Maharavo Randrianarivony Guido Brunnett

Quadrilateral removals and generalized 2-ear theorems

Preprint SFB393/05-18

Sonderforschungsbereich 393

Parallele Numerische Simulation für Physik und Kontinuumsmechanik

Sonderforschungsbereich 393

Parallele Numerische Simulation für Physik und Kontinuumsmechanik

Maharavo Randrianarivony Guido Brunnett

Quadrilateral removals and generalized 2-ear theorems

Preprint SFB393/05-18

Preprintreihe des Chemnitzer SFB 393

ISSN 1619-7178 (Print) ISSN 1619-7186 (Internet)

SFB393/05-18 December 2005

Contents

1 Introduction 1 2 Problem setting 2 3 Results for simple polygons 4 4 Toward multiply connected polygons 7 5 Quadrilating multiply connected polygons 13 6 Convertion into convex quadrangulation 15 7 Cleanup 16 7.1 Quality control . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 7.2 Cleanup operations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 8 Numerical results and future works 17

Authors’ addresses:

Maharavo Randrianarivony, Guido Brunnett TU Chemnitz, Fakultät für Informatik D-09107 Chemnitz

http://www.tu-chemnitz.de/^∼ranh
http://www.informatik.tu-chemnitz.de/^∼gdv

Abstract

We aim at splitting a given multiply connected polygon into a set of convex quadrilaterals. Our approach consists in repeatedly removing quadrilaterals from the given polygon. We will first derive theoretical results pertaining to quadrangulation of simple polygons from the usual 2-ear theorem. Unfortunately, that theorem holds only for simply connected polygons while we are interested in quadrangulation of polygons with holes. As a consequence, we will introduce a special type of polygons which serve as intermediate steps to derive results for multiply connected polygons. After generalizing the 2-ear theorem to those special auxiliary polygons, we will state theories about our quadrangulation method. Numerical results will substantiate our theoretical predictions.

1 Introduction

There are generally two categories of numerical methods for quadrilating a polygon. The indirect method (see [11, 12] and the references there) consists in generating an initial triangulation which is then converted into a quadrangulation. On the opposite, the second approach generates a quadrangulation directly from the initial polygon [9, 7, 6]. The methods that are discussed in this paper fall in the second category. In simple words, the fundamental algorithms of our approach consist in removing a quadrilateral Q from the polygon by using the constructive proofs of our theorems. We repeat the same process to the remaining polygon recursively until the whole polygon is quadrilated. The process of removing a quadrilateral amounts to introducing some cuts within the polygon. We will try to insert very few cuts in order to eventually obtain few quadrilaterals. In the next section, we will describe the problem setting more accurately and we will introduce some important terminology. Our main contributions are found in sections 3, 4 and 5 where we prove several theoretical results pertaining to removal of boundary convex

(a) (b)

Figure 1: Application in splitting of CAD surfaces.

or nonconvex quadrilaterals by introducing only internal Steiner points (additional nodes not belonging to the initial polygon). First, we will discuss about chopping procedure for simply connected polygons in order to gain insight about the type of theoretical results that are developed in this document. Unfortunately, many results which are correct for simply connected polygons cannot be directly generalized to multiply connected polygons. Even the 2-ear theorem will fail for multiply connected polygons without additional assumption as we will show in the next discussion. As a consequence, we will introduce in section 4 the notion of admissible polygons in order to carry the results over to multiply connected polygons. Those auxiliary polygons may contain double nodes and double edges which are traversed in opposite directions.

Although we show a few numerical results at the end of this paper, our main aim is to consider theoretical aspects of quadrilateral removals. In most theoretical results that we will meet, quadrangulations may contain initially nonconvex quadrilaterals. Since having a quadrilateral decomposition having only convex members is very desired in practical cases, we will describe in section 6 a method of converting a nonconvex quadrangulation into a convex one.

2 Problem setting

Suppose we have a polygon P which has an even number of boundary vertices {x_i} and which might have internal boundaries. Our objective is to find a list of convex quadrilaterals Q_i such that P = ⋃ i Q_i (1)

with the following properties:

(P1) Either the vertices of Q_i are taken from among {x_i} or they are generated strictly in the interior domain of P . In other words, we do not allow boundary Steiner points.

(P2) The intersection Q_i ∩ Q_j of two quadrilaterals is either empty or a complete edge.

Since the number of boundary nodes is even, the positive solvability of that problem is discussed in several literatures (see [11, 3, 9] and their references) related to quadrangulation. Such a polygon decomposition has many interesting applications in practical situations. Among others, we can state the splitting of a CAD objects into four-sided patches [13], as in Fig. 1, which are needed in mesh-free numerical solvers of integral equations [14, 5, 2]. Let us now introduce a few definitions which are necessary in the understanding of the subsequent discussions.

Definition 1 Consider a polygon P having vertices x_i. A cut is a segment [x_t, x_s] having endpoints from the vertices of P such that the open segment ]x_t, x_s[ is located completely inside P . An ear E of the polygon P is a triangle such that its apices are three consecutive vertices of P and that one edge of E is a cut.

Definition 2 For a simply connected polygon P , the kernel is the set of points from which all vertices of P are visible.

Before giving any details about our methodology, let us note that in our graphical illustrations throughout this paper, nodes which are very close to one another such as those of Fig. 2(a) are supposed to have the same coordinates. We only shift some a bit in order to have better descriptions.

Definition 3 Consider a periodic list of points {x_s} in the plane. We say that we have a double edge if there exist i ≠ j such that: { coordinates(x_{i+1}) = coordinates(x_j) coordinates(x_i) = coordinates(x_{j+1}). (2)

As a consequence, the edge is traversed in two opposite directions as illustrated in Fig. 2(a).

Definition 4 For any polygon P , we will denote by I(P ) its internal domain which is defined as follows.

I(P ) := {x ∈ R^2 not on edge of P : the half-line [x, ⃗u) intersects P an odd number of times for any ⃗u} (3)

As an illustration, we show in Fig. 2(b) the internal domain by the shaded area.

Since our theoretical development is partially based on the 2-ear theorem [8], let us first recall its statement:

Theorem 1 (Meister, 1975) Every simple (simply connected, without intersecting edges) polygon having at least four vertices has two nonoverlapping ears.

Both the statement and the proof of the 2-ear theorem are very simple. It is yet a very powerful tool for both theoretical and programming purposes. This theorem is very useful in practice when we want to decompose a given polygon into a set of triangles. A very fast algorithm can be easily devised to chop off recursively a triangle from the polygon in order to form a triangulation. In this paper, this theorem will mainly serve as theoretical tool to decrement the number of vertices in proofs using induction.

(a) (b)

Figure 2: (a) Double edge (b) Internal domain of a polygon.

3 Results for simple polygons

With the above definitions in mind, we are now ready to state our first fundamental result about quadrilateral removal. The following statement can be used to decompose a simple polygon into quadrilaterals which are not necessarily convex.

Theorem 2 From a simple polygon P having at least four vertices, one may remove one quadrilateral by using one of the following operations:

(Op1) Insert a single internal cut (Fig. 3(a)). In this case, the quadrilateral is not necessarily convex.

(Op2) Introducing two cuts and one internal Steiner node (Fig. 3(b)). This always generates a convex quadrilateral.

Proof We will proceed by induction with respect to the number n of the vertices x_i of the polygon. For n = 4, the theorem is evident. As hypothesis of induction, we suppose that the claim holds for every polygon having n vertices.

Consider now a polygon P having n + 1 vertices and let us show that we may chop a quadrilateral Q from P . First, let us apply the 2-ear theorem in order to chop off a triangle E = [x_{i−1}, x_i, x_{i+1}] from P and let us denote by P̃ the remaining polygon which must have n vertices. That is,

P̃ := [x_0, ..., x_{i−1}, x_{i+1}, ..., x_n]. (4)

After applying the hypothesis of induction to the new polygon P̃ , we obtain a quadrilateral Q̃. Let us now consider three cases according to the incidence of Q̃ upon the ear E and to the existence of Steiner point in Q̃.

Case 1: If the quadrilateral Q̃ is not incident upon the edge [x_{i−1}, x_{i+1}] inside the polygon P̃ , then we simply need to take Q := Q̃.

(a) (b)

Figure 3: (a) Chop off a quadrilateral with one cut (b) Remove a quadrilateral with two cuts and one internal node.

(a) (b)

Figure 4: (a) Generate ω (b) x_{i+2} is reflex in Q̃.

(a) (b)

Figure 5: (a)x_{i+3} is reflex in Q̃ (b)x_{i−1} is reflex in Q̃.

Case 2: Suppose now that Q̃ has [x_{i−1}, x_{i+1}] as an edge and Q̃ has no internal Steiner node as illustrated in Fig. 6. We will investigate a few subcases. Case 2.a: Q̃ = [x_{i−2}, x_{i−1}, x_{i+1}, x_{i+2}].

Inside the quadrilateral Q̃, x_{i−1} is visible from x_{i+2} or x_{i+1} is visible from x_{i−2} (indeed, you can apply a simple 2-ear theorem inside Q̃). In the former situation, define Q := [x_i, x_{i+1}, x_{i+2}, x_{i−1}]. In the latter situation, define Q := [x_{i+1}, x_{i−2}, x_{i−1}, x_i]. That is, we have just applied operation (Op1) to P in case 2.a. Case 2.b: Q̃ = [x_{i−1}, x_{i+1}, x_{i+2}, x_{i+3}].

If the quadrilateral Q̃ is convex, then we need simply to apply (Op1) by defining

Q := [x_i, x_{i+1}, x_{i+2}, x_{i−1}]. (5)

In the situation that Q̃ is nonconvex, we investigate four events according to the position of its reflex vertex.

If the vertex x_{i+2} (resp. x_{i+3}) (resp. x_{i−1}) is its reflex vertex as depicted in Fig. 4(b) (resp. Fig. 5(a)) (resp. Fig. 5(b)), we define Q := [x_{i−1}, x_i, x_{i+1}, x_{i+2}] (resp. Q := [x_{i+3}, x_i, x_{i+1}, x_{i+2}]) (resp. Q := [x_{i+2}, x_{i−1}, x_i, x_{i+1}]).

In the case that x_{i+1} is the reflex vertex of Q̃, take any node ω on the open segment ]x_{i+3}, x_{i−1}[ in the wedge of x_i as illustrated in Fig. 4(a) and apply (Op2) by defining

Q := [x_i, x_{i+1}, ω, x_{i−1}]. (6)

Note that the quadrilateral Q in relation (6) must be convex.

Case 2.c: Q̃ = [x_{i−3}, x_{i−2}, x_{i−1}, x_{i+1}].

Proceed as in case 2.b and obtain a quadrilateral Q incident upon the edge [x_i, x_{i−1}].

Case 3: In the event that the segment [x_{i−1}, x_{i+1}] is an edge of Q̃ which has a Steiner point and which is convex, take any point ω strictly inside Q̃. On account of the convexity of Q̃, both x_{i−1} and x_{i+1} are visible from the node ω. Therefore we may define

Q := [x_i, x_{i+1}, ω, x_{i−1}] (7)

as a quadrilateral which can be removed from P .

Remark 1 One can observe that the number of vertices of the remaining polygon is (n−2) after applying operation (Op1) to a polygon having n vertices. On the opposite, applying operation (Op2) as illustrated in Fig. 3(b) does not reduce the number of vertices. At first sight, it may therefore come to one’s mind that recursively applying the above theorem does not split a polygon into a set of quadrilaterals (convex or not). In other words, one may wonder if the following algorithm of quadrilateral decomposition is guaranteed to terminate when applied to a polygon having an even number of vertices.

(a) (b)

Figure 6: (a) The ear [x_{i−1}, x_i, x_{i+1}] and the removed quadrilateral are adjacent (b)[x_σ, x_{σ−2}, x_{σ−1}] can be chopped off.

Algorithm

step 0 : Initialize P_0 := P and k = 0.

step 1 : Test if operation (Op1) can be applied to the polygon P_k.

If operation (Op1) applies, chop off a quadrilateral. Else apply operation (Op2).

In both cases, let Q be the resulting quadrilateral. step 2 : Define P_{k+1} := P_k \ Q.

step 3 : If the number of vertices of P_{k+1} = 4, terminate. Otherwise, set k := k + 1 and go to step 1.

If we inspect the above proof more closely, we notice in our constructions of the removed quadrilaterals that if we apply operation (Op2), then a neighboring quadrilateral can be chopped off in the next iteration by applying operation (Op1). As illustrated in Fig. 4(a), after removing the shaded quadrilateral, one may chop the quadrilateral [x_{i+1}, x_{i+2}, x_{i+3}, ω] off by applying operation (Op1). That is to say, after at most two iterations of the above algorithm, the number of vertices must decrement twice.

4 Toward multiply connected polygons

Since we are interested in the quadrangulation of multiply connected polygons, we will present in this section theoretical results which may be used as intermediate steps to derive statements pertaining to internal boundaries for the next section. Before going any further, let us notice that the above proof cannot be directly generalized for multiply connected polygons because of the following observation.

Remark 2 (Counter-example for multiply connected polygons) The 2-ear theorem does not hold true for general multiply connected polygons. As a counter example, we simply need to consider a doubly connected polygon whose exterior and interior boundaries are squares as illustrated in Fig. 9(a). As one can clearly observe, it is impossible to chop off a triangle by inserting a single cut.

Definition 5 A polygon P is admissible if it fulfills the following criteria:

(C1) It is simply connected in the sense that it is given as a single sequence of vertices x_0, x_1, ... , x_{N−1}.

(C2) We may have double edges but we do not allow consecutive double edges:

coordinates(x_i) = coordinates(x_{j+2}) coordinates(x_{i+1}) = coordinates(x_{j+1}) coordinates(x_{i+2}) = coordinates(x_j). (8)

(C3) No three vertices (apart from those on double edges) are located on one line.

(C4) We do not allow zero internal angle as in Fig. 8(b).

(C5) The internal domain I(P ) is connected.

Remark 3 In Fig. 8(a), we have a polygon which violates the criterion (C5) because the internal domain has two connected components. Since criterion (C3) is too restrictive to treat interesting practical situations, we are going to relax it later on.

Theorem 3 From every admissible polygon P having more than four vertices, one may chop two triangles E_1 and E_2 off.

Proof We proceed by induction with respect to the number m of double edges. First of all, let us consider the case where m = 1 and suppose that the edges [x_σ, x_{σ+1}] and [x_ρ, x_{ρ+1}] coincide as displayed in Fig. 7. Define

⃗u := −−→x_σx_{σ+1}/‖−−→x_σx_{σ+1}‖ (9)

and denote by ⃗n the unit vector normal to the segment [x_σ, x_{σ+1}] such that det(⃗u, ⃗n) = 1. Denote by [κ(x), λ(x)] the coordinates of a point x in the reference [0, ⃗u, ⃗n]. Let us introduce μ_0 := α.λ_0 where

λ_0 := min{λ(x_r) > λ(x_σ) : x_r vertex of P }. (10)

Now we may use an auxiliary polygon P̃ having the following vertices

x̃_σ := x_σ + μ_0⃗n x̃_{σ+1} := x_{σ+1} + μ_0⃗n x̃_r := x_r if r ∉ {σ, σ + 1}.

(11)

Since the auxiliary polygon P̃ does not contain any double edge, we may apply the usual 2-ear theorem in order to obtain two triangles Ẽ_1 and Ẽ_2 from P̃ . For every triangle Ẽ_i (i = 1, 2), we distinguish three cases according to the incidence of Ẽ_i upon the nodes x̃_σ and x̃_{σ+1}.

Case 1: If Ẽ_i does not have any of the nodes x̃_σ and x̃_{σ+1} as apex, we simply define E_i := Ẽ_i.

Case 2: Let us now assume that the segment [x̃_σ, x̃_{σ+1}] is an edge of Ẽ_i. Without loss of generality we may suppose that the third node of Ẽ_i is x_{σ+2} i.e. Ẽ_i = [x̃_σ, x̃_{σ+1}, x_{σ+2}] (the case where Ẽ_i = [x_σ, x_{σ+1}, x_{σ−1}] can be treated exactly in the same manner). Since no three vertices are located on one staight line as specified by criterion (C3), we may introduce

δ_1 := min {dist ([x_σ, x_{σ+2}], x_r) , r ≠ σ r ≠ σ + 2} δ_2 := min {dist ([x_{σ+1}, x_{σ−1}], x_r) , r ≠ σ − 1 r ≠ σ + 1} .

(12)

Figure 7: Original and auxiliary polygons.

(a) (b)

Figure 8: (a) The interior domain is disconnected (b) Zero angle at x_i.

(a) (b)

Figure 9: (a) A doubly connected polygon from which one may not chop any triangle off. (b) κ(x_{σ+1}) ≤ κ(x_{σ+2}).

Define δ := min{δ_1, δ_2}. Since dist ([x_σ, x_{σ+2}], x̃_σ) tends to zero as α → 0, there must exist α_0 sufficiently small such that

if α < α_0 then dist ([x_σ, x_{σ+2}], x̃_σ) < δ. (13)

Let us introduce the regions

S := { x ∈ R^2 : λ(x_σ) < λ(x) < μ_0 } , (14)

R := { x ∈ R^2 : λ(x) > μ_0 } . (15)

According to the above definition of ⃗u and κ, we must have κ(x_σ) < κ(x_{σ+1}). We will need three subcases according to the position of κ(x_{σ+2}) with respect to κ(x_σ) and κ(x_{σ+1}). Case 2.a: if κ(x_σ) < κ(x_{σ+2}) < κ(x_{σ+1}) In this case as illustrated in Fig. 10(b), the segment [x̃_σ, x̃_{σ+1}] must intersect the two edges [x_σ, x_{σ+2}] and [x_{σ+1}, x_{σ+2}] of the triangle E_i. Because of the definition of μ_0, there could not exist any vertex in the stripe S. On the other hand, we have (E_i ∩ R) ⊂ Ẽ_i. As a consequence, the triangle E_i cannot contain any vertex of P. Case 2.b: if κ(x_{σ+1}) ≤ κ(x_{σ+2}) In E_i ∩ S, there could not exist any node. If there was a node x_θ in E_i ∩ R as illustrated in Fig. 9(b), then there would exist an edge traversing the cut [x̃_σ, x̃_{σ+2}] which is in contradiction with the fact that Ẽ_i can be chopped off from P̃ . Case 2.c: if κ(x_{σ+2}) ≤ κ(x_σ) As a consequence of the choice of α in (13), there could not exist any vertex of P within the region [τ, x̃_σ, x_{σ+2}]. Therefore, the triangle E_i can be chopped from the polygon P off. Case 3: Let us now assume that Ẽ_i is not incident upon the edge [x̃_σ, x̃_{σ+1}] but it has x̃_σ or x̃_{σ+1} as apex. Let us only treat the situation where Ẽ_i = [x̃_σ, x_{σ−2}, x_{σ−1}] because the other case where Ẽ_i = [x̃_{σ+1}, x_{σ+2}, x_{σ+3}] can be treated in a similar manner.

δ_3 := min {dist ([x_{σ−2}, x_σ], x_r) , r ≠ σ r ≠ σ − 2} δ_4 := min {dist ([x_{σ+1}, x_{σ+3}], x_r) , r ≠ σ + 1 r ≠ σ + 3} .

(16)

By introducing δ^′ := min{δ_3, δ_4}, we proceed the way we have done in (13) in order to obtain an α_1 > 0 sufficiently small such that

if α < α_1 then dist ([x_σ, x_{σ−2}], x̃_σ) < δ^′. (17)

Thus, the open thin triangle [x̃_σ, x_{σ−2}, ϕ] does not contain any node where ϕ is the intersection of [x̃_σ, x_{σ−1}] and [x_σ, x_{σ−2}] as displayed in Fig. 6(b). As a consequence, the triangle [x_σ, x_{σ−2}, x_{σ−1}] can be chopped off from the polygon P .

That is, if α is chosen so that α < min{α_0, α_1} where α_0 and α_1 are obtained from relations (13) and (17) then the claim is true for m = 1. As hypothesis of induction, we suppose that the claim holds for any m. For a polygon having m + 1 double edges, we apply the same procedure as above in order to have an auxiliary polygon P̃ having m double edges and apply the hypothesis of induction to P̃ .

If we read the above proof well, we see that the above theorem holds even for polygons in which the condition (C3) is relaxed. More accurately we have the following result.

Theorem 4 Suppose that we have a polygon P fulfilling conditions (C1), (C2), (C4) and (C5). Furthermore, we suppose that we have the following condition:

(~C3) The eight open segments ]x_s, x_{s+2}[, s = σ, σ − 1, ρ, ρ − 1, σ − 2, σ + 1, ρ − 2, ρ + 1 do not contain any node.

Then one can remove two ears from the polygon P .

Remark 4 The proof can fundamentally remain unchanged because the parameters δ_1, δ_2, δ_3, δ_4 from relations (12) and (16) are still strictly positive. Please note that we do not penalize the existence of nodes inside the triangles which are next to the double edge such as [x_σ , x_{σ+1}, x_{σ+2}] in theorem 4. We can even remove the condition (~C3) completely as in the following statement. But we still need the former theorems as intermediate steps in the proof.

Theorem 5 Suppose that a polygon P meets the four conditions (C1), (C2), (C4), (C5). Then one can remove two ears from the polygon P .

Proof Adopt the definition of the vectors ⃗n and ⃗u as in the previous proof. Now we would like to shift some vertices in the direction of ⃗u. Let us define:

δ_s := min {dist([x_s, x_{s+2}], x_r), x_r ∉ [x_s, x_{s+2}]} > 0. (18)

γ := 0.5 · min{δ_s : s = σ, σ − 1, ρ, ρ − 1, σ − 2, σ + 1, ρ − 2, ρ + 1}.

Let us introduce also an auxiliary polygon P̃ which has the following vertices in place of x_σ, x_{ρ+1} x_{σ+1}, x_ρ (the other vertices are the same as those of P ):

x̃_σ := x_σ − γ.⃗u x̃_{ρ+1} := x_{ρ+1} − γ.⃗u x̃_{σ+1} := x_{σ+1} + γ.⃗u x̃_ρ := x_ρ + γ.⃗u.

(19)

(a) (b)

Figure 10: (a) κ(x_{σ+2}) ≤ κ(x_σ) (b) κ(x_σ) < κ(x_{σ+2}) < κ(x_{σ+1}).

As a consequence, there could not exist any polygon vertex on the eight open segment ]x̃_s, x̃_{s+2}[, s = σ, σ − 1, ρ, ρ − 1, σ − 2, σ + 1, ρ − 2, ρ + 1 of the auxiliary polygon P̃ . Apply theorem 4 to the auxiliary polygon P̃ so that we can remove two triangles Ẽ_1 and Ẽ_2. In the easy case that Ẽ_i (i = 1, 2) is not incident upon any double node, we simply take E_i := Ẽ_i. For the situation that Ẽ_i is incident upon the nodes x̃_σ or x̃_{σ+1}, we will consider the four next cases. Case 1: Ẽ_i = [x_{σ−1}, x̃_σ, x̃_{σ+1}] In this case as illustrated in Fig. 11(a), the triangle E_i := [x_{σ−1}, x_σ, x_{σ+1}] can be chopped from the polygon P off because E_i must be included in Ẽ_i. Case 2: Ẽ_i = [x_{σ−2}, x_{σ−1}, x̃_σ].

Let us define by τ the intersection of the segment [x̃_σ, x_{σ−2}] and [x_{σ−1}, x_σ] as illustrated by Fig. 11(b). According to the choice of δ from relation (18), there cannot exist any node within the triangle [x_{σ−2}, τ, x_σ].

Case 3: If Ẽ_i = [x̃_σ, x̃_{σ+1}, x_{σ+2}], proceed as in case 1. Case 4: If Ẽ_i = [x̃_{σ+1}, x_{σ+2}, x_{σ+3}], proceed as in case 2.

The cases where Ẽ_i is incident upon x̃_ρ or x̃_{ρ+1} are treated exactly in the same fashion.

Lemma 1 From a simply connected polygon P which has more that four vertices and which might have double nodes but without double edges such that the internal domain is connected, one can chop two triangles E_1 and E_2 off.

Proof [sketch]

(a) (b)

Figure 11: Chopping an ear off next to a shifted node.

We will only sketch the proof in which we suppose that we have only one double node x_i and x_j as illustrated in Fig. 12. The general case can be demonstrated by induction. Let us denote by α_s the internal angle made by x_{s−1}, x_s, x_{s+1}. At least one of the internal angles α_i and α_j must be smaller than π because it is impossible that two reflex vertices coincide (Fig. 12). Thus, let us suppose α_i < π. Let ⃗w be the normalized form of

−→x_ix_{i−1} + −→x_ix_{i+1}. (20)

Choose a positive value μ so that the shifted vertex

x̃_i := x_i + μ. ⃗w (21)

does not interfere with any other vertex. Apply the usual 2-ear theorem to the new polygon with x̃_i in place of x_i in order to chop two triangles Ẽ_i. Then, consider the following three cases. First, Ẽ_i is not incident upon x̃_i. Second, the segment [x_{i−1}, x_{i+1}] is an edge of Ẽ_i. Last, the segment [x_i, x_{i+2}] or [x_i, x_{i−2}] is an edge of Ẽ_i.

Remark 5 By using a similar argument as in the above proof, one can easily see that the claim in theorem 5 holds true even for polygons having double nodes which are not incident to double edges.

5 Quadrilating multiply connected polygons

Lemma 2 Consider a doubly connected polygon P (i.e. with one hole) having E as exterior boundary and J as interior one. Denote by the s_i the vertices of E and by t_i those of J . There must exist two vertices s_l and t_k which are mutually visible. Thus, the segment [s_l, t_k] is a cut inside the polygon P .

Proof

(a) (b)

Figure 12: Double nodes: (a) x_i and x_j are convex (b) x_i is reflex.

Consider any direction ⃗u such that ‖⃗u‖ = 1 and consider the axis [0, ⃗u) centered at the origin and directed by ⃗u. Denote by λ(x) the coordinate of the projection of a point x on the axis [0, ⃗u).

Define t_k the vertex of J having the largest λ value:

t_k := argmax{λ(t_i) : t_i vertex of J }. (22)

We would like not to introduce the set

κ := {s_i vertex of E : λ(s_i) > λ(t_k)} (23)

which must be nonempty because the polygonal boundary E is outside J . Therefore, we may define s_l := argmin{λ(s_i) : s_i ∈ κ}. (24)

We note that no edge of the polygon P can intersect the cut [s_l, t_k] because there is no node of J in the region {x ∈ R^2 : λ(x) > λ(t_k)}. (25)

Corollary 1 From a doubly connected polygon, you may discard one quadrilateral which may be nonconvex by inserting at most three cuts.

Proof [Sketch] Let us adopt the notations s_i and t_j of lemma 2 to denote the vertices on the exterior and interior boundaries respectively. Let m and n be the respective numbers of vertices on the exterior and interior boundaries. According to lemma 2, we may insert a cut [s_l, t_k] inside the polygon. In order to simplify the next notation, let us extend the indices in the following periodic manner:

s_r := s_{r−m} if r ≥ m (26) t_r := t_{r−n} if r ≥ n. (27)

(a) (b)

Figure 13: (a) [s_l, t_k] is a cut joining the interior and the exterior boundaries (b) cuts inside a multiply connected polygon.

Let us now introduce the polygon P̃ whose vertices are defined by

y_i := s_{l+i} for i = 0, ..., m y_{m+i} := t_{k+i−1} for i = 1, ..., n y_{m+n} := t_{k+n}.

(28)

As one can easily notice, the polygon P̃ having (n+m+2) vertices is an admissible polygon in which the edge e := [s_l, t_k] is traversed twice in opposite direction. As a consequence, one may chop one ear E from P̃ . By using an argument similar to that in the proof of Theorem 2, one may chop a quadrilateral Q from P̃ by using at most two edges f_1 and f_2. As a conclusion, the quadrilateral Q may be removed from P by using at most three edges e, f_1 and f_2.

Remark 6 For a general multiply connected polygon with h holes, you can easily generalize the proof by adding h internal cuts as illustrated in Fig. 13(b). Please note that by chopping off a quadrilateral from a polygon satisfying the properties discussed in remark 5, we obtain a polygon with the same properties. As a consequence, we may repeat the chopping off process recursively.

6 Convertion into convex quadrangulation

The purpose of this section is to describe (see also [1, 12]) how to convert a quadrangulation which has non-convex quadrilaterals, such as those obtained from former sections, into another quadrangulation whose members are exclusively convex quadrilaterals. Before giving details about the convertion, let us consider the following remark. Two adjacent quadrilaterals q and p form a single quadrilateral or a hexagon. In the former case, the quadrilaterals q and p share two edges and it is possible that the union q ∪ p is a nonconvex or a convex quadrilateral as illustrated in Figs. 14(a) and 14(b). In the latter case, only one edge is shared by q and p as illustrated in Fig. 14(c). Having understood those simple facts, let us recall the following result about hexagon quadrangulations which are needed in the description of the convertion algorithm.

Theorem 6 (Bremner et. al) Every hexagon (which may include reflex vertices) can be decomposed into a set of convex quadrilaterals by using at most three internal Steiner points.

With those facts in mind, we may describe the conversion algorithm in two steps: Step1: For every nonconvex quadrilateral p having a neighboring quadrilateral q such that p ∪ q is a quadrilateral, replace p by p ∪ q and remove the quadrilateral q from the quadrangulation. We repeat this step until such a union does not exist any more. After this step, there can only exist nonconvex quadrilaterals whose union with a neighboring quadrilateral forms a hexagon.

Step2: We merge a nonconvex quadrilateral q of Q with a neighboring quadrilateral p in order to have a hexagon (q ∪ p) . If we have the choice then we select a nonconvex neighbor

(a) (b) (c)

Figure 14: The union is (a) a nonconvex quadrilateral (b) a convex quadrilateral (c) a hexagon.

p. Then, we re-quadrilate the resulting hexagon by using the hexagon quadrangulation method from theorem 6 in order to obtain a local convex quadrangulation Q_{loc}. Afterwards, we substitute the union (q ∪ p) by Q_{loc} in the quadrangulation Q.

7 Cleanup

In several decomposition techniques [6, 10, 4], cleanup is the process of generating a splitting by improving an available one according to some quality measurement. Some cleanup procedures aim at having quadrilateral quality enhancement by introducing new nodes and edges. In the opposite, we are going to keep the numbers of nodes and edges unchanged as we will only focus on the modification of their coordinates and postures.

7.1 Quality control

Before describing the cleanup operations, let us review the way qualities of a quadrilateral or a node or an edge can be evaluated. There are two techniques of obtaining quality assessment of quadrilaterals. The first one requires the introduction of the following distortion coefficient [7] of any triangle [A, B, C]:

α := 2 √ 3 ‖−→CA × −−→CB‖ ‖ −→ CA‖^2 + ‖ −→ AB‖^2 + ‖ −−→ BC‖^2

∈ [0, 1]. (29)

In fact, we can easily notice that the triangular distortion α is unity if the triangle [A, B, C] is equilateral. From a convex quadrilateral [A, B, C, D], we may derive four triangles [A, B, C], [A, C, D], [A, B, D] and [D, B, C]. We can denote by α_i the triangular distortions of those four triangles such that α_1 ≥ α_2 ≥ α_3 ≥ α_4. We define the first quality measurement of the quadrilateral [A, B, C, D] to be

β := (α_3α_4)/(α_1α_2) ∈ [0, 1]. (30)

Effectively, the value of β is unity for rectangles and it approaches zero as a quadrilateral becomes triangular shaped. The second way of measuring qualities of quadrilaterals is by means of the μ-value which is the smallest internal angle in the four possible triangles. In the next discussion, we will denote by μ(q) the quality of a quadrilateral q by using one of those two methods.

We would like now to consider quality measurements of a node and an edge inside a quadrangulation. To that end, let us consider an internal node ω which is shared by the quadrilaterals q_i i ∈ J . Thus, we evaluate the quality of this node by

μ(ω) := 1 card(J ) ∑ i∈J μ(q_i). (31)

Similarly, for an internal edge e upon which two quadrilaterals q_1 and q_2 are incident, its quality can be measured by

μ(e) := 1 2 [μ(q_1) + μ(q_2)]. (32)

7.2 Cleanup operations

We will treat two types of cleanup operations: node repositioning and edge flipping. The first one consists in shifting an internal node to another position in order to improve the quality of the neighboring quadrilaterals. In the course of node shifting, we have to make sure that all incident quadrilaterals remain convex. The second operation consists in modifying the endpoints of an internal edge.

Let us first show how to find the region inside which a node ω can be shifted. Let us denote by E_ω the set of edges which emanate from the node ω. The first method consists in taking the shortest edge ẽ from among E_ω and in considering a circle centered at the node ω and having radius ρ := λ · length(ẽ) where λ is a user defined parameter from [0, 1[. The new position of ω is then searched inside this circle.

Another alternative is to consider a region R which is formed by the kernel of the union of the surrounding quadrilaterals. On account of the convexity of the incident quadrilaterals, we must note that R is nonempty because at least ω itself is a member of this region. The node repositioning consists in shifting ω inside a scaled version of the region R according to value of μ(ω).

The case of edge flipping is treated in a similar manner. We flip an internal edge e to a position which keeps the two incident quadrilaterals convex and which improves the value of μ(e).

8 Numerical results and future works

As we have stated in the begining, we want mainly to focus on theoretical aspect in this paper. In this section, we present anyway a few results of the formerly discussed theories when applied to real polygons simply in order to address additional features that have to be considered in practice. We investigate four sets of polygons whose quadrangulations are to be found in Fig. 15 through Fig. 17. We display there different polygons with

(a) (b)

(c) (d)

(e) (f)

Figure 15: First set of results.

(a) (b)

(c) (d)

(e) (f)

Figure 16: Second set of results.

(a) (b)

(c) (d)

(e) (f)

Figure 17: Third set of results.

various complexities (not in terms of number of vertices but in function of convexity). Some polygons are highly nonconvex while others are only slightly nonconvex. In fact, we display only results about simply connected polygons for now.

The only main difficulty if we want to implement the former techniques for multiply connected polygons is the cut search that we have seen in section 5 in order to reduce the problem into admissible polygons. In lemma 2 and corollary 1, we have only shown theoretically that there exists at least a cut from the exterior boundary to the interior one. In practice, there might exist many internal cuts while the choice of such a cut might affect the quality of the ultimate quadrangulation of the multiply connected polygon. To be more specific, the following four items have to be investigated more carefully in practical situations for polygons with holes:

• How to choose the cuts which are the best ones.

• Specification of ”best” cuts.

• Efficient ways of finding the cuts.

• If we have domains with many holes, how to test visibility.

In the near future, we intend to analyze those issues more closely with the accomplishment of efficient approaches in mind.

References

[1] D. Bremner, F. Hurtado, S. Ramaswami, V. Sacristán, Small strictly convex quadrilateral meshes of point sets, Algorithmica 38, No. 2, 317–339, 2004.

[2] W. Dahmen, R. Schneider, Wavelets on manifolds I: Construction and domain decomposition, SIAM J. Math. Anal. 31, No. 1, 184–230, 1999.

[3] H. Everett, W. Lenhart, M. Overmars, T. Shermer, J. Urrutia Strictly convex quadrilateralizations of polygons, Proc. 4th Canad. Conf. Computational Geometry, 77-82, 1992.

[4] P. Frey, H. Borouchaki, Surface mesh quality evaluation, Int. J. Numer. Methods Eng.

45, No.1, 101–118, 1999.

[5] H. Harbrecht, R. Schneider, Biorthogonal wavelet bases for the boundary element method, Preprint SFB393/03-10, Technische Universität Chemnitz, Sonderforschungsbereich 393, 2003.

[6] C. Lee, S. Lo, A new scheme for the generation of a graded quadrilateral mesh, Comput. Struct. 52, No. 5, 847–857, 1994.

[7] S. Lo, Generating quadrilateral elements on plane and over curved surfaces, Comput.

Struct. 31, No. 3, 421–426, 1989.

[8] G. Meister, Polygons have ears, Amer. Math. Mon. 82, 648–651, 1975.

[9] M. Müller-Hannemann, K. Weihe, Minimum strictly convex quadrangulations of convex polygons, Proc. 13th ACM Symposium on Computational Geometry, 193–200, 1997.

[10] S. Owen, Non-simplicial unstructured mesh generation, Ph.D thesis, Carnegie Mellon University, 1999.

[11] S. Ramaswami, M. Siqueira, T. Sundaram, J. Gallier, J. Gee, A new algorithm for generating quadrilateral meshes and its application to FE-based image registration, Proc. 12th International Meshing Roundtable, Sandia National Laboratories, 159–170, 2003.

[12] S. Ramaswami, P. Ramos, G. Toussaint, Converting triangulations to quadrangulations, Comput. Geom. 9, No. 4, 257–276, 1998.

[13] M. Randrianarivony, G. Brunnett, Sufficient and necessary conditions for the regularity of planar Coons map, Sonderforschungsbereich 393, Preprint SFB393/04-07, 2004.

[14] R. Schneider, Multiskalen- und Wavelet-Matrixkompression: Analysisbasierte Methoden zur Lösung grosser vollbesetzter Gleichungssysteme, B.G. Teubner, Stuttgart, 1998.

Other titles in the SFB393 series:

03-01 E. Creusé, G. Kunert, S. Nicaise. A posteriory error estimation for the Stokes problem:

Anisotropic and isotropic discretizations. January 2003.

03-02 S. I. Solov’ëv. Existence of the guided modes of an optical fiber. January 2003. 03-03 S. Beuchler. Wavelet preconditioners for the p-version of the FEM. February 2003. 03-04 S. Beuchler. Fast solvers for degenerated problems. February 2003. 03-05 A. Meyer. Stable calculation of the Jacobians for curved triangles. February 2003. 03-06 S. I. Solov’ëv. Eigenvibrations of a plate with elastically attached load. February 2003. 03-07 H. Harbrecht, R. Schneider. Wavelet based fast solution of boundary integral equations.

February 2003.

03-08 S. I. Solov’ëv. Preconditioned iterative methods for monotone nonlinear eigenvalue problems. March 2003.

03-09 Th. Apel, N. Düvelmeyer. Transformation of hexahedral finite element meshes into tetrahedral meshes according to quality criteria. May 2003.

03-10 H. Harbrecht, R. Schneider. Biorthogonal wavelet bases for the boundary element method.

April 2003.

03-11 T. Zhanlav. Some choices of moments of refinable function and applications. June 2003. 03-12 S. Beuchler. A Dirichlet-Dirichlet DD-pre-conditioner for p-FEM. June 2003. 03-13 Th. Apel, C. Pester. Clément-type interpolation on spherical domains - interpolation error estimates and application to a posteriori error estimation. July 2003.

03-14 S. Beuchler. Multi-level solver for degenerated problems with applications to p-version of the fem. (Dissertation) July 2003.

03-15 Th. Apel, S. Nicaise. The inf-sup condition for the Bernardi-Fortin-Raugel element on anisotropic meshes. September 2003.

03-16 G. Kunert, Z. Mghazli, S. Nicaise. A posteriori error estimation for a finite volume discretization on anisotropic meshes. September 2003.

03-17 B. Heinrich, K. Pönitz. Nitsche type mortaring for singularly perturbed reaction-diffusion problems. October 2003.

03-18 S. I. Solov’ëv. Vibrations of plates with masses. November 2003.

03-19 S. I. Solov’ëv. Preconditioned iterative methods for a class of nonlinear eigenvalue problems.

November 2003.

03-20 M. Randrianarivony, G. Brunnett, R. Schneider. Tessellation and parametrization of trimmed surfaces. December 2003.

04-01 A. Meyer, F. Rabold, M. Scherzer. Efficient Finite Element Simulation of Crack Propagation. February 2004.

04-02 S. Grosman. The robustness of the hierarchical a posteriori error estimator for reactiondiffusion equation on anisotropic meshes. March 2004.

04-03 A. Bucher, A. Meyer, U.-J. Görke, R. Kreißig. Entwicklung von adaptiven Algorithmen für nichtlineare FEM. April 2004.

04-04 A. Meyer, R. Unger. Projection methods for contact problems in elasticity. April 2004. 04-05 T. Eibner, J. M. Melenk. A local error analysis of the boundary concentrated FEM. May 2004.

04-06 H. Harbrecht, U. Kähler, R. Schneider. Wavelet Galerkin BEM on unstructured meshes.

May 2004.

04-07 M. Randrianarivony, G. Brunnett. Necessary and sufficient conditions for the regularity of a planar Coons map. May 2004.

04-08 P. Benner, E. S. Quintana-Ortí, G. Quintana-Ortí. Solving Linear Matrix Equations via Rational Iterative Schemes. October 2004.

04-09 C. Pester. Hamiltonian eigenvalue symmetry for quadratic operator eigenvalue problems.

October 2004.

04-10 T. Eibner, J. M. Melenk. An adaptive strategy for hp-FEM based on testing for analyticity.

November 2004.

04-11 B. Heinrich, B. Jung. The Fourier-finite-element method with Nitsche-mortaring. November 2004.

04-12 A. Meyer, C. Pester. The Laplace and the linear elasticity problems near polyhedral corners and associated eigenvalue problems. December 2004.

04-13 M. Jung, T. D. Todorov. On the Convergence Factor in Multilevel Methods for Solving 3D Elasticity Problems. December 2004.

05-01 C. Pester. A residual a posteriori error estimator for the eigenvalue problem for the Laplace- Beltrami operator. January 2005.

05-02 J. Badía, P. Benner, R. Mayo, E. Quintana-Ortí, G. Quintana-Ortí, J. Saak. Parallel Order Reduction via Balanced Truncation for Optimal Cooling of Steel Profiles. February 2005.

05-03 C. Pester. CoCoS – Computation of Corner Singularities. April 2005. 05-04 A. Meyer, P. Nestler. Mindlin-Reissner-Platte: Einige Elemente, Fehlerschätzer und Ergebnisse. April 2005.

05-05 P. Benner, J. Saak. Linear-Quadratic Regulator Design for Optimal Cooling of Steel Profiles. April 2005.

05-06 A. Meyer. A New Efficient Preconditioner for Crack Growth Problems. April 2005. 05-07 A. Meyer, P. Steinhorst. Überlegungen zur Parameterwahl im Bramble-Pasciak-CG fr gemischte FEM. April 2005.

05-08 T. Eibner, J. M. Melenk. Fast algorithms for setting up the stiffness matrix in hp-FEM: a comparison. June 2005.

05-09 A. Meyer, P. Nestler. Mindlin-Reissner-Platte: Vergleich der Fehlerindikatoren in Bezug auf die Netzsteuerung Teil I. June 2005.

05-10 A. Meyer, P. Nestler. Mindlin-Reissner-Platte: Vergleich der Fehlerindikatoren in Bezug auf die Netzsteuerung Teil II. July 2005.

05-11 A. Meyer, R. Unger. Subspace-cg-techniques for clinch-problems. September 2005. 05-12 P. Ciarlet, Jr, B. Jung, S. Kaddouri, S. Labrunie, J. Zou. The Fourier Singular Complement Method for the Poisson Problem. Part III: Implementation Issues. October 2005.

05-13 T. Eibner, J. M. Melenk. Multilevel preconditioning for the boundary concentrated hp- FEM. December 2005.

05-14 M. Jung, A. M. Matsokin, S. V. Nepomnyaschikh, Yu. A. Tkachov. Multilevel preconditioning operators on locally modified grids. December 2005.

05-15 S. Barrachina, P. Benner, E. S. Quintana-Ortí. Solving Large-Scale Generalized Algebraic Bernoulli Equations via the Matrix Sign Function. December 2005.

The complete list of current and former preprints is available via

http://www.tu-chemnitz.de/sfb393/preprints.html.

Preprintreihe des Chemnitzer SFB 393 – ISSN 1619-7178 (Print)