Technische Universität Chemnitz

Sonderforschungsbereich 393 Numerische Simulation auf massiv parallelen Rechnern

S. I. Solov^′ëv

Existence of the guided modes of an optical fiber

Preprint SFB393/03-02

Abstract The present paper is devoted to the investigation of the guided wave problem. This problem is formulated as the eigenvalue problem with a compact self-adjoint operator pencil. Applying the minimax principle for the compact operators in the Hilbert space we obtain a necessary and sufficient condition for the existence of a preassigned number of linearly independent guided modes. As a consequence of this result we also derive simple sufficient conditions, which can be easily applied in practice. We give a statement of the problem in a bounded domain and propose an efficient method for solving the problem.

Key Words eigenvalue problem, guided modes, optical fiber

AMS(MOS) subject classification 78A50, 47A75, 49R50, 65N25

Preprint-Reihe des Chemnitzer SFB 393

ISSN 1619-7178 (Print) ISSN 1619-7186 (Internet)

SFB393/03-02 January 2003

Contents

1 Introduction 1 2 Eigenvalue problem with compact operator pencil 3 3 Existence of eigenvalues 6 4 Simple sufficient conditions 10 5 Eigenvalue problem in a bounded domain 13 6 Conclusion 18 References 19

Current address of the author: Sergey I. Solov^′ëv Fakultät für Mathematik TU Chemnitz 09107 Chemnitz, Germany

solovev@mathematik.tu-chemnitz.de

Address of the author: Sergey I. Solov^′ëv Faculty of computer science and cybernetics Kazan State University Kremlevskaya 18 420008 Kazan, Russia

sergei.solovyev@ksu.ru

1 Introduction

In this paper we investigate an eigenvalue problem, which has important applications in optical telecommunications and in integrated optics. To present obtained results we first introduce the mathematical statement of this problem. We shall use the physical model and the variational formulation, which are described in detail in the paper [1]. The investigated eigenvalue problem has the following mathematical formulation: find λ = λ(p) ∈ Λ, u ∈ V \ {0}, such that

c(R^2 ; u, v) = λ d(R^2 ; u, v) ∀v ∈ V, (1)

where V = (H^1(R^2 ))^3 is the Sobolev space equipped with the norm ‖v‖_V = (∫ R^2 {|grad v|^2 + |v|^2} dx )_{1/2} , R^2 is the coordinate plane Ox_1x_2, x = (x_1, x_2)^⊤ ∈ R^2 , Λ is an interval of the real axis, the sesquilinear forms c and d are defined by the formulae: c(G; u, v) = ∫ G { p Rot_β u · Rot_β v + p_2 Div_β u Div_β v } dx, d(G; u, v) = ∫ G u · v dx. Here β is a given positive number, u = (u_1, u_2, u_3)^⊤, v = (v_1, v_2, v_3)^⊤,

Rot_β u = (∂_2u_3 + iβu_2, −iβu_1 − ∂_1u_3, ∂_1u_2 − ∂_2u_1)^⊤, Div_β u = ∂_1u_1 + ∂_2u_2 − iβu_3,

∂_i = ∂/∂x_i, i = 1, 2, grad v = (grad v_1, grad v_2, grad v_3)^⊤, grad v_i = (∂_1v_i, ∂_2v_i)^⊤, i = 1, 2, 3, u · v = u_1v_1 + u_2v_2 + u_3v_3, |v|^2 = |v_1|^2 + |v_2|^2 + |v_3|^2. Define the function p(x) = p(Ω, x) by the formula: p(Ω, x) = { p_1, x ∈ Ω, p_2, x ∈ R^2 \ Ω, (2) where Ω is a given bounded plane domain with a Lipschitz-continuous boundary, Ω may be disconnected, p_1 is a positive function from L^∞(Ω), p_2 is a given positive number. Set

p_{11} = ess. inf_{x∈Ω} p_1(x), p_{12} = ess. sup_{x∈Ω} p_1(x), p_{13}(G) = ess. sup_{x∈G} p_1(x).

Assuming that p_{11} < p_2, p_1 ≤ p_2 for almost all x ∈ Ω, we put

Λ = (σ_1, σ_2), σ_1 = β^2p_{11}, σ_2 = β^2p_2.

The guided wave problem (1) has been derived from Maxwell’s equations by eliminating the electric field [1]. In this case, u = H is the magnetic field, Ω is the core region, the exterior domain R^2 \ Ω is the cladding, β is the propagation constant, λ = k^2, k is the wavenumber, p = 1/n^2, n is the index profile, p_1 = 1/n^2, x ∈ Ω, p_2 = 1/n^2_∞, n_∞ is the refractive index of the cladding, p_{11} = 1/n^2_+, n_+ = ess. sup_{x∈Ω} n(x).

Denote by D_R = {x : x ∈ R^2 , |x| < R} the open disk with center O and radius R. Assume that q_1 and q_2 are positive numbers such that q_1 < q_2, q(x) = q(D_R, x) is the function of the form (2). The guided modes for this case are well known. We can also compute the eigenvalues λ_i(q), i = 1, 2, . . . , m, as roots of transcendental equations [17], [18], [22]. In the general case, to compute eigenvalues of problem (1) we need to apply numerical methods.

There exists a vast amount of literature on computational methods for solving waveguide problems. Surveys of obtained experimental and theoretical results are contained in [9], [10], [21], [34]. But the existence of guided modes in waveguides of arbitrary crosssection has been proved only recently in [1], [32].

Bamberger and Bonnet [1] have investigated eigenvalue problem (1) using the operator formulation C_βu = λu with an unbounded self-adjoint operator C_β. Urbach [32] has analyzed the domain integral formulation with a symmetric bounded noncompact integral operator in the case of guided electromagnetic waves in anisotropic inhomogeneous guides. Authors of the papers [1], [32], have proved the existence of at least two linearly independent guided modes. Bamberger and Bonnet [1] give also a complete description of the dispersion curves. These questions are studied in Dautov and Karchevskiĭ [5] by applying the spectral theory of bounded operators.

In the present paper problem (1) is written in the form: find λ ∈ Λ, u ∈ V \ {0}, such that

c(R^2 ; u, v) − λ d(R^2 \ D; u, v) + α_0d(D; u, v) = (λ + α_0) d(D; u, v) ∀v ∈ V, (3)

where D is a given bounded plane domain with a Lipschitz-continuous boundary, Ω ⊆ D,

α_0 = { (σ_2 − σ_1)^2/εσ_1, ξ ≤ 0, 0, ξ > 0, (4)

ξ = 2p_{11} − p_2, ε ∈ (0, 1). In Section 2, we prove the positive definiteness of the sesquilinear form in the left hand side of equation (3). Then problem (3) is formulated as the eigenvalue problem: find λ ∈ Λ, u ∈ V \ {0}, such that u = (λ + α_0)A(λ)u, with the compact selfadjoint positive definite operator pencil A(μ) : V → V , μ ∈ Λ. In Section 3, applying the minimax principle for the compact operators in the Hilbert space we obtain a necessary and sufficient condition for the existence of a preassigned number of linearly independent guided modes. As a consequence of this result we derive results for comparing eigenvalues λ(p) for various functions p. For example, the following result is proved. Suppose that D_R ⊆ Ω, q_1 = p_{13}(D_R) and q_2 = p_2, q(x) = q(D_R, x) is the function of the form (2). If there exist λ_i(q), i = 1, 2, . . . , m, then there exist at least m, m ≥ 2, eigenvalues λ_i(p), i = 1, 2, . . . , m, of problem (1) and λ_i(p) ≤ λ_i(q), i = 1, 2, . . . , m. In Section 4 we obtain simple sufficient conditions, which can be easily applied in practice. In particular, we prove the following result. Suppose that S_B ⊆ Ω, where S_B is a square with the side length B, μ^1 ≤ μ^1_2 ≤ . . . ≤ μ^1_k ≤ . . . are numbers of the form π √ i^2 + j^2, i, j = 1, 2, . . ., enumerated in ascending order,

λ^0_{2i−1} = ( μ^1_i B )_2 , λ^0_{2i} = ( μ^1_i B )_2 , i = 1, 2, . . . Define m = max{i : p_2λ^0_i < σ_2 − σ_0, i ≥ 1}, where σ_0 = β^2p_0, p_0 = p_{13}(S_B ). Then problem (1) has at least m, m ≥ 2, real eigenvalues of finite multiplicity λ_i = λ_i(p), i = 1, 2, . . . , m, which are repeated according to their multiplicity: σ_1 < λ_1 ≤ λ_2 ≤ . . . ≤ λ_m < σ_2. Similar results have been established in [30] for the scalar equation of the weak-guidance approximation. In this paper the analysis analogous to [26] is applied. In Section 5 we propose the equivalent formulation in a bounded domain for problem (1) and suggest an efficient method for solving the problem. Let us indicate that the proposed approach uses an eigenvalue problem in a bounded domain, which is equivalent to the initial eigenvalue problem (1). In contrast to our approach, previous papers (see review [10]) have applied approaches when the initial eigenvalue problem (1) is reduced approximately to an eigenvalue problem in a bounded domain. More precisely, we define a variational eigenvalue problem in a bounded domain, which leads to the differential eigenvalue problem with the exact boundary condition, and not with approximate one as in previous investigations of problem (1).

2 Eigenvalue problem with compact operator pencil

By R and C denote the real axis and the complex plane, respectively. Let D be a given bounded plane domain with a Lipschitz-continuous boundary, Ω ⊆ D. Assume that H = (L_2(D))^3 is the Lebesgue space equipped with the norm ‖v‖_H = (∫ D |v|^2 dx )_{1/2} . Let us define the mappings a : Λ × V × V → C , b : H × H → C , by the formulae: a(μ, u, v) = c(R^2 ; u, v) − μ d(R^2 \ D; u, v), b(u, v) = d(D; u, v). Then problem (3) can be written in the form: find λ ∈ Λ, u ∈ V \ {0}, such that a(λ, u, v) + α_0 b(u, v) = (λ + α_0) b(u, v) ∀v ∈ V. (5) Introduce the following auxiliary linear eigenvalue problem: find γ(μ) ∈ R, u ∈ V \ {0}, such that a(μ, u, v) + α_0 b(u, v) = (γ(μ) + α_0) b(u, v) ∀v ∈ V (6) for fixed parameter μ ∈ Λ.

It can be directly verified that a(μ, u, v) = ∫ R^2

{p rot u rot v + p_2 div u div v + p_2 grad u_3 · grad v_3} dx + + ∫ Ω (p − p_2) (grad u_3 + iβu)(grad v_3 + iβv) dx + (7) + σ_2 ∫ D u · v dx + (σ_2 − μ) ∫ R^2\D u · v dx, where u = (u_1, u_2)^⊤, v = (v_1, v_2)^⊤, div u = ∂_1u_1 + ∂_2u_2, rot u = ∂_1u_2 − ∂_2u_1, grad φ = (∂_1φ, ∂_2φ)^⊤.

Lemma 1 For v ∈ V , μ ∈ Λ, the following inequality holds: a(μ, v, v) ≥ α_1(μ)‖v‖^2_V − α_0‖v‖^2_H , where α_0 is defined by (4), α_1(μ) = { min{(1 − ε)p_{11}, σ_1, σ_2 − μ}, ξ ≤ 0, min{p_{11}, ξ, β^2ξ, σ_2, σ_2 − μ}, ξ > 0, ξ = 2p_{11} − p_2, ε ∈ (0, 1). Proof By (7) we have a(μ, v, v) = ∫ R^2 { p |rot v|^2 + p_2 |div v|^2 + p_2 |grad v_3|^2 } dx+ +c_0(v, v) + σ_2 ∫ D |v|^2 dx + (σ_2 − μ) ∫ R^2\D |v|^2 dx, (8)

where c_0(v, v) = ∫ Ω (p − p_2) |grad v_3 + iβv|^2 dx.

For this term we obtain the following estimates:

c_0(v, v) ≥ −2(p_2 − p_{11}) ∫ Ω { |grad v_3|^2 + β^2|v|^2 } dx, c_0(v, v) ≥ −(p_2 − p_{11}) ∫ Ω { |grad v_3|^2 + β^2|v|^2 + 2β|grad v_3| · |v| } dx ≥ ≥ −(p_2 − p_{11}) ∫ Ω { |grad v_3|^2 + β^2|v|^2 } dx − −εp_{11} ∫ Ω |grad v_3|^2 dx −

(p_2 − p_{11})^2β^2 εp_{11} ∫ Ω |v|^2 dx.

Substituting the previous estimates in (8), we derive the desired properties: a(μ, v, v) ≥ p_{11} ∫ R^2

|grad v|^2 dx + p_2 ∫ R^2\Ω

|grad v_3|^2 dx + +ξ ∫ Ω |grad v_3|^2 dx + ξβ^2 ∫ Ω |v|^2 dx + +σ_2 ∫ D |v_3|^2 dx + σ_2 ∫ D\Ω |v|^2 dx + (σ_2 − μ) ∫ R^2\D |v|^2 dx ≥ (9) ≥ min{p_{11}, ξ, β^2ξ, σ_2, σ_2 − μ} ∫ R^2 { |grad v|^2 + |v|^2 } dx = = α_1(μ)‖v‖^2_V , ξ > 0, a(μ, v, v) ≥ p_{11} ∫ R^2

|grad v|^2 dx + p_2 ∫ R^2\Ω

|grad v_3|^2 dx + +(1 − ε)p_{11} ∫ Ω |grad v_3|^2 dx + (σ_1 − α_0) ∫ Ω |v|^2 dx + +σ_2 ∫ D |v_3|^2 dx + σ_2 ∫ D\Ω |v|^2 dx + (σ_2 − μ) ∫ R^2\D |v|^2 dx ≥ (10) ≥ min{(1 − ε)p_{11}, σ_1, σ_2 − μ} ∫ R^2 { |grad v|^2 + |v|^2 } dx − α_0 ∫ D |v|^2 dx = = α_1(μ)‖v‖^2_V − α_0‖v‖^2_H , ξ ≤ 0. □ According to Lemma 1 we obtain the positive definiteness of the sesquilinear form in the left hand side of equation (6), i.e., a(μ, v, v) + α_0 b(v, v) ≥ α_1(μ)‖v‖^2_V ∀v ∈ V for fixed μ ∈ Λ. Moreover, it is easy to get the boundedness property: a(μ, v, v) + α_0 b(v, v) ≤ α_2‖v‖^2_V ∀v ∈ V for fixed μ ∈ Λ, α_2 = max{p_2, σ_2 + α_0}. Therefore, one can define the self-adjoint positive definite operator A(μ) : V → V by the following equality: a(μ, A(μ)u, v) + α_0b(A(μ)u, v) = b(u, v) ∀u, v ∈ V for fixed parameter μ ∈ Λ. Because H^1(Ω) is compactly embedded in L_2(Ω), the operator A(μ) : V → V is compact self-adjoint positive definite operator in the Hilbert space V .

Now we rewrite problems (5) and (6) in the following operator forms: find λ ∈ Λ, u ∈ V \ {0}, such that u = (λ + α_0) A(λ)u, (11) find γ(μ) ∈ R, u ∈ V \ {0}, such that u = (γ(μ) + α_0) A(μ)u (12) for fixed parameter μ ∈ Λ.

Using spectral theory of self-adjoint compact operators in the Hilbert space [2], we obtain that problem (12) has a denumerable set of real eigenvalues of finite multiplicity γ_k(μ), k = 1, 2, . . ., which are repeated according to their multiplicity, such that −α_0 < γ_1(μ) ≤ γ_2(μ) ≤ . . . ≤ γ_k(μ) ≤ . . . , lim_{k→∞} γ_k(μ) = ∞. The following minimax principle holds: γ_k(μ) = min_{Wk⊂V} max_{v∈Wk \{0}} a(μ, v, v) b(v, v) , k = 1, 2, . . . , (13) where μ ∈ Λ, W_k is k-dimensional subspace of the space V , k = 1, 2, . . .

Now we can define eigenvalues of problem (11) or (5) as roots of the equations: μ − γ_k(μ) = 0, k = 1, 2, . . . (14) Thus, the question on the existence of eigenvalues of problem (5) or (1) is the existence question of roots of equations (14).

3 Existence of eigenvalues

First we shall study properties of the functions γ_k(μ), k = 1, 2, . . .

Lemma 2 The functions γ_k(μ), μ ∈ Λ, k = 1, 2, . . ., are continuous nonincreasing functions.

Proof The assertion of this lemma follows from minimax principle (13). □ We set

γ_i(σ_1) = lim μ→σ_1, μ∈Λ γ_i(μ), γ_i(σ_2) = lim_{μ→σ2, μ∈Λ} γ_i(μ), i = 1, 2, . . .

Lemma 3 The following inequalities hold: γ_k(σ_1) > σ_1, k = 1, 2, . . . Proof The desired inequalities follow from minimax principle (13) and the relations: a(σ_1, v, v) = = c(R^2 ; v, v) − σ_1 d(R^2 \ D; v, v) ≥ ≥ p_{11} ∫ R^2 { |Rot_β v|^2 + β^2|Div_β v|^2 } dx − σ_1 ∫ R^2\D |v|^2 dx = = p_{11} ∫ R^2 { |grad v|^2 + β^2|v|^2 } dx − σ_1 ∫ R^2\D |v|^2 dx = = p_{11} ∫ R^2

|grad v|^2 dx + σ_1b(v, v) > > σ_1b(v, v) for all v ∈ V \ {0}. □

Lemma 4 The following inequalities are valid: γ_1(σ_2) ≤ γ_2(σ_2) < σ_2. Proof For D ⊆ D_r, 0 < r < R, we introduce the function

φ_R(x) = 1, x ∈ D_r, log |x| − log R log r − log R , x ∈ D_R \ D_r, 0, x ∈ R^2 \ D_R, and define the subspace W_2(φ_R) = {w : w = (δ_1φ_R, δ_2φ_R, 0)^⊤, (δ_1, δ_2)^⊤ ∈ C^2 }.

According to minimax principle (13), we obtain the relations

γ_2(μ) = min_{W2⊂V} max_{v∈W2\{0}} a(μ, v, v) b(v, v) ≤ ≤ max v∈W_2(φ_R)\{0} a(μ, v, v) b(v, v) ≤ ≤ σ_2 + κ_R(μ) with

κ_R(μ) = 1 |D| ( 2πp_2 ( log R r )_{−1} − β^2 ∫ Ω (p_2 − p) dx + (σ_2 − μ) πR^2 ) , where μ ∈ Λ, |D| denotes the area of the domain D. Consequently, by taking R large enough and σ_2 − μ small enough, we obtain κ_R(μ) < 0 and, therefore, γ_1(σ_2) ≤ γ_2(σ_2) ≤ γ_2(μ) ≤ σ_2 + κ_R(μ) < σ_2. □

Lemma 5 The following relations hold: γ_k(σ_2) → ∞ as k → ∞.

Proof The numbers γ_k(σ_2), k = 1, 2, . . ., are eigenvalues of the following problem: find η ∈ R, u ∈ W \ {0}, such that a(σ_2, u, v) + α_0 b(u, v) = (η + α_0) b(u, v) ∀v ∈ W, where W denotes the Sobolev space equipped with the norm ‖v‖_W = (∫ R^2

|grad v|^2 dx + ∫ D |v|^2 dx )_{1/2} . Since η_k → ∞ as k → ∞, we obtain the assertion of the lemma. □ Now we formulate the main result of the paper.

Theorem 6 Let m = max{i : γ_i(σ_2) < σ_2, i ≥ 1}. Then

(a) Problem (1) has exactly m, 2 ≤ m < ∞, real eigenvalues of finite multiplicity λ_i = λ_i(p), i = 1, 2, . . . , m, which are repeated according to their multiplicity: σ_1 < λ_1 ≤ λ_2 ≤ . . . ≤ λ_m < σ_2, i.e., if for 1 ≤ i ≤ m we have λ_{i−1} < λ_i = λ_{i+1} = . . . = λ_{i+k} < λ_{i+k+1}, with λ_0 = σ_1, λ_{m+1} = σ_2, then dim U(λ_i) = k + 1, where U(λ_i) is the eigensubspace corresponding to the eigenvalue λ_i.

(b) Each eigenvalue λ_i, 1 ≤ i ≤ m, is a unique root of the equation μ − γ_i(μ) = 0, 1 ≤ i ≤ m. The following relations hold: λ_k = min_{Wk⊂V} max_{v∈Wk \{0}} a(λ_k, v, v) b(v, v) , k = 1, 2, . . . , m, where W_k is k-dimensional subspace of the space V , k = 1, 2, . . . , m.

(c) The corresponding eigenelements u^{(i)}, i = 1, 2, . . . , m, form a orthogonal system in (L_2(R^2 ))^3 such that ∫

R^2 u^{(i)} · u^{(j)} dx = δ_{ij} , i, j = 1, 2, . . . , m. Proof By Lemmata 2 and 3 each equation of the set μ − γ_k(μ) = 0, μ ∈ Λ, k = 1, 2, . . . , m, has a unique solution. Denote these solutions by λ_i, i = 1, 2, . . . , m, i.e., λ_i − γ_i(λ_i) = 0, i = 1, 2, . . . , m. Applying Lemmata 4 and 5 we get 2 ≤ m < ∞. To check that the numbers λ_i, i = 1, 2, . . . , m, are put in a nondecreasing order, let us assume the opposite, i.e., λ_i > λ_{i+1}. Then, according to Lemma 2, we obtain a contradiction, namely λ_i = γ_i(λ_i) ≤ γ_i(λ_{i+1}) ≤ γ_{i+1}(λ_{i+1}) = λ_{i+1}, As was noted in Section 2 the numbers λ_i, i = 1, 2, . . . , m, are eigenvalues of problem (1).

Let us prove if λ_{i−1} < λ_i = λ_{i+1} = . . . = λ_{i+k} < λ_{i+k+1}, then dim U(λ_i) = k + 1. Since λ_j = γ_j(λ_j), j = i, i + 1, . . . , i + k, we have γ_{i−1}(λ_{i−1}) < γ_i(λ_i) = . . . = γ_{i+k}(λ_{i+k}) < γ_{i+k+1}(λ_{i+k+1}).

Now by Lemma 2 we get γ_{i−1}(λ_i) < γ_i(λ_i) = . . . = γ_{i+k}(λ_i) < γ_{i+k+1}(λ_i).

Hence γ_i(λ_i) is the eigenvalue of problem (6) for μ = λ_i and dim Ũ(γ_i(λ_i)) = k + 1, where Ũ(γ_i(λ_i)) is the eigensubspace corresponding to the eigenvalue γ_i(λ_i). Therefore, we conclude that dim U(λ_i) = dim Ũ(γ_i(λ_i)) = k + 1.

It is well known that the eigenelements u^{(i)} and u^{(j)} of problem (1) corresponding to the eigenvalues λ_i and λ_j for λ_i ≠ λ_j are orthogonal in (L_2(R^2 ))^3. For each eigensubspace U(λ_i), dim U(λ_i) = k + 1, λ_{i−1} < λ_i = λ_{i+1} = . . . = λ_{i+k} < λ_{i+k+1}, one can define orthogonal in (L_2(R^2 ))^3 system of eigenelements u^{(j)}, j = i, i + 1, . . . , i + k. Thus we have constructed the orthogonal in (L_2(R^2 ))^3 system of eigenelements u^{(i)}, i = 1, 2, . . . , m, corresponding to the eigenvalues λ_i, i = 1, 2, . . . , m. □

Theorem 6 states the necessary and sufficient conditions for the existence of a preassigned number of eigenvalues of problem (1). These conditions contain the values η^0_i = γ_i(σ_2), i = 1, 2, . . ., which can be calculated by numerical methods (Remark 21). Using minimax principle (13) we can construct more simple sufficient conditions formulated in the following corollaries.

Corollary 7 Suppose that Ω_2 ⊆ Ω_1, p^{(1)}(x) = p^{(1)}(Ω_1, x) and p^{(2)}(x) = p^{(2)}(Ω_2, x) are the functions of the form (2), p^{(2)} ≥ p^{(1)}, there exist λ_i(p^{(2)}), i = 1, 2, . . . , m. Then there exist at least m eigenvalues λ_i(p^{(1)}), i = 1, 2, . . . , m, and the following inequalities hold:

λ_i(p^{(1)}) ≤ λ_i(p^{(2)}), i = 1, 2, . . . , m. (15)

Proof Assume that Ω_1 ⊆ D and consider problems (5) and (6). Denote by γ_i(p^{(j)}, μ), i = 1, 2, . . ., the eigenvalues of problem (6) corresponding to the function p^{(j)}, j = 1, 2. If λ_i(p^{(2)}), i = 1, 2, . . . , m, exist, then the numbers λ_i(p^{(2)}), i = 1, 2, . . . , m, are the roots of the equations μ − γ_i(p^{(2)}, μ) = 0, i = 1, 2, . . . , m. Therefore, γ_i(p^{(2)}, σ_2) < σ_2, i = 1, 2, . . . , m. By minimax principle (13) we obtain

γ_i(p^{(1)}, σ_2) ≤ γ_i(p^{(2)}, σ_2) < σ_2 i = 1, 2, . . . , m.

Hence the equations μ − γ_i(p^{(1)}, μ) = 0, i = 1, 2, . . . , m, have the roots λ_i(p^{(1)}), i = 1, 2, . . . , m. □ Corollary 8 Suppose that D_R ⊆ Ω, q_1 = p_{13}(D_R), q_2 = p_2, q(x) = q(D_R, x) is the function of the form (2), there exist λ_i(q), i = 1, 2, . . . , m. Then there exist at least m eigenvalues λ_i(p), i = 1, 2, . . . , m, and the following inequalities hold: λ_i(p) ≤ λ_i(q), i = 1, 2, . . . , m. (16) Proof The assertion of the corollary is a consequence of Corollary 7. □

Note that Corollary 8 is very important for practice because we may calculate eigenvalues λ_i(q), i = 1, 2, . . . , m, by the analytical method [17], [18], [22].

Corollary 9 Suppose that Ω_0 is a given bounded plane domain with a Lipschitz-continuous boundary Γ_0, Ω_0 ⊆ Ω, p^{(0)}(x) = p^{(0)}(Ω_0, x) is the function of the form (2), p^{(0)} ≥ p, η_i = η_i(p^{(0)}), i = 1, 2, . . ., are the eigenvalues of the following problem: find η = η(p^{(0)}) ∈ Λ, u ∈ V_0 \ {0}, such that

c(Ω_0; u, v) = η d(Ω_0; u, v) ∀v ∈ V_0, where V_0 = (H^1_0 (Ω_0))^3 ≡ {v : v ∈ (H^1(Ω_0))^3, v|_{Γ0} = 0}, the sesquilinear forms c and d are defined in Section 1 by using the function p^{(0)}. If η_m < σ_2, then there exist at least m real eigenvalues of finite multiplicity λ_i(p), i = 1, 2, . . . , m, which are repeated according to their multiplicity, and the following inequalities hold: λ_i(p) ≤ η_i, i = 1, 2, . . . , m. Proof By minimax principle (13) we get γ_i(p, σ_2) ≤ η_i < σ_2 i = 1, 2, . . . , m, where γ_i(p, μ) is defined in the proof of Corollary 7. Hence the equations μ − γ_i(p, μ) = 0, i = 1, 2, . . . , m, have the roots λ_i(p), i = 1, 2, . . . , m. □

Corollary 10 Let m = max{i : γ_i(δ) < σ_2, i ≥ 1}, δ ∈ (σ_1, σ_2). Then problem (1) has at least m, 2 ≤ m < ∞, real eigenvalues of finite multiplicity λ_i = λ_i(p), i = 1, 2, . . . , m, which are repeated according to their multiplicity:

σ_1 < λ_1 ≤ λ_2 ≤ . . . ≤ λ_m < δ.

Proof By the definition of the number m and Lemma 2, we get the relations γ_i(σ_2) ≤ γ_i(δ) < σ_2, i = 1, 2, . . . , m, which with Theorem 6 imply the desired result. □

4 Simple sufficient conditions

Let Ω_0 be a given bounded plane domain with a Lipschitz-continuous boundary Γ_0, Ω_0 ⊆ Ω. Assume that V_0 = (H^1_0 (Ω_0))^2 ≡ {v : v ∈ (H^1(Ω_0))^2, v|_{Γ0} = 0} and H_0 = (L_2(Ω_0))^2 are the Sobolev and Lebesgue spaces equipped with the norms

‖v‖_{V0} = (∫ Ω_0

|grad v|^2 dx )_{1/2} , ‖v‖_{H0} = (∫ Ω_0 |v|^2 dx )_{1/2} . Let us define the mappings a_0 : V_0 × V_0 → C , b_0 : H_0 × H_0 → C , by the formulae:

a_0(u, v) = ∫ Ω_0

grad u · grad v dx,

b_0(u, v) = ∫ Ω_0 u · v dx. Here we denote v = (v_1, v_2)^⊤, grad v = (grad v_1, grad v_2)^⊤, u · v = u_1v_1 + u_2v_2, |v|^2 = |v_1|^2 + |v_2|^2.

Let us introduce the following linear eigenvalue problem: find λ^0 ∈ R, u ∈ V_0 \ {0}, such that a_0(u, v) = λ^0b_0(u, v) ∀v ∈ V_0. (17)

Problem (17) has a denumerable set of real positive eigenvalues of finite multiplicity λ^0_k, k = 1, 2, . . ., [2], which are repeated according to their multiplicity, such that 0 < λ^0_1 ≤ λ^0_2 ≤ . . . ≤ λ^0_k ≤ . . . , lim_{k→∞} λ^0_k = ∞.

The following relations hold: λ^0_k = min_{Wk⊂V0} max_{v∈Wk \{0}} a_0(v, v) b_0(v, v) , k = 1, 2, . . . , where W_k is k-dimensional subspace of the space V_0, k = 1, 2, . . .

Theorem 11 Let m = max{i : p_2λ^0_i < σ_2 − σ_0, i ≥ 1}, where σ_0 = β^2p_0, p_0 = p_{13}(Ω_0). Then problem (1) has at least m, 2 ≤ m < ∞, real eigenvalues of finite multiplicity λ_i = λ_i(p), i = 1, 2, . . . , m, which are repeated according to their multiplicity: σ_1 < λ_1 ≤ λ_2 ≤ . . . ≤ λ_m < σ_2.

Moreover, assertions (b) and (c) of Theorem 6 are valid.

Proof Taking into account minimax principle (13) and representation (7), we obtain γ_k(μ) = min_{Wk⊂V} max_{v∈Wk\{0}} a(μ, v, v) b(v, v) ≤ ≤ min_{Wk⊂V0} max_{v∈Wk\{0}} a(μ, v, v) b(v, v) ≤ ≤ σ_0 + p_2 min_{Wk⊂V0} max_{v∈Wk\{0}} a_0(v, v) b_0(v, v) = = σ_0 + p_2λ^0_k, where V_0 = {v : v = (v_1, v_2, 0)^⊤, v ∈ V, v(x) = 0, x ∈ R^2 \ Ω_0}.

Hence the relations γ_k(σ_2) ≤ σ_0 + p_2λ^0_i < σ_2 imply the condition p_2λ^0_i < σ_2 − σ_0. Thus by Theorem 6 we get desired assertions. □ For z = (z_1, z_2)^⊤ ∈ R^2 we set D_R(z) = {x : x ∈ R^2 , |x − z| < R}, S_B (z) = {x : x = (x_1, x_2)^⊤ ∈ R^2 , z_i < x_i < z_i + B, i = 1, 2}.

The formulae for eigenvalues of the Laplace operator in a disk or square [33] are well known. Using these formulae in Theorem 11 we can derive simple sufficient conditions for the existence of eigenvalues of problem (1). Below we indicate examples of simple formulae for eigenvalues of problem (17).

Remark 12 Let Ω_0 = D_R(z), Ω_0 ⊆ Ω, R is a fixed positive number, z ∈ R^2 , μ^0_k, k = 1, 2, . . ., μ^0_1 ≤ μ^0_2 ≤ . . . ≤ μ^0_k ≤ . . ., are the positive roots t_{ni}, n = 0, 1, . . ., i = 1, 2, . . ., enumerated in ascending order, of the equations J_n(t) = 0, t ∈ (0, ∞), n = 0, 1, . . ., where J_n(t) is the Bessel functions of first kind of order n, n = 0, 1, . . . Then

λ^0_{2i−1} = ( μ^0_i R )_2

, λ^0_{2i} = ( μ^0_i R )_2 , i = 1, 2, . . .

Remark 13 Let Ω_0 = S_B(z), Ω_0 ⊆ Ω, B is a fixed positive number, z ∈ R^2 , μ^1_k, k = 1, 2, . . ., μ^1 ≤ μ^1_2 ≤ . . . ≤ μ^1_k ≤ . . ., are numbers of the form π √ i^2 + j^2, i, j = 1, 2, . . ., enumerated in ascending order. Then

λ^0_{2i−1} = ( μ^1_i B )_2

, λ^0_{2i} = ( μ^1_i B )_2 , i = 1, 2, . . .

Remark 14 Let

Ω_0 = (_{n0} ⋃ i=1 D_{Ri} (a^{(i)}) ) ⋃ (_{n1} ⋃ j=1 S_{Bj} (b^{(j)}) ) , where D_{Ri} (a^{(i)}) ∩ D_{Rj} (a^{(j)}) = ∅, i ≠ j, i, j = 1, 2, . . . , n_0, S_{Bi} (b^{(i)}) ∩ S_{Bj} (b^{(j)}) = ∅, i ≠ j, i, j = 1, 2, . . . , n_1, D_{Ri} (a^{(i)}) ∩ S_{Bj} (b^{(j)}) = ∅, i = 1, 2, . . . , n_0, j = 1, 2, . . . , n_1,

Ω_0 ⊆ Ω, R_i, i = 1, 2, . . . , n_0, B_j, j = 1, 2, . . . , n_1, are fixed positive numbers, a^{(i)} ∈ R^2 , i = 1, 2, . . . , n_0, b^{(j)} ∈ R^2 , j = 1, 2, . . . , n_1. Here for a domain G with the boundary Γ we define G = G ∪ Γ. Denote

η^{0,j}_{2i−1} = ( μ^0_i R_j )_2

, η^{0,j}_{2i} = ( μ^0_i R_j )_2 , i = 1, 2, . . . , j = 1, 2, . . . , n_0,

η^{1,j}_{2i−1} = ( μ^1_i B_j )_2

, η^{1,j}_{2i} = ( μ^1_i B_j )_2 , i = 1, 2, . . . , j = 1, 2, . . . , n_1,

where μ^0_k, μ^1_k, k = 1, 2, . . ., are defined in Remarks 12 and 13. Enumerating the numbers η^{k,jk}_i , i = 1, 2, . . . , j_k = 1, 2, . . . , n_k, k = 0, 1, in ascending order, we obtain the sequence λ^0_i , i = 1, 2, . . .

5 Eigenvalue problem in a bounded domain

Assume that Ω ⊆ D_R and put V_R = (H^1(D_R))^3, H_R = (L_2(D_R))^3. Let us denote by Γ the boundary of D_R and by ∂_ν the outward normal derivative on Γ, i.e., ∂_ν φ = grad φ · ν, where ν = (ν_1, ν_2)^⊤ is the unit outward normal to Γ.

Applying the following representation for the sesquilinear form c:

c(R^2 ; u, v) = c_1(D_R; u, v) + c_2(R^2 \ D_R; u, v),

c_1(G; u, v) = ∫ G (p − p_2) Rot_β u · Rot_β v dx + c_2(G; u, v),

c_2(G; u, v) = p_2 ∫ G { grad u · grad v + β^2 u · v } dx, we write problem (3) for D = D_R in the equivalent form: find λ ∈ Λ, u ∈ V \ {0}, such that

c_1(D_R; u, v) + c_2(R^2 \ D_R; u, v) − λ d(R^2 \ D_R; u, v) + α_0 d(D_R; u, v) = = (λ + α_0) d(D_R; u, v) ∀v ∈ V. (18)

To transform equation (18) in the unbounded domain R^2 to an equation in the bounded domain D_R, let us note that the eigenelement u of problem (1) satisfies the following equation [1]:

−Δu + σ^2u = 0, x ∈ R^2 \ D_R, (19)

where σ = σ(λ) = √ (σ_2 − λ)/p_2, λ ∈ Λ. This equation is the consequence of equation (18).

The solution of equation (19) is defined by the well known formulae [19]:

u(r cos φ, r sin φ) = ∞∑ n=−∞ K_n(σr) K_n(σR) a_n(u) e^{inφ},

a_n(u) = 1 2π π∫ −π u(Rcosφ, Rsinφ)e^{−inφ} dφ, n = 0, ±1, ±2, . . . ,

where K_n(t) is the modified Bessel function of order n, n = 0, ±1, ±2, . . . Hence one can obtain the explicit formula for the normal derivative ∂_ν u on Γ of the eigenelement u:

∂_ν u|_Γ = ∂ ∂r u(r cos φ, r sin φ) | | |_Γ = − 1 R ∞∑ n=−∞ H_n(σR) a_n(u) e^{inφ},

where H_n(t) = |n| + t K_{|n|−1}(t) K_{|n|}(t) , n = 0, ±1, ±2, . . .

Then for the term from (18) containing the integral over R^2 \ D_R, we get the following representation:

c_2(R^2 \ D_R; u, v) − λ d(R^2 \ D_R; u, v) = = p_2 ∫ R^2\D_R { grad u · grad v + β^2 u · v } dx − λ ∫ R^2\D_R u · v dx = = p_2 ∫ R^2\D_R { grad u · grad v + σ^2 u · v } dx = = p_2 ∫ R^2\D_R (−Δu + σ^2 u) · v dx − p_2 ∫ Γ ∂_ν u · v dγ = = −p_2 ∫ Γ ∂_ν u · v dγ = = 2πp_2 ∞∑ n=−∞ H_n(σR) a_n(u) · a_n(v). Define the mapping s : Λ × V_R × V_R → C , by the formula: s(μ, u, v) = 2πp_2 ∞∑ n=−∞ H_n(σ(μ)R) a_n(u) · a_n(v), where σ(μ) = √ (σ_2 − μ)/p_2, μ ∈ Λ.

Now one can write the following equivalent formulation of problem (1) in the bounded domain D_R: find λ ∈ Λ, u ∈ V_R \ {0}, such that

c_1(D_R; u, v) + s(λ, u, v) + α_0 d(D_R; u, v) = (λ + α_0) d(D_R; u, v) ∀v ∈ V_R. (20) Note that similar approaches of obtaining problems in a bounded domain have been applied in the papers [8], [7], [3], [16], [4], for the cases of scalar equations, and in the paper [5] for the case of the vector equation. In the present paper, for problem (1) we propose variational formulation (20), which leads to the differential eigenvalue problem with the more simple boundary condition than in [5].

Introduce the mappings a_R : Λ × V_R × V_R → C , b_R : H_R × H_R → C , by the formulae: a_R(μ, u, v) = c_1(D_R; u, v) + s(μ, u, v), b_R(u, v) = d(D_R; u, v). Lemma 15 For v ∈ V_R, μ ∈ Λ, the following inequality is valid: a_R(μ, v, v) ≥ α̃_1‖v‖^2_{VR} − α_0‖v‖^2_{HR} , where α_0 is defined by (4), α̃_1 = { min{(1 − ε)p_{11}, σ_1}, ξ ≤ 0, min{p_{11}, ξ, β^2ξ, σ_2}, ξ > 0, ξ = 2p_{11} − p_2, ε ∈ (0, 1).

Proof For fixed number μ ∈ Λ and for fixed function v ∈ V_R, using ∂_nv|_Γ we can construct the function v ∈ V , if we define v(x), x ∈ R^2 \ D_R, as the solution of problem (19) for μ = λ. Then applying (9) and (10) we get a_R(μ, v, v) = c_1(D_R; v, v) + s(μ, v, v) = = c_1(D_R; v, v) + c_2(R^2 \ D_R; v, v) − μ d(R^2 \ D_R; v, v) = = c(R^2 ; v, v) − μ d(R^2 \ D_R; v, v) = = a(μ, v, v) ≥ ≥ p_{11} ∫ R^2

|grad v|^2 dx + p_2 ∫ R^2\Ω

|grad v_3|^2 dx + +ξ ∫ Ω |grad v_3|^2 dx + ξβ^2 ∫ Ω |v|^2 dx +

+σ_2 ∫ D_R |v_3|^2 dx + σ_2 ∫ D_R\Ω |v|^2 dx + (σ_2 − μ) ∫ R^2\D_R |v|^2 dx ≥ ≥ min{p_{11}, ξ, β^2ξ, σ_2} ∫ D_R { |grad v|^2 + |v|^2 } dx = = α̃_1‖v‖^2_V , ξ > 0, a_R(μ, v, v) = a(μ, v, v) ≥ ≥ p_{11} ∫ R^2

|grad v|^2 dx + p_2 ∫ R^2\Ω

|grad v_3|^2 dx +

+(1 − ε)p_{11} ∫ Ω |grad v_3|^2 dx + (σ_1 − α_0) ∫ Ω |v|^2 dx +

+σ_2 ∫ D_R |v_3|^2 dx + σ_2 ∫ D_R\Ω |v|^2 dx + (σ_2 − μ) ∫ R^2\D_R |v|^2 dx ≥ ≥ min{(1 − ε)p_{11}, σ_1} ∫ D_R { |grad v|^2 + |v|^2 } dx − α_0 ∫ D_R |v|^2 dx = = α̃_1‖v‖^2_{VR} − α_0‖v‖^2_{HR} , ξ ≤ 0. □ It is well known [14], [15], that for v ∈ V_R we have v|_Γ ∈ W_R ≡ (H^{1/2}(Γ))^3 and there exists δ > 0 such that ‖v‖_{WR} ≤ δ‖v‖_{VR} ∀v ∈ V_R, where ‖v‖^2_{WR} = ∞∑ n=−∞ (|n| + 1) |a_n(v)|^2.

Lemma 16 For v ∈ V_R, μ ∈ Λ, the following inequality holds: a_R(μ, v, v) ≤ α̃_2(μ)‖v‖^2_{VR} , where α̃_2(μ) = p_2max{1, β^2} + 2πp_2δ^2max{1, H_0(σ(μ)R)}, σ(μ) = √ (σ_2 − μ)/p_2, H_0(t) = t

K_1(t) K_0(t) . Proof Using definitions of sesquilinear forms we get the desired relations: a_R(μ, v, v) = c_1(D_R; v, v) + s(μ, v, v) = = ∫ D_R (p − p_2) |Rot_β v|^2 dx + p_2 ∫ D_R { |grad v|^2 + β^2 |v|^2 } dx + + 2πp_2 ∞∑ n=−∞ H_n(σ(μ)R) |a_n(v)|^2 ≤ ≤ p_2max{1, β^2}‖v‖^2_{VR} + 2πp_2max{1, H_0(σ(μ)R)}‖v‖^2_{WR} ≤ ≤ ( p_2max{1, β^2} + 2πp_2δ^2max{1, H_0(σ(μ)R)} ) ‖v‖^2_{VR} = = α̃_2(μ)‖v‖^2_{VR} . □ Now problem (20) can be written in the form: find λ ∈ Λ, u ∈ V_R \ {0}, such that a_R(λ, u, v) + α_0 b_R(u, v) = (λ + α_0) b_R(u, v) ∀v ∈ V_R. (21) According to Lemmata 15 and 16 we obtain the positive definiteness and boundedness of the sesquilinear form in the left hand side of equation (21), i.e., α̃_1‖v‖^2_{VR} ≤ a_R(μ, v, v) + α_0 b_R(v, v) ≤ (α̃_2(μ) + α_0)‖v‖^2_{VR} ∀v ∈ V_R (22) for fixed μ ∈ Λ.

Define the sesquilinear forms a^0_R : V_R × V_R → C , s_1 : V_R × V_R → C , by the formulae: a^0_R(u, v) = c_1(D_R; u, v) + s_1(u, v), s_1(u, v) = 2πp_2 ∞∑ n=−∞ |n| a_n(u) · a_n(v).

Lemma 17 The following relation holds: s(μ, u, v) → s_1(u, v) as μ → σ_2, μ ∈ Λ, u, v ∈ V_R.

Proof For μ ∈ Λ we have s(μ, u, v) = s_1(u, v) + s_2(μ, u, v), where |s_2(μ, u, v)| = 2πp_2 | | | | ∞∑ n=−∞ σ(μ)R K_{|n|−1}(σ(μ)R) K_{|n|}(σ(μ)R) a_n(u) · a_n(v) | | | | ≤ ≤ 2πp_2 H_0(σ(μ)R) ‖u‖_{WR} ‖v‖_{WR} . Since H_0(σ(μ)R) → 0 as μ → σ_2, s_2(μ, u, v) → 0 as μ → σ_2. □ Introduce the linear eigenvalue problem: find η^0 ∈ R, u ∈ V_R \ {0}, such that

a^0_R(u, v) + α_0 b_R(u, v) = (η^0 + α_0) b_R(u, v) ∀v ∈ V_R. (23)

It can be easily show that

α^0_1‖v‖^2_{VR} ≤ a^0_R(v, v) + α_0 b_R(v, v) ≤ α^0_2‖v‖^2_{VR} ∀v ∈ V_R, (24)

where α^0_1 = α̃_1, α^0_2 = p_2max{1, β^2} + 2πp_2δ^2. Therefore, problem (23) has a denumerable set of real eigenvalues of finite multiplicity η^0_k, k = 1, 2, . . ., [2], which are repeated according to their multiplicity, such that

−α_0 < η^0_1 ≤ η^0_2 ≤ . . . ≤ η^0_k ≤ . . . , lim_{k→∞} η^0_k = ∞.

Lemma 18 The following relations hold: γ_k(μ) → η^0_k as μ → σ_2, μ ∈ Λ, k = 1, 2, . . .

Proof The assertion of the lemma follows from minimax principles for eigenvalues γ_k(μ) and η^0_k, k = 1, 2, . . . □ The following theorem states the necessary and sufficient condition for the existence of eigensolutions of problem (1) in terms of eigenvalues of the linear eigenvalue problem (23) in the bounded domain D_R.

Theorem 19 Let m = max{i : η^0_i < σ_2, i ≥ 1}. Then the results of Theorem 6 are valid.

Proof By Lemma 18 we obtain that γ_k(σ_2) = η^0_k, k = 1, 2, . . . Therefore, the assertion of the theorem follows from Theorem 6. □

Remark 20 To solve problem (21) one can use the finite element method in a bounded domain. The abstract convergence results of the finite element method for problem (21) are presented in the papers [23], [24], [25], [26]. The matrix nonlinear eigenvalue problem of the finite element method [26] has the form: find λ ∈ Λ, y ∈ R^N \ {0}, such that

A(λ)y = (λ + α_0)By (25)

with large sparse symmetric positive definite matrices A(λ) and B of order N. Since the functions f_n(μ) = H_n(R √ (σ_2 − μ)/p_2), μ ∈ Λ, n = 0, ±1, ±2, . . ., are decreasing functions,

18 6 Conclusion

the matrix function A(μ), μ ∈ Λ, has the monotonicity property (A(μ)y, y) ≥ (A(η)y, y) for μ < η, μ, η ∈ Λ, y ∈ R^N . By (22) we get the inequalities:

α̃_1(Cy, y) ≤ (A(μ)y, y) ≤ (α̃_2(μ) + α_0)(Cy, y) ∀y ∈ R^N , (26)

where μ ∈ Λ, the matrix C is the finite element matrix for the differential operator L defined by Lu = −Δu+u in the bounded domain D_R, u = (u_1, u_2, u_3)^⊤, Δu = ∂^2_1 u+∂^2 u. It follows from (26) that the matrices A(μ) and C are spectrally equivalent [6]. Therefore, the matrix C can be chosen as the preconditioner for A(μ). Efficient preconditioned iterative methods for solving large monotone nonlinear eigenvalue problems of the form (25) have been suggested in the papers [27], [28], [29], [30], [31].

Remark 21 The finite element method for linear eigenvalue problem (23) leads to the matrix linear eigenvalue problem: find η ∈ R, y ∈ R^N \ {0}, such that

A_0y = (η + α_0)By

with large sparse symmetric positive definite matrices A_0 and B of order N. This problem can be solved by efficient preconditioned eigensolvers suggested and investigated in the recent papers [20], [11], [12], [13]. Relations (24) imply the following properties: α^0_1(Cy, y) ≤ (A_0y, y) ≤ α^0_2(Cy, y) ∀y ∈ R^N , where the matrix C is defined in Remark 20. Hence the matrix C can be chosen as the preconditioner.

6 Conclusion

This paper presents a theoretical investigation of an eigenvalue problem describing the guided modes of an optical fiber. We consider the questions on the existence of eigenvalues and eigenfunctions and study their properties. We propose the statement of the problem in a bounded domain with the exact boundary condition and show that this problem belongs to the class of monotone positive definite nonlinear eigenvalue problems. This allows to apply the finite element method for solving the problem and to use the theoretical results on the convergence and error estimates obtained by the author in the previous papers. The finite element method leads to a monotone nonlinear matrix eigenvalue problem with large sparse matrices. We show that for solving this matrix eigenvalue problem one can apply efficient preconditioned iterative methods, which have been suggested in the previous papers of the author.

Acknowledgement. The work of the author was supported by Alexander von Humboldt – Stiftung (Alexander von Humboldt Foundation) and Deutsche Forschungsgemeinschaft (German Research Foundation), Sonderforschungsbereich (Collaborative Research Center) 393.

References

[1] A. Bamberger and A. S. Bonnet. Mathematical analysis of the guided modes of an optical fiber. SIAM J. Math. Anal., 21:1487–1510, 1990.

[2] P. Blanchard and E. Brüning. Variational methods in mathematical physics. Texts and Monographs in Physics. Springer-Verlag, Berlin, 1992.

[3] A. S. Bonnet and P. Joly. Mathematical analysis of guided water waves. SIAM J.

Appl. Math., 53:1507–1550, 1993.

[4] R. Z. Dautov and E. M. Karchevskiĭ. Existence and properties of solutions to the spectral problem of the dielectric waveguide theory. Comput. Math. Math. Phys., 40:1200–1213, 2000.

[5] R. Z. Dautov and E. M. Karchevskiĭ. Solution of the vector eigenmode problem for cylindrical dielectric waveguides based on a nonlocal boundary condition. Comput. Math. Math. Phys., 42:1012–1027, 2002.

[6] E. G. D’yakonov. Optimization in solving elliptic problems. CRC Press, Boca Raton, Florida, 1996.

[7] D. Givoli. Nonreflecting boundary conditions. J. Comput. Phys., 94:1–29, 1991.

[8] D. Givoli and J. B. Keller. Exact nonreflecting boundary conditions. J. Comput.

Phys., 82:172–192, 1989.

[9] A. I. Kleev, A. B. Manenkov, and A. G. Rozhnëv. Numerical methods for calculations of the dielectric waveguides (optical fibers). Special methods (Review). Radiotekhnika i Elektronika, 38:769–788, 1993. In Russian.

[10] A. I. Kleev, A. B. Manenkov, and A. G. Rozhnëv. Numerical methods for calculations of the dielectric waveguides (optical fibers). Universal technologies (Review). Radiotekhnika i Elektronika, 38:1938–1968, 1993. In Russian.

[11] A. V. Knyazev. Preconditioned eigensolvers—an oxymoron? Electron. Trans. Numer.

Anal., 7:104–123, 1998.

[12] A. V. Knyazev. Toward the optimal preconditioned eigensolver: locally optimal block preconditioned conjugate gradient method. SIAM J. Sci. Comput., 23:517–541, 2001.

[13] A. V. Knyazev and K. Neymeyr. A geometric theory for preconditioned inverse iteration. III: A short and sharp convergence estimate for generalized eigenvalue problems. Linear Algebra and Applications. To appear.

[14] J.-L. Lions. Optimal control of systems governed by partial differential equations.

Springer-Verlag, New York, 1971.

[15] J.-L. Lions and E. Magenes. Non-homogeneous boundary value problems and applications. Springer-Verlag, New York, 1972.

[16] V. Lozhechko and Y. Shestopalov. A variational method for diffraction problems on domains with noncompact boundaries. Comput. Math. Math. Phys., 38:267–278, 1998.

[17] D. Marcuse. Theory of dielectric optical waveguides. Academic Press, New York, 1974.

[18] D. Marcuse. Light transmission optics. Van Nostrand, New York, 1982.

[19] A. F. Nikiforov and V. B. Uvarov. Special functions of mathematical physics.

Birkhäuser Verlag, Basel, 1988.

[20] E. E. Ovtchinnikov and L. S. Xanthis. Successive eigenvalue relaxation: a new method for the generalized eigenvalue problem and convergence estimates. Proc. R. Soc. Lond. A, 457:441–451, 2001.

[21] V. V. Shevchenko. Shift formulae methods in the theory of dielectric waveguides and optical fibers (Review). Radiotekhnika i Elektronika, 31:849–864, 1986. In Russian.

[22] S. Sodha and A. K. Ghatak. Inhomogeneous optical waveguides. Plenum Press, New York, 1977.

[23] S. I. Solov^′ëv. Error of the Bubnov-Galerkin method with perturbations for symmetric spectral problems with nonlinear entrance of the parameter. Comput. Math. Math. Phys., 32:579–593, 1992.

[24] S. I. Solov^′ëv. Approximation of the symmetric spectral problems with nonlinear dependence on a parameter. Russ. Math., 37:59–67, 1993.

[25] S. I. Solov^′ëv. Error bounds of finite element method for symmetric spectral problems with nonlinear dependence on parameter. Russ. Math., 38:69–76, 1994.

[26] S. I. Solov^′ëv. The finite element method for symmetric nonlinear eigenvalue problems.

Comput. Math. Math. Phys., 37:1269–1276, 1997.

[27] S. I. Solov^′ëv. Convergence of modified subspace iteration method for nonlinear eigenvalue problems. Preprint SFB393/99-35, TUChemnitz, 1999.

[28] S. I. Solov^′ëv. Preconditioned gradient iterative methods for nonlinear eigenvalue problems. Preprint SFB393/00-28, TUChemnitz, 2000.

[29] S. I. Solov^′ëv. Block iterative methods for nonlinear eigenvalue problems. In A. V.

Lapin, editor, Theory of mesh methods for nonlinear boundary value problems, Proceeding of Russia workshop, pages 106–108, Kazan Mathematical Society, Kazan, 2000. In Russian.

[30] S. I. Solov^′ëv. Finite element approximation of a nonlinear eigenvalue problem for an integral equation. In A. V. Lapin, editor, Theory of mesh methods for nonlinear boundary value problems, Proceeding of Russia workshop, pages 108–111, Kazan Mathematical Society, Kazan, 2000. In Russian.

[31] S. I. Solov^′ëv. Iterative methods for solving nonlinear eigenvalue problems. In A. A.

Arzamastsev, editor, Computer and mathematical modelling in natural and technical sciences, Russia internet conference, pages 36–37, Tambov State University, Tambov, 2001. In Russian.

[32] H. P. Urbach. Analysis of the domain integral operator for anisotropic dielectric waveguides. SIAM J. Math. Anal., 27:204–220, 1996.

[33] V. S. Vladimirov. Equations of mathematical physics. Mir, Moscow, 1984.

[34] N. N. Voytovich, B. Z. Katsenelenbaum, A. N. Sivov, and A. D. Shatrov. Eigen waves of dielectric waveguides of complex cross-sections (Review). Radiotekhnika i Elektronika, 24:1245–1263, 1979. In Russian.