)‖.‖R̂^{−β}θ̂^{−δ}; L^q(E_i)‖ ‖v; V^{1,p}_{β,δ} (Ω_0)‖. Using that R̂^{−β}θ̂^{−δ} ∈ L^q(E_i) for β <^1_q = 1 −^1_p and δ <^1_q , we get the conclusion.

The case i = 3 is treated in the same way by replacing δ by 0. Note that δ = 0 is essential here because for both reference elements θ̂ = 0 on E_3. 2

Remark 4.6 In our application, we have β = 2 −^2_p − λ_v + ε and δ = 2 −^3_p − λ_e + ε with an arbitrarily small positive real ε. That means β < 1 −^1_p, δ < 1 −^1_p are equivalent to 1 −^2_p < λ_v and 1 −^1_p < λ_e, respectively, so that for p close to 2 this condition always holds because λ_v > 0 and λ_e >^1_2 .

Corollary 4.7 Under the assumptions of Theorem 4.5, the next estimates hold:

‖∂_i(v − Iv); L^p(Ω_0)‖^p . ∫ Ω0 R̂^{pβ}θ̂^{pδ} [|∂_{1i}v|^p + |∂_{2i}v|^p + |∂_{3i}v|^p] dx̂, (4.4) ‖∂_3(v − Iv); L^p(Ω_0)‖^p . ∫ Ω0 R̂^{pβ} [|∂_{13}v|^p + |∂_{23}v|^p + |∂_{33}v|^p] dx̂. (4.5)

Proof The assertion follows from the two estimates of Theorem 4.5, since the weights on the left hand side are bounded from below by some constant C > 0. 2

Now we are going to transform these estimates to the actual finite elements Ω_i of any subdomain Λ_ℓ. As usual, we use a linear transformation (3.1) such that Ω_i = F^{(i)}(Ω_0). In our case we consider two reference elements Ω_a and Ω_b as given in Figure 4.1 (see [3] for a similar point of view).

            -

   6

   HHH

HHHY

@@ @@ @@ @@ @� � � �HH HHH p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p 0 1 1

1

x̂_1 x̂_2 x̂_3

Ω_a

            -

   6

   HHH

HHHY

� � � � � � � � �HH HHH p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p

0 1 1

1

x̂_1 x̂_2 x̂_3

Ω_b

Figure 4.1: Basic reference elements for anisotropic interpolation error estimates in the three-dimensional case.

We first give a sufficient condition on Ω_i, fulfilled by the elements Ω_i such that the edge parallel to the x^{(ℓ)}_3 -axis is of length & h_i, and more flexible that the coordinate system condition in [3], ensuring that the relations (3.2)–(3.3) hold.

Lemma 4.8 Assume that μ_ℓ < 1. Let Ω_i be a finite element of Λ_ℓ such that its edge e_{3,i} parallel to the x_3-axis satisfies |e_{3,i}| & h_i. Then there exist two other edges e_{1,i}, e_{2,i} such that e_{j,i} ∩ e_{3,i} ≠ ∅ and |e_{j,i}| ∼ h_i, j = 1, 2. Moreover, there exists a local Cartesian system of coordinates x^{(i,ℓ)} = F^{(i)}(x̂) = B^{(i)}x̂ such that 1) there exists an Ω_0 ∈ R such that Ω_i = F^{(i)}(Ω_0), 2) the x^{(i,ℓ)}_3 -axis is parallel to the x^{(ℓ)}_3 -axis, and 3) the estimates (3.2)–(3.3) hold.

Proof The first assertion follows from the conditions B1 and C1. For the second assertion, we define the local Cartesian system of coordinates x^{(i,ℓ)} as follows: let the x^{(i,ℓ)}_3 -axis contain the edge e_{3,i}; the x^{(i,ℓ)}_2 -axis is fixed so that the x^{(i,ℓ)}_2 , x^{(i,ℓ)}_3 -plane is the plane induced by e_{2,i} and e_{3,i}, with the origin at their intersection; the x^{(i,ℓ)}_1 -axis is consequently determined to have a direct orthogonal system. We take Ω_a as the reference element if e_{j,i}, j = 1, 2, 3, meet in one vertex, and Ω_b if e_{1,i} ∩ e_{3,i} ≠ e_{2,i} ∩ e_{3,i}. Then the matrix B^{(i)} appearing in the above transformation takes the form b_{11} 0 0 b_{21} b_{22} 0 b_{31} b_{32} b_{33} , where each column j corresponds to e_{j,i} (considered as a vector).

Let us now show that |b_{jk}| . min{h^⋆_{j,i}, h^⋆_{k,i}}, |b^{(−1)}_{jk} | . min{(h^⋆_{j,i})^{−1}, (h^⋆_{k,i})^{−1}}, (4.6) where h^⋆_{j,i} = |e_{j,i}|. Indeed, |b_{jk}| ≤ √∑_3 n=1 b^2_{nk} = h^⋆_{k,i}, which yields the first estimate since we have h^⋆_{1,i} ∼ h^⋆_{2,i} ∼ h_i . h^⋆_{3,i}. Denoting by T_i the projection of Ω_i in the plane x^{(ℓ)}_3 = 0, owing to B1 and C1, we have meas T_i =^1_2 b_{11}b_{22} ∼ h^2_i ∼ h^⋆_{1,i}h^⋆_{2,i}. Using this last equivalences, we obtain b_{kk} ∼ h^⋆_{k,i} and the second estimate of (4.6) is then direct.

The two estimates of (4.6) directly yield (3.3), while (3.2) follows from the fact that h^⋆_{1,i} ∼ h^⋆_{2,i} ∼ h_i,h^⋆_{3,i} . H_i 2

Theorem 4.9 Consider that element Ω_i ⊂ Λ_ℓ which has one vertex in the origin of the local coordinates (x^{(ℓ)}_1 , x^{(ℓ)}_2 , x^{(ℓ)}_3 ). Let I_hv be the linear Lagrangian interpolant of v ∈ C(Ω̄_i) with respect to the vertices. Suppose that μ_ℓ < 1. Assume further that ∂_jv ∈ V^{1,p}_{β,δ} (Ω_i), j = 1, 2 and ∂_3v ∈ V^{1,p}_{β,0} (Ω_i), for 0 ≤ β < 1 −^1_p, 0 ≤ δ < 1 −^1_p, p > 2, then the norm of the derivatives of the interpolation error can be estimated by

|v − I_hv; W^{1,p}(Ω_i)| . h^1

�β_{μℓ +(} 1_{νℓ −} 1_{μℓ )δ}^2∑ j,k=1 ‖R^βθ^δ∂_{jk}v; L^p(Ω_i)‖ +h �β_{μℓ +} 1_{νℓ}^3∑ k=1 ‖R^β∂_{k3}v; L^p(Ω_i)‖. (4.7)

Proof By our assumptions made on the mesh, the edge included into the x^{(ℓ)}_3 -axis is of length of order h^{1ν}ℓ and the two other edges containing the origin are of length h^{1μ}ℓ . Therefore, Ω_i satisfies the assumption of Lemma 4.8 with e_{3,i} equal to the edge included in the x^{(ℓ)}_3 -axis and e_{1,i}, e_{2,i} the two other edges containing the origin. Consequently, this Lemma yields a transformation x^{(i,ℓ)} = B^{(i)}x̂, (4.8)

which maps Ω_a to Ω_i and such that (3.2)–(3.3) hold. Moreover, we easily check the following estimates: h^{− 1ν}ℓ R ≤ R̂ ≤ h^{− 1μ}ℓ R, r̂ ≤ h^{− 1μ}ℓ r, θ̂ ≤ h^1ν_ℓ^{− 1}μ_ℓ θ.

The assertion is now a consequence of Corollary 4.7 using the transformation (4.8) with (3.2)–(3.3), the above estimates, the fact that for k = 1, 2, x^{(i,ℓ)}_k is a linear combination of x^{(ℓ)}_1 , x^{(ℓ)}_2 , x^{(ℓ)}_3 and since μ_ℓ ≤ ν_ℓ. 2

To finish this section, we give two more error estimates: the first one (Theorem 4.10) concerns the elements Ω_i, which are far from the singular edges, while the second one (Theorem 4.11) concerns the elements along the singular edges but far from the singular vertices. Note that an estimate similar to Theorem 4.10 can be found in [1] but there it was used another definition of the mesh sizes. An estimate similar to Theorem 4.11 was given in [5] but there it was proved using a coordinate system condition which is here replaced by the more practical condition B1. Therefore we prove both estimates here.

Theorem 4.10 For every v ∈ W^{2,p}(Ω_i) and for p > 2 one has |v − I_hv; W^{1,p}(Ω_i)| . h_i 2∑ k=1 |∂_kv; W^{1,p}(Ω_i)| + H_i|∂_3v; W^{1,p}(Ω_i)|. (4.9)

in the coordinate system related to the subdomain Λ_ℓ containing Ω_i. The index ℓ is dropped for the sake of shortness.

Proof Let us denote by h^⋆_{3,i} the length of the edge parallel to the x_3-axis. We distinguish the cases h^⋆_{3,i} . h_i or not.

If h^⋆_{3,i} . h_i, then by the conditions C1 and B1, we deduce that diam Ω_i . h_i. Therefore, applying directly the isotropic local error estimate of Jamet type (Corollary 4.5 in [3]), we get |v − I_hv; W^{1,p}(Ω_i)| . h_i 3∑ k=1 |∂_kv; W^{1,p}(Ω_i)|,

18 4 Local interpolation error estimates

            -

   6

   HHH

HHHY

� � � � �

p p p p p p p p p p p p

p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p

0 1 1

1

y_1 y_2 y_3

Ω^′_a

            -

   6

   HHH

HHHY

@@ @@ @@ @@ @

JJ JJ JJ JHH HHH p p p p p p p p p p p p p p p p p p p

0 1 1

1

y_1 y_2 y_3

Ω^′_b

Figure 4.2: Additional reference elements for interpolation error estimates in weighted Sobolev spaces.

leading to the estimate (4.9) since h_i . H_i.

On the other hand, if h^⋆_{3,i} & h_i, then by Corollary 4.7 with β = δ = 0 and Lemma 4.8, we get

|v − I_hv; W^{1,p}(Ω_i)| . 3∑ k=1 h^⋆_{k,i} | | | | ∂v ∂x^{(i,ℓ)}_k ; W^{1,p}(Ω_i) | | | | . As^{∂v}_{∂x(i,ℓ)3} = ±^{∂v}_{∂x(ℓ)3} , h^⋆_{j,i} . h_i, for j = 1, 2 and h^⋆_{3,i} . H_i, the above estimate becomes

|v − I_hv; W^{1,p}(Ω_i)| . 2∑ k=1 h_i | | | | ∂v ∂x^{(i,ℓ)}_k ; W^{1,p}(Ω_i) | | | | + H_i|∂_3v; W^{1,p}(Ω_i)|.

The desired estimate follows because x^{(i,ℓ)}_k , k = 1, 2, is a linear combination of x_1, x_2, x_3 and the fact that h_i . H_i. 2

Theorem 4.11 If Ω_i ⊂ Λ_ℓ contains a singular edge but is far from the singular corner, then for every v ∈ L^p(Ω_i), for p > 2, such that ∂_kv ∈ V^{1,p}_{δ,δ} (Ω_i), k = 1, 2 with 0 < δ < 1 −^1_p and

∂_3v ∈ V^{1,p}_{0,0} (Ω_i). Then one has

|v − I_hv; W^{1,p}(Ω_i)| . h^{1−δ}_i 2∑ k=1 |∂_kv; V^{1,p}_{δ,δ} (Ω_i)| + H_i|∂_3v; V^{1,p}_{0,0} (Ω_i)|. (4.10)

Proof Let us denote by h^⋆_{3,i} the length of the edge e_{3,i} parallel to the x_3-axis. Consider first the case that e_{3,i} is included in the singular edge. By the condition B1, we always have h^⋆_{3,i} & h_i, then applying Corollary 4.7 with β = δ and Lemma 4.8, we obtain

|v − I_hv; W^{1,p}(Ω_i)| . 2∑ k=1 h^{1−δ}_i | | | | | ∂v ∂x^{(i,ℓ)}_k ; V^{1,p}_{δ,δ} (Ω_i) | | | | | + h^⋆_{3,i}|∂_3v; V^{1,p}_{0,0} (Ω_i)|.

We conclude as before due to the choice of the x^{(i,ℓ)}-system of coordinates.

In the case that only one vertex of Ω_i is contained in the singular edge we proceed as above using the reference elements Ω^′_a and Ω^′_b, see Figure 4.2. 2

5 Global error estimates

In this section, we investigate first the global interpolation error, that is the difference between the solution u of our boundary value problem (2.1) and its piecewise linear interpolant I_hu on the family of anisotropically graded meshes introduced in Section 3. The difficulty is that we are interested on one hand in an estimate in the energy norm which is equivalent to | . ; W^{1,2}(Ω)|, in order to apply the Céa lemma for the finite element error. But on the other hand, the above local interpolation error estimates are valid for | . ; W^{1,p}(Ω_i)| with p > 2 only. — We secondly derive the global finite element error estimate via the Céa lemma.

Theorem 5.1 Let u be the solution of the boundary value problem (2.1) with f ∈ L_p(Ω), 2 < p < p_+,

p_+ := min_ℓ { 6; 2 1 − λ^{(ℓ)}v ; 1 1 − λ^{(ℓ)}e } . (5.1)

In addition to the condition B4, assume that the refinement parameters μ_ℓ, ν_ℓ satisfy the following conditions for all ℓ (see Remarks 5.4 and 5.5 below for a discussion of these conditions): μ_ℓ < λ^{(ℓ)}_e p 2p − 2 , (5.2) ν_ℓ < ( λ^{(ℓ)}_v + 1 2 ) 2p 5p − 6 , (5.3) 1 ν_ℓ ( 5 2 − 3 p ) + 1 μ_ℓ ( λ^{(ℓ)}_v − 2 + 3 p ) > 1. (5.4)

Then for the interpolation error u − I_hu the following estimate holds:

|u − I_hu; W^{1,2}(Ω)| . h‖f; L^p(Ω)‖. (5.5)

Proof We reduce the estimation of the global error to the evaluation of the global error on one subdomain Λ_ℓ with one singular edge and one singular corner, the other cases being treated in an even simpler way, so we can omit the index ℓ.

In the sequel, we shall make use of the decomposition (2.25) of u obtained in Theorem 2.10, therefore we normally need that p satisfies the assumptions of that theorem. The condition 1 −^2_p < λ_e follows from the assumption (5.1). On the contrary, the assumptions of Theorem 2.6 can be avoided by possibly replacing p by p^′ = p − ϵ, with a fixed ϵ > 0 small enough, in the case when 2 −^2_p =^{kπ}_{ωS,j} or 2 −^3_p = λ_{S,k}0 (this is possible because the set of^{kπ}_{ωS,j} , λ_{S,k}0 is discrete). Note further that this choice does not disturb the conditions (5.2)–(5.4) for ϵ small enough. In that case, all the arguments below are made with p^′ instead of p and the conclusion still holds because ‖f; L^p 0 (Ω)‖ . ‖f; L^p(Ω)‖.

Since u admits the decomposition (2.25), we need to estimate the regular part and the singular one. In both cases, we reduce this global error into local errors.

For the regular part, using the local error estimate (5.5) of [1] (see also (4.9))

|u_r − I_hu_r; W^{1,p}(Ω_i)| . h 3∑ k=1 |∂_ku_r; W^{1,p}(Ω_i)|,

which holds for any element Ω_i, summing up these estimates and using the Hölder inequality, we easily get that |u_r − I_hu_r; W^{1,2}(Λ)| . h|u_r; W^{2,p}(Λ)|. (5.6)

For the singular part u_s, we distinguish between the elements whose closure has at least one common point with the singular edge or the singular corner, and the elements away from these singular part of the boundary.

For the elements Ω_i far from the singular edge and the singular corner such that r_i & h^{1μ} and R_i & h^{1ν} , written in short i ∈ I_R (R for regular), we apply the local estimate (4.9). Using the Hölder inequality, we have

|u_s − I_hu_s; W^{1,2}(Ω_i)|^p ≤ (measΩ_i)^{−1+ p2} |u_s − I_hu_s; W^{1,p}(Ω_i)|^p

. (h^2_i Hi)^{−1+ p2} ∑ k=1,2 h^p_i |∂_ku_s; W^{1,p}(Ω_i)|^p + H^p_i |∂_3u_s; W^{1,p}(Ω_i)|^p

. (5.7)

Since here h_i = hr^{1−μ}_i and H_i = hR^{1−ν}_i , one gets

|u_s − I_hu_s; W^{1,2}(Ω_i)|^p . h^{5p}

�6_2 ∑ k=1,2 |∂_ku_s; V^{1,p}_{β1,δ1}(Ω_i)|^p + |∂_3u_s; V^{1,p}_{β2,0}(Ω_i)|^p

, (5.8)

with δ_1 = (1 − μ)(2 −^2_p ), β_1 = δ_1 + (1 − ν)(^1_2 −^1_p ), and β_2 = (1 − ν)(^3_2 −^1_p ) + (1 − μ)(1 −^2_p). Therefore in view of the regularity result (Theorem 2.10), we need to check that

δ_1 > 2 − 2 p − λ_e, β_1 > 2 − 3 p − λ_v, β_2 > 2 − 3 p − λ_v. The first inequality is equivalent to (5.2). As μ ≤ ν ≤ 1, for the second one, we get β_1 ≥ (1 − ν)(^5_2 −^3_p ) > 2 −^3_p − λ_v via (5.3). For the third inequality, as μ ≤ ν, we deduce that β_2 ≥ (1 − ν)(^5_2 −^3_p), and the conclusion follows.

Summing up the estimates (5.8) for all i ∈ I_R, and using again the Hölder inequality, we obtain ∑ i∈I_R |u_s − I_hu_s; W^{1,2}(Ω_i)|^2 ≤ ∑ i∈I_R 1 1− 2p ∑ i∈I_R |u_s − I_hu_s; W^{1,2}(Ω_i)|^p 2 p

. h^{−3(1− 2p )}h^{5p�6p} ∑ k=1,2 |∂_ku_s; V^{1,p}_{β1,δ1} (Λ)| + |∂_3u_s; V^{1,p}_{β2,0}(Λ)| 2 , due to Assumption A5. By Theorem 2.10, we conclude that ∑ i∈I_R |u_s − I_hu_s; W^{1,2}(Ω_i)|^2 . h^2‖f; L^p(Ω)‖^2. (5.9)

For the elements Ω_i far from the singular edge, r_i & h^{1μ} , and close to but away from the singular corner, 0 < R_i . h^{1ν} , written in short i ∈ I_{RS} (RS for regular but under the influence of the singular vertex), (5.7) still holds but here h_i = hr^{1−μ}_i and H_i = h^1ν . This yields

|u_s − I_hu_s; W^{1,2}(Ω_i)|^p . h^{−2+2p+ p}

�2_{2ν} r^{(1−μ)(2p−2)} i ∑ k=1,2 |∂_ku_s; W^{1,p}(Ω_i)|^p +h^{−2+p+ 3p} �2_{2ν} r^{(1−μ)(p−2)} i |∂_3u_s; W^{1,p}(Ω_i)|^p. (5.10)

In order to obtain an estimate like (5.8), we use the fact that in Ω_i, one has h^{1μ} . R . h^{1ν} and that r ∼ Rθ, leading to the estimates

r^{(1−μ)(2p−2)} . h^{[ 1}

�μ_{ν (2−} 2_{p )−} β_{μ ]p} R^{βp}θ^{δ1p}, r^{(1−μ)(p−2)} . h^{[ 1}

�μ_{ν (1−} 2_{p )−} β_{μ ]p} R^{βp}, with δ_1 as before and any β ≥ 0. Inserting these inequalities into (5.10), we obtain

|u_s − I_hu_s; W^{1,2}(Ω_i)|^p . h^{s1} ∑ k=1,2 |∂_ku_s; V^{1,p}_{β,δ1} (Ω_i)|^p + h^{s2} |∂_3u_s; V^{1,p}_{β,0} (Ω_i)|^p

. h^{s2} ∑ k=1,2 |∂_ku_s; V^{1,p}_{β,δ1}(Ω_i)|^p + |∂_3u_s; V^{1,p}_{β,0} (Ω_i)|^p , with s_1 := 2p − 2 + (^p_2 − 1)^1_ν + [^{1−μ}_ν (2 −^2_p ) −^β_μ ]p, s_2 := p − 2 +^1_ν (^{3p}_2 − 1) + [^{1−μ}_ν (1 −^2_p ) −^β_μ ]p = p(1 −^2_p )(1 −^μ_ν ) +^p_ν (^5_2 −^3_p ) − p^β_μ , where s_1 − s_2 = p(1 −^μ_ν ) ≥ 0 due to the condition μ ≤ ν. Summing up these estimates for all i ∈ I_{RS}, using the Hölder inequality and Assumption B3, we get ∑ i∈I_{RS} |u_s − I_hu_s; W^{1,2}(Ω_i)|^2 . h^{2s0} ∑ k=1,2 |∂_ku_s; V^{1,p}_{β,δ1}(Λ)| + |∂_3u_s; V^{1,p}_{β,0} (Λ)| 2 , with s_0 =^1_p s_2 +^1_2 (^{2μ}_ν − 2)(1 −^2_p ) =^1_ν (^5_2 −^3_p ) −^β_μ . Therefore taking β = 2 −^3_p − λ_v + ε with ε > 0 small enough, we see that the condition (5.4) implies that s_0 ≥ 1 and by Theorem 2.10, we get ∑ i∈I_{RS} |u_s − I_hu_s; W^{1,2}(Ω_i)|^2 . h^2‖f; L^p(Ω)‖^2. (5.11)

For the elements Ω_i far from the singular corner, R_i & h^1ν , but along the singular edge, r_i = 0 (written later on i ∈ I_E), we can use the local error estimate (4.10). Together with the regularity results, this yields

|u_s − I_hu_s; W^{1,p}(Ω_i)|^p . ∑ j,k=1,2 h^{(1−β} 0_{)p} i ‖r^β 0 ∂_{jk}u_s; L^p(Ω_i)‖^p + H^p_i 3∑ k=1 ‖∂_{3k}u_s; L^p(Ω_i)‖^p,

for any β^′ ≥ 0 such that 2 − 2 p − λ_e < β^′ < 1 − 1 p . (5.12)

With the Hölder inequality as above, the fact that h_i = h^{1μ} and H_i = hR^{1−ν}_i , and since the number of elements along the edge is of order h^{−1} (Assumption B2), we get ∑ i∈I_E |u_s − I_hu_s; W^{1,2}(Ω_i)|^2 . (h^{−1})^{1− 2p} ∑ i∈I_E |u_s − I_hu_s; W^{1,2}(Ω_i)|^p 2 p

. (h^{−1})^{1− 2p} ∑ i∈I_E (h^2_i H_i)^{−1+ p2} |u_s − I_hu_s; W^{1,p}(Ω_i)|^p 2 p

. ∑ i∈I_E h^p �2_μ R^{(1−ν)(} 1 2 − 1 p )p i |u_s − I_hu_s; W^{1,p}(Ω_i)|^p 2 p

. h^p �2_{μ +} p(1�β0 )_μ ∑ j,k=1,2 ‖R^{β1} θ^{δ1} ∂_{jk}u_s; L^p(Λ)‖^p

+ ∑ i∈I_E 3∑ k=1 h^{p+ p} �2_μ

R^{pκ}_i ‖∂_{3k}u_s; L^p(Ω_i)‖^p 2 p , (5.13)

where β_1 and δ_1 are as before and κ = (1 − ν)(^3_2 −^1_p). The first term in this right-hand side is treated as in the first case since we can show that β^′ = δ_1 satisfies the two above conditions

(5.12). We treat now the second term. As on each Ω_i, with i ∈ I_E, one has h^{1μ} . hR^{1−ν}_i , we deduce that the second term can be estimated by ∑ i∈I_E 3∑ k=1 h^{p+ p} �2_μ

R^{pκ}_i ‖∂_{3k}u_s; L^p(Ω_i)‖^p . h^{2p−2} 3∑ k=1 ‖R^{β3} ∂_{3k}u_s; L^p(Λ)‖^p,

with β_3 = (1 − ν)(^5_2 −^3_p). Since the condition (5.3) is equivalent to β_3 > 2 −^3_p − λ_v, by Theorem 2.10, we get ∑ i∈I_E 3∑ k=1 h^{p+ p} �2_μ

R^{pκ}_i ‖∂_{3k}u_s; L^p(Λ)‖^p . h^p‖f; L^p(Ω)‖^p.

Consequently, we arrive at ∑ i∈I_E |u_s − I_hu_s; W^{1,2}(Ω_i)|^2 . h^2‖f; L^p(Ω)‖^2. (5.14)

For the element Ω_i meeting the singular corner, we directly use Theorem 4.9. Namely by Estimate (4.7) and the Hölder inequality, we have

|u_s − I_hu_s; W^{1,2}(Ω_i)| . h^{s3} ∑ j,k=1,2 ‖R^βθ^δ∂_{jk}u_s; L^p(Ω_i)‖ + h^{s4} 3∑ k=1 ‖R^β∂_{k3}u_s; L^p(Ω_i)‖, (5.15)

with s_3 =^1_μ (2 −^2_p − β − δ) +^1_ν (^1_2 −^1_p + δ), s_4 =^1_μ (1 −^2_p − β) +^1_ν (^3_2 −^1_p), and β, δ meeting both conditions of Theorems 4.9 and 2.10. The appropriate choice is β = 2 −^3_p − λ_v + ε and δ = 2 −^2_p − λ_e + ε, with ε > 0 small enough, since they satisfy the conditions of Theorems 4.9 and 2.10, owing to the assumption 2 < p < p_+ and because the condition (5.4) implies that s_3 ≥ 1, s_4 ≥ 1 (since μ ≤ ν). In order words, with this choice and Theorem 2.10, Estimate (5.15) yields |u_s − I_hu_s; W^{1,2}(Ω_i)| . h‖f; L^p(Ω)‖. (5.16) From (5.6), (5.9), (5.11), (5.14) and (5.16), we get the assertion. 2

Corollary 5.2 Let u be the solution of the boundary value problem (2.1) with f ∈ L_p(Ω), 2 < p < p_+, p_+ from (5.1), and let u_h be the finite element solution of (3.4). Then under the assumptions of Theorem 5.1, the following error estimate holds: ‖u − u_h; W^{1,2}(Ω)‖ . |u − u_h; W^{1,2}(Ω)| . h‖f; L^p(Ω)‖.

Remark 5.3 Note that the restriction p < p_+ is not essential for this estimate, because f ∈ L^p(Ω) yields f ∈ L^q(Ω) for q ≤ p and ‖f; L^q(Ω)‖ . ‖f; L^p(Ω)‖. We can apply Theorem 5.1 for q < p_+. Nevertheless, we have to replace p in the conditions of the above theorem by min{p; p_+ − κ}, κ > 0 arbitrary.

Remark 5.4 In order to use meshes which are not too much refined, the estimates are most favourable for p close to 2. For p = 2 + δ (δ is an arbitrarily small real number), the refinement conditions reduce to μ_ℓ < λ^{(ℓ)}_e ( 1 − δ 2 + 2δ ) , ν_ℓ < ( λ^{(ℓ)}_v + 1 2 ) ( 1 − 3δ 4 + 5δ ) , 1 ν_ℓ + 1 μ_ℓ ( λ^{(ℓ)}_v − 1 2 ) > 1 + 3δ 4 + 2δ ( 1 μ_ℓ − 1 ν_ℓ ) . On the other hand it is not clear in which way the constant C in the error estimate depends on p; we suspect that C → ∞ for p → 2.

Remark 5.5 The conditions (5.2) and (5.3) are the edge and vertex refinement conditions, respectively. They are natural because they balance the edge and vertex singularities (compare with [5, 6, 22]). On the contrary, the condition (5.4) seems to be artificial but it actually comes from the anisotropy of the mesh near the corner. Indeed, (5.4) follows from (5.3) and p > 2 in the case μ_ℓ = ν_ℓ. In the case μ_ℓ ≠ ν_ℓ, it imposes a condition between μ_ℓ and ν_ℓ, this means that the mesh cannot be too much anisotropic. For the Fichera example treated in Section 6, we have λ_v ≈ 0.45 and λ_e =^2_3 . We then see that for p close to 2, the condition (5.4) holds for μ = 0.6 and ν = 0.9.

6 A test example

We consider the Poisson equation with a specific right hand side, together with homogeneous Dirichlet boundary conditions:

−Δu = R^{−1} in Ω, u = 0 on ∂Ω.

The domain Ω := (−1, 1)^3 \ [0, 1]^3 has three edges with interior angle ω_0 =^3_2 π, which meet in the center of coordinates; we denote by R the distance to this point. Sometimes such a corner is called a Fichera corner. Note that the right hand side is contained in L_p(Ω) for p < 3. In order to determine the regularity of the solution, we consider first the corner singularity and find that λ_v ≈ 0.45 [29]. The edge singularities are described by λ_e =^π_{ω0} =^2_3 .

This problem was solved first with ungraded meshes and mesh sizes h_i =^1_i (i = 2, 3, . . . , 48). We compare this with three refinement strategies. The first one is obtained by a simple coordinate transformation

x_j := x_j · |x_j|^{−1+ 1μ} , j = 1, 2, 3

for all vertices (x_1, x_2, x_3). It leads to overrefinement near the coordinate planes, see Figure 6.1. The second one was described by our constructive proof of the existence of meshes satisfying all the conditions posed in Section 3, see pages 9–12. The corresponding mesh is illustrated in Figure 6.2. The optically bad elements near the diagonals can be avoided by using the strategy of Case 4a instead of Case 4, compare the remark at the end of Section 3 and Figure 6.3. For all ℓ we used the parameters μ^{(ℓ)} = ν^{(ℓ)} = 0.6.

The calculations were done using the code FEMPS3D, details are described in [4]. We remark only that the energy of the finite element error was estimated with an error estimator of residual type which was tuned for treating anisotropic meshes. The norms are given in form of a diagram in Figure 6.4.

We see that the theoretical approximation order h ∼ N^{− 13} , N is the number of nodes, can be verified in the practical calculation for all three refinement strategies. The error is the smallest in the third refinement strategy, however, the difference between the strategies is small.

Acknowledgement. The work of the first author is supported by DFG (German Research Foundation), Sonderforschungsbereich 393. Both authors were also supported by Procope project No. 96131.

Figure 6.1: Strategy 1: Simple coordinate transformation. Left: perspective view. Right: cut at x_3 = 0.

Figure 6.2: Strategy 2: Refinement according to Cases 1–4. Left: perspective view. Right: cut at x_3 = 0.

6 A test example 25

Figure 6.3: Strategy 3: Refinement with Case 4a instead of Case 4. Left: perspective view. Right: cut at x_3 = 0.

10^2 3 � 10^2 10^3 3 � 10^3 10^4 3 � 10^4 10^5 3 � 10^5 10^6

1.0

0.5

0.2

0.1

0.05 N kek unrefined first strategy second strategy third strategy

1 1

3 2

Figure 6.4: Estimated error η in the energy norm for various mesh sizes.

References

[1] Th. Apel and M. Dobrowolski. Anisotropic interpolation with applications to the finite element method. Computing, 47:277–293, 1992.

[2] Th. Apel and B. Heinrich. Mesh refinement and windowing near edges for some elliptic problem. SIAM J. Numer. Anal., 31:695–708, 1994.

[3] Th. Apel and G. Lube. Local inequalities for anisotropic finite elements and their application to convection-diffusion problems. Preprint SPC94 26, TU Chemnitz-Zwickau, 1994.

[4] Th. Apel and F. Milde. Realization and comparison of various mesh refinement strategies near edges. Preprint SPC94 15, TU Chemnitz-Zwickau, 1994.

[5] Th. Apel and S. Nicaise. Elliptic problems in domains with edges: anisotropic regularity and anisotropic finite element meshes. In J. Cea, D. Chenais, G. Geymonat, and J. L. Lions, editors, Partial Differential Equations and Functional Analysis (In Memory of Pierre Grisvard), pages 18–34. Birkhäuser, Boston, 1996. Shortened version of Preprint SPC94 16, TU Chemnitz-Zwickau, 1994.

[6] Th. Apel, A.-M. Sändig, and J. R. Whiteman. Graded mesh refinement and error estimates for finite element solutions of elliptic boundary value problems in non-smooth domains. Math. Meth. Appl. Sci., 19:63–85, 1996.

[7] I. Babuška, R. B. Kellogg, and J. Pitkäranta. Direct and inverse error estimates for finite elements with mesh refinements. Numer. Math., 33:447–471, 1979.

[8] I. Babuška, T. von Petersdorff, and B. Andersson. Numerical treatment of vertex singularities and intensity factors for mixed boundary value problems for the Laplace equation

in R^3. SIAM J. Numer. Anal., 31:1265–1288, 1994.

[9] A. E. Beagles and J. R. Whiteman. Finite element treatment of boundary singularities by augmentation with non-exact singular functions. Numer. Methods Partial Differ. Equations, 2:113–121, 1986.

[10] A. E. Beagles and J. R. Whiteman. General conical singularities in three dimensional Poisson problems. Mat. Meth. Appl. Sci., 11:215–235, 1989.

[11] C. Bernardi, Y. Maday, and A. T. Patera. A new nonconforming approach to domain decomposition: The mortar element method. In H. Brézis and J.-L. Lions, editors, Collège de France Seminar, XI, pages 13–51. Pitman, 1994.

[12] H. Blum and M. Dobrowolski. On finite element methods for elliptic equations on domains with corners. Computing, 28:53–63, 1982.

[13] M. Bourlard, M. Dauge, M. S. Lubuma, and S. Nicaise. Coefficients of the singularities for elliptic boundary value problems on domain with conical points III: Finite elements methods on polygonal domains. SIAM J. Numer. Anal., 29:136–155, 1992.

[14] M. Dauge. Problème de Dirichlet sur un polyèdre de R^3 pour un opérateur fortement elliptique. Séminaire d’E.D.P. 5, Nantes, 1982/83.

[15] M. Dauge. Elliptic boundary value problems on corner domains, volume 1341 of Lecture Notes in Mathematics. Springer–Verlag, Berlin, 1988.

[16] P. Grisvard. Elliptic problems in nonsmooth domains. Pitman, Boston–London– Melbourne, 1985.

[17] P. Grisvard. Singular behaviour of elliptic problems in non Hilbertian Sobolev spaces.

J. Math. Pures Appl., 74:3–33, 1995.

[18] V. A. Kondrat’ev. Boundary value problems for elliptic equations on domains with conical or angular points. Trudy Moskov. Mat. Obshch., 16:209–292, 1967. (Russian).

[19] A. Kufner and A.-M. Sändig. Some Applications of Weighted Sobolev Spaces. BSB B.

G. Teubner Verlagsgesellschaft, Leipzig, 1987.

[20] D. Leguillon and E. Sanchez-Palencia. Computation of singular solutions in elliptic problems and elasticity. Masson, Paris, 1987.

[21] M. S. Lubuma and S. Nicaise. Finite element method for elliptic problems with edge corners. J. Comp. Appl. Math. Submitted.

[22] M. S. Lubuma and S. Nicaise. Dirichlet problems in polyhedral domains II: approximation by FEM and BEM. J. Comp. Appl. Math., 61:13–27, 1995.

[23] V. G. Maz’ya and B. A. Plamenevskiĭ. L_p-estimates of solutions of elliptic boundary value problems in domains with edges. Trudy Moskov. Mat. Obshch., 37:49–93, 1978. (Russian) Translated in Trans. Moskow Math. Soc., 1:49–97, 1980.

[24] V. G. Maz’ya and J. Roßmann. Über die Asymptotik der Lösung elliptischer Randwertaufgaben in der Umgebung von Kanten. Math. Nachr., 138:27–53, 1988.

[25] V. G. Maz’ya and J. Roßmann. On the Agmon-Miranda maximum principle for solutions of elliptic equations in polyhedral and polygonal domains. Ann. Global Anal. Geom., 9:253–303, 1991.

[26] L. A. Oganesyan and L. A. Rukhovets. Variational-difference methods for the solution of elliptic equations. Izd. Akad. Nauk Armyanskoi SSR, Jerevan, 1979. (Russian).

[27] T. von Petersdorff. Randwertprobleme der Elastizitätstheorie für Polyeder — Singularitäten und Approximationen mit Randelementmethoden. PhD thesis, TH Darmstadt, 1989.

[28] G. Raugel. Résolution numérique de problèmes elliptiques dans des domaines avec coins.

PhD thesis, Université de Rennes (France), 1978.

[29] H. Schmitz, K. Volk, and W. L. Wendland. On three-dimensional singularities of elastic fields near vertices. Numer. Methods Partial Differ. Equations, 9:323–337, 1993.

[30] G. Strang and G. Fix. An analysis of the finite element method. Prentice–Hall Inc., Englewood Cliffs, 1973.

Other titles in the SFB393 series:

96-01 V. Mehrmann, H. Xu. Chosing poles so that the single-input pole placement problem is well-conditioned. January 1996.

96-02 T. Penzl. Numerical solution of generalized Lyapunov equations. January 1996. 96-03 M. Scherzer, A. Meyer. Zur Berechnung von Spannungs- und Deformationsfeldern an Interface-Ecken im nichtlinearen Deformationsbereich auf Parallelrechnern. März 1996.

96-04 Th. Frank, E. Wassen. Parallel solution algorithms for Lagrangian simulation of disperse multiphase flows. Proc. of 2nd Int. Symposium on Numerical Methods for Multiphase Flows, ASME Fluids Engineering Division Summer Meeting, July 7-11, 1996, San Diego, CA, USA. June 1996.

96-05 P. Benner, V. Mehrmann, H. Xu. A numerically stable, structure preserving method for computing the eigenvalues of real Hamiltonian or symplectic pencils. April 1996.

96-06 P. Benner, R. Byers, E. Barth. HAMEV and SQRED: Fortran 77 Subroutines for Computing the Eigenvalues of Hamiltonian Matrices Using Van Loans’s Square Reduced Method. May 1996.

96-07 W. Rehm (Ed.). Portierbare numerische Simulation auf parallelen Architekturen. April 1996. 96-08 J. Weickert. Navier-Stokes equations as a differential-algebraic system. August 1996. 96-09 R. Byers, C. He, V. Mehrmann. Where is the nearest non-regular pencil? August 1996. 96-10 Th. Apel. A note on anisotropic interpolation error estimates for isoparametric quadrilateral finite elements. November 1996.

96-11 Th. Apel, G. Lube. Anisotropic mesh refinement for singularly perturbed reaction diffusion problems. November 1996.

96-12 B. Heise, M. Jung. Scalability, efficiency, and robustness of parallel multilevel solvers for nonlinear equations. September 1996.

96-13 F. Milde, R. A. Römer, M. Schreiber. Multifractal analysis of the metal-insulator transition in anisotropic systems. October 1996.

96-14 R. Schneider, P. L. Levin, M. Spasojević. Multiscale compression of BEM equations for electrostatic systems. October 1996.

96-15 M. Spasojević, R. Schneider, P. L. Levin. On the creation of sparse Boundary Element matrices for two dimensional electrostatics problems using the orthogonal Haar wavelet. October 1996.

96-16 S. Dahlke, W. Dahmen, R. Hochmuth, R. Schneider. Stable multiscale bases and local error estimation for elliptic problems. October 1996.

96-17 B. H. Kleemann, A. Rathsfeld, R. Schneider. Multiscale methods for Boundary Integral Equations and their application to boundary value problems in scattering theory and geodesy. October 1996.

96-18 U. Reichel. Partitionierung von Finite-Elemente-Netzen. November 1996. 96-19 W. Dahmen, R. Schneider. Composite wavelet bases for operator equations. November 1996. 96-20 R. A. Römer, M. Schreiber. No enhancement of the localization length for two interacting particles in a random potential. December 1996. to appear in: Phys. Rev. Lett., March 1997 96-21 G. Windisch. Two-point boundary value problems with piecewise constant coefficients: weak solution and exact discretization. December 1996.

96-22 M. Jung, S. V. Nepomnyaschikh. Variable preconditioning procedures for elliptic problems.

December 1996.

97-01 P. Benner, V. Mehrmann, H. Xu. A new method for computing the stable invariant subspace of a real Hamiltonian matrix or Breaking Van Loan’s curse? January 1997.

97-02 B. Benhammouda. Rank-revealing ’top-down’ ULV factorizations. January 1997. 97-03 U. Schrader. Convergence of Asynchronous Jacobi-Newton-Iterations. January 1997. 97-04 U.-J. Görke, R. Kreißig. Einflußfaktoren bei der Identifikation von Materialparametern elastisch-plastischer Deformationsgesetze aus inhomogenen Verschiebungsfeldern. März 1997.

97-05 U. Groh. FEM auf irregulären hierarchischen Dreiecksnetzen. März 1997. 97-06 Th. Apel. Interpolation of non-smooth functions on anisotropic finite element meshes. March 1997

The complete list of current and former preprints is available via

http://www.tu-chemnitz.de/sfb393/sfb97pr.html.