Sonderforschungsbereich 393

Parallele Numerische Simulation für Physik und Kontinuumsmechanik

Michael Jung Todor D. Todorov^∗

On the Convergence Factor in Multilevel Methods for Solving 3D Elasticity Problems

Preprint SFB393/04-13

Preprintreihe des Chemnitzer SFB 393

ISSN 1619-7178 (Print) ISSN 1619-7186 (Internet)

SFB393/04-13 December 2004

Abstract

The constant γ in the strengthened Cauchy-Bunyakowskii-Schwarz inequality is a basic tool for the construction of two-level and multilevel preconditioning matrices. Therefore many authors consider estimates or computations of this quantity. In this paper the bilinear form arising from 3D linear elasticity problems is considered on a polyhedron. The cosine of the abstract angle between multilevel finite element subspaces is computed by a spectral analysis of a general eigenvalue problem. Octasection and bisection approaches are used for refining the triangulations. Tetrahedron, pentahedron and hexahedron meshes are considered. The dependence of the constant γ on the Poisson ratio is presented graphically.

Key words: strengthened Cauchy-Schwarz-Buniakowski inequality, linear elasticity problem, finite element method, multigrid method AMS subject classification. 65N30, 65N55, 65N25.

∗This work was partially supported by the DFG-Sonderforschungs-bereich 393

Contents

1 Introduction 1 2 Setting of the problem 2 3 General remarks on the computation of the C.B.S. constant 3 4 Splitting of the finite element spaces on the tetrahedron meshes 5 5 Pentahedron meshes 10 6 Hexahedron meshes 11 7 Discussion 13

Author’s addresses: Michael Jung Fachbereich Informatik/Mathematik Hochschule für Technik und Wirtschaft Dresden (FH) D-01069 Dresden, Germany Todor D. Todorov Department of Mathematics Technical University 5300 Gabrovo, Bulgaria

http://www.tu-chemnitz.de/sfb393/

1 Introduction

Many problems in engineering and natural sciences can be described by boundary value problems, e.g., the heat transfer, the deformation of bodies under given loads, electrical and magnetic fields. Multilevel methods are often used practical tools for solving of the above problems. There are different approaches for constructing multilevel methods and different techniques for the convergence analysis of these methods. For convergence proofs without regularity assumptions on the solution the strengthened Cauchy-Buniakowski-Schwarz (C.B.S.) inequality is the main ingredient (see, e.g., [4, 6, 7, 8, 11, 12, 14, 15, 19, 23, 25, 26, 30]). In these cases one gets estimates of the convergence factor in dependence on the constant in the C.B.S. inequality. For that reason it is of practical interest to have estimates of this constant. In the literature the C.B.S. inequality related to different boundary value problems is considered (see, e.g., [3, 2, 1, 4, 6, 5, 11, 14, 15, 16, 17, 18, 19, 20, 21, 22, 25, 28, 27, 29, 30]). In our paper we want to concentrate on elasticity problems in threedimensional domains discretized by means of the finite element method with tetrahedral, pentahedral, and hexahedral elements. For elasticity problems in two-dimensional domains there are several results published. Jung considers in [15] and [14] discretizations of linear elasticity problems by means of hierarchical piecewise linear ansatz functions on right isosceles triangles with mesh refinement by a bisection and a non-standard division of each triangle into four congruent subtriangles, respectively. In that papers the dependence of the constant in the C.B.S. inequality on the Poissons ratio is given by formulas. Margenov proves in [20] that √ 0.75 is an upper bound of the C.B.S. constant for triangulations with right isosceles triangles and standard division into four subtriangles. Additionally, he shows by numerical computations that √ 0.75 is also an upper bound for arbitrary right triangles.

Achchab and Maitre consider in [3] discretizations with arbitrary triangular elements and hierarchical piecewise linear ansatz functions and prove that √ 0.75 is an upper bound of the C.B.S. constant in this general case. In [16], Jung and Maitre prove that between the C.B.S. constant (γ^ℓ)^2 in the case of hierarchical piecewise linear ansatz functions and the constant (γ^q)^2 in the case of piecewise linear/piecewise quadratic ansatz functions the relation (γ^ℓ)^2 = 0.75(γ^q)^2 holds for all bilinear forms which are a linear combination of terms of the type ∫ Ω ∂u ∂x_i ∂v ∂x_j dx, i = 1, 2. Additionally, they derive the dependence of the

C.B.S. constant on the Poisson ratio for discretizations with right isosceles triangles and standard division of each triangle into four subtriangles in the mesh refinement. Furthermore, they consider the reference tetrahedron to get a first result for three-dimensional elasticity problems and give the numerically determined estimate √ 0.9 for the C.B.S. constant. Achchab, Axelsson, Laayouni, and Souissi present in [2, 18] an analytical proof that √ 0.9 is an upper bound of the C.B.S. constant in the case of triangulations with arbitrary tetrahedral elements. This result is generalized in [1] to bilinear forms which are linear combination of terms of the type ∫ Ω ∂u ∂x_i ∂v ∂x_j dx, i = 1, 2, 3.

In the present paper we give numerically determined upper bounds of the C.B.S. constant in dependence on the Poisson ratio. Hereby we consider discretizations with tetrahedra, pentahedra, and hexahedra and different polynomial degree of the finite element ansatz functions. We discuss octasection and bisection approaches.

The paper is organized as follows: In Section 2 we describe the considered elasticity problem and introduce some notation. In Section 3 some general remarks on the computation of the C.B.S. constant are summarized. In Sections 4, 5, and 6 estimates of the C.B.S. constant on tetrahedral, pentahedral, and hexahedral triangulations are given. Finally, we discuss the presented results.

2 Setting of the problem

Let us consider the following linear elasticity problem in a three-dimensional domain Ω with the boundary Γ = Γ_0 ∪ Γ_1, meas(Γ_0) ≠ 0:

Find the displacement vector u = [u_i]^3_{i=1} ∈ [C^2(Ω) ∩ C^1(Ω ∪ Γ_1) ∩ C(Ω̄)]^3 such that 3∑ j=1 ∂σ_{ij} (u) ∂x_j

+ f_i = 0 in Ω , i = 1, 2, 3,

u_i = 0 on Γ_0 , i = 1, 2, 3, 3∑ j=1 σ_{ij} (u)n_j = g_i on Γ_1 , i = 1, 2, 3, (1)

hold, where

σ_{ij} (u) = λ 3∑ k=1 ε_{kk}(u)δ_{ij} + 2με_{ij}(u).

are the components of the stress tensor and

ε_{ij}(u) = 1 2 ( ∂u_i ∂x_j + ∂u_j ∂x_i ) , i, j = 1, 2, 3,

are the components of the strain tensor. The Lamé coefficients λ and μ can be expressed by λ = Eν (1 + ν)(1 − 2ν) and μ = E 2(1 + ν) (2) with Young’s elasticity modulus E and the Poisson ratio ν. The vector n = (n_1, n_2, n_3)^T denotes the outward unit normal to Γ,

The weak formulation of problem (1) reads as: Find u ∈ V = {v ∈ [H^1(Ω)]^3 | v = 0 on Γ_0} such that

a(u, v) = ℓ(v), ∀v ∈ V.

with a(u, v) = λ ∫ Ω div(u)div(v) dx + 2μ 3∑ i,j=1 ∫ Ω ε_{ij} (u)ε_{ij}(v) dx,

ℓ(v) = ∫ Ω (f, v) dx + ∫ Γ_1

(g, v) dσ .

We suppose that

f = [f_i]^3_{i=1} ∈ [L^2(Ω)]^3 and g = [g_i]^3_{i=1} ∈ [L^2(Γ_1)]^3 .

Using the representation (2) of the Lamé coefficients we can express the bilinear form a(., .) by a(u, v) = 2μ ν 1 − 2ν ∫ Ω div(u)div(v) dx + 3∑ i,j=1 ∫ Ω ε_{ij}(u)ε_{ij} (v) dx

. (3)

3 General remarks on the computation of the C.B.S.

constant

In this Section, we summarize known techniques for the computation of the constant in the strengthened C.B.S. inequality, see, e.g., [12].

Let T̂ be a finite element of reference. The element T̂ will be concretized further concerning different triangulations. We fix an initial triangulation

τ_0 = {T ∈ τ_0 | T = F_T (T̂ ), F_T is an invertible affine transformation}

of the domain Ω and generate a sequence of triangulations {τ_k}, k = 0, 1, 2, . . . that form successive refinements of τ_0. Let V_{k−1} be a finite element space associated with the triangulation τ_{k−1} and ~V_k be the correspondent hierarchical space such that V_k is the direct sum of V_{k−1} and ~V_k, V_{k−1} ∩ ~V_k = {0}, [12].

Our aim is to get upper estimates of the constant γ in the C.B.S. inequality.

|a(u, v)| ≤ γ (a(u, u))^{1/2} (a(v, v))^{1/2} , ∀u ∈ V_{k−1}, ∀v ∈ ~V_k. (4)

Estimates of the constant γ can be obtained locally, i.e. elementwise, see e.g., [4, 12]. We consider on each element of the triangulation τ_{k−1} the strengthened C.B.S. inequality

|a_T (u, v)| ≤ γ_T (a_T (u, u))^{1/2} (a_T (v, v))^{1/2} , ∀u ∈ V_{k−1}, ∀v ∈ ~V_k, T ∈ τ_{k−1} , (5)

where the bilinear form a_T (u, v) is the restriction of the bilinear form a(u, v) on the finite element T . Then for the constant γ in (4) holds

γ = max_{T ∈τk−1} γ_T , k = 1, 2, . . .

(see [4, 12, 19, 26]). To compute the constant γ_T in (5) we construct for each element T ∈ τ_{k−1} the so-called two-level element stiffness matrix on level k:

A^{(k)}_T = ( A_{T,11} A_{T,12} A_{T,21} A_{T,22} ) , T ∈ τ_{k−1} ,

where the indices “1” and “2” correspond to the new nodes in the triangulation τ_k and to the nodes in the triangulation τ_{k−1}, respectively, see [12]. Then, A_{T,22} = A^{(k−1)}_T is valid.

We note that the element stiffness matrix A^{(k−1)}_T of level k − 1 and the corresponding Schur complement S_T = A^{(k−1)}_T − A_{T,21}A^{−1}_{T,11}A_{T,12}

have one and the same null space, i.e. N (S_T ) = N (A^{(k−1)}_T ). In the case of three-dimensional linear elasticity problems the space N (S_T ) has the dimension 6.

For getting an estimate of γ_T we consider the generalized eigenvalue problem

S_T v_T = λA^{(k−1)}_T v_T . (6)

The bilinear form (3) is coercive, symmetric and continuous on Ω. Since we have a hierarchical refinement for obtaining of any fine triangulation, the two-level matrices A_T , T ∈ τ_{k−1} are symmetric and positive semidefinite with one invertible block in the main diagonal. Then we can apply the pure algebraic approach described by Eijkhout and Vassilevski in [12] for obtaining λ_{T, min} = 1 − γ^2_T . (7)

where λ_{T, min} is the smallest non-zero eigenvalue of problem (6). Let n be the dimension of the space V_{k−1}. We define a matrix B_T = [w_1 w_2 . . . w_p]_{n×p}, where w_1, w_2, . . . , w_p /∈ N (A^{(k−1)}_T ) and R^n = N (A^{(k−1)}_T ) + span{w_1, w_2, . . . , w_p}. Then, the smallest non-zero eigenvalue of (6) is equal to the smallest eigenvalue of the following general eigenvalue problem [12, Lemma 2] S_T v_T = λA^{(k−1)}_T v_T , (8)

with S_T = B^⊤_T S_T B_T and A^{(k−1)}_T = B^⊤_T A^{(k−1)}_T B_T (see also [12, 13, 26]). Then, we shall use (8) for computing the element γ_T -constant.

Using the fact that

ker{a_T } = { v ∈ V_k|_T : a_T (v, z) = 0, ∀z ∈ V_k|_T } ⊂ V_{k−1}|_T

= span 1 0 0 , 0 1 0 , 0 0 1 , −x_2 x_1 0 , 0 −x_3

x_2 , −x_3 0 x_1

we can determine vectors spanning the null space of the matrix A^{(k−1)}_T and find then appropriate vectors for defining the matrices B_T .

We note that μ is a factor in the bilinear form (3). Therefore having in mind (6), (7), and (8) we conclude that the constant γ_T is independent of μ.

4 Splitting of the finite element spaces on the tetrahedron meshes

For our further considerations we make the following assumptions on the domain Ω:

(H1) Ω is a polyhedron with all faces parallel to the coordinate planes;

(H2) all edges of Ω have rational lengths.

We define a class of similarity [T ] in an arbitrary triangulation τ of the domain Ω by

[T ] = {L ∈ [T ] | L ∼ T, L ∈ τ},

i.e. one finite element L belongs to the class [T ] when L is geometrically similar to the finite element T ∈ τ.

We introduce two special elements: the finite element of reference T̂ and a regular pyramid K. Let T̂ be the canonical 3D simplex with vertices â_1(1, 0, 0), â_2(0, 1, 0), â_3(0, 0, 1), â_4(0, 0, 0) (see Figure 1). The regular tetrahedron K is defined by the vertices b_1(1, 1, −1), b_2(−1, 1, 1), b_3(1, −1, 1), and b_4(−1, −1, −1).

a_1 a_2 a_3

a_4

a_5 a_6

a_7 a_8

a_9 a_{10}

T {1} = Δa_1a_5a_6a_7, T {2} = Δa_5a_2a_8a_9, T {3} = Δa_6a_8a_3a_{10}, T {4} = Δa_7a_9a_{10}a_4, T {5} = Δa_5a_6a_7a_9, T {6} = Δa_5a_6a_8a_9, T {7} = Δa_6a_8a_9a_{10}, T {8} = Δa_6a_7a_9a_{10}.

Figure 1: The decomposition of the tetrahedron T = Δa_1a_2a_3a_4 into eight subtetrahedra

We consider sequences of triangulations {τ_k}, k = 0, 1, 2, . . . , of the domain Ω satisfying the following conditions:

(i) The initial triangulation τ_0 contains only tetrahedra;

(ii) The triangulation τ_1 is obtained from τ_0 by dividing each element of τ_0 into eight elements as it is shown in Figure 1. The nodes are numbered using the strategy of Bey [10];

(iii) The triangulation τ_k is obtained from τ_{k−1} by the same way as τ_1 is obtained from τ_0 in (ii).

This approach for obtaining the triangulation τ_k is called regular refinement strategy.

Theorem 1 Let the domain Ω fulfils the hypotheses (H1) and (H2). Then using regular refinements we can obtain a sequence of triangulations {τ_k}, k = 0, 1, 2, . . . , such that there are only five classes of similarity for all elements in all triangulations τ_k.

Proof. Since the hypotheses (H1) and (H2) hold, the domain Ω can be partitioned by cubes. There exists a partition of any cube into five tetrahedra, four of them from the class [T̂ ] and one from the class [K] [24, p. 56]. To obtain an initial triangulation of the domain Ω we perform two steps:

(a) Decompose Ω by cubes;

(b) Decompose each cube from (a) into five tetrahedra of classes [T̂ ] and [K].

An arbitrary element T ∈ τ_0 can be obtained by T = F_T (T̂ ) or by T = F_T (K), with the invertible affine linear transformation F_T . Then it is sufficient to decompose the elements T̂ and K for obtaining any triangulation τ_k, k = 1, 2, 3, . . . .

Following the numeration strategy of Bey [10] we decompose the finite element of reference T̂ into eight subtetrahedra T̂ {i_1}, 1 ≤ i_1 ≤ 8 (see Figure 1). To obtain the second level we divide each element T̂ {i_1}, 1 ≤ i_1 ≤ 8, again into eight subtetrahedra T̂ {i_1, i_2}, 1 ≤ i_2 ≤ 8. Thus we get a family of tetrahedra:

{T̂ , T̂ {i_1}, T̂ {i_1, i_2}, T̂ {i_1, i_2, i_3}, . . . , T̂ {i_1, i_2, i_3, . . . , i_k}, . . . | 1 ≤ i_n ≤ 8, k ∈ N}. (9)

Considering all tetrahedra in (9) we could obtain at most six classes of similarity [10, p. 59]. But having in mind that we decompose the reference tetrahedron we can prove that we get only three classes. We have the following:

[T̂ ], [T̂ {5}], [T̂ {6}] (10)

in the first level. Further we decompose the tetrahedra of the first level and obtain in the second level:

T̂ {5, i_2} ∈ [T̂ {5}] , 1 ≤ i_2 ≤ 4, T̂ {5, i_2} ∈ [T̂ {6}] , i_2 = 5, 7, T̂ {5, i_2} ∈ [T̂ ] , i_2 = 6, 8, T̂ {6, i_2} ∈ [T̂ {6}] , 1 ≤ i_2 ≤ 4, T̂ {6, i_2} ∈ [T̂ {5}] , i_2 = 5, 7, T̂ {6, i_2} ∈ [T̂ ] , i_2 = 6, 8.

From this we can conclude that all tetrahedra in the next levels belong to one of the three classes given in (10).

Let us now consider the regular tetrahedron K. In the first level we have eight subtetrahedra as follows:

K{i_1} ∈ [K] , 1 ≤ i_1 ≤ 4 and K{i_1} ∈ [K{5}], 5 ≤ i_1 ≤ 8.

In the second level we have to decompose the finite element K{5}. We obtain

K{5, i_2} ∈ [K] , i_2 = 6, 8 and K{5, i_2} ∈ [K{5}] , i_2 = 1, 2, . . . , 5, 7 .

Therefore, there are only two classes of similarity decomposing the regular pyramid K. Consequently, we have the following classes:

[T̂ ], [T̂ {5}], [T̂ {6}], [K], [K{5}]

for all levels of triangulations of the domain Ω �.

Corollary 1 Let the conditions of Theorem 1 be satisfied and the initial triangulation of the domain Ω is obtained by steps (a) and (b). If the sequence of triangulations {τ_k}, k = 0, 1, 2, . . . is obtained by a regular refinement strategy then the constant γ in (4) can be computed by

γ = max { γ(T̂ ), γ(T̂ {5}), γ(T̂ {6}), γ(K), γ(K{5}) } where γ(T ) is the local γ-constant obtained on the finite element T .

Proof. The corollary follows directly from Theorem 1 and [12]. �

In the following we present estimates of the constant γ_T for the five classes of similarity. Different possibilities for the definition of the finite element spaces V_{k−1} and ~V_k are considered. We show in Figures 2 – 6 how the constant γ_T depends on the Poisson’s ratio ν. The results are obtained by solving the generalized eigenvalue problem (8) numerically and computing γ_T according to (7). To distinguish the constants γ_T for different finite element discretizations we denote it by an additional upper index, i.e. in the case of piecewise polynomial finite element ansatz functions of degree m we use the notation γ^{(m)}_T . In the figures, we mark the plots for γ(T̂ ), γ(T̂ {6}), γ(T̂ {5}), γ(K), and γ(K{5}) by 1, 2, 3, 4, and 5, respectively.

Let us start with the case, where the finite element spaces V_{k−1} and ~V_k are defined by piecewise polynomials of degree not exceeding m, i.e.

V^{(m)}_{k−1} = {v = (v_1, v_2, v_3)^⊤ ∈ [C^0(Ω)]^3 | v_{i|T} = v̂_i ∘ F^{−1}_T ,

v̂_i ∈ P_m(T̂ ), i = 1, 2, 3, ∀T ∈ τ_{k−1}}, m = 1, 2, 3 .

(11)

First we consider the case with piecewise linear ansatz functions for defining the spaces V_{k−1} and ~V_k, respectively. Figure 2a) shows the dependence of the C.B.S. constant γ^{(1)}_T on the Poisson’s ratio ν. The plots show that the C.B.S. constant (γ^{(1)}_T )^2 is bounded by 0.9 as it is proved analytically by Achchab, Axelsson, Laayouni, and Souissi in [2] and correspond to the results given in [16].

If the finite element spaces V_{k−1} and ~V_k are defined by means of piecewise quadratic or piecewise cubic functions, we get the constants γ^{(2)}_T or γ^{(3)}_T , respectively, which are illustrated in Figure 2b) and Figure 3. We have max ( γ^{(m)}(T̂ {5}), γ^{(m)}(K{5}) ) < γ^{(m)}(T̂ {6}), ∀ν ∈ ( 0, 1 2 ) , m = 2, 3 ,

0.981 < γ^{(2)}(T̂ {6}) < 1, ∀ν ∈ ( 0, 1 2 ) , m = 2, 3 and 0.99 < γ^{(3)}(T̂ {6}) < 1, ∀ν ∈ ( 0, 1 2 ) .

1

2

3

4

5 γ

2

ν 0.80

0.81

0.82

0.83

0.84

0.85

0.86

0.87

0.88

0.89

0.90

0.0 0.1 0.2 0.3 0.4 0.5

a)

1 2 3

4

5 γ

2

ν 0.90

0.91

0.92

0.93

0.94

0.95

0.96

0.97

0.98

0.99

1.00

0.0 0.1 0.2 0.3 0.4 0.5

b)

Figure 2: a) Piecewise linear functions b) Piecewise quadratic functions:

1 2 3

4

5 γ

2

ν 0.92

0.94

0.96

0.98

1.00

0.0 0.1 0.2 0.3 0.4 0.5

Figure 3: Piecewise cubic functions: γ^{(3)}(ν).

Now, we discuss the case where the space V_{k−1} is defined by piecewise linear functions (case m = 1 in (11)) and the space ~V_k will be defined by

~V_k = V^{(2)} = {w = (w_1, w_2, w_3) | w_{i|T} = ŵ_i ∘ F^{−1}_T , ŵ_i ∈ P_2(T̂ ), ŵ_i(â_j) = 0, i = 1, 2, 3, j = 1, 2, 3, 4, ∀T ∈ τ_{k−1}}

spanned by quadratic bump functions.

Further we consider a splitting of the finite element spaces over one triangulation (see Figure 4). Let V be a finite element space associated with a triangulation τ of the domain Ω.

� �

�

�

�

� � � �

� • – the nodes in the vertices ∘ – the nodes in the middles of the edges � – the nodes in the barycenters of the faces × – the node in the barycenter of the element

Figure 4: The splitting of the finite element space H^{(b)}.

Let also the space V = V_1 ⊕ V_2, where V_1 and V_2 are disjoint subspaces of V . Then we denote the cosine of the abstract angle between the subspaces V_1 and V_2 by γ(V_1, V_2).

The space H = V^{(1)} ⊕ V^{(2)} is spanned by the piecewise linear functions corresponding to the vertices of the elements added with the basis functions of V^{(2)} corresponding to the edge nodes. The graphic of the constant

~γ^{(1,2)} = γ(V^{(1)}, V^{(2)})

is presented in Figure 5a).

1

4 γ

2

ν 0.90

0.91

0.92

0.93

0.94

0.95

0.96

0.97

0.98

0.99

1.00

0.0 0.1 0.2 0.3 0.4 0.5

a)

1

4 γ

2

ν 0.81

0.83

0.85

0.87

0.89

0.91

0.93

0.95

0.97

0.0 0.1 0.2 0.3 0.4 0.5 b)

Figure 5: a) ~γ^{(1,2)}_T (ν), b) γ^{(b)}(ν).

We introduce the finite element space V^{(b)} spanned by the bulb functions

V^{(b)} = span{x_ix_j x_k, x_1x_2x_3x_4 | i < j < k, i, j, k ∈ {1, 2, 3, 4} , x_4 = 1 − x_1 − x_2 − x_3}.

The space V^{(b)} consists of the functions which vanishes on the edges of the element T ∈ τ. Consider a two-level splitting H^{(b)} = H ⊕ V^{(b)} (see Figure 4) and the corresponding

γ^{(b)} = γ(H, V^{(b)}),

(see Figure 5b)). This case deserve special attention since γ^{(b)}(ν) ≤ √ 0.97, ∀ν ∈ (0,^1_2 ).

At the end of this section we consider another splitting of the finite element space H^{(b)} = V^{(1)} ⊕ (V^{(2)} ⊕ V^{(b)}) with corresponding ~γ^{(b)} = γ(V^{(1)}, V^{(2)} ⊕ V^{(b)}), (see Figure 6).

1

4 γ

2

ν 0.90

0.91

0.92

0.93

0.94

0.95

0.96

0.97

0.98

0.99

1.00

0.0 0.1 0.2 0.3 0.4 0.5

Figure 6: The dependence of the constant ~γ^{(b)} on the Poisson ratio.

5 Pentahedron meshes

Again, we assume that the hypotheses (H1) and (H2) are valid. To obtain an initial triangulation τ_0 of the domain Ω we perform the following steps:

(c) Decompose Ω by cubes;

(d) Decompose each cube from (c) into two pentahedra as it is shown in Figure 7a).

We construct a triangulation τ_1 by dividing each pentahedron from τ_0 into eight pentahedra as it is done in Figure 7b). We generate any refined triangulation τ_k from τ_{k−1} by the same way. Then for the constant γ in (4) we have γ=γ(Ê), where Ê is the pentahedron with the vertices

Ê = {(1, 0, 0), (0, 1, 0), (0, 0, 0), (1, 0, 1), (0, 1, 1), (0, 0, 1)}. (12)

a) b)

Figure 7: a) Dividing of a hexahedron into two pentahedra; b) A decomposition of a pentahedron into eight subpentahedra.

First we consider the case, where the spaces V_{k−1} and ~V_k are defined by the finite element ansatz functions corresponding to the 6-node pentahedron, called the Pen 1 to Pen 1 case. The corresponding constant in the C.B.S. inequality will be denoted by γ^{(pen,1)}. This constant is bounded by √ 0.95, see Figure 8. If the spaces V_{k−1} and ~V_k are defined by the ansatz functions corresponding to the 18-node pentahedron, i.e. in the Pen 2 to Pen 2 case, we get the behaviour of the constant γ^{(pen,2)} illustrated in Figure 8. Additionally, we consider the case where V_{k−1} is defined by the ansatz functions of the 6-node pentahedron and ~V_k is spanned by the nodal basis functions of the 18-node pentahedron in the midpoints of the edges. The dependence of the corresponding constant γ^{(pen,1,2)} is shown in Figure 8. Finally, we discuss the serendipity case (15-node pentahedron elements [9, p. 462]). By analogy to the constants γ^{(pen,2)} and γ^{(pen,1,2)} we analyse constants γ^{(pen,2)}_s and γ^{(pen,1,2)}_s . We obtain 0.97 < γ^{(1,2)}_s < γ^{(1,2)} < 1, ∀ν ∈ ( 0, 1 2 ) .

2 3

1 γ

2

ν 0.86

0.88

0.90

0.92

0.94

0.96

0.98

1.001.00

0.0 0.1 0.2 0.3 0.4 0.5 Figure 8: Pentahedron meshes: 1 - γ^{(pen,1)}(ν), 2 - γ^{(pen,2)}(ν), 3 - γ^{(pen,2)}s (ν).

6 Hexahedron meshes

We suppose that the hypotheses (H1) and (H2) concerning the domain Ω hold. We obtain an initial triangulation τ_0 by dividing Ω into cubes. The triangulation τ_1 is obtained from τ_0 by partitioning of each hexahedron into eight hexahedra as it is shown in Figure 9. An arbitrary triangulation τ_k of the domain Ω is obtained from τ_{k−1} by the same way.

Let the finite element spaces V^{(m)}_{k−1} (V^{(m)}_k ) be spanned by functions which are continuous and are polynomials of degree m in each direction x_i, i = 1, 2, 3, on each element T ∈ τ_{k−1} (T ∈ τ_k). Again, we consider the following three cases:

(a) V_{k−1} = V^{(1)}_{k−1} and ~V_k is spanned by the ansatz function from V^{(1)}_k which correspond to the new nodes in τ_k.

(b) We use 27-node hexahedra, V_{k−1} = V^{(2)}_{k−1} and ~V_k is spanned by the ansatz functions from V^{(2)}_k such that V^{(2)}_k = V^{(2)}_{k−1} ⊕ ~V_k and V^{(2)}_{k−1} ∩ ~V_k = {0}.

(c) V_{k−1} = V^{(1)}_{k−1} and ~V_k is spanned by the ansatz function from V^{(2)}_k which correspond to the nodes in the midpoints of the edges, the centers of the faces, and the center of the hexahedra T ∈ τ_{k−1}.

Figure 9: A partition of a hexahedron to eight elements.

The corresponding constants in the C.B.S. inequality are denoted by γ^{(hex,1)}, γ^{(hex,2)}, and γ^{(hex,1,2)}, respectively. The dependence of these constants on the Poisson ratio ν is shown in Figure 10.

2 3

1 γ^2

ν 0.83

0.85

0.87

0.89

0.91

0.93

0.95

0.97

0.99

1.00

0.0 0.1 0.2 0.3 0.4 0.5

Figure 10: Hexahedron meshes, the octasection method: 1 – γ^{(hex,1)}, 2 – γ^{(hex,2)}, 3 – γ^{(hex,1,2)}.

Finally, we consider the bisection method for hexahedron meshes. Let T ∈ τ_0 be an arbitrary cube in the initial triangulation. We obtain a refined triangulation τ_1 by dividing of each cube T ∈ τ_0 into two hexahedra T {i_1}, i_1 = 1, 2. In the first step the refinement procedure is in x_1-direction. Further we make a refinement in x_2-direction dividing the hexahedron T {i_1} into two hexahedra T {i_1, i_2}, i_1, i_2 ∈ {1, 2}. In the third step we obtain a triangulation τ_3 refining the triangulation τ_2 in x_3-direction. Thus we obtain T {i_1, i_2, i_3}, i_j ∈ {1, 2}, j = 1, 2, 3. We repeat these three steps in the same order for obtaining the triangulations τ_k, k ≥ 4. Then γ = max_{i=0,1,2} γ_{b,i},

where γ_{b,0} = γ(T ), γ_{b,1} = γ(T {i_1}), γ_{b,2} = γ(T {i_1, i_2}).

The dependence of these constants on the Poisson ratio is given in Figure 11.

1

2

3

4

5 6 γ

2

ν 0.60

0.62

0.64

0.66

0.68

0.70

0.72

0.74

0.76

0.78

0.80

0.82

0.84

0.86

0.88

0.90

0.92

0.94

0.96

0.98

1.001.00

0.0 0.1 0.2 0.3 0.4 0.5

Figure 11: Hexahedron meshes, the bisection method: 1−γ^{(1)}_{b,0} , 2−γ^{(1)}_{b,1} , 3−γ^{(1)}_{b,2} , 4−γ^{(2)}_{b,0} , 5−γ^{(2)}_{b,1} , 6 − γ^{(2)}_{b,2} .

7 Discussion

In this section we make a comparison of the results obtained by different discretizations. We present upper and lower bounds for the constant γ(ν), γ ≤ γ(ν) ≤ γ, ν ∈ ( 0,^1_2 ) in Table 1.

We have not a rigorous proof but the experiments show us that γ = γ ( T̂ {6} ) for the tetrahedron meshes considered in Section 4. We obtain the best result for the regular pyramid. The tetrahedron K has the following properties

∇φ_i(x) ‖ b_i, i = 1, 2, 3, 4,

where φ_i(x) is an arbitrary linear nodal basis function associated with the vertex node b_i and b_i is the radius vector of the node b_i.

This properties reflect on the γ constant as follows: γ^{(1)}(K) is independent of ν if ν ∈ ( 0,^1_3 ] and grows linearly when^1_3 < ν <^1_2 . The latter denotes that γ^{(1)}(K) is independent of ν when the coefficient of ∫ Ω div(u)div(v) dx

is smaller than the coefficient of 3∑ i,j=1 ∫ Ω ε_{ij}(u)ε_{ij}(v) dx

in the representation of the bilinear form (3).

The serendipity pentahedra give worse results than 18-node pentahedron elements for Pen 2 to Pen 2 case. But the latter is not true for Pen 1 to Pen 2 case.

Mesh type γ γ γ

tetrahedra γ^{(1)} 0.8940742701185053 0.9 tetrahedra γ^{(1,2)} 0.9843653209940322 1 tetrahedra γ^{(2)} 0.9814419781277343 1 tetrahedra γ^{(3)} 0.9903363929671173 1 tetrahedra ~γ^{(1,2)} 0.9466905004377048 1 tetrahedra γ^{(b)} 0.9084540555884962 0.97 tetrahedra ~γ^{(b)} 0.9554792931954466 1

pentahedra γ^{(pen,1)} 0.8714946277928661 0.95454 pentahedra γ^{(pen,1,2)} 0.977358542005979 1 pentahedra γ^{(pen,1,2)}_s 0.9739370808771585 1 pentahedra γ^{(pen,2)} 0.9532267833061236 1 pentahedra γ^{(pen,2)}_s 0.98026581438292 1

hexahedra γ^{(hex,1)} 0.8324675324675327 0.973 hexahedra γ^{(hex,1,2)} 0.9519177881326361 1 hexahedra γ^{(hex,2)} 0.9327994977034302 1 hexahedra γ^{(1)}_{b,2} 0.940559585231717 1 hexahedra γ^{(2)}_{b,2} 0.9683415044643198 1

Table 1: Upper and lower bounds for the constant γ(ν), ν ∈ ( 0,^1_2 ) with respect to different triangulations.

References

[1] B. Achchab, S. Achchab, O. Axelsson, and A. Souissi. Upper bound of the constant in strengthened C.B.S. inequality for systems of linear partial differential equations. Numerical Algorithms, 32, 185-191, 2003.

[2] B. Achchab, O. Axelsson, L. Laayouni, and A. Souissi. Strengthened Cauchy-Bunyakowskii- Schwarz inequality for a three-dimensional elasticity system. Numer. Linear Algebra Appl., 8(3):191–205, 2001.

[3] B. Achchab and J. F. Maitre. Estimate of the constant in two strengthened CBS inequalities for FEM systems of 2D elasticity: Application to multilevel methods and a posteriori error estimators. Numer. Linear Algebra Appl., 3(2):147–159, 1996.

[4] O. Axelsson. On multigrid methods of the two-level type. In W. Hackbusch and U. Trottenberg, editors, Multigrid Methods, Proceedings of the Conference held at Köln–Porz, November 23–27, 1981, volume 960 of Lecture Notes in Mathematics, pages 352–367, Berlin– Heidelberg–New York, 1982. Springer–Verlag.

[5] O. Axelsson. Stabilization of algebraic multilevel additive methods. In Proceedings of the Conference on Algebraic Multilevel Iteration Methods with Applications, June 13 – 15, 1996, University of Nijmegen, volume 1, pages 49–62, 1996.

[6] O. Axelsson and I. Gustafsson. Preconditioning and two–level multigrid methods of arbitrary degree of approximation. Math. Comput., 40:219–242, 1983.

[7] O. Axelsson and P. S. Vassilevski. Algebraic multilevel preconditioning methods I. Numer.

Math., 56:157–177, 1989.

[8] O. Axelsson and P. S. Vassilevski. Algebraic multilevel preconditioning methods II. SIAM J. Numer. Anal., 27(6):1569–1590, 1990.

[9] J. Argyris and H. P. Mlejnek. Finite element methods, volume 1. Vieweg Braunschweig, 1986.

[10] J. Bey. Der BPX–Vorkonditionierer in 3 Dimensionen: Gitter–Verfeinerung, Parallelisierung und Simulation. Preprint 3, Universität Heidelberg, IWR, 1992.

[11] D. Braess. The contraction number of a multigrid method for solving the Poisson equation.

Numer. Math., 37:387–404, 1981.

[12] V. Eijkhout and P. Vassilevski. The role of the strengthened Cauchy-Buniakowski-Schwarz inequality in multilevel methods. SIAM Review, 33(3):405–419, 1991.

[13] G. Haase, U. Langer, and A. Meyer. The approximate Dirichlet domain decomposition method. Part I: An algebraic approach. Part II: Applications to 2nd-order elliptic boundary value problems. Computing, 47:137–151 (Part I), 153–167 (Part II), 1991.

[14] M. Jung. Convergence rates of multigrid methods for solving plane, linear elasticity problems. In G. Telschow, editor, Second Multigrid Seminar, Garzau 1985, pages 88–102, Berlin, 1986. Karl–Weierstrass–Institut. Report R–MATH–08/86.

[15] M. Jung. Konvergenzfaktoren von Mehrgitterverfahren für Probleme der ebenen linearen Elastizitätstheorie. ZAMM, 67(3):165–173, 1987.

[16] M. Jung and J. F. Maitre. Some remarks on the constant in the strengthened CBS inequality:

Estimate for hierarchical finite element discretizations of elasticity problems. Numer. Meth. for PDE, 15(4):469–487, 1999.

[17] T. V. Kolev and S. D. Margenov. Two-level preconditioning of elasticity non-conforming FEM systems. Numer. Linear Algebra Appl., 1999.

[18] L. Laayouni. Adaptivité en éléments finis et méthodes multiniveaux. PhD thesis, Université Mohammed V-Agdal, Faculté des Sciences, Rabat, 2001.

[19] J. F. Maitre and F. Musy. The contraction number of a class of two-level methods, an exact evaluation for some finite element subspaces and model problems. In W. Hackbusch and U. Trottenberg, editors, Multigrid Methods, Proceedings of the Conference held at Köln– Porz, November 23–27, 1981, volume 960 of Lecture Notes in Mathematics, pages 535–544, Berlin–Heidelberg–New York, 1982. Springer–Verlag.

[20] S. D. Margenov. Upper bound of the constant in the strengthened C.B.S. inequality for FEM 2D elasticity equations. Numer. Linear Algebra Appl., 1(1):65–74, 1994.

[21] S. D. Margenov. Semi–coarsening AMLI algorithms for elasticity problems. In Proceedings of the Conference on Algebraic Multilevel Iteration Methods with Applications, June 13–15, 1996, University of Nijmegen, volume 2, pages 179–193, 1996.

[22] S. D. Margenov and P. S. Vassilevski. Algebraic two-level preconditioning of non-conforming FEM systems. In M. Griebel et al., editor, Large-Scale Scientific Computations of Engineering and Environmental Problems, volume 62 of Notes on Numerical Fluid Mechanics, pages 78–90. Vieweg, 1998. Proceedings of the 1st Workshop on ”‘Large-Scale Scientific Computations”’, Varna, Bulgaria, June 7 - June 11, 1997.

[23] T. Meis and H. W. Branca. Schnelle Lösung von Randwertaufgaben. ZAMM, 62:T263–T270, 1982.

[24] V. V. Shajdurov. Finite element multigrid method, Nauka, Moskva, 1989 (In Russian).

[25] N. Schieweck. A multigrid convergence proof by a strengthened Cauchy inequality for symmetric elliptic boundary value problems. In G. Telschow, editor, Second Multigrid Seminar, Garzau, November 5–8, 1985, pages 49–62, Karl–Weierstrass–Institut für Mathematik, Berlin, 1986. Report R–Math–08/86.

[26] C.-A. Thole. Beiträge zur Fourieranalyse von Mehrgittermethoden: V–cycle, ILU–Glättung, anisotrope Operatoren. PhD thesis, Institut für Angewandte Mathematik, Universität Bonn, 1983. Diplomarbeit.

[27] T. D. Todorov and M. R. Racheva. Applications of a two-level isoparametric iterative scheme for solving elliptic problems. volume 73 of Notes on Numerical Fluid Mechanics, pages 196–203, 2000.

[28] T. D. Todorov and M. R. Racheva. Two-level method for isoparametric problems. volume 73 of Notes on Numerical Fluid Mechanics, pages 188–195, 2000.

[29] P. S. Vassilevski and M. H. Etova. Computation of constants in strengthened Cauchy inequality for elliptic bilinear forms with anisotropy. SIAM J. Sci. Stat. Comput., 13(3):655–665, 1992.

[30] R. Verfürth. The contraction number of a multigrid method with mesh ratio 2 for solving Poisson’s equation. Lin. Algebra Appl., 60:113–128, 1984.