Technische Universität Chemnitz

Sonderforschungsbereich 393 Numerische Simulation auf massiv parallelen Rechnern

Thomas Apel Cornelia Pester

Clément-type interpolation on spherical domains – interpolation error estimates and application to a posteriori error estimation

Preprint SFB393/03-13

Abstract In this paper, a mixed boundary value problem for the Laplace-Beltrami operator is considered for spherical domains in IR^3, i.e. for domains on the unit sphere. These domains are parametrized by spherical coordinates (φ, θ), such that functions on the unit sphere are considered as functions in these coordinates. Careful investigation leads to the introduction of a proper finite element space corresponding to an isotropic triangulation of the underlying domain on the unit sphere. Error estimates are proven for a Clémenttype interpolation operator, where appropriate, weighted norms are used. The estimates are applied to the deduction of a reliable and efficient residual error estimator for the Laplace-Beltrami operator.

Key Words Clément-type interpolation, spherical domains, Laplace-Beltrami operator, a posteriori error estimation

AMS subject classification 65N15; 65N30, 65N50

Preprint-Reihe des Chemnitzer SFB 393

ISSN 1619-7178 (Print) ISSN 1619-7186 (Internet)

SFB393/03-13 July 2003

Contents

1 Introduction 1 2 The model problem 2 2.1 The mixed problem for the Laplace-Beltrami operator . . . . . . . . . . . . 2 2.2 Parametrization: Spherical coordinates . . . . . . . . . . . . . . . . . . . . 3 3 Finite element discretization 4 4 Basic estimates for spherical domains 9 5 Interpolation in spherical domains 10 6 A residual error estimator 13 6.1 Reliability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 6.2 Efficiency . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 7 Conclusion 19 A Proof of Lemma 4.1 19 B Proof of Lemma 4.2 22

Authors’ addresses:

Thomas Apel, Cornelia Pester TU Chemnitz Fakultät für Mathematik D-09107 Chemnitz, Germany

apel@mathematik.tu-chemnitz.de
http://www.tu-chemnitz.de/~tap
cornelia.pester@mathematik.tu-chemnitz.de
http://www.tu-chemnitz.de/~pco

1 Introduction

The finite element method is suited to solve partial differential equations approximately. Nowadays one is not only interested in asymptotic a priori estimates of the discretization error but also in reliable and efficient a posteriori error estimates based on a finite element solution on a given mesh, see for example the monographs by Verfürth [17] and Ainsworth/Oden [1] for an overview.

The boundary value problems treated in the literature on a posteriori error estimation are posed on two- or three-dimensional domains. In our paper, however, we focus on the mixed boundary value problem for the Laplace-Beltrami equation over a domain that is part of the unit sphere S^2 ⊂ IR^3. Our interest in spherical domains arose from the computation of three-dimensional corner singularities for elliptic operators like the Laplace or the Lamé operator [2]. The quantitative knowledge of these singularities is important for analysts and engineers, for example for the onset of cracks, see work by Leguillon [13, 14, 15], and Andrä/Dimitrov/Schnack [7, 16]. The singularities can be computed by solving operator eigenvalue problems which are defined over spherical domains Ω ⊂ S^2.

The parametrization of a two-dimensional manifold Ω ⊂ IR^3 leads to a problem in a domain G ⊂ IR^2 in the parameter space so that we can try to apply techniques for error estimation similar to those known for plane domains. The main difficulty is that the nature of the problem is determined by the spherical domain and that the variable transformation F with Ω = F (G) influences the operator on G and also the norms over G that have to be used for error estimation.

Generally the parametrization is not unique. A common parametrization of the unit sphere is given by spherical coordinates (φ, θ), although it possesses singularities at the poles. Treating functions which are defined on the unit sphere as functions of the two parameters φ and θ, the usual norms and gradients have to be provided with certain weights. Accordingly, the definition of other ingredients like an interpolation operator has to be adapted. We call Ω and G regular if G is open, connected and polygonal and if its boundary is piecewise parallel to the φ- or θ-axes. For simplicity we consider in this paper only domains (Ω or G, respectively) that are regular.

Typical for the investigation of a posteriori error estimators is the use of an interpolation operator that is able to act on functions from the Sobolev space H^1, for example the interpolation operator of Clément [6], see papers by Carstensen/Funken [5] and Verfürth [18]. One of the aims of this paper is to modify the operator appropriately for the use on spherical domains and to prove the necessary estimates for the interpolation error.

In Sections 2 the model problem is introduced. We consider a mixed boundary value problem for the Laplace-Beltrami operator. This operator finds application, for instance, in conductivity or heat transfer problems in curved surfaces. The finite element discretization is discussed in Section 3. We focus in particular on the definition of a finite element mesh over Ω which is the image of a mesh over G (with straight edges) and consists of shaperegular (isotropic) elements on the spherical domain Ω. Due to the singularity of the transformation, one cannot achieve meshes that are shape-regular both over G and Ω. After stating the trace theorem and a Bramble-Hilbert type lemma in the form suitable for our application (the proof is very technical and postponed to the Appendix), we prove in Section 4 an error estimate for a weighted L^2-projection. These basic estimates allow then to investigate a Clément-type interpolation operator in Section 5. As pointed out above, error estimates for this interpolation operator are an essential ingredient for the proof of bounds of a residual a posteriori error estimator. We demonstrate this for our model problem in Section 6. The extension to the eigenvalue problems mentioned above is a topic of future research.

Throughout this paper, constants do not depend on the triangulation of the computational domain nor on the functions under consideration. Instead of ψ_1 ≤ cψ_2 and c_1ψ_1 ≤ ψ_2 ≤ c_2ψ_1 with certain constants c, c_1, c_2, we will write ψ_1 ≲ ψ_2 and ψ_1 ∼ ψ_2, respectively.

2 The model problem

2.1 The mixed problem for the Laplace-Beltrami operator

We consider an open, connected subset Ω of the unit sphere S^2. Its boundary Γ = ∂Ω is split into Dirichlet boundary Γ_D and Neumann boundary Γ_N , such that Γ = Γ_D ∪ Γ_N , Γ_D ∩ Γ_N = ∅, and such that Γ_D is closed with respect to Γ.

Denote by Δ_S the Laplace operator on S^2, the so called Laplace-Beltrami operator, and consider the following model problem:

−Δ_S u = f in Ω u = 0 on Γ_D ∂u ∂n = g on Γ_N , (1)

where n is the exterior normal to Ω, i.e., n(x) lies in the tangential plane at x ∈ ∂Ω and is orthogonal to the tangential vector at x. In order to ensure the existence of a unique solution, we assume that Γ_D has positive length.

Let ∇_S be the spherical gradient of a function. With the symbols |⌈ · ⌉|_{k,S} and ⌈ · ⌉_{k,S}, we denote the Sobolev norms and seminorms of order k, k = 0, 1, for any subset S ⊂ Ω, i.e. ⌈u⌉_{0,S} = |⌈u⌉|_{0,S} := ( ∫ S |u|^2 dω )_{1/2} ,

⌈u⌉_{1,S} := ( ∫ S |∇_S u|^2 dω )_{1/2} ,

where dω is the surface element and |⌈u⌉|^2_{1,S} = ⌈u⌉^2_{0,S} + ⌈u⌉^2_{1,S} . Correspondingly, let dσ be the line element.

By analogy to the usual Sobolev spaces, we introduce Sobolev spaces over spherical domains, denoted by H^k(S), which consist of functions u with bounded norms |⌈u⌉|_{ℓ,S} , 0 ≤ ℓ ≤ k, k = 0, 1. Similarly, norms and Sobolev spaces of higher order can be defined; see for example Kozlov, Maz’ya, Roßmann [9].

Define the space X = {v ∈ H^1(Ω) | v = 0 on Γ_D}. Using Green’s formula, Problem (1) can be transferred into its weak formulation: Find u ∈ X such that ∫ Ω ∇_S u · ∇_S v dω = ∫ Ω fv dω + ∫ Γ_N gv dσ ∀v ∈ X. (2)

2.2 Parametrization: Spherical coordinates

For our further calculations it is useful to parametrize the unit sphere. To this end, we choose spherical coordinates and consider the transformation

x = cos φ sin θ, y = sin φ sin θ, z = cos θ

with φ ∈ [0, 2π), θ ∈ [0, π], where x, y, z denote the Cartesian coordinates. Then, the Laplace-Beltrami operator explicitly reads

Δ_S u = 1 sin^2 θ

∂^2u ∂φ^2 + 1 sin θ ∂ ∂θ ( sin θ ∂u ∂θ ) . The representation of the gradient in spherical coordinates is given by

∇_S u = ( 1 sin θ ∂ ∂φ , ∂ ∂θ )_⊤ . All functions considered in the following shall be expressed by the two parameters φ and θ. The parameter domain (in the (φ, θ)-coordinate system) corresponding to Ω will be denoted by G, i.e. G ⊂ [0, 2π) × [0, π].

Curves γ on the unit sphere shall always be given in parametrized form γ = γ(t) = {(φ(t), θ(t)) | t ∈ [0, 1]}. The corresponding line and surface elements read

dσ = √ φ̇(t)^2 sin^2 θ(t) + θ̇(t)^2 dt and dω = sin θ dφ dθ,

respectively. If we insert these explicit forms into the weak formulation (2), we actually have to use G and the parametrized counterpart of Γ_N as the integration domains for the surface integrals and the boundary integral, respectively. In order to keep the amount of notation at a minimum, we will carry on writing Γ_D and Γ_N either meaning Dirichlet and Neumann boundary of Ω or their parametrized forms in the parameter domain G. Their concrete meanings are always clear from the context. Note that, in general, ∂G is not the parametrization of ∂Ω, compare for example Ω = S^2, ∂Ω = ∅, but ∂G is the boundary of the rectangle [0, 2π] × [0, π].

Hence, using the explicit forms of dσ and dω, Formulation (2) equals: Find u ∈ X such that ∫ G ∇_S u · ∇_S v sin θ dφ dθ = ∫ G fv sin θ dφ dθ + ∫ Γ_N gv dσ ∀v ∈ X. (3)

We remark that the symbols | · |_{k,S}, ‖ · ‖_{k,S} and ‖ · ‖_{0,γ} denote the usual Sobolev seminorms and norms for plane domains S or curves γ ⊂ IR^2, i.e. |u|_{0,S} = ( ∫ S |u|^2 dφ dθ )_{1/2} ,

|u|_{1,S} = ( ∫ S |∇u|^2 dφ dθ )_{1/2} = ( ∫ S |∂u/∂φ|^2 + |∂u/∂θ|^2 dφ dθ )_{1/2} ,

‖u‖_{0,γ} = (^1∫ 0 |u(φ(t), θ(t))|^2 √ φ̇(t)^2 + θ̇(t)^2 dt )_{1/2} .

The symbols |S| := ‖1‖^2_{0,S} and |γ| := ‖1‖^2_{0,γ} are used to express the area of a domain S ⊂ IR^2 and the length of a curve γ ⊂ IR^2, respectively. Analogously, the spherical size or length of a domain S ⊂ S^2 or a curve γ ⊂ S^2 are denoted by ⌈S⌉ := |⌈1⌉|^2_{0,S} and ⌈γ⌉ := |⌈1⌉|^2_{0,γ} . 3 Finite element discretization

For the numerical solution of partial differential equations, it is necessary to discretize the given problem. In particular, we consider a family T_h, h > 0, of triangulations of Ω into elements T ⊂ S^2 with standard assumptions, i.e.

(i) Ω = ⋃ T ∈T_h T , T_i ∩ T_j = ∅ for i ≠ j;

(ii) the closures of any two elements T_i ≠ T_j of T_h are either disjoint or have exactly one common edge or one common vertex;

(iii) the number of elements which have a common vertex is bounded from above by a fixed constant Z independent of h and T_h.

Without loss of generality, we assume that all triangles and edges are open. We denote the sets of all edges and vertices in the triangulation T_h by E_h and N_h, respectively. The edges and vertices of an element T ∈ T_h are denoted by E(T ) and N (T ). Analogously, let N (E) be the set of the two vertices of an edge E ∈ E_h. According to the decomposition of Γ, we define E_{h,D} := {E ∈ E_h | E ⊂ Γ_D}, N_{h,D} := N_h ∩ Γ_D, E_{h,N} := {E ∈ E_h | E ⊂ Γ_N }, N_{h,N} := N_h ∩ Γ_N , E_{h,Ω} := E_h \ (E_{h,D} ∪ E_{h,N} ), N_{h,Ω} := N_h \ (N_{h,D} ∪ N_{h,N} ). For T ∈ T_h, E ∈ E_h and x ∈ N_h, we introduce

ω_T := ⋃ E(T )∩E(T^′ )≠∅ T^′, ω_E := ⋃ E∈E(T^′) T^′, ω_x := ⋃ x∈N (T^′) T^′, ω̃_T := ⋃ N (T )∩N (T^′)≠∅ T^′, ω̃_E := ⋃ N (E)∩N (T^′)≠∅ T^′. see Figure 1.

There are two options for the choice of a proper triangulation. Either the parameter domain G is meshed isotropically, i.e., each element has approximately the same plane dimensions in φ-direction as in θ-direction; or the sphere is meshed isotropically, i.e., the spherical dimensions in both directions are equivalent for each triangle. The Figures 2 and 3 show samples for both kinds of triangulations in the parameter domain and their counterparts on the sphere.

The isotropic triangulation of the parameter domain is easier to implement. On the other hand, it yields anisotropic elements on the sphere. Near the poles, elements narrow more and more in φ-direction. Careful analysis of a residual error estimator reveals that the upper bound for the error depends on the maximum of the two dimensions of each element while the lower bound depends on their minimum, which may result in a reliabilityefficience gap in the order of their aspect ratio. Therefore, we will generally get a reliable

Figure 1: The domains ω_T , ω_E, ω_x, ω̃_T , ω̃_E (from left top to right bottom)

and efficient error estimator only if this maximum and this minimum are equivalent. This equivalence is requested in Condition (5) on the mesh.

We remark that similar considerations occur in the analysis of error estimators for anisotropic discretizations, as carried out, for example, by Kunert [11, 12]. There, the discrepancy is remedied by the introduction of an alignment measure (matching function) which has small values, if the mesh corresponds to some anisotropic function. In our application, however, the anisotropic mesh is purely artificial and the alignment measure may produce values in the order of the aspect ratio of the elements on the spherical domain.

This is why we consider a discretization of the spherical domain, where both dimensions of any element are approximately the same, i.e., they only differ by a constant which is independent of the triangulation. To this end, it is necessary to use an isotropic triangulation of the sphere as displayed in Figure 3. However, the elements in the parameter domain become anisotropic then. Therefore, we make the following assumptions on the mesh:

Conformity The conditions (i)–(iii) hold.

Axiparallel triangles The nodes a_{i,T} = (φ_{i,T} , θ_{i,T} ), i = 1, 2, 3, of an element T ∈ T_h satisfy φ_{1,T} ≤ φ_{3,T} ≤ φ_{2,T} and θ_{1,T} = θ_{2,T} , (4)

see also the following picture.

φ θ

φ_1 φ_3 φ_2 θ_1 = θ_2 θ_3 T ϑ_{−,T} > 0

φ θ

φ_1 φ_2 θ_3 = 0 θ_1 = θ_2 T ϑ_{−,T} = 0 φ θ

φ θ

Figure 2: Isotropic triangulation of the parameter domain (top) with n_θ ∈ {4, 8} divisions in θ-direction and n_φ = 2n_θ divisions in φ-direction and the corresponding anisotropic triangulation on the sphere (bottom)

φ θ

φ θ

Figure 3: Isotropic triangulation of the sphere (bottom) with n_φ = 4 divisions in φ-direction and n_θ ∈ {4, 8} divisions in θ-direction and the corresponding anisotropic triangulation in the parameter domain (top)

This especially means that one edge of each element T ∈ T_h is parallel to the φ-axis in the parameter plane. Note that polar elements appear as rectangles in the parameter domain, see Remark 3.1. In this case, the element T ⊂ S^2 has the nodes (φ_{1,T} , θ_{1,T} ) and (φ_{2,T} , θ_{2,T} ) (with θ_{1,T} = θ_{2,T} ) and the node at the pole at θ = θ_3 ∈ {0, π} and at undefined φ-coordinate. In the parameter plane, the nodes at the poles are identified, i.e. the counterpart of T in G has the nodes (φ_{1,T} , θ_{3,T} ), (φ_{1,T} , θ_{1,T} ), (φ_{2,T} , θ_{1,T} ) and (φ_{2,T} , θ_{3,T} ).

Boundary representation by edges There is a set S ⊂ E_h of edges such that Γ_D = ⋃ E∈S E. Isotropy Given any domain ω ⊂ G, denote by h_{φ,ω} = sup_{(φ,θ)∈ω} φ − inf_{(φ,θ)∈ω} φ and h_{θ,ω} = sup_{(φ,θ)∈ω} θ − inf_{(φ,θ)∈ω} θ its dimensions in horizontal and vertical direction, in particular h_{φ,T} = φ_{2,T} − φ_{1,T} and h_{θ,T} = |θ_{3,T} − θ_{1,T} |, and define

ϑ_{−,ω} := inf_{(φ,θ)∈ω} sin θ, ϑ_{+,ω} := sup_{(φ,θ)∈ω} sin θ.

The term h_{φ,ω}ϑ_{+,ω} corresponds to the actual horizontal extent of the domain ω on the sphere. We require h_{φ,T} ϑ_{+,T} ∼ h_{θ,T} ∀T ∈ T_h, (5) which characterizes the isotropy of T_h. This especially means that the φ-extent of elements at the poles is independent of h, i.e.

h_{φ,T} ∼ 1 for T ∈ T_h with ϑ_{−,T} = 0. (6)

Comparable size of adjacent elements We require h_{θ,T} ≲ ϑ_{−,T} ∀T ∈ T_h with ϑ_{−,T} > 0. (7) This is true, for example, if adjacent elements T have approximately the same size.

Sufficient fineness The mesh generated by T_h is fine enough that h_{θ,ω̃T} ≤ π/4 at least for elements near the pole (i.e. for T with ϑ_{−,ω̃T} = 0). Moreover, each element T ∈ T_h touches maximum one boundary corner or crack tip. For technical reasons, elements with ϑ_{−,ω̃T} = 0 must not touch a crack tip.

Remark 3.1 The chosen parametrization possesses a singularity at the poles of the sphere (i.e. at θ = 0 and θ = π). Resulting from this, the spherical triangles at the poles, which are produced by the previously described triangulation of Ω, correspond to rectangles in the parameter domain. “Edges” E at the poles with θ ≡ 0 or θ ≡ π have length zero by definition, sin θ ≡ 0, θ = const =⇒ ⌈E⌉ = ∫_1 0 √ φ̇^2 sin^2 θ + θ̇^2 dt = 0, since they appear only in the parameter domain, not on the sphere. Therefore, the sets E_h, E(T ) etc. are always to be understood as sets of edges with ⌈E⌉ > 0, i.e. of spherical edges.

The set of nodes N_h consists of the nodes on the sphere, i.e. of all pairs of coordinates (φ_{i,T} , θ_{i,T} ) that occur for any element T ∈ T_h with ϑ_{−,T} > 0 and of pole nodes, if the poles are contained in Ω. Nodes at a pole are identified in the parameter domain.

Remark 3.2 In the following algorithm, we give an example for the generation of a mesh with all the above properties. The algorithm produces a decomposition of the parameter domain G ⊂ IR^2. The description is reduced to the case Ω = S^2. A corresponding triangulation of proper subdomains of the unit sphere can be found by choosing the parameters properly and adapting the mesh to the corresponding parameter domain.

Algorithm Suppose G = [0, 2π) × [0, π].

• The parameter domain G is divided n_φ times in φ-direction and n_θ times in θdirection, where n_φ is about 4 or 6 and where n_θ is even.

• The generated rectangles at θ = 0 and θ = π remain unchanged. They correspond to the triangles at the poles.

Let h_θ = π/n_θ. All edges with θ = k · h_θ ≤ π/2, k = 1, . . . , n_θ/2, are divided equidistantly into k − 1 parts.

• The generated nodes are connected properly with each other and the corresponding end points of the edges. The generated mesh is mirrored on the equator (θ ≡ π/2), see Figure 3.

Lemma 3.3 The relation ϑ_{+,T} ∼ ϑ_{−,T} (8) holds true for all elements T ∈ T_h which are not placed at a pole, i.e. for ϑ_{−,T} > 0.

Proof Relation (8) was proven already in [3, Subsection 4.3]. For completeness, the proof is repeated. It is clear that ϑ_{+,T} ≥ ϑ_{−,T} . It remains to show ϑ_{+,T} ≲ ϑ_{−,T} .

By definition, there are two angles θ_− and θ_+ with ϑ_{−,T} = sin θ_− and ϑ_{+,T} = sin θ_+. Obviously, we have |θ_+ − θ_−| ≤ h_{θ,T} . Because of assumption (7) and sin x ≤ |x| ∀x ∈ IR it follows that ϑ^{−1}_{−,T} ≲ h^{−1}_{θ,T} , sin(θ_+ − θ_−) ≤ |θ_+ − θ_−| ≤ h_{θ,T} , and therefore

ϑ_{+,T} = sin θ_+ = sin θ_− cos(θ_+ − θ_−) + cos θ_− sin(θ_+ − θ_−) = ϑ_{−,T} ( cos(θ_+ − θ_−) + ϑ^{−1}_{−,T} cos θ_− sin(θ_+ − θ_−) ) ≲ ϑ_{−,T} .

Corollary 3.4 Let T ∈ T_h with ϑ_{−,T} > 0. Relation (5) and the previous lemma imply

sin θ ∼ h_{θ,T} h_{φ,T} ∀(φ, θ) ∈ T. (9)

Remark 3.5 The Properties (5), (6) and (9) yield ⌈T ⌉ ∼ h^2_{θ,T} ∀T ∈ T_h and ⌈E⌉ ∼ h_{θ,T} ∀E ∈ E_h, ∀T ⊂ ω_E. (10) This especially gives

h_{θ,T1} ∼ h_{θ,T2} for any two adjacent elements T_1, T_2 ∈ T_h. (11)

Corresponding to the triangulation T_h of Ω, let X_h be the space of all continuous, elementwise linear finite element functions that vanish on Γ_D. Here, linear means linear with respect to φ and θ, i.e. linear over the parameter domain G. Since pole triangles appear as rectangles in the parameter domain, the finite element functions of X_h must be bilinear over these elements. In particular, if v ∈ X_h, then let v|_T ∈ span{1, φ, θ}, if ϑ_{−,T} > 0, and let v|_T ∈ span{1, θ, φθ}, if ϑ_{−,T} = 0, see also Remark 5.1 for formulae of the basis functions.

The finite element discretization of Problem (3) is given by: Find u_h ∈ X_h such that ∫ G ∇_S u_h · ∇_S v_h dω = ∫ G fv_h dω + ∫ Γ_N gv_h dσ ∀v_h ∈ X_h, (12)

where dω = sin θ dφ dθ and dσ = √ φ̇^2 sin^2 θ(t) + θ̇^2 dt are the spherical surface and line elements, see Subsection 2.2.

4 Basic estimates for spherical domains

In this section, basic estimates are summarized which are necessary for the verification of forthcoming error estimates. Their proofs are based on transformations to reference domains, conversion of norms and application of corresponding estimates for plane domains.

Lemma 4.1 (Trace theorem) Let T ∈ T_h and E ∈ E(T ). Then all v ∈ H^1(T ) satisfy |⌈v⌉|^2_{0,E} ≲ ⌈E⌉ ⌈T ⌉ ( |⌈v⌉|^2_{0,T} + h^2_{θ,T} ⌈v⌉^2_{1,T} ) . The proof of Lemma 4.1 is given in Appendix A.

Lemma 4.2 (Bramble-Hilbert) Let T ∈ T_h, E ∈ E(T ), x ∈ N (T ) and ω = T , ω = ω_x, ω = ω̃_T or ω = ω̃_E. For all functions v ∈ H^1(ω) there is a constant function τ = τ(v) ∈ P_{0|ω}, such that |⌈v − τ⌉|_{0,ω} ≲ h_{θ,T} ⌈v⌉_{1,ω}. The proof of Lemma 4.2 is given in Appendix B. It refers to a similar estimate stated by Dupont, Scott [8], see also Brenner, Scott [4], where τ(v) is chosen using averaged Taylor polynomials.

Let ω ⊂ Ω and let P_0 be the space of all constant functions over Ω. We denote by π_{0,ω} : H^0(ω_x) → P_0 the weighted L^2-projection of a function v ∈ H^0(ω) onto P_0, i.e. let π_{0,ω}v = 1 ⌈ω⌉ ∫ ω v(φ, θ) sin θ dφ dθ = |⌈1⌉|^{−2}_{0,ω} ∫ ω v dω.

Corollary 4.3 (Error estimate for the weighted L^2-projection) Let T ∈ T_h, E ∈ E(T ), x ∈ N (T ) and let ω be any of the domains considered in Lemma 4.2. Denote by π_{0,ω} the weighted L^2-projection of a function v onto P_0. Then the estimate |⌈v − π_{0,ω}v⌉|_{0,ω} ≲ h_{θ,T} ⌈v⌉_{1,ω}. (13) holds for all v ∈ H^1(ω).

Corollary 4.3 complies with [4, Lemma 4.3.14] where the result is called Friedrichs’ inequality. For completeness the proof is given below.

Proof According to Lemma 4.2 there is a constant function τ(v) depending on v such that |⌈v − τ(v)⌉|_{0,ω} ≲ h_{θ,T} ⌈v⌉_{1,ω}. Moreover the relation π_{0,ω}τ(v) = τ(v) holds true, since τ(v) is constant over ω. From the definition of π_{0,ω}, one obtains for any function ψ ∈ H^0(ω) |π_{0,ω}ψ| = |⌈1⌉|^{−2}_{0,ω} ∫ ω ψ dω ≤ |⌈1⌉|^{−2}_{0,ω}|⌈ψ⌉|_{0,ω}|⌈1⌉|_{0,ω} = |⌈1⌉|^{−1}_{0,ω}|⌈ψ⌉|_{0,ω}, (14) |⌈π_{0,ω}ψ⌉|_{0,ω} = |π_{0,ω}ψ||⌈1⌉|_{0,T} ≤ |⌈1⌉|^{−1}_{0,ω}|⌈ψ⌉|_{0,ω}|⌈1⌉|_{0,ω} ≤ |⌈ψ⌉|_{0,ω}. Choosing ψ = v − τ(v) and applying Lemma 4.2, we get |⌈v − π_{0,ω}v⌉|_{0,ω} = |⌈(v − τ(v)) − π_{0,ω}(v − τ(v))⌉|_{0,ω} ≤ |⌈v − τ(v)⌉|_{0,ω} + |⌈π_{0,ω}(v − τ(v))⌉|_{0,ω} ≤ 2|⌈v − τ(v)⌉|_{0,ω} ≲ h_{θ,T} ⌈v⌉_{1,ω}.

5 Interpolation in spherical domains

We define the (weighted) Clément-type interpolation operator I_h : H^0(Ω) → X_h by: I_hv(φ, θ) = ∑ x∈N_h\N_{h,D} (π_{0,ωx} v) ϕ_x(φ, θ),

where the nodal basis functions ϕ_x are piecewise affine linear (or bilinear) with respect to φ and θ, i.e. piecewise polynomials of first degree over the parameter domain, see Remark 5.1.

Remark 5.1 The nodal basis functions ϕ_x have the value 1 in the node x ∈ N_h and the value 0 in all other nodes. They are defined over the patch ω_x and extended by zero on Ω \ ω_x. For elements T ∈ T_h with ϑ_{−,T} > 0, we can choose, for example,

ϕ_{x1,T} = 1 − ℘^{−1}[(φ − φ_{1,T} )(θ_{3,T} − θ_{2,T} ) − (φ_{3,T} − φ_{2,T} )(θ − θ_{1,T} )], ϕ_{x2,T} = ℘^{−1}[(φ − φ_{1,T} )(θ_{3,T} − θ_{1,T} ) − (φ_{3,T} − φ_{1,T} )(θ − θ_{1,T} )], ϕ_{x3,T} = ℘^{−1}[(φ_{2,T} − φ_{1,T} )(θ − θ_{1,T} ) − (φ − φ_{1,T} )(θ_{2,T} − θ_{1,T} )], where ℘ = (φ_{2,T} − φ_{1,T} )(θ_{3,T} − θ_{1,T} ) − (φ_{3,T} − φ_{1,T} )(θ_{2,T} − θ_{1,T} ). Exploiting Relation (4), these terms can be simplified. As already mentioned in Section 3, polar elements have to be considered separately. By assumption, see Section 3 and Remark 3.1, elements T ∈ T_h with ϑ_{−,T} = 0, have the nodes x_{1,T} = (φ_{1,T} , θ_{1,T} ), x_{2,T} = (φ_{2,T} , θ_{1,T} ) and x_{3,T} at θ = θ_3 ∈ {0, π}, i.e. N (T ) = {x_{1,T} , x_{2,T} , x_{3,T} }. For these elements, the nodal basis functions are allowed to be bilinear. They can be chosen, for example, as follows: ϕ_{x1,T} = ℘^{−1}(φ_{2,T} − φ)(θ_{3,T} − θ), ϕ_{x2,T} = ℘^{−1}(φ − φ_{1,T} )(θ_{3,T} − θ), ϕ_{x3,T} = ℘^{−1}(φ_{2,T} − φ_{1,T} )(θ − θ_{1,T} )

with the scaling factor ℘ = (φ_{2,T} − φ_{1,T} )(θ_{3,T} − θ_{1,T} ).

One will check that all given basis functions have positive values over the corresponding element T with maximum value 1 and that ∑ x∈N (T ) ϕ_x = 1 for all T ∈ T_h.

Moreover, constant functions are interpolated exactly over elements T ∈ T_h which have no nodes on the Dirichlet boundary, i.e. I_hv = v for v ∈ P_{0|T} , T ∈ T_h, ∂T ∩ Γ_D = 0.

The definition of the interpolation operator implies that I_hv = 0 on Γ_D.

Remark 5.2 The nodal basis functions for elements T ∈ T_h with ϑ_{−,T} > 0 equal the barycentric coordinates corresponding to T (considered as triangle in the parameter plane). One will check that the nodal basis functions for elements T ∈ T_h with ϑ_{−,T} = 0 (see Remark 5.1) have the same properties as barycentric coordinates, especially ϕ_{x1,T} ϕ_{x2,T} ϕ_{x3,T} ≤ 1/27, where the maximum value 1/27 is attained at φ = 1/2(φ_{1,T} + φ_{2,T} ), θ = 1/3(2θ_{1,T} + θ_{3,T} ), and ϕ_{xi,T} ϕ_{xj,T} ≤ 1/4 for i ≠ j with maximum value 1/4.

Lemma 5.3 The interpolation operator I_h is bounded, i.e. |⌈I_hv⌉|_{0,T} ≤ |⌈v⌉|_{0,ω̃T} ∀T ∈ T_h, (15) |⌈I_hv⌉|_{0,E} ≲ h^{−1/2}_{θ,T} |⌈v⌉|_{0,ω̃E} ∀E ∈ E(T ), T ∈ T_h. (16) Proof From (14) we know that for any T ∈ T_h and any x ∈ N (T ) |π_{0,ωx} v| ≤ |⌈1⌉|^{−1}_{0,ωx} |⌈v⌉|_{0,ωx} ≤ |⌈1⌉|^{−1}_{0,T} |⌈v⌉|_{0,ω̃T} = ⌈T ⌉^{−1/2}|⌈v⌉|_{0,ω̃T} and from the properties of the basis functions ϕ_x that ∑ x∈N (T )\N_{h,D} ϕ_x(φ, θ) ≤ 1 ∀(φ, θ) ∈ T. This gives |⌈I_hv⌉|^2_{0,T} = ∫ T |I_hv|^2 dω ≤ ∫ T { ∑ x∈N (T )\N_{h,D} |π_{0,ωx} v| ϕ_x }_2 dω

≤ ⌈T ⌉^{−1}|⌈v⌉|^2_{0,ω̃T} ∫ T { ∑ x∈N (T )\N_{h,D} ϕ_x }_2 dω ≤ ⌈T ⌉^{−1}|⌈v⌉|^2_{0,ω̃T} ⌈T ⌉ = |⌈v⌉|^2_{0,ω̃T} , which proves relation (15). Now let x_{0,E} = (φ(0), θ(0)) and x_{1,E} = (φ(1), θ(1)) denote the vertices of E ∈ E(T ). Using (14), we have for α ∈ {0, 1} ( I_hv(α) )_2 = ( I_hv(x_{α,E}) )_2 = |π_{0,ωxα,E} v|^2 ≤ ⌈T ⌉^{−1/2}|⌈v⌉|_{0,ω̃E} . This yields for t ∈ [0, 1] ( I_hv(t) )_2 ≤ ( max t∈[0,1] |I_hv(t)| )_2 ≤ ( max{|I_hv(0)|, |I_hv(1)|} )_2 ≤ ( I_hv(0)

)_2 + ( I_hv(1)

)_2

≤ 2⌈T ⌉^{−1/2}|⌈v⌉|_{0,ω̃E} . The last term is independent of t. Hence, we use (10) and continue |⌈I_hv⌉|^2_{0,E} = ∫ E ( I_hv(t) )_2 dσ ≤ 2⌈E⌉⌈T ⌉^{−1}|⌈v⌉|_{0,ω̃T} ∼ h^{−1}_{θ,T} |⌈v⌉|_{0,ω̃T} , which proves the second inequality.

Theorem 5.4 (Interpolation Error Estimates) Let T_h be an isotropic triangulation of a regular spherical domain. Then the following interpolation error estimates hold true: |⌈v − I_hv⌉|_{0,T} ≲ h_{θ,T} ⌈v⌉_{1,ω̃T} ∀v ∈ H^1(ω̃_T ), |⌈v − I_hv⌉|_{0,E} ≲ h^{1/2}_{θ,T} ⌈v⌉_{1,ω̃E} ∀v ∈ H^1(ω̃_E ). Proof By definition, constant functions w ∈ P_{0|ω̃T} are interpolated exactly over elements T ∈ T_h which do not collide with the Dirichlet boundary, i.e. if N (T ) ∩ N_{h,D} = ∅. In this case, we get from the triangle inequality |⌈v − I_hv⌉|_{0,T} ≤ |⌈v − w⌉|_{0,T} + |⌈I_h(v − w)⌉|_{0,T} ∀w ∈ P_{0|ω̃T} . Lemma 5.3 and Lemma 4.2 imply the existence of a function w ∈ P_{0|ω̃T} with |⌈v −I_hv⌉|_{0,T} ≲ |⌈v − w⌉|_{0,ω̃T} ≲ h_{θ,T} ⌈v⌉_{1,ω̃T} . If N (T ) ∩ N_{h,D} ≠ ∅, we have |⌈v − I_hv⌉|^2_{0,T} = ∫ T { v − ∑ x∈N (T )\N_{h,D} π_{0,ωx} v ϕ_x }_2 dω

= ∫ T { v − ∑ x∈N (T ) π_{0,ωx} v ϕ_x + ∑ x∈N (T )∩N_{h,D} π_{0,ωx} v ϕ_x }_2 dω

≤ 4 ∫ T { v − ∑ x∈N (T ) π_{0,ωx} v ϕ_x }_2 + ∑ x∈N (T )∩N_{h,D} { π_{0,ωx} v ϕ_x }_2 dω

≤ 4 ( |⌈v − ∑ x∈N (T ) π_{0,ωx} v ϕ_x⌉|^2_{0,T} + ∑ x∈N (T )∩N_{h,D} |⌈π_{0,ωx} v ϕ_x⌉|^2_{0,T} ) .

In the first term, we insert a constant function w and proceed as in the first part of this proof by applying Lemma 4.2. Using ϕ_x(φ, θ) ≤ 1 for all x ∈ N (T ), (φ, θ) ∈ ω_x, and consequently |⌈π_{0,ωx} vϕ_x⌉|^2_{0,T} ≤ |⌈π_{0,ωx} v⌉|^2_{0,T} = ⌈T ⌉|π_{0,ωx} v|^2, one obtains |⌈v − I_hv⌉|^2_{0,T} ≲ h^2_{θ,T} ⌈v⌉^2_{1,ω̃T} + ⌈T ⌉ ∑ x∈N (T )∩N_{h,D} |π_{0,ωx} v|^2. (17)

For the estimation of the second term, we exploit that for each x ∈ N_{h,D}, there is an edge E ⊂ Γ_D and an element T^′ ⊂ ω_x with E ∈ E(T^′) and v ≡ 0 on E. Because π_{0,ωx} v is constant over ω_x and v vanishes on E, we have by using the trace theorem (Lemma 4.1) |π_{0,ωx} v|^2 = ⌈E⌉^{−1}|⌈π_{0,ωx} v⌉|^2_{0,E} = ⌈E⌉^{−1}|⌈v − π_{0,ωx} v⌉|^2_{0,E} ≲ ⌈T^′⌉^{−1} ( |⌈v − π_{0,ωx} v⌉|^2_{0,T} ′ + h^2_{θ,T} ′ ⌈v − π_{0,ωx} v⌉^2_{1,T} ′ ) . The size of adjacent elements does not change rapidly, i.e. h_{θ,T} ′ ∼ h_{θ,T} and ⌈T^′⌉ ∼ ⌈T ⌉ for all T^′ ⊂ ω̃_T . Moreover, ⌈v − π_{0,ωx} v⌉_{1,T} ′ = ⌈v⌉_{1,T} ′ holds, since π_{0,ωx} v ∈ P_0. Combining all these facts and Estimate (13), we derive |π_{0,ωx} v|^2 ≲ ⌈T ⌉^{−1}(h^2_{θ,T} ⌈v⌉^2_{1,ωx} + h^2_{θ,T} ⌈v⌉^2_{1,T} ′ ) ∼ ⌈T ⌉^{−1}h^2_{θ,T} ⌈v⌉^2_{1,ωx} . Inserting this into (17) gives |⌈v − I_hv⌉|^2_{0,T} ≲ h^2_{θ,T} ⌈v⌉^2_{1,ω̃T} + ∑ x∈N (T )∩N_{h,D} h^2_{θ,T} ⌈v⌉^2_{1,ωx} ≲ h^2_{θ,T} ⌈v⌉^2_{1,ω̃T} .

Now let T ∈ T_h and E ∈ E(T ) with N (E)∩N_{h,D} = ∅. Each w ∈ P_0 satisfies ∂w/∂φ = 0 and ∂w/∂θ = 0. The spherical trace theorem (Lemma 4.1) implies for all w ∈ P_0 |⌈v − w⌉|_{0,E} ≲ ⌈E⌉ ⌈T ⌉ ( |⌈v − w⌉|^2_{0,ω̃E} + h^2_{θ,T} ⌈v⌉^2_{1,ω̃E} )_{1/2} , and thus Relations (16) and (10) provide |⌈v − I_hv⌉|_{0,E} ≤ |⌈v − w⌉|_{0,E} + |⌈I_h(v − w)⌉|_{0,E} ≲ h^{−1/2}_{θ,T} ( |⌈v − w⌉|^2_{0,ω̃E} + h^2_{θ,T} ⌈v⌉^2_{1,ω̃E} )_{1/2} + h^{−1/2}_{θ,T} |⌈v − w⌉|_{0,ω̃E} . The assertion then follows from Lemma 4.2.

In the case N (E) ∩ N_{h,D} ≠ ∅, we proceed as for triangles. With similar arguments as above we can estimate |⌈v − I_hv⌉|^2_{0,E} ≲ |⌈v − ∑ x∈N (E) π_{0,ωx} vϕ_x⌉|^2_{0,E} + ∑ x∈N (E)∩N_{h,D} |⌈π_{0,ωx} v⌉|^2_{0,E} ≲ h_{θ,T} ⌈v⌉^2_{1,ω̃E} + ⌈E⌉ ∑ x∈N (E)∩N_{h,D} |π_{0,ωx} v|^2 ≲ h_{θ,T} ⌈v⌉^2_{1,ω̃E} + ⌈E⌉⌈T ⌉^{−1} ∑ x∈N (E)∩N_{h,D} h^2_{θ,T} ⌈v⌉^2_{1,ωx} ≲ h_{θ,T} ⌈v⌉^2_{1,ω̃E} .

6 A residual error estimator

The aim of this section is to prove a reliable and efficient error estimator for the mixed boundary value problem for the Laplace-Beltrami operator described in (1). The weak formulation and finite element discretization are given by Formulae (3) and (12). For simplification, we assume in the following that we can evaluate integrals exactly.

With every edge E ∈ E_h and each x ∈ E, a unit vector n_E (x) is associated such that n_E (x) is orthogonal to the tangential vector on the curve E ⊂ S^2 at x and such that n_E (x) lies in the tangential plane at x. For boundary edges E ⊂ ∂Ω, this vector shall equal the exterior normal vector to ∂Ω. For any interior edge E ∈ E_{h,Ω}, the jump of a function ψ with ψ |_T ′ ∈ C(T^′) for all T^′ ⊂ ω_E across E in direction n_E is defined by

[ψ]_E (x) := lim_{t→0+} ψ(x + tn_E (x)) − lim_{t→0+} ψ(x − tn_E (x)).

Denote by n_{E,T} the exterior normal to ∂T on E. One checks that for vector functions U and scalar functions v with v ≡ 0 on Γ_D the relation ∑ T ∈T_h ∑ E∈E(T ) ∫ E {n_{E,T} · U}v dσ = ∑ T ∈T_h ∑ E∈E_{h,N} ∫ E {n_E · U}v dσ − ∑ E∈E_{h,Ω} ∫ E [n_E · U]_E v dσ (18)

holds, where we assume that all integrals exist.

6.1 Reliability

The space X_h, defined in Section 3, is a subset of X = {v ∈ H^1(Ω) | v = 0 on Γ_D}. Hence, the Galerkin orthogonality of u − u_h follows from (3) and (12), i.e. the error is orthogonal to X_h: ∫ G ∇_S (u − u_h) · ∇_S v_h dω = 0 ∀v_h ∈ X_h. (19)

Assume that u_h ∈ X_h is the exact solution of Problem (12). Elementwise integration by parts and Relation (18) provide ∫ G ∇_S u_h · ∇_S v dω = ∑ T ∈T_h ∫ T ∇_S u_h · ∇_S v dω

= ∑ T ∈T_h { ∫ T −Δ_S u_hv dω + ∑ E∈E(T ) ∫ E n_{E,T} · ∇_S u_hv dσ }

= − ∑ T ∈T_h ∫ T Δ_S u_hv dω + ∑ E∈E_{h,N} ∫ E n_E · ∇_S u_hv dσ − ∑ E∈E_{h,Ω} ∫ E [n_E · ∇_S u_h]_Ev dσ.

The combination with (3) gives ∫ G ∇_S (u − u_h) · ∇_S v dω = ∫ G fv dω + ∫ Γ_N gv dσ − ∫ G ∇_S u_h · ∇_S v dω

= ∑ T ∈T_h ∫ T {f + Δ_S u_h}v dω + ∑ E∈E_{h,N} ∫ E {g − n_E · ∇_S u_h}v dσ

+ ∑ E∈E_{h,Ω} ∫ E [n_E · ∇_S u_h]_E v dσ. (20)

For abbreviation we introduce now R_T := {f + Δ_S u_h}|_T , R_E := [n_E · ∇_S u_h]_E and R_N := g_E − n_E · ∇_S u_h. (21) By definition, we have I_hv ∈ X_h for all v ∈ X and can apply the Galerkin orthogonality (19), i.e. we can replace v by v − I_hv in (20). From the interpolation error estimates of Theorem 5.4 and the Cauchy-Schwarz inequality, one obtains ∫ G ∇_S (u − u_h) · ∇_S v dω = ∫ G ∇_S (u − u_h) · ∇_S (v − I_hv) dω

= ∑ T ∈T_h ∫ T R_T (v − I_hv) dω + ∑ E∈E_{h,N} ∫ E R_N (v − I_hv) dσ + ∑ E∈E_{h,Ω} ∫ E R_E(v − I_hv) dσ ≲ ∑ T ∈T_h h_{θ,T} |⌈R_T ⌉|_{0,T} ⌈v⌉_{1,ω̃T} + ∑ E∈E_{h,N} h^{1/2}_{θ,T} |⌈R_N ⌉|_{0,E}⌈v⌉_{1,ω̃E} + ∑ E∈E_{h,Ω} h^{1/2}_{θ,T} |⌈R_E ⌉|_{0,E} ⌈v⌉_{1,ω̃E}

≤ { ∑ T ∈T_h h^2_{θ,T} |⌈R_T ⌉|^2_{0,T} + ∑ E∈E_{h,N} h_{θ,T} |⌈R_N ⌉|^2_{0,E} + ∑ E∈E_{h,Ω} h_{θ,T} |⌈R_E ⌉|^2_{0,E} }_{1/2} ·

· { ∑ T ∈T_h ⌈v⌉^2_{1,ω̃T} + ∑ E∈E_{h,N} ∪E_{h,Ω} ⌈v⌉^2_{1,ω̃E} }_{1/2}

≲ ⌈v⌉_{1,G} { ∑ T ∈T_h h^2_{θ,T} |⌈R_T ⌉|^2_{0,T} + ∑ E∈E_{h,N} h_{θ,T} |⌈R_N ⌉|^2_{0,E} + ∑ E∈E_{h,Ω} h_{θ,T} |⌈R_E ⌉|^2_{0,E} }_{1/2} , where the last inequality follows from Condition (iii) on the triangulation; that is, there is only a limited number of patches ω_T or ω_E containing one and the same element T^′. This estimate holds for all v ∈ X, especially for v = u − u_h. Hence, division by ⌈u − u_h⌉_{1,G} yields ⌈u − u_h⌉_{1,G} ≲ { ∑ T ∈T_h h^2_{θ,T} |⌈R_T ⌉|^2_{0,T} + ∑ E∈E_{h,N} h_{θ,T} |⌈R_N ⌉|^2_{0,E} + ∑ E∈E_{h,Ω} h_{θ,T} |⌈R_E ⌉|^2_{0,E} }_{1/2} . (22)

The right hand side can be used as an error estimator. In order to obtain a lower bound for the error, see Subsection 6.2, residuals from a finite dimensional space are necessary (cf. standard textbooks, e.g. Verfürth [17]). To this end, we define the L^2-projections

π_{0,T} R_T := 1 ⌈T ⌉ ∫ T R_T dω for T ∈ T_h,

π_{0,E} R_E := 1 ⌈E⌉ ∫ E R_E dσ for E ∈ E_{h,Ω},

π_{0,E}′ R_N := 1 ⌈E^′⌉ ∫ E^′ R_N dσ for E^′ ∈ E_{h,N} (23)

onto the space of constant functions. An appropriate residual a posteriori error estimator is then given by η_{R,T} := { h^2_{θ,T} |⌈π_{0,T} R_T ⌉|^2_{0,T} + 1 2 ∑ E∈E(T )∩E_{h,Ω} h_{θ,T} |⌈π_{0,E} R_E ⌉|^2_{0,E}

+ ∑ E∈E(T )∩E_{h,N} h_{θ,T} |⌈π_{0,E} R_N ⌉|^2_{0,E} }_{1/2} , (24)

From Relation (22) and the triangle inequality, we derive an upper bound for the error, which is formulated in the following theorem.

Theorem 6.1 (Upper error bound) Let u and u_h be the exact solutions of Problems (3) and (12) and let T_h be an isotropic triangulation of a regular spherical domain Ω. Then the following error estimate holds: ⌈u − u_h⌉_{1,G} ≲ { ∑ T ∈T_h η^2_{R,T} + ∑ T ∈T_h h^2_{θ,T} |⌈R_T − π_{0,T} R_T ⌉|^2_{0,T} + ∑ E∈E(T )∩E_{h,Ω} h_{θ,T} |⌈R_E − π_{0,E} R_E ⌉|^2_{0,E}

+ ∑ E∈E_{h,N} h_{θ,T} |⌈R_N − π_{0,E} R_N ⌉|^2_{0,E} }_{1/2} . (25)

6.2 Efficiency

The aim of this subsection is to show the validity of an estimate in converse direction which is similar to (25). To this end, we proceed as suggested by Verfürth [17] and consider bubble functions. Let ϕ_{x1,T} , ϕ_{x2,T} , ϕ_{x3,T} be the nodal basis functions of T ∈ T_h, see Remark 5.1. Due to Remark 5.2, the corresponding triangle-bubble function is given by

b_T := { 27ϕ_{x1,T} ϕ_{x2,T} ϕ_{x2,T} on T 0 on G \ T . For a given edge E ∈ E_{h,Ω} with ω_E = T_1 ∪ T_2, we enumerate the vertices of T_1 and T_2 such that the vertices of E are counted first and define the corresponding edge-bubble function by

b_E = { 4ϕ_{x1,Ti} ϕ_{x2,Ti} on T_i, i = 1, 2 0 on G \ ω_E .

This definition can easily be extended to edges on the boundary. Standard scaling arguments and Relations (4), (5), (9) and (10) prove the following Lemma.

Lemma 6.2 Let T ∈ T_h and E ∈ E_h be arbitrary. Then the functions b_T and b_E have the subsequent properties:

supp b_T ⊆ T, 0 ≤ b_T (φ, θ) ≤ 1 ∀(φ, θ) ∈ T, max_{(φ,θ)∈T} b_T (φ, θ) = 1

supp b_E ⊆ ω_E , 0 ≤ b_E(φ, θ) ≤ 1 ∀(φ, θ) ∈ ω_E, max_{(φ,θ)∈E} b_T (φ, θ) = 1, ∫ T b_T dω ∼ ⌈T ⌉ ∼ ∫ T b^2_T dω, ∫ E b_E dσ ∼ ⌈E⌉ ∼ ∫ E b^2_E dσ, ∫ T^′ b_E dω ∼ ⌈T^′⌉ ∼ ∫ T^′ b^2_E dω for all T^′ ⊂ ω_E ,

|⌈∇_S b_T ⌉|_{0,T} ≲ h^{−1}_{θ,T} |⌈b_T ⌉|_{0,T} |⌈∇_S b_E ⌉|_{0,T} ′ ≲ h^{−1}_{θ,T} ′ |⌈b_E ⌉|_{0,T} ′ for all T^′ ⊂ ω_E .

A variant of Lemma 6.2 for plane domains was formulated, for example, by Verfürth [17]. Some ideas of its proof were outlined, for instance, by Kunert [10]. Note, that further arguments, like Condition (9), are necessary to verify these relations for spherical domains.

Now let T ∈ T_h and define w_T := (π_{0,T} R_T )b_T . This function vanishes on ∂T ; we especially have supp w_T ⊆ T and ∇_S w ≡ 0 on G \ T . Equation (20) provides ∫ T R_T w_T dω = ∫ T ∇_S (u − u_h) · ∇_S w_T dω. (26)

Since π_{0,T} R_T is constant over T with respect to φ and θ, Lemma 6.2 implies ∫ T π_{0,T} R_T w_T dω ∼ ⌈T ⌉|π_{0,T} R_T |^2 = |⌈π_{0,T} R_T ⌉|^2_{0,T} . (27)

From Equations (26), (27) and Lemma 6.2, we obtain moreover |⌈π_{0,T} R_T ⌉|^2_{0,T} ∼ ∫ T π_{0,T} R_T w_T dω = ∫ T R_T w_T dω + ∫ T (π_{0,T} R_T − R_T )w_T dω

= ∫ T ∇_S (u − u_h) · ∇_S w_T dω + ∫ T (π_{0,T} R_T − R_T )w_T dω ≤ ⌈u − u_h⌉_{1,T} |⌈∇_S w_T ⌉|_{0,T} + |⌈R_T − π_{0,T} R_T ⌉|_{0,T} |⌈w_T ⌉|_{0,T} ≲ ⌈u − u_h⌉_{1,T} h^{−1}_{θ,T} |π_{0,T} R_T ||⌈b_T ⌉|_{0,T} + |⌈R_T − π_{0,T} R_T ⌉|_{0,T} |π_{0,T} R_T ||⌈b_T ⌉|_{0,T} = |⌈π_{0,T} R_T ⌉|_{0,T} { h^{−1}_{θ,T} ⌈u − u_h⌉_{1,T} + |⌈R_T − π_{0,T} R_T ⌉|_{0,T} } . Division by |⌈π_{0,T} R_T ⌉|_{0,T} yields |⌈π_{0,T} R_T ⌉|_{0,T} ≲ h^{−1}_{θ,T} ⌈u − u_h⌉_{1,T} + |⌈R_T − π_{0,T} R_T ⌉|_{0,T} . (28) Now let E ∈ E_{h,Ω} and consider the function w_E := π_{0,E} R_E b_E. Obviously, supp w_E ⊆ ω_E and therefore w_E = 0 on ∂ω_E and ∇_S w_E = 0 on G \ ω_E. Hence, Equation (20) implies ∫ E R_Ew_E dσ = ∫ ω_E ∇_S (u − u_h) · ∇_S w_E dω − ∑ T^′⊂ω_E ∫ T^′ R_T ′ w_E dω (29)

From Lemma 6.2, one concludes furthermore ∫ E π_{0,E} R_Ew_E dσ ∼ ⌈E⌉|π_{0,E} R_E |^2 = |⌈π_{0,E} R_E ⌉|^2_{0,E}. (30)

Using Relation (10), one obtains from Equations (30), (29) and Lemma 6.2 |⌈π_{0,E} R_E⌉|^2_{0,E} ∼ ∫ E π_{0,E} R_E w_E dσ = ∫ E R_E w_E dσ + ∫ E (π_{0,E} R_E − R_E )w_E dσ ≤ ⌈u − u_h⌉_{1,ωE} |⌈∇_S w_E⌉|_{0,ωE} + ∑ T^′⊂ω_E |⌈R_T ′ ⌉|_{0,T} ′ |⌈w_E ⌉|_{0,T} ′ + |⌈R_E − π_{0,E} R_E ⌉|_{0,E} |⌈w_E ⌉|_{0,E}

≲ ⌈u − u_h⌉_{1,ωE} ∑ T^′⊂ω_E h^{−1}_{θ,T} ′ |π_{0,E} R_E ||⌈b_E⌉|_{0,T} ′ + ∑ T^′⊂ω_E |⌈R_T ′ ⌉|_{0,T} ′ |π_{0,E}R_E ||⌈b_E ⌉|_{0,T} ′ + |⌈R_E − π_{0,E}R_E ⌉|_{0,E} |π_{0,E} R_E||⌈b_E ⌉|_{0,E} ≲ |⌈π_{0,E} R_E ⌉|_{0,E} { ⌈E⌉^{−1/2}⌈u − u_h⌉_{1,ωE} +⌈E⌉^{−1/2} ∑ T^′⊂ω_E h_{θ,T} ′ |⌈R_T ′ ⌉|_{0,T} ′ + |⌈R_E − π_{0,E} R_E ⌉|_{0,E} }

≲ |⌈π_{0,E} R_E ⌉|_{0,E} { ∑ T^′⊂ω_E h^{−1/2}_{θ,T} ′ ⌈u − u_h⌉_{1,ωE} + ∑ T^′⊂ω_E h^{1/2}_{θ,T} ′ |⌈R_T ′ − π_{0,T} ′ R_T ′ ⌉|_{0,T} ′ + ∑ T^′⊂ω_E h^{1/2}_{θ,T} ′ |⌈π_{0,T} ′ R_T ′ ⌉|_{0,T} ′ + |⌈R_E − π_{0,E} R_E ⌉|_{0,E} } .

Insertion of Inequality (28) and division by |⌈π_{0,E} R_E⌉|_{0,E} yield |⌈π_{0,E} R_E ⌉|_{0,E} ≲ ∑ T^′⊂ω_E h_{θ,T} ′ ⌈u − u_h⌉_{1,ωE} + ∑ T^′⊂ω_E h^{1/2}_{θ,T} ′ |⌈R_T ′ − π_{0,T} ′ R_T ′ ⌉|_{0,T} ′ + |⌈R_E − π_{0,E}R_E ⌉|_{0,E} . (31) Finally, for edges on the Neumann boundary E ∈ E_{h,N} , we define w_E := π_{0,E} R_N b_E .

Lemma 6.2 provides ∫ E π_{0,E} R_N w_E dσ ∼ ⌈E⌉|π_{0,E} R_N |^2 = |⌈π_{0,E} R_N ⌉|^2_{0,E} . (32)

With the same arguments as above, we obtain |⌈π_{0,E} R_N ⌉|^2_{0,E} ∼ ∫ E π_{0,E} R_N w_E dσ = ∫ E R_N w_E dσ + ∫ E (π_{0,E} R_N − R_N )w_E dσ

= ∫ ω_E ∇_S (u − u_h) · ∇w_E dω − ∫ ω_E R_T ′ w_E dω + ∫ E (π_{0,E}R_N − R_N )w_E dσ ≲ ⌈u − u_h⌉_{1,ωE} |π_{0,E}R_N ||⌈∇_S b_E ⌉|_{0,T} ′ +|⌈R_T ′ ⌉|_{0,T} ′ |π_{0,E} R_N ||⌈b_E ⌉|_{0,T} ′ + |⌈R_N − π_{0,E} R_N ⌉|_{0,E}|π_{0,E} R_N ||⌈b_E ⌉|_{0,E} ≲ |⌈π_{0,E} R_N ⌉|_{0,E} { ⌈E⌉^{−1/2}⌈u − u_h⌉_{1,ωE} +⌈E⌉^{−1/2}h_{θ,T} ′ |⌈R_T ′ ⌉|_{0,T} ′ + |⌈R_N − π_{0,E}R_N ⌉|_{0,E} }

≲ |⌈π_{0,E} R_N ⌉|_{0,E} { h^{−1/2}_{θ,T} ′ ⌈u − u_h⌉_{1,ωE} +h^{1/2}_{θ,T} ′ |⌈R_T ′ − π_{0,T} ′ R_T ′ ⌉|_{0,T} ′ + |⌈R_N − π_{0,E} R_N ⌉|_{0,E} } , where T^′ = ω_E. Division by |⌈π_{0,E} R_N ⌉|_{0,E} yields |⌈π_{0,E} R_N ⌉|_{0,E} ≲ h^{−1/2}_{θ,T} ′ ⌈u − u_h⌉_{1,ωE} + h^{1/2}_{θ,T} ′ |⌈R_T ′ − π_{0,T} ′ R_T ′ ⌉|_{0,T} ′ + |⌈R_N − π_{0,E}R_N ⌉|_{0,E} . (33) Collecting the estimates (11), (25), (28), (31) and (33), the following theorem is proven.

Theorem 6.3 (Lower error bound) Let u and u_h be the exact solutions of Problems (3) and (12) and let T_h be an isotropic triangulation of a regular spherical domain Ω. Then the estimate η_{R,T} ≲ { ⌈u − u_h⌉^2_{1,ωT} + ∑ T^′⊂ω_T h^2_{θ,T} ′ |⌈R_T ′ − π_{0,T} ′ R_T ′ ⌉|^2_{0,T} ′ + h_{θ,T} ∑ E∈E(T )∩E_{h,Ω} |⌈R_E − π_{0,E} R_E ⌉|^2_{0,E}

+ h_{θ,T} ∑ E∈E(T )∩E_{h,N} |⌈R_N − π_{0,E} R_N ⌉|^2_{0,E} }_{1/2}

holds for all T ∈ T_h, where R_T , R_E , R_N , π_{0,T} R_T , π_{0,E} R_E , π_{0,E}R_N and η_{R,T} are given by (21), (23) and (24).

7 Conclusion

In this paper, a mixed boundary value problem was considered for the Laplace-Beltrami operator on a subdomain of the three-dimensional unit sphere S^2. We discussed a conforming first-order finite element discretization and derived an a posteriori error estimator that provides a computable global upper bound and a local lower bound for the error of the solution of the given boundary value problem. The general framework of the theory is partly similar to the standard methodology, see Verfürth [17]; the ingredients are carefully adapted to suit our needs.

Basic estimates in usual Sobolev spaces were generalized to spherical domains. The usage of spherical coordinates simplifies the consideration of spherical domains, but yields weighted norms and singularities in the parametrization at the poles.

An interpolation operator of Clément-type (see for example Clément [6]) was introduced such that it operates on functions that are defined on the unit sphere. The local estimates obtained for this operator are pretty similar to the “usual” interpolation error estimates. For the simplification of the proofs in the deduction of the error estimates, we restricted ourselves to regular domains.

The theory of interpolation error estimates on the sphere finds further application, for instance, in linear elasticity, cf. [3]. For example, the solution of the Lamé problem in the neighbourhood of corner singularities leads to a second-order eigenvalue problem on spherical domains. The extension of the current results to these problems is a topic of future work.

A Proof of Lemma 4.1

Lemma 4.1 (Trace theorem for spherical domains) Let T ∈ T_h and E ∈ E(T ). Then all v ∈ H^1(T ) satisfy |⌈v⌉|^2_{0,E} ≲ ⌈E⌉ ⌈T ⌉ ( |⌈v⌉|^2_{0,T} + h^2_{θ,T} ⌈v⌉^2_{1,T} ) .

Proof The idea of the proof is to transform T to a fixed reference element T̂ with a reference edge Ê corresponding to E. Accordingly, denote by v̂ the transformed function v. Then we can exploit the trace theorem ‖v̂‖_{0,Ê} ≤ c‖v̂‖_{1,T̂} , (34) where the constant c is independent of v and T . We distinguish two cases.

Suppose first ϑ_{−,T} > 0. There is an affine linear map B : T̂ → T that maps T̂ to T and Ê ⊂ ∂T̂ to E, i.e. (φ, θ)^⊤ = B(x̂, ŷ)^⊤ + b with a displacement vector b. The gradients of v̂ and v are related by ^∇v̂ = B^⊤∇v = B^⊤D∇_S v , where D = diag (sin θ, 1).

Obviously | ^∇v̂| = |B^⊤D∇_S v| ≤ ‖B^⊤D‖|∇_S v|. All matrix norms are equivalent, i.e. we can choose the spectral norm which satisfies

‖B^⊤D‖_2 = ‖DB‖_2 = sup x∈IR^2\{0} ‖DBx‖_2 ‖x‖_2 = sup

x:‖x‖_2=ρ_{T̂} ‖DBx‖_2 ρ_{T̂} ,

where ρ_{T̂} denotes the diameter of the largest ball inscribed to T̂ . Consider any vector x in the largest ball inscribed to T̂ with length ‖x‖_2 = ρ_{T̂} . While T̂ is mapped by B to a triangle T^0 in the parameter plane which corresponds to T moved to the origin, the vector x is mapped to some vector in the inside of T^0.

Further, the application of D compresses T^0 in φ-direction by the factor sin θ. Due to Assumption (5), the corresponding triangle T̃ = (DB)(T̂ ) is isotropic, i.e. its dimensions in φ- and θ-directions are both equivalent to h_{θ,T} . Thus, the vector DBx has the length ‖DBx‖_2 ≤ diam (T̃ ) ≲ h_{θ,T} . Since ρ_{T̂} ∼ 1, this gives ‖B^⊤D‖_2 ≲ h_{θ,T} and thus | ^∇v̂| ≲ h_{θ,T} |∇_S v|. (35) Moreover, it holds that ‖v̂‖^2_{0,Ê} = |Ê|/|E| · ‖v‖^2_{0,E} and ‖v̂‖^2_{0,T̂} = |T̂ |/|T | · ‖v‖^2_{0,T} . Edges are given in parametrized form (φ(t), θ(t)). The corresponding derivatives φ̇ and θ̇ are constant with respect to t. Relation (9) yields

|⌈v⌉|^2_{0,E} ‖v‖^2_{0,E} = 1∫ 0 v^2 √ φ̇^2 sin^2 θ(t) + θ̇^2 dt 1∫ 0 v^2 √ φ̇^2 + θ̇^2 dt ∼ √ φ̇^{2 h2θ,T}_{h2φ,T} + θ̇^2 1∫ 0 v^2 dt √ φ̇^2 + θ̇^2 1∫ 0 v^2 dt ∼ ⌈E⌉ |E| ,

‖v‖^2_{0,T} ∼ h_{φ,T} h_{θ,T} |⌈v⌉|^2_{0,T} , =⇒ |T | = ‖1‖^2_{0,T} ∼ h_{φ,T} h_{θ,T} |⌈1⌉|^2_{0,T} = h_{φ,T} h_{θ,T} ⌈T ⌉. Insertion into Inequality (34) implies |⌈v⌉|^2_{0,E} = ⌈E⌉ |E| ‖v‖^2_{0,E} = ⌈E⌉ |Ê| ‖v̂‖^2_{0,Ê} ≲ ⌈E⌉ |Ê| ‖v̂‖^2_{1,T̂} = ⌈E⌉ |Ê| ( ‖v̂‖^2_{0,T̂} + ‖ ^∇v̂‖^2_{0,T̂} )

≲ ⌈E⌉ |Ê| (|T̂ | |T | ‖v‖^2_{0,T} + h^2_{θ,T} |T̂ | |T | ‖∇_S v‖^2_{0,T} ) ∼ ⌈E⌉ ⌈T ⌉ ( |⌈v⌉|^2_{0,T} + h^2_{θ,T} ⌈v⌉^2_{1,T} ) .

Now let T ∈ T_h with ϑ_{−,T} = 0. Let the corresponding reference domain T̂ be given by the image of the transformation

x̂ = ϑ^{−1}_{+,T} cos φ sin θ, ŷ = ϑ^{−1}_{+,T} sin φ sin θ.

This is a sector of the circle {x̂^2 + ŷ^2 ≤ 1} with angle h_{φ,T} ∼ 1, see Relation (6). Due to the assumptions on the mesh, we have | cos θ| ∼ 1 for all (φ, θ) ∈ T . The Jacobian of the transformation then reads |J| = ϑ^{−2}_{+,T} | sin θ cos θ| ∼ ϑ^{−2}_{+,T} sin θ.

Moreover, one obtains ∂v ∂φ = ϑ^{−1}_{+,T} [ − ∂v̂ ∂x̂ sin φ sin θ + ∂v̂ ∂ŷ cos φ sin θ ] , ∂v ∂θ = ϑ^{−1}_{+,T} [ ∂v̂ ∂x̂ cos φ cos θ + ∂v̂ ∂ŷ sin φ cos θ ]

and thus ( ϑ_{+,T} sin θ ∂v ∂φ )_2 + ( ϑ_{+,T} cos θ ∂v ∂θ )_2 = ( ∂v̂ ∂x̂ )_2 + (∂v̂ ∂ŷ )_2 . For the vertical edges, we have φ(t) = const, θ(t) = t h_{θ,T} (or θ(t) = π − t h_{θ,T} ), i.e. ⌈E⌉ = h_{θ,T} , and thus |⌈v⌉|^2_{0,E} = ∫_1 0 v^2 √ h^2_{θ,T} dt = ⌈E⌉/|Ê| · ‖v̂‖^2_{0,Ê}. The horizontal edge at θ ≡ h_{θ,T} (or θ ≡ π−h_{θ,T} ) with φ(t) = t h_{φ,T} satisfies ⌈E⌉ = h_{φ,T} ϑ_{+,T} per definition (recall ϑ_{+,T} = sin θ = sin h_{θ,T} ) and |⌈v⌉|^2_{0,E} = ∫_1 0 v^2 √ h^2_{φ,T} sin^2 h_{θ,T} dt = ⌈E⌉/|Ê| · ‖v̂‖^2_{0,Ê}. Since |Ê| ∼ 1 for all corresponding reference edges, we get from Relation (10) |⌈v⌉|^2_{0,E} ∼ ⌈E⌉‖v̂‖^2_{0,Ê} ∼ h_{θ,T} ‖v̂‖^2_{0,Ê} in both cases. The relations dx̂dŷ = |J| dφ dθ ∼ ϑ^{−2}_{+,T} dω, ϑ_{+,T} = sin h_{θ,T} ∼ h_{θ,T} and | cos θ| ∼ 1 yield

‖v̂‖^2_{0,T̂} = ∫ T̂ v̂^2 dx̂dŷ = ∫ T v^2|J| dφ dθ ∼ ϑ^{−2}_{+,T} ∫ T v^2 dω = h^{−2}_{θ,T} |⌈v⌉|^2_{0,T}

|v̂|^2_{1,T̂} = ∫ T̂ {( ∂v̂ ∂x̂ )_2 + (∂v̂ ∂ŷ )_2} dx̂dŷ = ϑ^{−2}_{+,T} ∫ T {(ϑ_{+,T} sin θ ∂v ∂φ )_2 + ( ϑ_{+,T} cos θ ∂v ∂θ )_2} dω

∼ ϑ^{−2}_{+,T} ∫ T {( 1 sin θ ∂v ∂φ )_2 + (∂v ∂θ )_2} ϑ^2_{+,T} dω ∼ ⌈v⌉^2_{1,T} From Relation (34), we finally obtain |⌈v⌉|^2_{0,E} ∼ h_{θ,T} ‖v̂‖^2_{0,Ê} ≲ h_{θ,T} (‖v̂‖^2_{0,T̂} + |v̂|^2_{1,T̂} ) ∼ h_{θ,T} (h^{−2}_{θ,T} |⌈v⌉|^2_{0,T} + ⌈v⌉^2_{1,T} ) ∼ h^{−1}_{θ,T} (|⌈v⌉|^2_{0,T} + h^2_{θ,T} ⌈v⌉^2_{1,T} ). With (10), the Lemma is proven also for the second case.

B Proof of Lemma 4.2

Lemma 4.2 (Bramble-Hilbert lemma for spherical domains) Let T ∈ T_h, E ∈ E(T ), x ∈ N (T ) and ω = T , ω = ω_x, ω = ω̃_T or ω = ω̃_E. For all functions v ∈ H^1(ω) there is a constant function τ = τ(v) ∈ P_{0|ω}, such that |⌈v − τ⌉|_{0,ω} ≲ h_{θ,T} ⌈v⌉_{1,ω}. Proof It was proven by Dupont, Scott [8], see also Brenner, Scott [4], that the estimate

∀v̂ ∈ H^1(ω̂) ∃τ̂ ∈ P_0 : ‖v̂ − τ̂ ‖_{0,ω̂} ≤ c_τ (ω̂)|v̂|_{1,ω̂}, (36)

holds for any domain ω̂ ⊂ IR^2 which is star-shaped with respect to a ball B. Then the constant c_τ (ω̂) depends on the ratio of the diameter of ω̂ and the radius of the largest ball with respect to which ω̂ is star-shaped. In order to exploit Inequality (36), we will transform ω to a reference domain ω̂ which is star-shaped with respect to a ball of fixed size.

In the neighbourhood of the poles, i.e. if ϑ_{−,ω} = 0, there is only a limited number of possible structures of ω. Due to the assumptions on the mesh (especially no crack tips in the pole elements), there is at least one element T^′ ⊂ ω, such that ω is star-shaped with respect to the largest ball inscribed to T^′.

We flatten the polar cap using

x̂ = ϑ^{−1}_{+,ω} cos ℘ φ − φ_0 h_{φ,ω} sin θ, ŷ = ϑ^{−1}_{+,ω} sin ℘ φ − φ_0 h_{φ,ω} sin θ, where φ_0 = inf_{(φ,θ)∈ω} φ, such that ω is transformed to a part of a fixed sector ω̂ with opening angle ℘ =^π_2 of the unit circle {x̂^2 + ŷ^2 ≤ 1}. Then, ω̂ is also star-shaped with respect to a ball, at least with respect to the largest ball inscribed to T̂^′ (the element corresponding to T^′). The number of elements in ω is limited. Therefore all elements in ω̂ have the size O(1). Especially the radius ϱ_T ′ of the largest ball inscribed to T̂^′ satisfies ϱ_T ′ ∼ 1. Moreover, it follows from diam ω̂ ∼ 1 that Inequality (36) hold with a constant c_τ ≲ 1, which is independent of ω and ω̂.

The Jacobian of the given transformation reads |J| = ℘(h_{φ,ω}ϑ^2_{+,ω})^{−1} sin θ cos θ. The partial derivatives are related by [( ℘^{−1}h_{φ,ω}ϑ_{+,ω} sin θ ∂v ∂φ )_2 + ( ϑ_{+,ω} cos θ ∂v ∂θ )_2] = ( ∂v̂ ∂x̂ )_2 + (∂v̂ ∂ŷ )_2 . We required h_{θ,ω} ≤^π_4 at the poles. Thus we have | cos θ| ∼ 1 and conclude

‖v̂‖^2_{0,ω̂} = ∫ ω̂ v̂^2 dx̂dŷ = ∫ ω |J|v^2 dφ dθ ∼ ℘(h_{φ,ω}ϑ^2_{+,ω})^{−1}|⌈v⌉|^2_{0,ω} and |v̂|^2_{1,ω̂} = ∫ ω̂ ( ∂v̂ ∂x̂ )_2 + (∂v̂ ∂ŷ )_2 dx̂dŷ ∼ ∫ ω |J| [(℘−1h_{φ,ω}ϑ_{+,ω} sin θ ∂v ∂φ )_2 + ( h_{θ,ω} cos θ ∂v ∂θ )_2] dφ dθ

∼ ℘(h_{φ,ω}ϑ^2_{+,ω})^{−1} ( h^2_{φ,ω}ϑ^2_{+,ω}|⌈sin^{−1} θ ∂v ∂φ ⌉|^2_{0,ω} + h^2_{θ,ω}|⌈ ∂v ∂θ ⌉|^2_{0,ω} ) ∼ ℘(h_{φ,ω}ϑ^2_{+,ω})^{−1}h^2_{θ,ω}⌈v⌉^2_{1,ω}.

Insertion into (36) yields the assertion: |⌈v − w⌉|_{0,ω} ∼ ℘^{−1/2}(h_{φ,ω}ϑ^2_{+,ω})^{1/2}‖v̂ − ŵ‖_{0,ω̂} ≤ ℘^{−1/2}(h_{φ,ω}ϑ^2_{+,ω})^{1/2}c_τ (ω̂)|v̂|_{1,ω̂} ≲ h_{θ,ω}⌈v⌉_{1,ω}. Now suppose ϑ_{−,ω} > 0, i.e. Relation (9) holds. Then we construct a reference domain ω̂ which is star-shaped with respect to the largest ball inscribed to T̂ and a continuous, piecewise affine linear map which maps ω̂ to ω and T̂ to T .

In the case ω = T , we choose ω̂ = T̂ = {(x̂, ŷ) ∈ IR^2 | 0 < x̂ < 1, 0 < ŷ < x̂}. If ω = ω_x and x ∈ N_{h,Ω}, the domain ω can be transformed to a regular polygon with n_x nodes, where n_x denotes the number of elements in ω_x. If x is a boundary node, the reference domain ω̂ can be chosen as a quarter of the unit circle, divided into n_x equal triangles, see also Figure 4.

Figure 4: Reference domains for ω = ω_x; left hand side: x ∈ N_{h,G}, right hand side: x ∈ N_{h,N} ∪ N_{h,D}

The reference domain ω̂ corresponding to ω = ω̃_T is described as follows:

• Transform T to the equilateral triangle T̂ with the nodes (0, 0), (1, 0), (^1_2 ,^{√3}_2 ).

T̂ T

• For each element T^′ ⊂ ω_T \ T construct another equilateral triangle T̂^′ over the edge Ê ⊂ T̂ which corresponds to the edge E ∈ E_h with T ′ ∪ T = ω_E.

T̂ T

or

T̂ T boundary

• For each node x̂ of T̂ (corresponding to x ∈ N (T )) construct a circular arc with center x̂, radius 1 and opening angle (a) 60^∘, if ω_x ∩ ω_T contains exactly two triangles, (b) 180^∘, if ω_x ∩ ω_T contains three triangles, as shown in the next figure.

T̂

If ω_x ∩ ω_T contains exactly one triangle, namely T , then no circular arc has to be constructed.

• Denote by n_x the number of elements in ω_x for each x ∈ N (T ). Split the circular sector over x̂ into (a) n_x − 2 or (b) n_x − 3 equal sectors and join the end points, see also the next figure.

T̂

If ω = ω̃_E then ω̂ is described as follows:

• Let Ê = {(x̂, ŷ) ∈ IR^2 | 0 ≤ x̂ ≤ 1, ŷ = 0} by the reference edge corresponding to E.

For each T^′ ⊂ ω_E construct an equilateral triangle T̂^′ over Ê.

Ê or Ê boundary

• For each node x̂ of Ê corresponding to x ∈ N (E) construct a circular arc with middle point x̂, radius 1 and angle

(a) 120^∘, if ω_x ∩ ω_E contains one element, (b) 240^∘, if ω_x ∩ ω_E contains two elements,

as shown in the next figure.

Ê or

Ê • Denote by n_x the number of elements in ω_x for each x ∈ N (E). Split the circular sector over x̂ into

(a) n_x − 1 or (b) x_x − 2

equal sectors and join the end points, see also the next figure. This is possible, provided n_x > 3 for non-boundary nodes x. Otherwise rectangular triangles have to be chosen instead of equilateral ones.

Ê or

Ê Due to assumption (iii) the angles of all triangles are bounded. So is the number of elements in ω̂ or ω. Moreover, there is only a limited number of possible reference domains constructed in the described way. Each of these domains is star-shaped with respect to the largest ball inscribed to the triangle T̂ which corresponds to T .

By construction, the radius of the largest ball inscribed to T̂ equals^1_2^√_3 . The diameter of ω̂ is also O(1). So is the radius of the largest ball inscribed to ω̂. Hence the constant in (36) is independent of ω and the triangulation.

There is a continuous, piecewise affine linear map F : ω̂ → ω which transforms ω̂ to ω. Enumerating the elements in ω from 1 to the z (where z is the number of elements in ω), the restriction F_i := F |_{Ti} is affine linear and maps T̂_i to T_i. This means, we can write

(φ, θ)^⊤ = F_i(x̂, ŷ) = B_i(x̂, ŷ)^⊤ + b_i

with transformation matrices B_i and displacement vectors b_i, i = 1, . . . , z.

From Estimate (35), we know that the gradients for each element T_i, i = 1, . . . , z, are related by | | | ^∇v̂|^_{Ti} | | | ≲ hθ,T_i | | |∇S v|_{Ti} | | |. Relation (9) yields |⌈v⌉|^2_{0,ω} = ∫ ω v^2 sin θ dφ dθ = z∑ i=1 ∫ T_i v^2 sin θ dφ dθ

∼ z∑ i=1 h_{θ,Ti} h_{φ,Ti} ∫ T̂_i v̂^2| det B_i| dx̂dŷ = z∑ i=1 h_{θ,Ti} h_{φ,Ti} | det B_i|‖v̂‖^2_{0,T̂i} (37)

and |v̂|^2_{1,ω̂} = ∫ ω̂ | ^∇v̂|^2 dx̂dŷ = z∑ i=1 ∫ T̂_i | ^∇v̂|^2 dx̂dŷ

≲ z∑ i=1 ∫ T_i h_{θ,Ti} |∇_S v|^2| det B_i|^{−1} dφ dθ

∼ z∑ i=1 h_{φ,Ti} | det B_i|^{−1} ∫ T_i |∇_S v|^2 sin θ dφ dθ. (38)

Since adjacent elements have approximately the same size, we have h_{φ,Ti} ∼ h_{φ,T} , h_{θ,Ti} ∼ h_{θ,T} , | det B_i| = |T_i|/|T̂_i| ∼ |T | for all i. We may conclude from (36), (37) and (38) that |⌈v − τ⌉|^2_{0,ω} ∼ h_{θ,T} h_{φ,T} |T |‖v̂ − τ̂‖^2_{0,ω̂} ≲ h_{θ,T} h_{φ,T} |T ||v̂|^2_{1,ω̂} ≲ h^2_{θ,T} ⌈v⌉^2_{1,ω}.

Remark The construction of the reference domains considered in the proof of Lemma 4.2 is based on work by Kunert [10].

Acknowledgement

We thank Gerd Kunert for helpful discussions as well as the DFG (Deutsche Forschungsgemeinschaft) for supporting this project (AP 72/1-1).

References

[1] M. Ainsworth and J. T. Oden. A Posteriori Error Estimation in Finite Element Analysis. Wiley, New York, 2000.

[2] Th. Apel, V. Mehrmann, and D. Watkins. Structured eigenvalue methods for the computation of corner singularities in 3D anisotropic elastic structures. Comput. Methods Appl. Mech. Engrg., 191:4459–4473, 2002.

[3] Th. Apel, A.-M. Sändig, and S. I. Solov’ev. Computation of 3d vertex singularities for linear elasticity: Error estimates for a finite element method on graded meshes. Math. Modeling Numer. Anal. (M2AN), pages 1043–1070, 2002.

[4] S. C. Brenner and L. R. Scott. The mathematical theory of finite element methods.

Springer–Verlag, New York, 1994.

[5] C. Carstensen and S. A. Funken. Constants in Clément-interpolation error and residual based a posteriori error estimates in finite element methods. East-West J. Numer. Math., 8:153–175, 2000.

[6] Ph. Clément. Approximation by finite element functions using local regularization.

RAIRO Anal. Numer., 2:77–84, 1975.

[7] A. Dimitrov, H. Andrä, and E. Schnack. Singularities near three-dimensional corners in composite laminates. Int. J. Fracture, To appear 2003.

[8] T. Dupont and R. Scott. Polynomial approximation of functions in Sobolev spaces.

Math. Comp., 34:441–463, 1980.

[9] V. A. Kozlov, V. G. Maz’ya, and J. Rossmann. Spectral problems associated with corner singularities of solutions to elliptic equations. Mathematical Surveys and Monographs, Volume 85, American Mathematical Society, 2000.

[10] G. Kunert. A posteriori error estimation for anisotropic tetrahedral and triangular finite element meshes. PhD thesis, TU Chemnitz, 1998.

[11] G. Kunert. An a posteriori residual error estimator for the finite element method on anisotropic tetrahedral meshes. Numer. Math., 86:471–490, 2000.

[12] G. Kunert. A posteriori error estimation for convection dominated problems on anisotropic meshes. Math. Methods Appl. Sci., 26:589–617, 2003.

[13] D. Leguillon. Computation of 3d singularities in elasticity. In M. Costabel, M. Dauge, and S. Nicaise, editors, Boundary value problems and integral equations in nonsmooth domains, volume 167 of Lecture notes in pure and applied mathematics, pages 161– 170, New York, 1995. Marcel Dekker. Proceedings of a conference at CIRM, Luminy, France, May 3-7, 1993.

[14] D. Leguillon. Strength or toughness? A criterion for crack onset at a notch. Eur. J.

of Mechanics – A/Solids, 21:61–72, 2002.

[15] D. Leguillon and E. Sanchez-Palencia. On 3D cracks intersecting a free surface in laminated composites. Int. J. Fracture, 99:25–40, 1999.

[16] E. Schnack and A. Dimitrov. Modelling of crack propagation under consideration of corner and edge singularities and local plastifications. Forschungsbericht, Universität Karlsruhe, 1999.

[17] R. Verfürth. A review of a posteriori error estimation and adaptive mesh-refinement techniques. Wiley and Teubner, Chichester and Stuttgart, 1996.

[18] R. Verfürth. Error estimates for some quasi-interpolation operators. Math. Model.

Numer. Anal., 33:695–713, 1999.

Other titles in the SFB393 series:

01-01 G. Kunert. Robust local problem error estimation for a singularly perturbed problem on anisotropic finite element meshes. January 2001.

01-02 G. Kunert. A note on the energy norm for a singularly perturbed model problem. January 2001.

01-03 U.-J. Görke, A. Bucher, R. Kreißig. Ein Beitrag zur Materialparameteridentifikation bei finiten elastisch-plastischen Verzerrungen durch Analyse inhomogener Verschiebungsfelder mit Hilfe der FEM. Februar 2001.

01-04 R. A. Römer. Percolation, Renormalization and the Quantum-Hall Transition. February 2001.

01-05 A. Eilmes, R. A. Römer, C. Schuster, M. Schreiber. Two and more interacting particles at a metal-insulator transition. February 2001.

01-06 D. Michael. Kontinuumstheoretische Grundlagen und algorithmische Behandlung von ausgewählten Problemen der assoziierten Fließtheorie. März 2001.

01-07 S. Beuchler. A preconditioner for solving the inner problem of the p-version of the FEM, Part II - algebraic multi-grid proof. March 2001.

01-08 S. Beuchler, A. Meyer. SPC-PM3AdH v 1.0 - Programmer’s Manual. March 2001. 01-09 D. Michael, M. Springmann. Zur numerischen Simulation des Versagens duktiler metallischer Werkstoffe (Algorithmische Behandlung und Vergleichsrechnungen). März 2001.

01-10 B. Heinrich, S. Nicaise. Nitsche mortar finite element method for transmission problems with singularities. March 2001.

01-11 T. Apel, S. Grosman, P. K. Jimack, A. Meyer. A New Methodology for Anisotropic Mesh Refinement Based Upon Error Gradients. March 2001.

01-12 F. Seifert, W. Rehm. (Eds.) Selected Aspects of Cluster Computing. March 2001. 01-13 A. Meyer, T. Steidten. Improvements and Experiments on the Bramble–Pasciak Type CG for mixed Problems in Elasticity. April 2001.

01-14 K. Ragab, W. Rehm. CHEMPI: Efficient MPI for VIA/SCI. April 2001. 01-15 D. Balkanski, F. Seifert, W. Rehm. Proposing a System Software for an SCI-based VIA Hardware. April 2001.

01-16 S. Beuchler. The MTS-BPX-preconditioner for the p-version of the FEM. May 2001. 01-17 S. Beuchler. Preconditioning for the p-version of the FEM by bilinear elements. May 2001. 01-18 A. Meyer. Programmer’s Manual for Adaptive Finite Element Code SPC-PM 2Ad. May 2001.

01-19 P. Cain, M.L. Ndawana, R.A. Römer, M. Schreiber. The critical exponent of the localization length at the Anderson transition in 3D disordered systems is larger than 1. June 2001 01-20 G. Kunert, S. Nicaise. Zienkiewicz-Zhu error estimators on anisotropic tetrahedral and triangular finite element meshes. July 2001.

01-21 G. Kunert. A posteriori H^1 error estimation for a singularly perturbed reaction diffusion problem on anisotropic meshes. August 2001.

01-22 A. Eilmes, Rudolf A. Römer, M. Schreiber. Localization properties of two interacting particles in a quasi-periodic potential with a metal-insulator transition. September 2001.

01-23 M. Randrianarivony. Strengthened Cauchy inequality in anisotropic meshes and application to an a-posteriori error estimator for the Stokes problem. September 2001.

01-24 Th. Apel, H. M. Randrianarivony. Stability of discretizations of the Stokes problem on anisotropic meshes. September 2001.

01-25 Th. Apel, V. Mehrmann, D. Watkins. Structured eigenvalue methods for the computation of corner singularities in 3D anisotropic elastic structures. October 2001.

01-26 P. Cain, F. Milde, R. A. Römer, M. Schreiber. Use of cluster computing for the Anderson model of localization. October 2001. Conf. on Comp. Physics, Aachen (2001).

01-27 P. Cain, F. Milde, R. A. Römer, M. Schreiber. Applications of cluster computing for the Anderson model of localization. October 2001. Transworld Research Network for a review compilation entitled “Recent Research Developments in Physics”, (2001).

01-28 X. W. Guan, A. Foerster, U. Grimm, R. A. Römer, M. Schreiber. A supersymmetric Uq[(osp)(2—2)]-extended Hubbard model with boundary fields. October 2001.

01-29 K. Eppler, H. Harbrecht. Numerical studies of shape optimization problems in elasticity using wavelet-based BEM. November 2001.

01-30 A. Meyer. The adaptive finite element method - Can we solve arbitrarily accurate? November 2001.

01-31 H. Harbrecht, S. Pereverzev, R. Schneider. An adaptive regularization by projection for noisy pseudodifferential equations of negative order. November 2001.

01-32 G. N. Gatica, H. Harbrecht, R. Schneider. Least squares methods for the coupling of FEM and BEM. November 2001.

01-33 Th. Apel, A.-M. Sändig, S. I. Solov’ev. Computation of 3D vertex singularities for linear elasticity: Error estimates for a finite element method on graded meshes. December 2001.

02-01 M. Pester. Bibliotheken zur Entwicklung paralleler Algorithmen - Basisroutinen für Kommunikation und Grafik. Januar 2002.

02-02 M. Pester. Visualization Tools for 2D and 3D Finite Element Programs - User’s Manual.

January 2002.

02-03 H. Harbrecht, M. Konik, R. Schneider. Fully Discrete Wavelet Galerkin Schemes. January 2002.

02-04 G. Kunert. A posteriori error estimation for convection dominated problems on anisotropic meshes. March 2002.

02-05 H. Harbrecht, R. Schneider. Wavelet Galerkin Schemes for 3D-BEM. February 2002. 02-06 W. Dahmen, H. Harbrecht, R. Schneider. Compression Techniques for Boundary Integral Equations - Optimal Complexity Estimates. April 2002.

02-07 S. Grosman. Robust local problem error estimation for a singularly perturbed reactiondiffusion problem on anisotropic finite element meshes. May 2002.

02-08 M. Springmann, M. Kuna. Identifikation schädigungsmechanischer Materialparameter mit Hilfe nichtlinearer Optimierungsverfahren am Beispiel des Rousselier Modells. Mai 2002.

02-09 S. Beuchler, R. Schneider, C. Schwab. Multiresolution weighted norm equivalences and applications. July 2002.

02-10 Ph. Cain, R. A. Römer, M. E. Raikh. Renormalization group approach to energy level statistics at the integer quantum Hall transition. July 2002.

02-11 A. Eilmes, R. A. Römer, M. Schreiber. Localization properties of two interacting particles in a quasiperiodic potential with a metal-insulator transition. July 2002.

02-12 M. L. Ndawana, R. A. Römer, M. Schreiber. Scaling of the Level Compressibility at the Anderson Metal-Insulator Transition. September 2002.

02-13 Ph. Cain, R. A. Römer, M. E. Raikh. Real-space renormalization group approach to the quantum Hall transition. September 2002.

02-14 A. Jellal, E. H. Saidi, H. B. Geyer, R. A. Römer. A Matrix Model for ν_{k1k2} =^{k1+k2}_{k1k2} Fractional Quantum Hall States. September 2002.

02-15 M. Randrianarivony, G. Brunnett. Parallel implementation of curve reconstruction from noisy samples. August 2002.

02-16 M. Randrianarivony, G. Brunnett. Parallel implementation of surface reconstruction from noisy samples. September 2002.

02-17 M. Morgenstern, J. Klijn, Chr. Meyer, R. A. Römer, R. Wiesendanger. Comparing measured and calculated local density of states in a disordered two-dimensional electron system. September 2002.

02-18 J. Hippold, G. Rünger. Task Pool Teams for Implementing Irregular Algorithms on Clusters of SMPs. October 2002.

02-19 H. Harbrecht, R. Schneider. Wavelets for the fast solution of boundary integral equations.

October 2002.

02-20 H. Harbrecht, R. Schneider. Adaptive Wavelet Galerkin BEM. October 2002. 02-21 H. Harbrecht, R. Schneider. Wavelet Galerkin Schemes for Boundary Integral Equations - Implementation and Quadrature. October 2002.

03-01 E. Creusé, G. Kunert, S. Nicaise. A posteriory error estimation for the Stokes problem:

Anisotropic and isotropic discretizations. January 2003.

03-02 S. I. Solov’ëv. Existence of the guided modes of an optical fiber. January 2003. 03-03 S. Beuchler. Wavelet preconditioners for the p-version of the FEM. February 2003. 03-04 S. Beuchler. Fast solvers for degenerated problems. February 2003. 03-05 A. Meyer. Stable calculation of the Jacobians for curved triangles. February 2003. 03-06 S. I. Solov’ëv. Eigenvibrations of a plate with elastically attached load. February 2003. 03-07 H. Harbrecht, R. Schneider. Wavelet based fast solution of boundary integral equations.

February 2003.

03-08 S. I. Solov’ëv. Preconditioned iterative methods for monotone nonlinear eigenvalue problems. March 2003.

03-09 Th. Apel, N. Düvelmeyer. Transformation of hexahedral finite element meshes into tetrahedral meshes according to quality criteria. May 2003.

03-10 H. Harbrecht, R. Schneider. Biorthogonal wavelet bases for the boundary element method.

April 2003.

03-11 T. Zhanlav. Some choices of moments of refinable function and applications. June 2003.

The complete list of current and former preprints is available via

http://www.tu-chemnitz.de/sfb393/preprints.html.