Technische Universität Chemnitz-Zwickau

Sonderforschungsbereich 393

Numerische Simulation auf massiv parallelen Rechnern

Uwe Schrader

Convergence of Asynchronous Jacobi-Newton-Iterations

Preprint SFB393/97 03

Fakultät für Mathematik TU Chemnitz-Zwickau D-09107 Chemnitz, FRG (0371)-531-2708 (0371)-531-2657 (fax) Uwe.Schrader@mathematik.tu-chemnitz.de 11.2.1997

Preprint-Reihe des Chemnitzer SFB 393

SFB393/97 03 February 1997

Convergence of Asynchronous

Jacobi-Newton-Iterations

Uwe Schrader

February 13, 1997

Abstract

Asynchronous iterations often converge under different conditions than their synchronous counterparts. In this paper we will study the global convergence of Jacobi- Newton-like methods for nonlinear equations F x = 0. It is a known fact, that the synchronous algorithm converges monotonically, if F is a convex M-function and the starting values x^0 and y^0 meet the condition F x^0 ˇ 0 ˇ F y^0. In the paper it will be shown, which modifications are necessary to guarantee a similar convergence behavior for an asynchronous computation.

1 Introduction

Throughout this paper the natural partial ordering in IR^n and IR^{n×n} is used. For any x, y ∈ IR^n with x ≤ y the set ⟨x, y⟩ = {z ∈ IR^n : x ≤ z ≤ y} is called order interval. A mapping G : Q ⊆ IR^n → IR^n (or IR^{n×n}) is called isotone on Q_0 ⊆ Q if G(x) ≤ G(y) holds for all x, y ∈ Q with x ≤ y.

The notation x^k ↑ x^∗ means that the sequence {x^k} is monotonically increasing and lim_{k→∞} x^k = x^∗; analogously x^k ↓ x^∗ is defined.

The following theorem on the convergence of sequential Jacobi-Newton-iterations is known from [5]:

Theorem 1 Let F : Q ⊆ IR^n → IR^n. Assume that there exist x^0, y^0 ∈ Q so that x^0 ≤ y^0, ⟨x^0, y^0⟩ ⊆ Q and F (x^0) ≤ 0 ≤ F (y^0), and that F is Frechét-differentiable on ⟨x^0, y^0⟩. Moreover, suppose that F^′(x) is a nonsingular M-matrix for each x ∈ ⟨x^0, y^0⟩, and that F^′(x) : ⟨x^0, y^0⟩ → IR^{n×n} is an isotone mapping in x. Then the sequences defined by

y^{k+1}_i = y^k_i − (∂_iF_i(y^k))^{−1}F_i(y^k), i = 1, . . . , n x^{k+1}_i = x^k_i − (∂_iF_i(y^k))^{−1}F_i(x^k), i = 1, . . . , n , k = 0, 1, . . . , (1) satisfy y^k ↓ x^∗ and x^k ↑ x^∗, where x^∗ is the unique solution of F (x) = 0 in ⟨x^0, y^0⟩.

Note that the monotone behavior of the iterates is crucial for proving convergence.

This iteration can be parallelized by assigning each processor P_j with updating a subset J_j of components. The parallel iteration may be done synchronously or asynchronously. Asynchronous iterations recently attracted much attention because they may have significantly lower computing times (see e.g. [4], also for more references). Asynchronous implementations on parallel computers usually always fit into the following definition, [1]:

Definition 1 Let Q ⊆ IR^n, Q = Q_1 × . . . × Q_n, and let H : Q → Q. For k = 0, 1, . . . consider non-empty sets I^k ⊆ {1, . . . , n} and n-tuples (s_1(k), . . . , s_n(k)) of nonnegative integers. Suppose that the following three conditions hold: s_i(k) ≤ k for each i ∈ {1, . . . , n}, k = 0, 1, . . . , lim_{k→∞}s_i(k) = ∞ for each i ∈ {1, . . . , n}, |{k ∈ IN : i ∈ I^k}| = ∞ for each i ∈ {1, . . . , n}. Then the iterative method which, starting with an initial guess x^0 ∈ Q, calculates the iterates x^k according to

x^{k+1}_i = { H_i(x^{s1(k)}_1 , . . . , x^{sn(k)}_n ) =: H_i(x^{s(k)}) if i ∈ I^k x^k_i if i ∉ I^k , k = 0, 1, . . . , is termed asynchronous iteration for H.

Furthermore it will be assumed that, while updating a variable x_i, its last iterate is known:

x^{k+1}_i = { H_i(x^{s1(k)}_1 , . . . , x^{si}�^{1(k)}_{i−1} , x^k_i , x^{si+1(k)}_{i+1} , . . . , x^{sn(k)}_n ) if i ∈ I^k x^k_i if i ∉ I^k , k = 0, 1, . . . . This assumption is fulfilled if the subsets J_j are pairwise disjoint.

2 A modified Jacobi-Newton-operator and some convergence theorems

The basic Jacobi-Newton-operator for the upper bound is H_i(y) = y_i − (∂_iF_i(y))^{−1}F_i(y), i = 1, . . . , n. We propose the following modification:

H_i(y) = { y_i − (∂_iF_i(y))^{−1}F_i(y) if F_i(y) ≥ 0 y_i otherwise , i = 1, . . . , n. (2) The analogously modified operator for the lower bound is:

H_i(x) = { x_i − (∂_iF_i(y))^{−1}F_i(x) if F_i(x) ≤ 0 x_i otherwise , i = 1, . . . , n. (3) The modification is necessary because an asynchronous iteration for the basic operator may not only cause non-monotone sequences of iterates, but also that an iterate out of the domain of definition Q of the function F is computed.

The following two theorems for the modified asynchronous iteration are the main results of this paper.

Theorem 2 Assume that F , x^0 and y^0 fulfil the conditions of Theorem 1. Then the iterates {x^k} and {y^k} of an asynchronous iteration for the operators (2) and (3) satisfy y^k ↓ x^∗ and x^k ↑ x^∗, respectively.

Proof: For k = 0, 1, . . . let the sets L^k and M^k be defined by L^k = {i ∈ I^k : F_i(y^{s(k)}) ≥ 0} and M^k = {i ∈ I^k : F_i(x^{s(k)}) ≤ 0}, respectively. Then the iterates x^k and y^k, k = 0, 1, . . ., are calculated according to

y^{k+1}_i = { y^k_i − (∂_iF_i(y^{s(k)}))^{−1}F_i(y^{s(k)}) if i ∈ L^k y^k_i otherwise (4) and x^{k+1}_i = { x^k_i − (∂_iF_i(y^{s(k)}))^{−1}F_i(x^{s(k)}) if i ∈ M^k x^k_i otherwise

. (5)

By assumption, F is a M-function on ⟨x^0, y^0⟩. Hence, since F (x^0) ≤ 0 ≤ F (y^0), there exists a unique solution x^∗ ∈ ⟨x^0, y^0⟩ of F (x) = 0. On the other hand, since F^′ is an isotone mapping, Theorem 13.3.2 of [5] ensures that F is order-convex. Consequently, F (y) − F (x) ≥ F^′(x)(y − x), (6) whenever x and y are comparable, that means, x ≤ y or y ≤ x.

The proof consists of 4 parts. We have to show that (a) x^k ≤ x^{k+1}, y^{k+1} ≤ y^k, k = 0, 1, . . ., (b) x^k ≤ x^∗ ≤ y^k, k = 0, 1, . . ., (c) |{k ∈ IN : i ∈ L^k}| = ∞, |{k ∈ IN : i ∈ M^k}| = ∞, i ∈ {1, . . . , n}, and (d) lim_{k→∞} y^k = x^∗, lim_{k→∞} x^k = x^∗.

(a) Since F^′(y) is a nonsingular M-matrix, ∂_iF_i(y) > 0 for each y ∈ ⟨x^0, y^0⟩. Using this relation, the monotone behavior of the iterates immediately follows from the definition of the operators (2) and (3).

(b) We show by induction that

F (x^j) ≤ 0 ≤ F (y^j), j = 0, 1, . . . . (7)

Then the assertion follows from the inverse isotonicity of F . By assumption, (7) holds for j = 0. Suppose that (7) is true for j = k. First consider the upper iterate y^{k+1}. By (6) we have

F_i(y^{k+1}) ≥ F_i(y^k) + ∑ j∈Lk ∂_jF_i(y^k)(y^{k+1}_j − y^k_j ), i = 1, . . . , n, and hence, because ∂_jF_i(y^k) ≤ 0 if i ≠ j, F_i(y^{k+1}) ≥ F_i(y^k) ≥ 0, i /∈ L^k, F_i(y^{k+1}) ≥ F_i(y^k) + ∂_iF_i(y^k)(y^{k+1}_i − y^k_i ), i ∈ L^k.

Thus, in the case i ∈ L^k, from (4) we obtain F_i(y^{k+1}) ≥ F_i(y^k) − ∂_iF_i(y^k)(∂_iF_i(y^{s(k)}))^{−1}F_i(y^{s(k)}).

Using y^k ≤ y^{s(k)}, it follows from the isotonicity of F^′ that

∂_iF_i(y^k) ≤ ∂_iF_i(y^{s(k)}), (8) and, since F is off-diagonally antitone, that F_i(y^{s(k)}) ≤ F_i(y^k). Hence, F_i(y^{k+1}) ≥ 0 holds for i ∈ L^k, too.

Next consider x^{k+1}. We show first that x^{k+1}_i ≤ y^k_i , i = 1, . . . , n. Obviously this holds for i /∈ M^k, because x^{k+1}_i = x^k_i . In the case i ∈ M^k we start from the relation y^k_i ≥ y^k_i − (∂_iF_i(y^{s(k)}))^{−1}F_i(y^k), which holds by inductive assumption. Adding (5) to this relation, we find y^k_i ≥ x^{k+1}_i + (y^k_i − x^k_i ) + (∂_iF_i(y^{s(k)}))^{−1}(F_i(x^{s(k)}) − F_i(y^k)).

Since F is off-diagonally antitone, x^{s(k)} ≤ x^k ensures

F_i(x^{s(k)}) ≥ F_i(x^k). (9) Hence

y^k_i ≥ x^{k+1}_i + (y^k_i − x^k_i ) + (∂_iF_i(y^{s(k)}))^{−1}(F_i(x^k) − F_i(y^k)). (10) Due to (6), the inductive assumption and again off-diagonal isotonicity, it follows that

F_i(x^k) − F_i(y^k) ≥ n∑ j=1 ∂_jF_i(y^k)(x^k_j − y^k_j ) ≥ ∂_iF_i(y^k)(x^k_i − y^k_i ).

Together with (10) we get y^k_i ≥ x^{k+1}_i + [1 − (∂_iF_i(y^{s(k)}))^{−1}∂_iF_i(y^k)](y^k_i − x^k_i ), and, because of (8), y^k_i ≥ x^{k+1}_i . Now, an analogous argument as for y^{k+1} leads to F (x^{k+1}) ≤ 0: By (6) we have F_i(x^{k+1}) ≤ F_i(x^k) + ∑ j∈M k ∂_jF_i(x^{k+1})(x^{k+1}_j − x^k_j ), i = 1, . . . , n,

and hence, because ∂_jF_i(x^{k+1}) ≤ 0 if i ≠ j, F_i(x^{k+1}) ≤ F_i(x^k) ≤ 0, i /∈ M^k, F_i(x^{k+1}) ≤ F_i(x^k) + ∂_iF_i(x^{k+1})(x^{k+1}_i − x^k_i ), i ∈ M^k.

Thus, in the case i ∈ M^k, from (5) we obtain F_i(x^{k+1}) ≤ F_i(x^k) − ∂_iF_i(x^{k+1})(∂_iF_i(y^{s(k)}))^{−1}F_i(x^{s(k)}).

Using x^{k+1} ≤ y^k ≤ y^{s(k)}, it follows from the isotonicity of F^′ that

∂_iF_i(x^{k+1}) ≤ ∂_iF_i(y^{s(k)}).

Hence, together with (9), F_i(x^{k+1}) ≤ 0 holds for i ∈ M^k, too.

(c) Let i be an arbitrary, but fixed element of {1, . . . , n}. We number through the elements of the infinite set {k ∈ IN : i ∈ I^k}, so that {k ∈ IN : i ∈ I^k} = {k^i_j, j = 1, 2, . . .}, where the sequence {k^i_j} is strictly monotonically increasing. Analogously we represent the sets {k ∈ IN : i ∈ L^k} and {k ∈ IN : i ∈ M^k} by the sequences {l^i_j} and {m^i_j}, respectively. We show by induction that for any element l^i_j there exists a successor l^i_{j+1}. At the beginning l^i_1 = k^i_1 holds, because of

F_i(y^{s(ki1)}) = F_i(y^{s1(ki1)}_1 , . . . , y^{si}�^{1(ki1)}_{i−1} , y^0_i , y^{si+1(ki1)}_{i+1} , . . . , y^{sn(ki1)}_n ) ≥ F_i(y^0) ≥ 0. (11)

Assume that l^i_j = k^i_p.

By Definition 1, for all h ∈ {1, . . . , n} there exists a number q_h ∈ IN, so that s_h(k) ≥ l^i_j + 1 for all k ≥ q_h. Set q = max_h q_h and r = min{t ∈ IN : k^i_t ≥ q}. The number r exists because the k^i_t form an infinite sequence.

Then l^i_{j+1} ∈ {k^i_{p+1}, . . . , k^i_r}; since, if l^i_{j+1} > k^i_{r−1}, then F_i(y^{s(kir)}) = F_i(y^{s1(kir )}_1 , . . . , y^{si}�^{1(kir)}_{i−1} , y^{lij+1}_i , y^{si+1(kir)}_{i+1} , . . . , y^{sn(kir )}_n ) ≥ F_i(y^{lij+1}) ≥ 0. In the same manner it can be shown that the sequence {m^i_j} is infinite.

(d) We consider the sequence {y^k}. Up to now it is shown that there exists lim_{k→∞} y^k_i = lim_{j→∞} y^{lij}_i = z_i ≥ x^∗_i , i = 1, . . . , n. Since F^′(x) is isotone in x, we find that y^{lij}_i − y^{lij+1}_i = (∂_iF_i(y^{s(lij)}))^{−1}F_i(y^{s(lij)}) ≥ (∂_iF_i(y^0))^{−1}F_i(y^{s(lij)}) ≥ 0, i = 1, . . . , n. Therefore lim_{j→∞}[y^{lij}_i − y^{lij+1}_i ] = 0 and (∂_iF_i(y^0))^{−1} > 0 imply lim_{j→∞} F_i(y^{s(lij)}) = 0, i = 1, . . . , n. Consequently, using the continuity of F together with Definition 1, we get F_i( lim_{j→∞} y^{s(lij)}) = F_i( lim_{k→∞} y^k) = F_i(z) = 0, i = 1, . . . , n,

which shows that z = x^∗. The proof for {x^k} can be done analogously. 2

The conditions on the initial guesses x^0, y^0 can be weakend. Theorem 2 also holds if instead of F (x^0) ≤ 0 ≤ F (y^0) only x^0 ≤ x^∗ ≤ y^0 is demanded. We formulate this as a theorem:

Theorem 3 Let F : Q ⊆ IR^n → IR^n. Assume that there exist x^∗, x^0, y^0 ∈ Q so that

F (x^∗) = 0, x^0 ≤ x^∗ ≤ y^0, ⟨x^0, y^0⟩ ⊆ Q.

Suppose that F is Frechét-differentiable on ⟨x^0, y^0⟩, that F^′(x) is a nonsingular M-matrix for each x ∈ ⟨x^0, y^0⟩, and that F^′(x) : ⟨x^0, y^0⟩ → IR^{n×n} is an isotone mapping in x. Then the iterates {x^k} and {y^k} of an asynchronous iteration for the operators (2) and (3) satisfy y^k ↓ x^∗ and x^k ↑ x^∗, respectively.

Proof: We proceed as in the proof of Theorem 2. Clearly, part (a) holds. For the sake of brevity we denote by (y^{s(k)}; z_i) the vector y^{s(k)}, for which the i-th component was replaced by z_i:

(y^{s(k)}; z_i) = (y^{s1(k)}_1 , . . . , y^{si}�^{1(k)}_{i−1} , z_i, y^{si+1(k)}_{i+1} , . . . , y^{sn(k)}_n ).

To show assertion (b), we proceed by induction. By assumption, we have that x^0 ≤ x^∗ ≤ y^0. Assume that x^j ≤ x^∗ ≤ y^j, j = 0, 1, . . . , k.

First consider y^{k+1}. Obviously, if i /∈ L^k, then y^{k+1}_i = y^k_i ≥ x^∗_i . If i ∈ L^k, using (6) and (4), we get

F_i((y^{s(k)}; y^{k+1}_i )) ≥ F_i((y^{s(k)}; y^k_i )) + ∂_iF_i((y^{s(k)}; y^k_i ))(y^{k+1}_i − y^k_i ) = 0. (12)

Suppose that y^{k+1}_i < x^∗_i . Then F_i((y^{s(k)}; y^{k+1}_i )) < F_i(x^∗) = 0, because F is a M-function. This is a contradiction, hence y^{k+1}_i ≥ x^∗_i is shown.

Next consider x^{k+1}. Again it is clear that x^{k+1}_i = x^k_i ≤ x^∗_i , if i /∈ M^k. If i ∈ M^k, using (5) and the isotonicity of F^′, we get

x^{k+1}_i = x^k_i − (∂_iF_i(y^{s(k)}))^{−1}F_i(x^{s(k)}) ≤ x^k_i − (∂_iF_i(x^∗))^{−1}F_i(x^{s(k)}). (13)

From (6) we obtain

F_i(x^{s(k)}) ≥ F_i(x^∗) + n∑ j=1 ∂_jF_i(x^∗)(x^{sj(k)}_j − x^∗_j ) ≥ ∂_iF_i(x^∗)(x^k_i − x^∗_i ).

Hence, together with (13), x^{k+1}_i ≤ x^∗_i is shown.

In the remainder of the proof we show parts (c) and (d) together. Consider first the sets L^k and the sequence {y^k}. We split the set of indices into three parts, {1, . . . , n} = A+B +C^0, where A = {i ∈ {1, . . . , n} : y^0_i = x^∗_i }, B = {i ∈ {1, . . . , n} : y^0_i > x^∗_i and F_i(y_0) ≥ 0}, C^0 = {i ∈ {1, . . . , n} : y^0_i > x^∗_i and F_i(y_0) < 0}.

If i ∈ A, then y^k_i = x^∗_i for all k = 0, 1, . . ., because of F_i((y^{s(k)}; x^∗_i )) ≤ F_i(x^∗) = 0. Without loss of generality we assume B ≠ ∅. Otherwise it would follow from F (y^0) ≤ 0 that y^0 ≤ x^∗, hence A = {1, . . . , n}, which would finish the proof.

If i ∈ B, then, because of (11), l^i_1 = k^i_1. Assume that l^i_j = k^i_p. Then, by (12), we have

F_i((y^{s(lij)}; y^{lij+1}_i )) ≥ 0. By Definition 1, for all h ∈ {1, . . . , n} there exists a number q_h, so that s_h(k) ≥ s_h(l^i_j) for all k ≥ q_h. Set q = max_h q_h and r = min{t ∈ IN : k^i_t > q}. Then l^i_{j+1} ∈ {k^i_{p+1}, . . . , k^i_r}; since, if l^i_{j+1} > k^i_{r−1}, then F_i(y^{s(kir)}) = F_i(y^{s1(kir)}_1 , . . . , y^{si}�^{1(kir )}_{i−1} , y^{lij+1}_i , y^{si+1(kir )}_{i+1} , . . . , y^{sn(kir)}_n ) ≥ F_i((y^{s(lij)}; y^{lij+1}_i ) ≥ 0. Thereby we have shown that |{k ∈ IN : i ∈ L^k}| = ∞ for all indices i, which are contained in B.

If C^0 = ∅, then part (d) of the proof of Theorem 2 can be used to complete the proof.

Assume now that C^0 ≠ ∅. We will show that there exist an index j^0 ∈ C^0 and a number c(j^0), so that F_j0 (y^{c(j0)}) ≥ 0.

Suppose that for all i ∈ C^0 we have that F_i(y^k) < 0, k = 0, 1, . . .. Then lim_{k→∞} y^k = ỹ exists. If i ∈ A, then ỹ_i = x^∗_i ; if i ∈ C^0, then ỹ_i = y^0_i . For i ∈ B the same argument as in part (d) of proof of Theorem 2 leads to F_i(ỹ) = 0. Since F_i(ỹ) ≤ 0, i ∈ C^0, it follows that F (ỹ) ≤ 0. This results in ỹ ≤ x^∗, which contradicts ỹ_i = y^0_i > x^∗ for i ∈ C^0. By Definition 1, for all h ∈ {1, . . . , n} there exists a number q_h, so that s_h(k) ≥ c(j^0) for all k ≥ q_h. As usual, q = max_h q_h and r = min{t ∈ IN : k^i_t ≥ q} are defined. Then l^{j0}_1 ≤ k^{j0}_r ; since, if l^{j0}_1 > k^{j0}_{r−1}, then

F_j0 (y^{s(kj0r )}) = F_j0 (y^{s1(kj} 0 r ) 1 , . . . , y^{sj0}�^{1(k} j0 r ) j^0−1 , y^0j^0 , y sj0_{+1}(kj^0r ) j^0+1 , . . . , y sn(kj^0r ) n ) ≥ F_j0 (y^{c(j0)}) ≥ 0.

Analogously to the case i ∈ B we can prove now that |{k ∈ IN : j^0 ∈ L^k}| = ∞. Now we set C^1 = C^0\{j^0}, and proceed for C^1 as for C^0. If necessary, we set C^2 = C^1\{j^1}, and so on. This process is finite, since C^0 does not contain more then n − 1 elements. This concludes the proof for L^k and {y^k}.

To prove parts (c) and (d) for the sets M^k and the sequence {x^k} we proceed analogously. To do this, we only need the following counterpart of (12): If i ∈ M^k, then

F_i((x^{s(k)}; x^{k+1}_i )) ≤ F_i((x^{s(k)}; x^k_i )) + ∂_iF_i((x^{s(k)}; x^{k+1}_i ))(x^{k+1}_i − x^k_i ) = F_i((x^{s(k)}; x^k_i )) − ∂_iF_i((x^{s(k)}; x^{k+1}_i ))(∂_iF_i((y^{s(k)}; y^k_i )))^{−1}F_i((x^{s(k)}; x^k_i )) ≤ 0, (14)

which can be obtained using (6), (5), part (b) and the isotonicity of F^′. 2

Remark: Under the conditions of Theorem 2 the function F and the initial guesses x^0 and y^0 fulfil the assumptions of Theorem 3, too. So we could have omitted the proof of Theorem 2. Nethertheless it was additionally given because in part (b) supplementary to the assertion relation (7) was shown. This enabled us to prove part (c) much easier than in the proof of Theorem 3.

Remark: The assumption x^0 ≤ x^∗ ≤ y^0 is really weaker than F (x^0) ≤ 0 ≤ F (y^0). For the case F : Q ⊆ IR^2 → IR^2 this is illustrated by the figure. If y^0 lies between the curves F_1 = 0 and F_2 = 0 (like P_1), then it fulfils both conditions, but if it is located above F_1 = 0 (like P_2) or below F_2 = 0 (like P_3), it only satisfies the first condition.

If F^′(x) is not isotone on ⟨x^0, y^0⟩, but upper bounds M_{ii} for the partial derivatives ∂_iF_i are available, e.g., via interval arithmetic, then Theorems 2 and 3 still hold for the operators which arise, if in (2) and (3) the derivatives ∂_iF_i(y) are replaced by the bounds M_{ii}(x, y). This is given in the following theorem:

Theorem 4 Let F : Q ⊆ IR^n → IR^n and x^0, y^0 ∈ Q with x^0 ≤ y^0, ⟨x^0, y^0⟩ ⊆ Q. Suppose that F is Frechét-differentiable on ⟨x^0, y^0⟩ and that F^′(x) is a nonsingular M-matrix for each x ∈ ⟨x^0, y^0⟩. Moreover, assume that for i = 1, . . . , n there exist M_{ii}(x^0, y^0) ∈ IR so that ∂_iF_i(z) ≤ M_{ii}(x^0, y^0) for each z ∈ ⟨x^0, y^0⟩. In addition assume either F (x^0) ≤ 0 ≤ F (y^0) (as in Theorem 2) or that there exists x^∗ ∈ ⟨x^0, y^0⟩ with F (x^∗) = 0 (as in Theorem 3). Then the sequences defined by

y^{k+1}_i = { y^k_i − (M_{ii}(x^{s(k)}, y^{s(k)}))^{−1}F_i(y^{s(k)}) if i ∈ L^k y^k_i otherwise , k = 0, 1, . . . , (15) and x^{k+1}_i = { x^k_i − (M_{ii}(x^{s(k)}, y^{s(k)}))^{−1}F_i(x^{s(k)}) if i ∈ M^k x^k_i otherwise , k = 0, 1, . . . , (16) satisfy y^k ↓ x^∗ and x^k ↑ x^∗, respectively.

Proof: Relation (6) does not hold under the assumptions of this theorem, but it can be replaced by F_i(y) ≤ F_i(x) + M_{ii}(x, y)(y_i − x_i), i = 1, . . . , n, (17) which holds for x, y ∈ ⟨x^0, y^0⟩ whenever x ≤ y. Using (15), (16) and (17) instead of (4), (5) and (6), the assertion is proved by the same arguments as in the proofs of Theorems 2 and 3. 2

It is possible to view Theorems 2 and 3 as special cases of the following general theorem on asynchronous iterations for enclosing fixed points of isotone operators, stated in [2]:

Theorem 5 Let Q ⊆ IR^n, Q = Q_1 × . . . × Q_n. Suppose that H : Q → Q is continuous, isotone and has an unique fixed point x^∗ ∈ Q. Assume that there exist x^0, y^0 ∈ Q so that

x^0 ≤ y^0, x^0 ≤ H(x^0), H(y^0) ≤ y^0.

Then the sequences of the iterates {x^k} and {y^k} of an asynchronous iteration for H satisfy

x^k ≤ x^∗ ≤ y^k, k = 0, 1, . . . , and lim_{k→∞} x^k = x^∗, lim_{k→∞} y^k = x^∗.

Note that here no monotone behavior of the iterates is stated. In general this would require the additional assumption that the sequences {s_i(k)}, i = 1, . . . , n, are increasing, but in the case of Theorems 2–4 it is a trivial consequence of the special form of the operators (2), (3), (15) and (16).

To show that Theorems 2 and 3 are immediate corollaries of Theorem 5, it now suffices to prove the following lemma:

Lemma 6 Under assumptions of Theorems 2 and 3 the operators (2) and (3) are isotone on ⟨x^∗, y^0⟩ and ⟨x^0, x^∗⟩, respectively.

Proof: First consider operator (2). Let x^∗ ≤ y^2 ≤ y^1 ≤ y^0. We have to show that H(y^2) ≤ H(y^1).

In case that F_i(y^1) < 0 it is clear that H_i(y^2) ≤ y^2_i ≤ y^1_i = H_i(y^1).

On the other hand, if F_i(y^1) ≥ 0, then we distinguish between the following two cases. If F_i(y^2) ≥ 0, then the isotonicity of F^′ and (6) imply

H_i(y^1) − H_i(y^2) = y^1_i − y^2_i + (∂_iF_i(y^2))^{−1}F_i(y^2) − (∂_iF_i(y^1))^{−1}F_i(y^1) ≥ y^1_i − y^2_i + (∂_iF_i(y^1))^{−1}(F_i(y^2) − F_i(y^1)) ≥ 0. If F_i(y^2) < 0, we proceed as follows. From (12) we know F_i((y^1; H_i(y^1))) ≥ 0. Suppose that y^2_i = H_i(y^2) > H_i(y^1), then we get F_i(y^2) ≥ F_i((y^1; y^2_i )) > F_i((y^1; H_i(y^1))) ≥ 0, because F is a M-function. This is a contradiction.

Next consider operator (3). Let x^0 ≤ x^1 ≤ x^2 ≤ x^∗. The operator depends not only on the lower iterate x, but on the upper iterate y, too. Because during the asynchronous iteration the sequence {y^k} is monotonically decreasing, while the sequence {x^k} is monotonically increasing, x^∗ ≤ y^2 ≤ y^1 ≤ y^0 is fulfilled for the corresponding values of y^1 and y^2. The aim now is to show that H(x^1, y^1) ≤ H(x^2, y^2).

If F_i(x^1) > 0, then, obviously, H_i(x^1, y^1) = x^1_i ≤ x^2_i ≤ H_i(x^2, y^2).

If, on the contrary, F_i(x^1) ≤ 0, then we again distinguish between two cases. If F_i(x^2) ≤ 0, then the isotonicity of F^′ and (6) imply

H_i(x^1, y^1) − H_i(x^2, y^2) = x^1_i − x^2_i + (∂_iF_i(y^2))^{−1}F_i(x^2) − (∂_iF_i(y^1))^{−1}F_i(x^1) ≤ x^1_i − x^2_i + (∂_iF_i(y^2))^{−1}(F_i(x^2) − F_i(x^1)) ≤ x^1_i − x^2_i + (∂_iF_i(y^2))^{−1}∂_iF_i(x^2)(x^2_i − x^1_i ) ≤ 0. If F_i(x^2) > 0, then the assumption H_i(x^2, y^2) = x^2 < H_i(x^1, y^1), using (14), leads to the contradiction F_i(x^2) ≤ F_i((x^1; x^2_i )) < F_i((x^1; H_i(x^1, y^1))) ≤ 0. 2

Remark: Note that the unmodified Jacobi-Newton-operators, defined by (1), are isotone only on the sets {z ∈ IR^n : F (z) ≥ 0} and {z ∈ IR^n : F (z) ≤ 0}, respectively, so that the assumptions of the mentioned general theorem are not fulfilled. Also from this point of view the proposed modification seems to be useful.

To conclude this section we remark that in the proof of Lemma 1 we considered asynchronous iterations via the instruction

y^{k+1}_i = { H_i(y^{s(k)}) if i ∈ I^k y^k_i if i ∉ I^k with H_i from (2),

x^{k+1}_i = { H_i(x^{s(k)}, y^{s(k)}) if i ∈ I^k x^k_i if i ∉ I^k with H_i from (3), where the same subsets I^k and n-tuples s(k) are used to compute both, x^{k+1} and y^{k+1}. There are asynchronous implementations which justify the use of the more general scheme

y^{k+1}_i = { H_i(y^{s3(k)}) if i ∈ I^k_2 y^k_i if i ∉ I^k_2 with H_i from (2),

x^{k+1}_i = { H_i(x^{s1(k)}, y^{s2(k)}) if i ∈ I^k_1 x^k_i if i ∉ I^k_1 with H_i from (3),

(18)

see [3]. To discuss this case, we use some ideas of [3], Theorem 3.5. Set E^1 = ⟨x^0, x^∗⟩, E^2 = ⟨x^∗, y^0⟩, E = E^1 × E^2 × E^2. Denote x ∈ E by x = (x_1, x_2, x_3) = (x_{1,1}, . . . , x_{1,n}, x_{2,1}, . . . , x_{2,n}, x_{3,1}, . . . , x_{3,n}). In E we define the partial ordering ≤_E as

x ≤_E y ⇐⇒ x_1 ≤ y_1, x_2 ≥ y_2, x_3 ≥ y_3.

Let G : E → E with

G_{1,i}(x) = { x_{1,i} − (∂_iF_i(x_2))^{−1}F_i(x_1) if F_i(x_1) ≤ 0 x_{1,i} otherwise ,

G_{2,i}(x) = G_{3,i}(x) = { x_{3,i} − (∂_iF_i(x_3))^{−1}F_i(x_3) if F_i(x_3) ≥ 0 x_{3,i} otherwise . Then, under assumptions of Theorems 2 and 3, G is an isotone mapping on E, which is a conclusion of Lemma 1. Additionally we get

(x^0, y^0, y^0) ≤_E (x^∗, x^∗, x^∗), (x^0, y^0, y^0) ≤_E G(x^0, y^0, y^0), G(x^∗, x^∗, x^∗) = (x^∗, x^∗, x^∗).

Define I^k = (I^k_1 × {1}) ∪ (I^k_2 × {2}) ∪ (I^k_2 × {3}) and s(k) = (s_{1,1}(k), . . . , s_{1,n}(k), s_{2,1}(k), . . . , s_{2,n}(k), s_{3,1}(k), . . . , s_{3,n}(k)) with s_{j,i}(k) = s^j_i (k), j = 1, 2, 3, i = 1, . . . , n. If {I^k_1 }, {I^k_2 } and {s^1(k)}, {s^2(k)}, {s^3(k)} meet the conditions of Definition 1, then {I^k} and {s(k)} satisfy them, too. An asynchronous iteration for G, which uses the sets I^k and the 3n-tuples s(k), describes iteration (18). Now, using Theorem 3.3 of [3], which is a more general theorem on asynchronous iterations for isotone operators than Theorem 5, we get (x^k_1, x^k_2, x^k_3) → (x^∗, x^∗, x^∗), k → ∞.

3 Numerical results

For some special functions F , which arise from the discretization of PDE’s, this method was implemented on the 32-node distributed memory CM-5 at the Bergische Universität- GH Wuppertal. In comparison with synchronous methods asynchronous iterations were able to save about 10 − 20% of the computing time, especially, when the work load was not balanced.

Acknowledgements

This paper was prepared during a stay at the Bergische Universität-GH Wuppertal from September 1994 to March 1995. I would like to thank Prof. A. Frommer for his invitation and for numerous helpful discussions.

References

[1] G. Baudet: Asynchronous iterative methods for multiprocessors. J. ACM 25 (1978), 226–244.

[2] J. Bertsekas, D. Tsitsiklis: Parallel and distributed computation. Prentice-Hall, Englewood Cliffs, 1989.

[3] A. Frommer: On asynchronous iterations in partially ordered spaces. Numer. Funct.

Anal. and Optimiz. 12(3&4) (1991), 315–325.

[4] A. Frommer, H. Schwandt: Asynchronous parallel methods for enclosing solutions of nonlinear equations. J. Comp. Appl. Math. 60 (1995).

[5] J.M. Ortega, W.C. Rheinboldt: Iterative solution of nonlinear equations in several variables. Academic Press, New York, 1970.

12

Other titles in the SFB393 series:

96-01 V. Mehrmann, H. Xu. Chosing poles so that the single-input pole placement problem is well-conditioned. Januar 1996.

96-02 T. Penzl. Numerical solution of generalized Lyapunov equations. January 1996.

96-03 M. Scherzer, A. Meyer. Zur Berechnung von Spannungs- und Deformationsfeldern an Interface-Ecken im nichtlinearen Deformationsbereich auf Parallelrechnern. March 1996.

96-04 Th. Frank, E. Wassen. Parallel solution algorithms for Lagrangian simulation of disperse multiphase flows. Proc. of 2nd Int. Symposium on Numerical Methods for Multiphase Flows, ASME Fluids Engineering Division Summer Meeting, July 7-11, 1996, San Diego, CA, USA. June 1996.

96-05 P. Benner, V. Mehrmann, H. Xu. A numerically stable, structure preserving method for computing the eigenvalues of real Hamiltonian or symplectic pencils. April 1996.

96-06 P. Benner, R. Byers, E. Barth. HAMEV and SQRED: Fortran 77 Subroutines for Computing the Eigenvalues of Hamiltonian Matrices Using Van Loans’s Square Reduced Method. May 1996.

96-07 W. Rehm (Ed.). Portierbare numerische Simulation auf parallelen Architekturen. April 1996.

96-08 J. Weickert. Navier-Stokes equations as a differential-algebraic system. August 1996.

96-09 R. Byers, C. He, V. Mehrmann. Where is the nearest non-regular pencil? August 1996.

96-10 Th. Apel. A note on anisotropic interpolation error estimates for isoparametric quadrilateral finite elements. November 1996.

96-11 Th. Apel, G. Lube. Anisotropic mesh refinement for singularly perturbed reaction diffusion problems. November 1996.

96-12 B. Heise, M. Jung. Scalability, efficiency, and robustness of parallel multilevel solvers for nonlinear equations. September 1996.

96-13 F. Milde, R. A. Römer, M. Schreiber. Multifractal analysis of the metal-insulator transition in anisotropic systems. October 1996.

96-14 R. Schneider, P. L. Levin, M. Spasojević. Multiscale compression of BEM equations for electrostatic systems. October 1996.

96-15 M. Spasojević, R. Schneider, P. L. Levin. On the creation of sparse Boundary Element matrices for two dimensional electrostatics problems using the orthogonal Haar wavelet. October 1996.

96-16 S. Dahlke, W. Dahmen, R. Hochmuth, R. Schneider. Stable multiscale bases and local error estimation for elliptic problems. October 1996.

96-17 B. H. Kleemann, A. Rathsfeld, R. Schneider. Multiscale methods for Boundary Integral Equations and their application to boundary value problems in scattering theory and geodesy. October 1996.

96-18 U. Reichel. Partitionierung von Finite-Elemente-Netzen. November 1996.

96-19 W. Dahmen, R. Schneider. Composite wavelet bases for operator equations. November 1996.

96-20 R. A. Römer, M. Schreiber. No enhancement of the localization length for two interacting particles in a random potential. December 1996. to appear in: Phys. Rev. Lett., March 1997 96-21 G. Windisch. Two-point boundary value problems with piecewise constant coefficients:

weak solution and exact discretization. December 1996.

96-22 M. Jung, S. V. Nepomnyaschikh. Variable preconditioning procedures for elliptic problems.

December 1996.

97-01 P. Benner, V. Mehrmann, H. Xu. A new method for computing the stable invariant subspace of a real Hamiltonian matrix or Breaking Van Loan’s curse? January 1997.

97-02 B. Benhammouda. Rank-revealing ’top-down’ ULV factorizations. January 1997. 97-03 U. Schrader. Convergence of asynchronous Jacobi-Newton-Iterations. January 1997.

The complete list of current and former preprints is available via

http://www.tu-chemnitz.de/~pester/sfb/sfb96pr.html.