Technische Universität Chemnitz

Sonderforschungsbereich 393 Numerische Simulation auf massiv parallelen Rechnern

Sven Beuchler, Reinhold Schneider,

and Christoph Schwab

Multiresolution weighted norm equivalences and applications

Preprint SFB393/02-09

Abstract

We establish multiresolution norm equivalences in weighted spaces L^2_w((0, 1)) with possibly singular weight functions w(x) ≥ 0 in (0, 1).

Our analysis exploits the locality of the biorthogonal wavelet basis and its dual basis functions. The discrete norms are sums of wavelet coefficients which are weighted with respect to the collocated weight function w(x) within each scale. Since norm equivalences for Sobolev norms are by now well-known, our result can also be applied to weighted Sobolev norms. We apply our theory to the problem of preconditioning p-Version FEM and wavelet discretizations of degenerate elliptic problems.

Preprint-Reihe des Chemnitzer SFB 393

ISSN 1619-7178 (Print) ISSN 1619-7186 (Internet)

SFB393/02-09 July 2002

Author’s addresses:

Sven Beuchler TU Chemnitz Fakultät für Mathematik D-09107 Chemnitz Germany

email: sven.beuchler@mathematik.tu-chemnitz.de

Reinhold Schneider TU Chemnitz Fakultät für Mathematik D-09107 Chemnitz Germany

email: reinhold.schneider@mathematik.tu-chemnitz.de

Christoph Schwab ETHZ Seminar of Applied Mathematics CH-8092 Zürich Switzerland

email: christoph.schwab@sam.math.ethz.ch

http://www.tu-chemnitz.de/sfb393/

Contents

1 Introduction 2

2 Wavelets and Multiresolution analysis 4

3 Condition number of the mass matrix 8

4 Application to the p-Version of the FEM 19 4.1 Model Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 4.2 Preconditioning . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 4.3 Wavelet Preconditioning . . . . . . . . . . . . . . . . . . . . . . 23 4.4 Arithmetical cost . . . . . . . . . . . . . . . . . . . . . . . . . . 25 4.5 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . 25 4.5.1 Condition number of mass matrix . . . . . . . . . . . . . 25 4.5.2 Preconditioner for the p-Version FEM . . . . . . . . . . . 26

5 Application to degenerate elliptic problems 28 5.1 1-d Model Problem . . . . . . . . . . . . . . . . . . . . . . . . . 28 5.2 2-d anisotropic problems . . . . . . . . . . . . . . . . . . . . . . 30 5.3 Numerical examples . . . . . . . . . . . . . . . . . . . . . . . . 31

1 Introduction

A basic tool in wavelet analysis are norm equivalences in Sobolev and Besov spaces [8, 10, 22]. They play a crucial role in multilevel preconditioning (see e.g. [10, 23]) and also in nonlinear approximation [13, 7]. Accordingly, multilevel norm equivalences have been proved for many types of multiresolution bases in scales of Sobolev and Besov spaces. In these norm equivalences, the levels or scales of wavelet expansions are mimicing a Littlewood-Paley decomposition, exploiting more the frequency behaviour of the basis function. Norm equivalences in terms of wavelet expansions for Sobolev and Besov spaces have been proved by several authors. First proofs were based on techniques borrowed from Fourier analysis see e.g. [22] and references therein. We also refer to the articles [8, 5] for surveys. Despite their practical importance weighted spaces where the weight is a function of the space variable, have not been considered to our knowledge. However, the local support of the wavelet basis is especially suited to analyze the impact of the weight function w(x) on the norm equivalence. To prove multilevel norm equivalences in scales of weighted Sobolev spaces with regular or singular weight function w(x) is the purpose of the present paper.

The proof of norm equivalences in weighted Sobolev norms can not be based on the use of explicit Fourier techniques due to the lack of translation invariance induced by the weight functions. Alternative proofs of norm equivalences are based exclusively on approximation theory, namely the inverse and the approximation property, respectively, and its relation with Besov norms [23, 10]. Our proof of weighted norm equivalences is based on a strengthened Cauchy Schwarz inequality, a technique borrowed from domain decomposition and applied to multilevel preconditioning by [3]. With these techniques we prove an upper estimate [25] while the lower estimate can be easily deduced from the upper estimate for the dual wavelet basis in a biorthogonal setting like in [25]. For this reason we consider in our proofs the primal and dual wavelet systems simultaneously. We note that the singularity of the weight must be compensated in certain cases by homogeneous Dirichlet boundary conditions for the dual wavelet basis.

We consider several applications of our theory, in particular wavelet preconditioning of the element stiffness matrices for the p- or spectral FEM. Here, the natural weights are the Jacobi weights which are singular at the boundary. We emphasize that apart from p-FEM there are several places where such weighted norms are important, for example in preconditioning of wavelet discretizations of degenerate elliptic problems. Further applications of the present tools include weighted

L^p-spaces or weights with singularities in the interior which are not considered explicitly here.

Let us briefly elaborate on the significance of preconditioning the elemental stiffness matrices in p-FEM, or when combined with mesh-refinement, in the hp- FEM. The hp-FEM applied to elliptic and parabolic problems allows for exponential convergence rates, in terms of the number of degrees of freedom, since the solutions are piecewise analytic [26, 24]. Due to the cost in generating the element stiffness and mass matrices in hp-FEM and the numerical solution of the linear systems, in practical applications, in particular in three dimensions, the gain in using high polynomial degrees is in part offset by the computational expense in matrix generation and solution. Matrix generation in high order FEM can be accelerated to near optimal complexity by sum factorization and spectral quadrature techniques, see e.g. [27, 21]. This leaves the numerical solution of the linear systems as computational bottleneck. Once the internal degrees of freedom on each element are condensed, effective iterative methods are available for the solution of the global linear systems (based e.g. on domain decomposition). In dimension three and for degree p ≥ 4, however, the condensation process becomes extremely expensive, even if executed in parallel due to mutual independence of the internal degrees of freedom. Alternatively to condensation by direct solution (elimination), condensation by iterative methods could be considered. For efficiency, a preconditioner is required, since at high polynomial degree p, the element matrices can be rather ill-conditioned. p-element pre-conditioners were constructed early by spectrally equivalent low order finite - difference or finite element discretizations on graded tensor product meshes on Lobatto points (see [19], [14],). Here, we propose a different approach: we build a preconditioner based on wavelet discretizations on uniform meshes, but with the singular weights taken into account in each scale. We deduce from our weighted norm equivalences by judicious choice of the weights a new, spectrally equivalent wavelet preconditioner for the p-version FEM. In addition, the regular refinements of the sequence of grids and the dyadic structure of the wavelet basis allow for fast realization of this preconditioner. We close the paper by generalizing the weighted norm equvialences from L^2 to Sobolev spaces of nonzero order and present optimal wavelet preconditioners for multilevel FEM applied to a class of degenerate elliptic equations of second order.

The outline of the paper is as follows: In section 2, we present some background material about multiresolutions and wavelet bases. Section 3 contains the main technical tool of the paper, the discrete norm equivalences in weighted L^2 and higher order norms. Section 4 presents the construction of the preconditioner for the p-FEM, and Section 5 concludes with applications to anisotropic and degenerate elliptic problems.

2 Wavelets and Multiresolution analysis

Multiresolution analysis is by now a well established tool in signal processing. Among the many excellent accounts, we refer the reader to the survey paper [9] and the references therein. Here we collect only some facts which are useful for our purpose. We need wavelets on the unit interval [0, 1]. There are different approaches to define wavelets on a finite interval. Our present method is based on the construction of orthogonal compactly supported wavelets on [0, 1] given in [7] and biorthogonal wavelets [11]. A multiresolution analysis on the interval [0, 1] consists of a nested family of finite dimensional subspaces

V_0 ⊂ V_1 ⊂ . . . ⊂ V_j ⊂ V_{j+1} . . . ⊂ . . . ⊂ L^2 ((0, 1)) , (1)

such that dim V_l ∼ 2^{nl} and ⋃ l∈N_0

V_l = L^2 ((0, 1)) , N_0 = {0, 1, . . .}.

Each space V_l is defined by a single scale basis Φ_l = {φ^l_k}, i.e., V_l = span {φ^l_k : k ∈ Δ_l}, where Δ_l denotes a suitable index set with cardinality #(Δ_l) ∼ 2^{nl}. An important requirement is that these bases are uniformly stable, i.e., for any vector c = {c_k, k ∈ Δ_l}

‖c‖_{l2(Δl)} ∼ ‖ ‖ ‖ ‖ ∑ k∈Δ_l

c_kφ^l_k ‖ ‖ ‖ ‖_0 (2) holds uniformly in j. Furthermore, the single scale bases satisfy a locality condition diam supp (φ^l_k) ∼ 2^{−l}. (3)

Instead of using only a single scale l one is interested in the supplement of information between an approximation of a function in the spaces V_l and V_{l+1}. Since V_l ⊂ V_{l+1} there are several ways to decompose V_{l+1} = V_l ⊕ W_l, with some complementary space W_l, W_l ∩ V_l = {0}, not necessarily orthogonal to V_l. The complementary spaces W_l of V_l in V_{l+1} are spanned by the multi scale bases Ψ_l = {ψ^l_k : k ∈ ∇_l = Δ_{l+1}/Δ_l}. It is supposed that the collections Φ_l ∪ Ψ_l are also uniformly stable bases of V_{l+1}. If Ψ = ∞⋃ l=−1

Ψ_l,

where Ψ_{−1} = Φ_0, is a Riesz–basis of L^2 ((0, 1)) we will call it a wavelet basis. We assume that these basis functions ψ^j_l are local with respect to the corresponding scale l, i.e., diam supp ψ^l_k ≤ C_ψ2^{−l} and we will normalize them by ‖ψ^l_k‖_{L2([0,1])} ∼ 1. An important property of these functions are the vanishing moment property ∫_1 0 x^αψ^l_k(x) dx = 0 , for α = 0, 1, . . . , d̃ . (4)

In the dual space W̃^l we have ∫_1 0 x^αψ̃^l_k(x) dx = 0 , for α = 0, 1, . . . , d . (5)

We suppose that there exists also a biorthogonal, or dual, Riesz–basis Ψ̃ = {ψ̃^l_k : k ∈ ∇_l, l = −1, 0, 1, . . .}

such that ⟨ψ̃^l_k, ψ^i_j⟩ = δ_{k,j}δ_{i,l} and every v ∈ L^2 ((0, 1)) has a representation v = ∞∑ l=−1 ∑ k∈∇_l

⟨v, ψ^l_k⟩ψ̃^l_k = ∞∑ l=−1 ∑ k∈∇_l

⟨v, ψ̃^l_k⟩ψ^l_k (6)

and that the norm equivalence

‖v‖^2_0 ∼ ∞∑ l=−1 ∑ k∈∇_l

|⟨v, ψ^l_k⟩|^2 ∼ ∞∑ l=−1 ∑ k∈∇_l

|⟨v, ψ̃^l_k⟩|^2

holds. We refer to [9] for further details.

If one is going to use the spaces V_l and

Ṽ_l = span{ψ̃^i_k : k ∈ ∇_i, i = −1, 0, 1, . . . , l − 1}

multiresolution spaces then additional properties are required. Usually it is assumed that the following Jackson and Bernstein type estimates, respectively approximation and inverse property, hold for t ≤ τ ≤ d, t ≤ s ≤ γ and uniformly in l inf_{v∈Vl} ‖u − v‖_t ≤ c2^{−l(τ −t)}‖u‖_τ , u ∈ H^τ , (7) and ‖v‖_s ≤ c2^{l(s−t)}‖v‖_t, v ∈ V_l, (8)

where γ, d > 0 are fixed constants given by

γ = sup {s ∈ R : V_l ⊂ H^s([0, 1])}, d = sup {s ∈ R : ex.b_0 > 0∀l ≥ 0, u ∈ C^∞ : inf_{v∈Vl} ‖u − v‖_0 ≤ b_02^{−ls}‖u‖_s}.

Usually, d is the maximal degree of polynomials which are locally contained in V_l and is refered to as order of exactness of the multiresolution analysis {V_l}. The parameter γ denotes the regularity or smoothness of the functions in the spaces V_l. We will assume that γ ≤ d, which is the case in all known examples of wavelet functions. Analogous estimates are valid for the dual multiresolution analysis {Ṽ_l} with constants γ̃, d̃.

The assumptions that (7), (8) hold with some constants γ_0, γ̃_0 relative to {V_l}, {Ṽ_l}. They provide a convenient device for switching between the norms ‖ · ‖_t and corresponding sums of weighted wavelet coefficients from the representation (6). The following norm estimates are a consequence of the approximation and the inverse inequality

‖v‖^2_t ≤ c ∞∑ l=−1

2^{2lt} ∑ k∈∇_l

|v_{l,k}|^2, (9)

where v =^∞ ∑ l=−1 ∑ k∈∇_l

v_{l,k}ψ^l_k and v_{l,k} = ⟨v, ψ̃^l_k⟩ and t < γ,

‖v‖^2_t ≤ c ∞∑ l=−1

2^{2lt} ∑ k∈∇_l

|ṽ_{l,k}|^2 (10) where v =^∞ ∑ l=−1 ∑ k∈∇_l

v_{l,k}ψ̃^l_k and ṽ_{l,k} = ⟨v, ψ^l_k⟩ and t < γ̃. We note that by a simple

duality argument there follows the well known norm equivalence

‖v‖^2_t ∼ ∞∑ l=−1

2^{2lt} ∑ k∈∇_l

|w_{l,k}|^2 , (11)

for t ∈ (−γ̃_0, γ_0) if w_{l,k} = ⟨v, ψ̃^l_k⟩. In the case w_{l,k} = ⟨v, ψ^l_k⟩ the above norm equivalence holds for t ∈ (−γ_0, γ̃_0), see, e.g., [8] and [25] for the details.

As a technical assumption for proving such a norm equivalence we need that the wavelets and also the dual wavelets belong to W^{1,∞}([0, 1]). This is satisfied for various families of spline wavelets constructed by stable completions, for example. In order that the wavelets together with their duals belong to the weighted function space, we also need a decay condition at the end points. Presently, we consider subsets V^0_l ⊂ H^1_0 ((0, 1)), i.e. satisfying homogeneous Dirichlet boundary conditions. For the spaces under consideration the index sets Δ_l can be characterized by the knots Δ_l = {k2^{−l} : k = 0, . . . , 2^l} or simply by {k = 0, . . . , 2^l} and ∇_l = {(k + 1/2)2^{−l} : k = 0, . . . , 2^l − 1} or simply by {k = 1, . . . , 2^l}. It was shown in [12] that there are bases in V_l and Ṽ_l such that ϕ^l_k(0) = δ_{0,k} and ϕ̃^l_k(0) = δ_{0,k} and vice versa at the other end point. As indicated in [12] one removes the basis functions ϕ^l_0, ϕ̃^l_0, ϕ^l_{2l} and ϕ̃^l_{2l} to define the subspaces V^0_l := span {ϕ^l_k : k = 1, . . . , 2^l − 1} and Ṽ^0_l := span {ϕ̃^l_k : k = 1, . . . , 2^l − 1}. Obviously, all basis functions are zero at the end points. This choice induces other wavelet spaces W^0_l and wavelet bases {ψ^l_k} (see [12] for further details). The only difference is that at the end points there are two basis functions ψ^l_k with k = 1 and k = 2^{l−1} for which

∫_1 0 ψ^l_k(x) dx ≠ 0.

For notational convenience we introduce

∇^I_l = {k ∈ N, 1 ≤ k ≤ 2^l − 1, 0 /∈ supp ψ^l_k}

as the index set corresponding to all wavelets ψ^l_k which have a support with an distance to 0 and

∇^L_l = {k ∈ N, β − 1 ≤ k ≤ 2^l − 1, 0 ∈ supp ψ^l_k},

as the index set corresponding to all wavelets ψ^l_k having a support containing 0, where β ∈ N is specified later.

3 Condition number of the mass matrix

Using (11),we can show ‖ v ‖_0≡

∑_∞ l=1 ∑ k∈∇_l | wl,k |

2. In this chapter, we prove an estimate for the condition number of the mass-matrix M of a weighted L_{2,w} norm given by M = (∫_1 0 w^2(x)ψ^l_k(x)ψ^{l′}_k′ (x) dx w(2^{−l}k)w(2^{−l′} k^′) ) (k,l);(k^′,l^′) := (( ψ^l_k, ψ^{l′}_k′ ) w ) (k,l);(k^′,l^′)

(12)

in a multiresolution basis (ψ^l_k)_{(k,l)} with the following properties

• The wavelets ψ^l_k and their duals are normed such that ‖ ψ^l_k ‖_L1 ∼ C_ψ2^{− l}2 holds.

• The wavelets have a vanishing moment condition, e.g.

∫_1 0 ψ^l_k(x) dx = 0.

We split the main result into several lemmas. Furthermore, we make the following two assumptions.

ASSUMPTION 3.1. The nonnegative weight function w(x) is assumed to belong to W^{1,∞}((δ, 1)) for every δ > 0 and to satisfy

C^{−1}_w ≤ w(x) x^α

≤ C_w, C^{−1}_w ≤ w^′(x) x^{α−1}

≤ C_w,

for some C_w > 0 and some α ∈ R.

Here and in the following, C_w denotes a generic positive constant depending only on the weight function w(x) which can take different values in different places. The parameter α will be specified in the next assumption.

At the boundary x = 0, we consider the following kind of multiresolution spaces.

ASSUMPTION 3.2. ψ^l_k ∈ W^0 ⊂ W^{1,∞}((0, 1)) with 0 ∈ suppψ^l_k satisfies

|ψ^l_k(x)| ≤ C_ψ2^{l/2}(2^lx)^β, |(ψ^l_k)^′(x)| ≤ C_ψ2^{3l/2}(2^lx)^{β−1}, (13)

for x ∈ [0, 2^{−l}], β ∈ N ∪ {0}. We assume that α + β > −^1_2 or, equivalently, 2α + 2β + 1 > 0.

REMARK 3.1. The estimate (13) is only required for boundary wavelets, that is k = 1, ..., N. We write k ≈ 1 in this situation. The boundary wavelets ψ^l_k with k ≈ 1 satisfy homogeneous Dirichlet boundary conditions up to order β. Constructions of such boundary wavelets can be found for example in [12, 6]. We note further that these functions generally do not satisfy vanishing moment conditions.

We assume that our wavelets have compact support, in particular that

supp (ψ^0_1 ) ⊆ [0, 2N − 1]

Furthermore, the parameter C_Ψ is a constant which is independent of the level numbers l and l^′, and, k and k^′.

We prove now two technical lemmas for estimating the weight function.

LEMMA 3.1. Let ξ, 2^{−l′} k^′ ∈ [2^{−l}(k − N), 2^{−l}(k + N)] and N ∈ N with 0 < N < k. Then, the weight function w satisfies

w^2(ξ) w(2^{−l}k)w(2^{−l′} k^′)

< C_w

uniformly with respect to l and k.

Proof: Let α > 0, then we estimate w^2(ξ) w(2^{−l}k)w(2^{−l′} k^′)

≤ C_w ξ^{2α} (2^{−l}k)^α(2^{−l′} k^′)^α

≤ C_w

(2^{−l}(k + N))^{2α} (2^{−l}k)^α(2^{−l}(k − N))^α

= C_w ( 1 + N k )_α ( k + N k − N

)_α

≤ C_wN^α

due to the fact that f_N : N → N f_N →^{k+N}_{k−N} satisfies 1 ≤ f_N (k) ≤ 2N + 1 for k > N. With the arguments at hand we prove the case α < 0 analogously. �

LEMMA 3.2. Let k^′, ξ and w satisfy the assumptions of Lemma 3.1 and let l < l^′. Then there holds | | |2^{−l} [w^2]^′(ξ) w(2^{−l}k)w(2^{−l′} k^′) | | | < C_w.

Proof: Since w^2(x) ≥ C_wx^{2α} and (w^2)^′(x) ≤ C_wx^{2α−1},

(w^2)^′(x) =

C_w x w^2(x). (14)

We estimate the term | |^{2−l}_ξ | |. The remaining term of (14) can be estimated by

Lemma 3.1. There holds | | | | 2^{−l} ξ | | | | ≤ | | | | 2^{−l}

2^{−l}(k − N) | | | | = | | | | 1 k − N | | | | ≤ 1,

since k − N ≥ 1, i.e. the wavelets are not supported near the point 0. �

We are now in position to prove the strenghtened Cauchy-Schwarz inequalities.

We consider first the situation when 0 /∈ supp ψ^l_k. We assume that l^′ ≥ l.

PROPOSITION 3.1. If l = l^′ and 0 /∈ supp ψ^l_k ∪ supp ψ^{l′}_k′ , then there is c > 0

independent of l, l^′ such that | |(ψ_{lk}, ψ_l′_{k′} ) w | | ≤ C_ψC_w. (15)

Proof: Since ( ψ^l_k, ψ^{l′}_k′ ) w = 0 if supp ψ^l_k ∩ supp ψ^{l′}_k′ = ∅, we estimate the left hand

side of (15) in the case supp ψ^l_k ∩ supp ψ^{l′}_k′ ≠ ∅. By definition, | | | ( ψ^l_k, ψ^{l′}_k′ ) w | | | = | | | | ∫_1 0 w^2(x)ψ^l_k(x)ψ^{l′}_k′ (x) dx

w(2^{−l}k)w(2^{−l′} k^′) | | | | ≤ | | | | w^2(ξ)

w(2^{−l}k)w(2^{−l′} k^′) | | | | ∫_1 0 | | |ψ^l_k(x)ψ^{l′}_k′ (x) | | | dx

with some suitable ξ ∈ supp ψ^l_k ∩ supp ψ^{l′}_k′ ⊂ [2^{−l′} (k^′ − N), 2^{−l′} (k^′ + N)].

According to Lemma 3.1 this expression is bounded by some constant and the

normalization of the wavelets together with the Cauchy-Schwarz inequality gives

the result. �

We prove now an estimate for | |(ψl_k, ψl^′_{k′} )_w | |, l′ > l, in the case that ψl_k has a support

not containing 0.

LEMMA 3.3. Let l^′ > l, 0 /∈ supp ψ^l_k and ψ^l_k ∈ W^{1,∞}(supp ψ^{l′}_k′ ). If supp ψ^l_k ∩

supp ψ^{l′}_k′ ≠ ∅ then | | | ( ψ^l_k, ψ^{l′}_k′ ) w | | ≤ CψCw2^{− 32 (l′−l)}.

Proof: Denote by Ω = suppψ^{l′}_k′ . We write u(x) = w^2(x)ψ^l_k(x) at y = 2^{−l′} k^′ in the form

u(x) = u(y) + R^1u(x), R^1u(x) =

∫_x y u^′(ξ)dξ.

The remainder R^1u satisfies for u ∈ W^{1,∞}(Ω) the estimate, cf. [4],

‖ R^1u ‖_L∞_{(Ω)}≤ C diam(Ω) | u |_W 1,∞_{(Ω)} .

Thus, there holds | | | | | ∫_1 0 w^2(x)ψ^l_k(x)ψ^{l′}_k′ (x) dx w(2^{−l}k)w(2^{−l′} k^′) | | | | | = | | | | | ∫_1 0 (u(y) + R^1u(x))ψ^{l′}_k′ (x) dx w(2^{−l}k)w(2^{−l′} k^′) | | | | | . According to the vanishing moment condition, we can conclude | |(ψ_{lk}, ψ_l′_{k′} ) w | | = | | | 1 w(2^{−l}k)w(2^{−l′} k^′)

∫_1 0 R^1u(x)ψ^{l′}_k′ (x) dx | | | ≤ ‖ R^1u ‖_L∞_{(Ω)} w(2^{−l}k)w(2^{−l′} k^′)

∫_1 0 | |ψ_l′_{k′} (x) | | dx

≤ diam(Ω)

| u |_W 1,∞_{(Ω)} w(2^{−l}k)w(2^{−l′} k^′)

∫_1 0 | | |ψ^{l′}_k′ (x) | | | dx

≤ C_ψ2^{−l′}

| u |_W 1,∞_{(Ω)} w(2^{−l}k)w(2^{−l′} k^′)

2^{−l′/2}

Moreover, by u(x) = w^2(x)ψ^l_k(x)

| u |_W 1,∞_{(supp ψ}l′_{k′ )}

w(2^{−l}k)w(2^{−l′} k^′) = C_ψ w(2^{−l}k)w(2^{−l′} k^′)

‖ (w^2)^′ψ^l_k + w^2(ψ^l_k)^′ ‖_{L∞(supp ψ}l′_{k′ )} ≤ C_ψ w(2^{−l}k)w(2^{−l′} k^′) { ‖ (w^2)^′ ‖_L∞ 2^{l2} + ‖ w^2 ‖_L∞ 2^{3l2} } . Due to Lemma 3.2 and Lemma 3.1, we estimate

‖ (w^2)^′ ‖_L∞ w(2^{−l}k)w(2^{−l′} k^′)

≤ 2^lC_w and

‖ w^2 ‖_L∞ w(2^{−l}k)w(2^{−l′} k^′)

≤ C_w,

which gives the desired result. �

REMARK 3.2. If l^′ > l and 0 ∈ supp ψ^l_k, but k^′ > 2^{l′−l}, the result | | | ( ψ^l_k, ψ^{l′}_k′ ) w | | | ≤ c2^{− 32 (l′−l)}

follows by the same arguments.

Next, we consider the case that 0 ∈ supp ψ^l_k, but 0 /∈ supp ψ^{l′}_k′ , l^′ > l and k^′ < 2^{l′−l}.

LEMMA 3.4. Let l^′ > l, 0 ∈ supp ψ^l_k and 0 /∈ supp ψ^{l′}_k′ . If 0 < k^′ < 2^{l′−l} then | | ( ψ^l_k, ψ^{l′}_k′ ) w | | ≤ CwCψ2^{− 12 (l′−l)(1+2α+2β)}k^{′α+β−1}.

Proof: We develop u(x) = w^2(x)ψ^l_k(x) around y = 2^{−l′} k^′ in a Taylor series:

u(x) = w^2(x)ψ^l_k(x) = w^2(y)ψ^l_k(y) + R_1u(x).

According to the vanishing moment

∫_1 0 ψ^{l′}_k′ (x) dx = 0 we obtain ∫_1 0 w^2(x)ψ^l_k(x)ψ^{l′}_k′ (x) dx = ∫ supp ψ^{l′}_{k′}

R_1u(x)ψ^{l′}_k′ (x) dx. (16)

We note that, for x ∈ [0, 2^{−l}]

|ψ^l_k(x)| ≤ C_ψ2^{l2} (2^lx)^β,

cf. (13) and |(ψ^l_k)^′(x)| ≤ C_ψ2^{l2 (1+2β)}x^{β−1}. (17) Inserting this fact and |(w^2)^′(x)| ≤ C_wx^{2α−1} into the relation (16) we get

I : =

∫_1 0 w^2(x)ψ^l_k(x)ψ^{l′}_k′ (x) dx

≤ ‖ R_1u ‖_{L∞(suppψ}l′_{k′ )}

∫_1 0 |ψ^{l′}_k′ (x)| dx

≤ C_ψ2^{−3l′/2} ‖ (w^2)^′ψ^l_k + (ψ^l_k)^′w^2 ‖_L∞_{(suppψ}l′_{k′ )}

≤ C_ψC_w | |(2^{−l′} k^′)^{2α+β−1}2^{− 32 l′} 2^{l2 (1+2β)} | | due to the assumption 0 /∈ supp ψ^{l′}_k′ . Since 0 ∈ supp ψ^l_k, there holds k ≈ 1 or, equivalently, 2^{−l}k ≈ 2^{−l}. Inserting the above results, we obtain | | ( ψ^l_k, ψ^{l′}_k′ ) w | | = I w(2^{−l}k)w(2^{−l′} k^′) = I (2^{−l}k)^α(2^{−l′} k^′)^α

≤ C_w I 2^{−lα}(2^{−l′} k^′)^α

≤ C_wC_ψ | |(2^{−l′} k^′)^{α+β−1}2^{− 32 l′} 2^{l2 (1+2β+2α)} | | . Finally, we obtain | | | ( ψ^l_k, ψ^{l′}_k′ ) w | | | ≤ CψCw | | |2^{− 12 |l′−l|(1+2α+2β)}k^{′α+β−1} | | | , which is the desired result. �

From now on, we do not distinguish C_w, C_ψ and absorb all constants into a generic c which is independent of l, l^′, k, k^′.

Summing up the estimate in Lemma 3.4 over all k^′ = 1, . . . , 2^{l′−l}, the next lemma follows immediately.

LEMMA 3.5. Let l^′ > l and 0 ∈ supp ψ^l_k, 0 /∈ supp ψ^{l′}_k′ . Then

2^{l′−l}∑

k^′=1 | | | ( ψ^l_k, ψ^{l′}_k′ ) w | | | ≤ c { 2^{− 1}2^{|l′−l|} if α + β ≠ 0 2^{− 1}2^{|l′−l|}|l^′ − l| if α + β = 0 .

Proof: Due to Lemma 3.4, we have | | ( ψ^l_k, ψ^{l′}_k′ ) w | | ≤ c2^{− 12 |l′−l|(1+2α+2β)}(k^′)^{α+β−1}

Summation with respect to k^′ gives

2^{l′−l}∑

k^′=1 | | | ( ψ^l_k, ψ^{l′}_k′ ) w | | | ≤ c2^{− 12 (1+2α+2β)|l′ −l|}

2^{l′−l}∑

k^′=1

(k^′)^{α+β−1}.

If α + β ≠ 0 we get

∑_2l^′−l

k^′=1(k

′)^{α+β−1} ≤ c2^{(l′−l)(α+β)}. In the case α + β = 0 the harmonic series gives

∑_2l^′−l

k^′=1 1 k^′ ≤ c|l

′ − l|, which proves the lemma. �

In the extreme case 0 ∈ supp ψ^l_k ∩supp ψ^{l′}_k′ , we note that k^′ ≈ 1. Then, we obtain a similar estimate as in Lemma 3.4.

LEMMA 3.6. Let l^′ > l and 0 ∈ supp ψ^l_k ∩ supp ψ^{l′}_k′ . Then, there holds | | | ( ψ^l_k, ψ^{l′}_k′ ) w | | | ≤ c2^{− 12 |l′−l|(1+2α+2β)}.

Proof: We split | | | ( ψ^l_k, ψ^{l′}_k′ ) w | | | = | | | | ∫_2−l^′ 0 w^2(x)ψ^l_k(x)ψ^{l′}_k′ (x)

w(2^{−l}k)w(2^{−l′} k^′) dx

+ ∫_2−l^′_N

2^{−l′}

w^2(x)ψ^l_k(x)ψ^{l′}_k′ (x)

w(2^{−l}k)w(2^{−l′} k^′) dx | | | |

≤ | | | | ∫_2−l^′ 0 w^2(x)ψ^l_k(x)ψ^{l′}_k′ (x)

w(2^{−l}k)w(2^{−l′} k^′) dx | | | |

+ | | | | | ∫_2−l^′_N

2^{−l′}

w^2(x)ψ^l_k(x)ψ^{l′}_k′ (x)

w(2^{−l}k)w(2^{−l′} k^′) dx | | | | | . (18)

We estimate now the first integral on the right hand side of (18). From Assumption

3.2 and 0 ∈ supp ψ^l_k ∩ supp ψ^{l′}_k′ we have

|ψ^l_k(x)| ≤ c2^{l2} (2^lx)^β ≤ c2^{l2 (1+2β)}x^β for x ∈ [0, 2^{−l}]

and |ψ^{l′}_k′ (x)| ≤ 2^{l′}2^{(1+2β)}x^β for x ∈ [0, 2^{−l′} ]. Therefore, using w^2(x) ≤ cx^{2α} we

deduce the bound | | | | ∫_2−l^′ 0 w^2(x)ψ^l_k(x)ψ^{l′}_k′ (x) dx | | | | ≤ c2^{l+l′2 (1+2β)}

∫_2−l^′ 0 x^{2α+2β} dx

= c2^{l+l′2 (1+2β)}2^{−l′(1+2β+2α)}

if 2α + 2β > −1, cf. Assumption 3.2. Otherwise this integral does not exist.

Furthermore, from 0 ∈ supp ψ^l_k and 0 ∈ supp ψ^{l′}_k′ , we can conclude 2^{−l}k ∼ 2^{−l}

and 2^{−l′} k^′ ∼ 2^{−l′} . Hence, | | | | ∫_2−l^′ 0 w^2(x)ψ^l_k(x)ψ^{l′}_k′ (x)

w(2^{−l}k)w(2^{−l′} k^′) dx | | | | ≤ c2^{l+l′2 (1+2β+2α)}2^{−l′(1+2β+2α)} = c2^{l−l′2 (1+2β+2α)}.

(19)

We estimate now the second sum on the right hand side of (18). By w(x) ≍ w(2^{−l′} k^′) ≍ w(2^{−l′} ) for x ∈ supp ψ^{l′}_k′ \[0, 2^{−l′} ) and w(2^{−l}k) ≍ w(2^{−l}) we have | | | | ∫_2−l^′_N

2^{−l′}

w^2(x)ψ^l_k(x)ψ^{l′}_k′ (x) w(2^{−l}k)w(2^{−l′} k^′) dx | | | | ≤ c | | | | ∫_2−l^′_N

2^{−l′}

w(x) 2^{−lα} ψ^l_k(x)ψ^{l′}_k′ (x) dx | | | | ≤ c2^{lα}2^{l′2} | | | | ∫_2−l^′_N

2^{−l′}

w(x)ψ^l_k(x) dx | | | | .

Now apply w(x) ≤ cx^α and |ψ^l_k(x)| ≤ c2^l2^{(1+2β)}x^β . The integrals yield the following estimate | | | | ∫_2−l^′_N

2^{−l′}

w^2(x)ψ^l_k(x)ψ^{l′}_k′ (x) w(2^{−l}k)w(2^{−l′} k^′) dx | | | | ≤ c2^{l−l′2 (1+2α+2β)}. (20)

Inserting (19) and (20) into (18) proves the lemma. �

Next, we prove the boundedness of the matrices M = ( ( ψ^l_k, ψ^{l′}_k′ ) )_{k,l;k}′_{,l}′ in l^2 using the well known Schur lemma. For this purpose, the next proposition determines the number of nonzero entries for the matrix M.

PROPOSITION 3.2. For fixed integer l^′ > l each row of the block matrix M_{l,l}′ = ( ( ψ^l_k, ψ^{l′}_k′ ) )_{l,l}′ contains at most O(2^{l−l′} ) nonzero entries while the columns contain at most O(1) nonzero matrix entries.

Proof: The assertion follows directly from the properties of hierarchical basis functions, cf. [25]. �

Now, we start with the case 0 /∈ supp ψ^l_k ∩ supp ψ^{l′}_k′ . For wavelets ψ^l_k, k ∈ ∇^I_l , we prove now the boundedness of the corresponding block of the mass matrix.

THEOREM 3.1. If 0 /∈ supp ψ^l_k then ∞∑ l=1 ∑ k∈∇^I_l | | ( ψ^l_k, ψ^{l′}_k′ ) w | | 2^{− l2} ≤ c2^{− l′2} k^′ ∈ N

Proof: Let k ∈ ∇^I_l and k^′ ∈ ∇^I_l′ . Then it follows by Lemma 3.3 and Proposition 3.2 ∞∑ l=1 ∑ k∈∇^I_l | |(ψ_{lk}, ψ_l′_{k′} ) w | | 2_−^l_2 ≤ c^∞∑ l=1 ∑ k∈∇^I_l

2^{− l2} 2^{− 32 |l−l′|}δ_{supp ψ}l_{k,supp ψ}l′_{k′}

≤ c (_{l′} ∑ l=1 2^{− 32 (l′−l)}2^{− l2} + ∞∑ l=l^′+1

2^{− 32 (l−l′)}2^{− l2} 2^{l−l′} )

= c2^{− l′2} ,

where δ_{M1,M2} = 0 if meas(M1 ∩ M2) = ∅ and δ_{M1,M2} = 1 else. We consider now the case k^′ ∈ ∇^L_l′ . Then, for l < l^′ there holds | | | ( ψ^l_k, ψ^{l′}_k′ ) w | | | = 0 k ∈ ∇^I_l , k^′ ∈ ∇^L_l′ (21)

and we estimate ∞∑ l=1 ∑ k∈∇^I_l | | ( ψ^l_k, ψ^{l′}_k′ ) w | | 2^{− l2} = ∞∑ l=l^′

2^{l−l′}∑

k=1 + ∑ k>2^{l−l′} | | ( ψ^l_k, ψ^{l′}_k′ ) w | | 2^{− l2} (22)

=: A_1 + A_2.

We apply now Lemma 3.5 to estimate the first sum A_1 of (22) by

A_1 = ∞∑ l=l^′

2^{− l2} 2^{l′−l2} (l − l^′) = 2^{− l′2} ∞∑ l=l^′

2^{l′−l}(l − l^′) = 2^{− l′2} ∞∑ l=0 2^{−l}l = c2^{− l′2}

for α + β = 0 and

A_1 = ∞∑ l=l^′

2^{− l2} 2^{l′−l2 (2α+2β+1)} = 2^{− l′2} ∞∑ l=l^′

2^{(l′−l)(α+β+1)} = c2^{− l′2}

for α + β ≠ 0 and α + β > −1. The second term A_2 of (22) can be handled as in the case of k^′ ∈ ∇^I_l′ , cf. Remark 3.2. �

REMARK 3.3. The proof allows to obtain the estimate ∞∑ l=1 ∑ k∈∇^I_l | |(ψ_{lk}, ψ_l′_{k′} ) w | | ≤ c

for all k^′ ∈ N in the same way.

Next, we consider the case k ∈ ∇^L_l and k^′ ∈ ∇^I_l′ .

LEMMA 3.7. There holds ∞∑ l=1 ∑ k∈∇^L_l | | ( ψ^l_k, ψ^{l′}_k′ ) w | | ≤ c k^′ ∈ ∇^I_l′ .

Proof: We note that for l > l^′ holds | | ( ψ^l_k, ψ^{l′}_k′ ) w | | = 0 k ∈ ∇^L_l , k^′ ∈ ∇^I_l′ , (23)

cf. (21). Then, we can conclude ∞∑ l=1 ∑ k∈∇^L_l | | | ( ψ^l_k, ψ^{l′}_k′ ) w | | | = l^′∑

l=1 ∑ k∈∇^L_l | | | ( ψ^l_k, ψ^{l′}_k′ ) w | | | . Using Proposition 3.2, we note the second summation ∑ k∈∇^L_l has only O(1)

nonzero summands. We distinguish now two cases 1 < k^′ < 2^{l′−l} and k^′ ≥ 2^{l′−l}. We start with 1 < k^′ < 2^{l′−l} and obtain by Lemma 3.4

l^′∑

l=1 ∑ k | |(ψ_{lk}, ψ_l′_{k′} ) w | | ≤ c^{l′}∑ l=1 2^{− 12 (l′−l)(1+2α+2β)}(k^′)^{α+β−1}.

If α + β ≥ 1 then (k^′)^{α+β−1} ≤ (2^{l′−l})^{α+β−1}. Then, we can conclude

l^′∑

l=1 ∑ k | | | ( ψ^l_k, ψ^{l′}_k′ ) w | | | ≤ c

l^′∑

l=1 2^{32 (l−l′)} ≤ c. (24)

In the case α + β < 1 we estimate (k^′)^{α+β−1} ≤ 1 and obtain by the geometric series_{l′} ∑ l=1 ∑ k | | | ( ψ^l_k, ψ^{l′}_k′ ) w | | | ≤ c (25)

if 2α + 2β + 1 > 0. If k^′ ≥ 2^{l′−l} we obtain using Lemma 3.3 the estimate (24) directly for all α, β ∈ R. �

For the sums

2^{l2} ∞∑ l^′=1 ∑ k^′∈∇^L_{l′} | | | ( ψ^l_k, ψ^{l′}_k′ ) w | | | 2^{− l′2} the estimates can be obtained in the same way. We obtain only in the case α+β = 0 a structurally modified result since we have in (25) a summation over 1s rather than a convergent series.

REMARK 3.4. There holds ∞∑ l=1 ∑ k∈∇^L_l | | | ( ψ^l_k, ψ^{l′}_k′ ) w | | | 2^{− l2} ≤ c { 2^{− l′}2 if α + β ≠ 0 l^′2^{− l′}2 if α + β = 0 k^′ ∈ ∇^I_l′ .

The last case to be considered is k ∈ ∇^L_l and k^′ ∈ ∇^L_l′ .

LEMMA 3.8. There holds ∞∑ l=1 ∑ k∈∇^L_l | | | ( ψ^l_k, ψ^{l′}_k′ ) w | | | ≤ c k^′ ∈ ∇^L_l′ .

Proof: We note that on each level l not more than O(1) wavelets ψ^l_k satisfy 0 ∈ supp ψ^l_k. Therefore the summation over k ∈ ∇^L_l is done over maximal O(1) scalar products ( ψ^l_k, ψ^{l′}_k′ ) w. By Lemma 3.6 we have the following estimate ∞∑ l=0 ∑ k∈∇^L_l | | ( ψ^l_k, ψ^{l′}_k′ ) w | | ≤ c ∞∑ l=0 2^{− 12 |l′−l|(1+2α+2β)} ≤ c

iff 1 + 2α + 2β > 0. �

Now, we are able to formulate the main results of this section.

THEOREM 3.2. The matrix M = ( ( ψ^l_k, ψ^{l′}_k′ ) w)_{(k,l);(k}′_{,l}′_) is bounded in l_2.

Proof: We decompose the matrix M into M = M_1 + M_2 where the coefficients in M_2 are ( ψ^l_k, ψ^{l′}_k′ ) w iff 0 ∈ supp ψ^l_k ∩ supp ψ^{l′}_k′ and M_1 does not contain the interaction of wavelets which are both located at the point zero. By applying Theorem 3.1, Lemma 3.7 and the Schur Lemma to M_1 we have ‖ M_1 ‖_2≤ c. From Lemma 3.8 we have ‖ M_2 ‖_1≤ c and ‖ M_2 ‖_∞≤ c which shows ‖ M_2 ‖_2≤ c. Hence, the assertion is proven. �

We show now the equivalence of the L^2_w norm of a function u = ∞∑ l=l_0 ∑ k u^l_kψ^l_k ∈ L^2_w ([0, 1]) with its discrete l^2_w norm of the coefficients u^l_k ∈ R, i.e.

�u^l_k�^2_w := ∑ l ∑ k w^2(2^{−l}k)|u^l_k|^2.

THEOREM 3.3. For any u =

∑_∞

l=l_0 ∑ k u^l_kψ^l_k ∈ L^2_w ((0, 1)) holds

‖ u ‖^2_w≈ �u^l_k �^2_w .

Proof: From Theorem 3.2 we conclude

‖ u ‖^2_w = ∑ l,l^′ ∑ k,k^′

u^l_ku^{l′}_k′ w(2^{−l}k)w(2^{l′} k^′) ( ψ^l_k, ψ^{l′}_k′ ) w ≤ ‖ M ‖_2 ( ∑ l ∑ k | |u^l_k | | w(2^{−l}k)

)_2

≤ c � u^l_k �^2_w .

To prove the lower estimate we consider the dual system

ṽ = ∑ l ∑ k ṽ^l_kψ̃^l_k = G(ṽ^l_k)

in the dual space L^2_w−1 ((0, 1)). We denote by M̃ the mass matrix of the dual wavelet basis ψ̃^l_k with respect to the L^2_{w−1} ((0, 1)) innerproduct. Then, by the same arguments ‖ ṽ ‖^2_w−1 ≤‖ M̃ ‖_2 �ṽ^l_k �^2_w−1 .

This means G : l^2_{w−1} → L^2_{w−1} ((0, 1)) is bounded. Therefore, the adjoint operator G^∗ : L^2_w ((0, 1)) → l^2_w is bounded, too. G^∗ is explicitly given by

G^∗u := ( ⟨u, ψ̃^l_k⟩ ) l,k = (u^l_k)_{l,k}

which proves the lower bound. �

4 Application to the p-Version of the FEM

The theory of Chapter 3 can be applied to find a fast solver for the element stiffness matrices in the p-Version of the FEM in two and three dimensions. The basic idea is to precondition the p-FEM stiffness matrices by corresponding h-FEM matrices which are spectrally equivalent and for which efficient inversion is possible. Previous work focused on tensor products of linear elements on suitably graded meshes, see Ivanov and Korneev [17], [18], Jensen and Korneev [19], and Mund [14].

4.1 Model Problem

We consider the model problem

−△u = f in R = (−1, 1)^{d̂}, d̂ = 2, 3 (26) u = 0 on ∂R. (27) We solve (26,27) approximately using the p−version of the FEM with only one element R. As finite element space, we choose M = {u |_R∈ Q^p, u = 0 on ∂R}, where Q^p is the space of all polynomials of degree p in each variable. The discretized problem is: find u_p ∈ M ∫ R ∇u_p · ∇v_p d(x, y) = ∫ R fv_p d(x, y)

for all v_p ∈ M. As basis in M, we choose the integrated Legendre polynomials, which we define below.

Let for i = 0, 1, . . . , L_i(x) =^1_{2ii!}^{di}_{dxi} (x^2 − 1)^i for i ≥ 2 the i-th Legendre polynomial, L̂_i(x) = √ (2i − 3)(2i − 1)(2i + 1) 4 ∫_x −1 L_{i−1}(s) ds the i-th integrated Legendre polynomial. By definition,

L̂_0(x) = 1 + x 2 , L̂_1(x) =

1 − x 2 . These scaled integrated Legendre polynomials were introduced by Jensen and Korneev [19]. As basis in M, we choose

L̂_{ij} (x, y) = L̂_i(x)L̂_j (y), or L̂_{ijk}(x, y, z) = L̂_i(x)L̂_j (y)L̂_k(z), (29)

with 2 ≤ i, j, k ≤ p for d̂ = 2 or d̂ = 3.

For satisfying (27), the polynomials L̂_0 and L̂_1 are not used. The stiffness matrix K_{d̂} for (26) with d̂ = 2 is determined by K_2 = (a_{ij,kl})^p_{i,j=2;k,l=2}, where

a_{ij,kl} = ∫ R ∇L̂_{ij}(x, y) · ∇L̂_{kl}(x, y) d(x, y) for d̂ = 2.

By a simple calculation it follows K_2 = F ⊗ D + D ⊗ F for d̂ = 2.

Analogously, we get

K_3 = F ⊗ F ⊗ D + F ⊗ D ⊗ F + D ⊗ F ⊗ F for d̂ = 3, where

F = 1 0 −c_2 0 · · · 1 0 −c_3 ...

1 0 ...

SYM ... ... ... 1 is the one-dimensional mass-matrix and

D = diag(d_i)^p_{i=2} = d_2 0 · · · 0 d_3 ... 0 0 ...

is the one-dimensional stiffness matrix with the coefficients

c_i = √ (2i − 3)(2i + 5) (2i − 1)(2i + 3)

, and d_i =

(2i − 3)(2i + 1) 2 , [19]. Using a permutation P of rows and columns, there holds

P^tF P = ( F_1 0 0 F_2 ) , P^tDP = ( D_1 0 0 D_2 )

where D_1 = diag(d_2, d_4, d_6, . . .), D_2 = diag(d_3, d_5, d_7, . . .),

F_1 = tridiag(−c_e, 1, −c_e) =

1 −c_2 0 . . . 0 −c_2 1 −c_4 0 . . . 0 −c_4 1 −c_6 . . ... ,

F_2 = tridiag(−c_o, 1, −c_o) with c_o = (c_3, c_5, c_7, . . .).

4.2 Preconditioning

We introduce now the following two matrices T and M̂_3, given by

T = tridiag(−1, 2, −1) and M̂_3 = tridiag(a, b, a), (33)

where a = ( i^2 + i + 3 10 )_{n−1} i=1 and b = ( 4i^2 + 2 5 )_n i=1 . These matrices can be used as preconditioniers for the matrices F and D. The following lemma holds, (cf. [1] and the references therein to Jensen and Korneev [19]).

LEMMA 4.1. The following eigenvalue estimates are valid for i = 1, 2

λ_{min}(D_i^{− 12} M̂_3D_i^{− 12} ) ≥ c, λ_{max}(D_i^{− 12} M̂_3D_i^{− 12} ) ≤ C, λ_{min}(F_i^{− 12} T F_i^{− 12} ) ≥ c 1 + log n

, λ_{max}(F_i^{− 12} T F_i^{− 12} ) ≤ C.

Now, we show how the matrices T and M̂_3 arise. To this end, we consider the following auxiliary problem in one dimension: find u ∈ H^1_0 ((0, 1)), such that

a_1(u, v) = a_s(u, v) + a_m(u, v) = ⟨g, v⟩ (34)

holds for all v ∈ H^1_0 ((0, 1)). The bilinear forms a_s(·, ·) and a_m(·, ·) are defined as follows

a_s(u, v) =

∫_1 0 u^′(x)v^′(x) dx = ⟨u^′, v^′⟩_{w=1} ∀u, v ∈ H^1_0 ((0, 1)) ,

a_m(u, v) =

∫_1 0 x^2u(x)v(x) dx = ⟨u, v⟩_{w=x} ∀u, v ∈ L^2_w ((0, 1)) .

We discretize this one-dimensional problem (34) by using linear elements on the uniform mesh

⋃_{n−1}

i=0 τ^l_i , where τ^l_i =

(_i n ,^{i+1}_n ) . The number n of elements is assumed to be a power of two, i.e. n = 2^l where l denotes the level number. On this uniform mesh we introduce the one-dimensional hat-functions

ϕ^{(1,l)}_i = nx − (i − 1) on τ^l_i (i + 1) − nx on τ^l_{i+1}

0 else for i = 1, . . . , n − 1.

Let (T_w)_{ij} = ⟨(ϕ^{(1,l)}_i )^′, (ϕ^{(1,l)}_j )^′⟩_w and (M_w)_{ij} = ⟨ϕ^{(1,l)}_i , ϕ^{(1,l)}_j ⟩_w. (35) Then, an easy calculation shows, cf. [1], T_{w=1} =^n_2 T and M_{w=x} = cM̂_3 with some constant c depending on n. So, we see the reason for introducing the matrices T and M_2 (33). By tensor product arguments, the following theorem holds. THEOREM 4.1. Let A_2 = T ⊗ M̂_3 + M̂_3 ⊗ T, A_3 = T ⊗ T ⊗ M̂_3 + T ⊗ M̂_3 ⊗ T + M̂_3 ⊗ T ⊗ T.

Furthermore let P_2 and P_3 permutation matrices, and

K̃_{d̂} = P_{d̂}blockdiag [A_{d̂}]^{2d̂}_{i=1} P^t_{d̂} for d̂ = 2, 3.

Then the condition number κ of K̃^{− 12}_{d̂} K_{d̂}K̃^{− 12}_{d̂} can be estimated by

κ(K̃^{− 12}_{d̂} K_{d̂}K̃^{− 12}_{d̂} ) ≤ c(1 + log p)^{d̂−1} for d̂ = 2, 3.

Proof: The assertion follows by Lemma 4.1 and tensor product arguments. For more details see [1]. �

4.3 Wavelet Preconditioning

The matrices A_2 and A_3 are the stiffness matrices for discretizing in Ω = (0, 1)^{d̂} the following singular elliptic problems −x^2u_{yy} − y^2u_{xx} = f, u |_{∂Ω}= 0 for d̂ = 2, x^2u_{yyzz} + y^2u_{xxzz} + z^2u_{xxyy} = f, u |_{∂Ω}= 0 for d̂ = 3 using bi- or trilinear finite elements on the graded tensor product mesh τ^l_i × τ^l_j for d̂ = 2 or τ l_i × τ l_j × τ l_k for d̂ = 3. For more details, see [1].

Using Theorem 3.3 and Theorem 4.1 a wavelet preconditioner for K_{d̂} can therefore be built as follows.

Let Q be the basis transformation matrix from the wavelet basis {ψ^l_k}_{k,l} to the basis {ϕ^{(1,l)}_i }^{2l−1}_{i=1} . Furthermore let

D_{m,w} = diag ( ⟨ψ^l_k, ψ^l_k⟩_w ) , D_{s,w} = diag ( ⟨(ψ^l_k)^′, (ψ^l_k)^′⟩_w ) .

From Theorem 3.3 with w(ξ) = ξ, we have for some c > 0 independent of p κ(Q^tD^{−1}_{m,w=x}QM̂_3) ≤ c (36) and from the properties of a multi resolution basis, cf. (11), we can conclude κ(Q^tD^{−1}_{s,w=1}QT ) ≤ c. (37) Thus, by the properties of the Kronecker product follows κ(Q_2A_2) ≤ c where Q_2 = (Q^t ⊗ Q^t)(D_{m,w=x} ⊗ D_{s,w=1} + D_{s,w=1} ⊗ D_{m,w=x})^{−1}(Q ⊗ Q) (38) and by Theorem 4.1 κ(P_2blockdiag [Q_2]^4_{i=1} P^t_2 K_2) ≤ c(1 + log p).

Defining a matrix Q_3 = (Q^t ⊗ Q^t ⊗ Q^t)(D_{m,w=x} ⊗ D_{s,w=1} ⊗ D_{s,w=1} (39) +D_{s,w=1} ⊗ D_{m,w=x} ⊗ D_{s,w=1} +D_{s,w=1} ⊗ D_{s,w=1} ⊗ D_{m,w=x})^{−1}(Q ⊗ Q ⊗ Q) a similar result is true for d̂ = 3. Therefore, the following theorem is proven. THEOREM 4.2. The matrices Q_{d̂} (38) and (39) satisfy κ ( P_{d̂}blockdiag [Q_{d̂}]^{2d̂}_{i=1} P^t_{d̂}K_{d̂} ) ≤ c(1 + log p)^{d̂−1} for d̂ = 2, 3.

Therefore, a nearly optimal preconditioner for the element stiffness matrix K_{d̂} in the p-version of the FEM is found.

Remark 4.1. This approach can be extended to discretizations of (26),(27) in which the polynomial degree in the variables x and y is anisotropic. If R = (−a_1, a_1) × (−a_2, a_2) or R = (−a_1, a_1) × (−a_2, a_2) × (−a_3, a_3) the preconditioners Q_{d̂} can be used, too. However, instead of (38),

Q_2 = (Q^t ⊗ Q^t)( a_1 a_2

D_{m,w=x} ⊗ D_{s,w=1} + a_2 a_1

D_{s,w=1} ⊗ D_{m,w=x})^{−1}(Q ⊗ Q) should be used. Then, Theorem 4.2 holds with constants independent of the parameters a_1 and a_2. An analogous modification is possible for Q_3 (39).

4.4 Arithmetical cost

We consider now total cost for solving K_{d̂}u = f with a preconditioned gradient method and the matrix Q_{d̂}, (38),(39) as preconditioner. Let p the polynomial degree, n =^{p−1}_2 . Focus on one block of K_{d̂}. In one iteration, one matrix-vector-multiplication costs O(n^{d̂}) arithmetical operations. The cost for the preconditioner is O(n^{d̂}), too. Therefore, the cost for one iteration of the pcg-method is of order n^{d̂}. The number of iterations it to obtain a fixed relative accuracy ε for the preconditioned residuum is, cf. Theorem 4.1, and the theory of the pcg-method,

it ≍ | log ε | √ κ ( P_{d̂}blockdiag [Q_{d̂}]^{2d̂}_{i=1} P^t_{d̂}K_{d̂} ) = c | log ε | √ 1 + (log p)^{d̂−1}

= c | log ε | { √ 1 + log p for d̂ = 2 1 + log p for d̂ = 3 . Therefore, the total cost for solving K_2u = f is of O(| log ε | p^2 √ 1 + log p) and for K_3u = f is of O(| log ε | p^3(1 + log p)).

4.5 Numerical results

We now illustrate the performance of the wavelet preconditioner by numerical examples. We consider the following three multiresolution bases ψ_{2,s}, s = 2, 4, 6, cf. Figure 1. The functions ψ_{2,s} are piecewise linear and satisfy (5) with d + 1 = 2 and (4) with d̃ + 1 = s, s = 2, 4, 6. Note, that ψ̃_{22} is not continuous.

4.5.1 Condition number of mass matrix

Figure 2 displays the condition numbers of the matrix M (12) with the scaling function w(ξ) = ξ in the multiresolution bases ψ_{2,s}, s = 2, 4, 6. Note, that the entry to ψ^l_k is scaled with w(2^{−l}k)^2. With an another choice of diagonal scaling the condition number cannot be significantly improved in the case of w(ξ) = ξ. From the results it can be concluded that the condition numbers depend strongly on the choice of the wavelet. The condition numbers are bounded or grow proportionally to the logarithmus of the number of unknowns for all multiresolution bases considered. The wavelet ψ_{22} shows the lowest condition numbers of about 15.

ψ_{22} ψ̃_{22}

ψ_{24} ψ̃_{24}

Figure 1: Wavelets ψ_{22}, ψ_{24} and their duals.

4.5.2 Preconditioner for the p-Version FEM

In this subsection, the system K_{d̂}u = f for d̂ = 2, 3 is considered. In all numerical examples, the number of iterations of the pcg-method for reducing the error of the residuum in the preconditioned energy norm to the factor ε = 10^{−10} is displayed. The matrices Q_{d̂}, (38) for d = 2 and (39) for d̂ = 3, are chosen as preconditioner. Figure 3 displays the number of iterations for d̂ = 2, 3. In both cases, the number of iterations grow moderately for the wavelet ψ_{22}. However, for ψ_{26} the growth is logarithmic, but the absolute number of iterations, i.e. about 1000 for d̂ = 3 and p = 255, are too large.

Now, we compare these iterative methods with direct solvers for K_3u = f. Two direct methods are considered:

• Cholesky-decomposition with lexicographic ordering of the unknowns,

• Cholesky-decomposition with a nested ordering of the unknowns, cf. [15], [16].

Both methods are compared with a pcg-method using the preconditioner Q_3, (39) and the wavelet ψ_{22}. The relative accuracy is ε = 10^{−10}. On the left picture of

Figure 2: Condition number of the mass matrix.

Figure 3: Number of iterations of the pcg for K_{d̂} with prec. Q_{d̂}, d̂ = 2 (left), d̂ = 3 (right).

Figure 4, the number of floating point operations are compared, on the right one the time for solving K_3u = f. From the results can be concluded, that for p ≤ 15 the nested Cholesky decomposition is faster than the pcg-method with waveletpreconditioner. However, for p > 15 the iterative solver is faster. We observe also that for d̂ = 2 the preconditioner based on ψ_{22} compares favourably with algebraic multigrid preconditioners developed in [2], Table 4.3. We note, that all calculations are done on a Pentium III, 800 MHz.

Figure 4: Comparison of direct and indirect methods for K_3u = f.

5 Application to degenerate elliptic problems

Second order elliptic problems with degenerate diffusion arise in a number of applications. The weighted norm equivalences established in this paper allow us to precondition finite element discetizations of such equations optimally.

5.1 1-d Model Problem

We consider the following model problem in the one-dimensional domain Ω = (0, 1): find u ∈ H^1_{w,0}(Ω) such that

a(u, v) := ⟨u^′, v^′⟩_w + ⟨u, v⟩ = ∫_1 0 ( x^2u^′v^′ + uv ) dx =

∫_1 0 fv dx ∀v ∈ H^1_{w,0}(Ω) (40)

where H^1_{w,0}(Ω) denotes the H^1 space with weight w(x) = x, i.e.

H^1_{w,0}(Ω) = {u ∈ L^2(0, 1) : xu^′ ∈ L^2(0, 1), u(1) = 0}.

The space H^1_{w,0}(Ω) equipped with the norm ‖ u ‖^2_{1,w}:= a(u, u) is a Hilbert space and hence the problem (40) admits, for every f ∈ (H^1_{w,0}(Ω))^∗, a unique solution by the Lax-Milgram Lemma.

We discretize (40) by piecewise linear finite elements on a uniform mesh of meshwidth h = 2^{−L}, L ≥ 1, with zero Dirichlet boundary conditions at the right end point x = 1. Denoting by V^0_l ⊂ H^1_{w,0}(Ω) the corresponding subspace and, as in the case of H^1_0 ((0, 1)), we denote the corresponding spline wavelet spaces by W^0_l , l = 0, ..., L and the wavelet bases by {ψ^l_k}, again normalized so that ||ψ^l_k||_L2_{(Ω)} = 1. (41) The stiffness matrix A corresponding to the form a(·, ·) is then given by A = D_{w=x} + G_{w=1}, (42) where D_w = ( ⟨(ψ^l_k)^′, (ψ^{l′}_k′ )^′⟩_w ) , G_w = ( ⟨ψ^l_k, ψ^{l′}_k′ ⟩_w ) . (43) Due to the normalization (41), we have the norm equivalence which is analogous to (11), namely ‖u‖^2_t ∼ ∞∑ l=−1

2^{2lt} ∑ k∈∇_l

|u_{l,k}|^2 (44)

for all u ∈ H^1_0 (Ω) and for t ∈ (−γ_0, γ̃_0), where u_{l,k} = ⟨u, ψ̃^l_k⟩. Analogously to Theorem 3.3 we can prove THEOREM 5.1. For u =

∑_L

l=l_0 ∑ k u^l_kψ^l_k holds the norm equivalence

‖ u^′ ‖^2_w≈ ∑ l 2^{2l} ∑ k w^2(2^{−l}k)|u^l_k|^2 = ∑ l ∑ k k^2|u^l_k|^2

uniformly in L.

Note that the summation over k runs, in level l, from k = 1 to k_{max} = O(2^l), i.e. the weight in the discrete norm equivalence ranges from L^2 for the contributions near x = 0 to H^1 near x = 1.

As a corollary, we can give a preconditioner for the matrix A in (40) where w(x) = x. Proposition 5.1. Denote by C the matrix with entries given by C_{(l,k),(l}′_{,k}′_) = kδ_{k,k}′ δ_{l,l}′ .

Then there is c > 0 independent of L such that for the stiffness matrix A of (40) holds cond_2(C^{−1}AC^{−1}) ≤ c < ∞.

The proof follows from Theorem 5.1 if we note that for every u ↔ u u^⊤D_{w=x}u ∼

∫_1 0 x^2|u^′|^2dx ∼ u^⊤C^2u, u^⊤G_{w=1}u ∼ u^⊤u due to the normalization (41) of the wavelets implies that v^⊤C^{−1}D_{w=x}C^{−1}v ∼ v^⊤v and v^⊤v ≤ cv^⊤C^{−1}D_{w=x}C^{−1}v ≤ cv^⊤C^{−1}(D_{w=x} + G_{w=1})C^{−1}v ≤ cv^⊤v for some c > 0 independent of L and any vector v.

5.2 2-d anisotropic problems

We consider the following two problems in the two-dimensional domain Ω = (0, 1)^2

• find u ∈ H^1_{w,0}(Ω) such that ∫ Ω (w^2(x)w^2(y)u_xv_x +u_yv_y +uv) d(x, y) = ∫ Ω fv d(x, y) ∀v ∈ H^1_{w,0}(Ω) (45) • find u ∈ H^1_{w,w,0}(Ω) such that ∫ Ω (w^2(x)w^2(y)(u_xv_x + u_yv_y) + uv) d(x, y) = ∫ Ω fv d(x, y) (46) for all v ∈ H^1_{w,w,0}(Ω) holds.

where H^1_{w,0}(Ω) denotes a weighted H^1 space with weight w(x) = x, i.e.

H^1_{w,0}(Ω) = {u ∈ L^2(Ω), u_y, w(x)w(y)u_x ∈ L^2(Ω), u(x, 1) = u(1, y) = 0} and H^1_{w,w,0}(Ω) is the weighted Sobolev space

H^1_{w,w,0}(Ω) = {u ∈ L^2(Ω), w(x)w(y)u_x, w(x)w(y)u_y ∈ L^2(Ω), u(x, 1) = u(1, y) = 0}.

We discretize (45,46) by piecewise bilinear finite elements on the uniform tensor product mesh τ^l_i × τ^l_j . The stiffness matrix in the multiresolution-basis {ψ^l_k(x)ψ^L_K (y)}_{(k,l),(K,L)} is given by

B_2 = D_{w=x} ⊗ G_{w=x} + G_{w=1} ⊗ D_{w=1} + G_{w=1} ⊗ G_{w=1} for (45), B_3 = D_{w=x} ⊗ G_{w=x} + G_{w=x} ⊗ D_{w=x} + G_{w=1} ⊗ G_{w=1} for (46)

with the matrices D_w and G_w introduced by relation (43). Denote by C_{s,w} and C_{m,w} the diagonal matrices with entries given by

C_{s,w(l,k),(l}′_{,k}′_) = δ_{k,k}′ δ_{l,l}′ 2^{2l}w^2(2^{−l}k), C_{m,w(l,k),(l}′_{,k}′_) = δ_{k,k}′ δ_{l,l}′ w^2(2^{−l}k)

and let

C_2 = (C_{s,w=x} ⊗ C_{m,w=x} + C_{m,w=1} ⊗ C_{s,w=1} + C_{m,w=1} ⊗ C_{m,w=1})^{12} , C_3 = (C_{s,w=x} ⊗ C_{m,w=x} + C_{m,w=x} ⊗ C_{s,w=x} + C_{m,w=1} ⊗ C_{m,w=1})^{12} .

Then, by Theorem 5.1, Theorem 3.3, relation (11) and tensor product arguments the following assertion is valid.

THEOREM 5.2. There holds for i = 2, 3 cond_2(C^{−1}_i B_iC^{−1}_i ) ≤ c < ∞ where the constant c is independent on the level number l.

5.3 Numerical examples

We give now some numerical examples for the condition number of the matrix C^{−1}AC^{−1} in the l_2-norm for the wavelets ψ_{22}. Note, that this wavelet does not satisfy the assumptions of Theorem 5.1. Unlike in the one-dimensional case, there are now several ways to extract a preconditioner from the stiffness matrix A. We investigate here numerically three different constructions of preconditioners C. Cases A and C correspond to the usual block-diagonal preconditioners similar to those employed in one dimension. The numerical experiments revealed that although the condition number is bounded uniformly in the number of levels L, is abosolute value is still rather large. In the construction of the preconditioner, the most delicate problem are the wavelets at the boundary x = 0. For improving the condition number of C^{−1}AC^{−1} we consider therefore as case B a matrix C^B in which the entries corresponding to wavelets ψ^l_k with 0 ∈ supp ψ^l_k, i.e. with k = 1, are not set to 0. Then, for solving C^Bw = r a linear system of dimension log_2 n has to be solved via Cholesky decomposition. Specifically, below the following three types of preconditioning matrices C are considered.

• case A: C^A_{(l,k),(l}′_{,k}′_) = √ ⟨(ψ^l_k)^′, (ψ^l_k)^′⟩_wδ_{k,k}′ δ_{l,l}′ ,

• case B:

C^B_{(l,k),(l}′_{,k}′_) = √ ⟨(ψ^l_k)^′, (ψ^{l′}_k′ )^′⟩_w if k = k^′, l = l^′ √ ⟨(ψ^l_k)^′, (ψ^{l′}_k′ )^′⟩_w if k = k^′ = 1 0 else ,

• case C:

C_{(l,k),(l}′_{,k}′_) = kδ_{k,k}′ δ_{l,l}′ .

Figure 5: Condition number of the matrix A.

Figure 5 displays the condition numbers of C^{−1}AC^{−1} choosing the wavelets ψ_{22}. One can see in all cases the same asymptotic behaviour. However, the condition number is about 8 for case C^B, in contrast to about 30 for the other cases. Next, we consider the matrices C^{−1}_i B_iC^{−1}_i . In the corresponding one dimensional example, we have seen that the matrix C = C^B reduces the condition number of C^{−1}AC^{−1} in comparison to diagonal matrices C = C^A or C = C^C . Thus, instead of C^{−1}_i B_iC^{−1}_i , i = 2, 3 we consider (C^B_i )^{−1}B_i where

C^B_2 = C^B ⊗ C_{m,w=x} + C_{m,w=1} ⊗ C_{s,w=1} + C_{m,w=1} ⊗ C_{m,w=1}, C^B_3 = C^B ⊗ C_{m,w=x} + C_{m,w=x} ⊗ C^B + C_{m,w=1} ⊗ C_{m,w=1}.

Note, that the matrices C_{m,w=1}, C_{s,w=1} and C_{m,w=x} are diagonal matrices. Moreover, the matrix C^B can be written as

C^B = ( D^B 0 0 R^B )

where D^B is a diagonal matrix and R^B is a fully populated matrix of dimension log_2 n, corresponding to the wavelets with k = 1. Thus, for solving the n^2 × n^2 system C^B_2 w = r we have to solve n symmetric, positive definite linear systems of dimension log_2 n and a diagonal system of dimension n^2 − n log_2 n. Using here a Cholesky decomposition, the total cost for these solves is asymptotically n^2 +^1_6 n(log_2 n)^3. With analogous arguments it can be shown that the total cost for solving C^B_3 w = r is asymptotically n^2 +^1_6 (2n − 1)(log_2 n)^3 +^1_6 (log_2 n)^6. Table 1 displays the condition numbers of (C^B_i )^{− 1}2 B_i(C^B_i )^{− 1}2 for i = 2, 3 in the l_2-norm using the wavelets ψ_{22}. We observe moderate growth of the condition numbers

Level 3 4 5 6 cond_2((C^B_2 )^{− 1}2 B_2(C^B_2 )^{− 1}2 ) 8.2 10.1 11.5 14.6 cond_2((C^B_3 )^{− 1}2 B_3(C^B_3 )^{− 1}2 ) 6.0 10.1 14.1 18.4

Table 1: Condition numbers of (C^B_i )^{− 1}2 B_i(C^B_i )^{− 1}2 .

which behaves roughly logarithmically with respect to n.

Acknowledgement: This work is supported by the TMR-project ”Wavelets and Multiscale Methods in Numerical Simulation” and by the Swiss Government under Grant No. BBW 97.404 and by the DFG-Sonderforschungsbereich 393 ”Numerische Simulation auf massiv parallelen Rechnern”.

References

[1] S. Beuchler. Preconditioning for the p-version of the FEM by bilinear elements. Technical Report SFB393 01-17, Technische Universität Chemnitz, May 2001.

[2] S. Beuchler. Multigrid solver for the inner problem in domain decomposition methods for p-FEM. accepted for publication in SIAM. J. Num. Anal., 2002.

[3] J.H. Bramble, and J. Xu. Some estimates for a weighted L^2 projection. Math.

Comp., 56:463–476, 1991.

[4] S.C. Brenner and L.R. Scott: The Mathematical theory of Finite Elements, Springer-Verlag 1994.

[5] A.Cohen: Wavelet methods in numerical analysis. Handbook of Numerical Analysis, vol. VII, P.G.Ciarlet and J.L.Lions eds., Elsevier, Amsterdam, 2000.

[6] C. Canuto, A. Tabacco, and K. Urban. The wavelet element method, part I:

Construction and analysis. Appl. Comput. Harm. Anal., 6:1–52, 1999.

[7] A. Cohen, I. Daubechies, P. Vial. Wavelets on the interval and fast wavelet transforms. Appl. Comput. Harm. Anal., 1:54–81, 1993.

[8] W. Dahmen, Wavelet and multiscale methods for operator equations, Acta Numerica, 6:55–228, 1997.

[9] W. Dahmen, Stability of multiscale transformations, J. Fourier Anal. Appl., 4:341-362, 1996.

[10] W. Dahmen and A. Kunoth, Multilevel preconditioning, Numer. Math., 63:

315–344, 1992.

[11] W. Dahmen, A. Kunoth, K. Urban. Biorthogonal spline wavelets on the interval — Stability and moment conditions. Appl. Comput. Harmon. Anal., 6(2): 132-196, 1998.

[12] W. Dahmen and R. Schneider. Composite wavelet bases for operator equations. Math. Comp., 68:1533–1567, 1999.

[13] M. DeVore. Nonlinear Approximation. Acta Numerica, 7:51–150, 1998.

[14] M. O. Deville and E. H. Mund. Finite element preconditioning for pseudospectral solutions of elliptic problems. SIAM J. Sci. Stat. Comp., 18(2):311–342, 1990.

[15] A. George. Nested dissection of a regular finite element mesh. SIAM J.

Numer. Anal., 10:345–363, 1973.

[16] A. George and J.W.-H. Liu. Computer solution of large sparse positive definite systems. Prenctice-Hall Inc. Englewood Cliffs. New Jersey, 1981.

[17] S.A. Ivanov and V.G. Korneev. On the preconditioning in the domain decomposition technique for the p-version finite element method. Part I. Technical Report SPC 95-35, Technische Universität Chemnitz-Zwickau, December 1995.

[18] S.A. Ivanov and V.G. Korneev. On the preconditioning in the domain decomposition technique for the p-version finite element method. Part II. Technical Report SPC 95-36, Technische Universität Chemnitz-Zwickau, December 1995.

[19] S. Jensen and V.G. Korneev. On domain decomposition preconditioning in the hierarchical p−version of the finite element method. Comput. Methods. Appl. Mech. Eng., 150(1–4):215–238, 1997.

[20] J.L. Lions and E. Magenes: Non-homogeneous boundary value problems and applications I, Springer-Verlag 1972.

[21] J. M. Melenk, K. Gerdes and C. Schwab: Fully Discrete hp-Finite Elements I: Fast Quadrature Comp. Meth. Appl. Mech. Engg., 190:4339-4364, 2001.

[22] Y. Meyer: Ondelettes et Opérateurs 1 : Ondelettes. Hermann, Paris, 1990.

[23] P. Oswald: On function spaces related to finite element approximation theory, Z. Anal. Anwendungen, 9: 43-64, 1990.

[24] D. Schötzau and Ch. Schwab: Time Discretization of parabolic problems by the hp-version of the discontinuous Galerkin finite element method SIAM J. Numer. Analysis, 38:837-875, 2000.

[25] R. Schneider: Multiskalen- und Wavelet Matrixkompression Teubner 1998.

[26] C. Schwab: p and hp FEM, Oxford Univ. Press 1998.

[27] S. Sherwin and G.E. Karniadakis: hp and spectral Element Methods, Oxford Univ. Press 1998.

[28] V. Thomee: Galerkin Finite Element Methods for Parabolic Problems, Springer Verlag 1997.

Other titles in the SFB393 series:

01-01 G. Kunert. Robust local problem error estimation for a singularly perturbed problem on anisotropic finite element meshes. January 2001.

01-02 G. Kunert. A note on the energy norm for a singularly perturbed model problem.

January 2001.

01-03 U.-J. Görke, A. Bucher, R. Kreißig. Ein Beitrag zur Materialparameteridentifikation bei finiten elastisch-plastischen Verzerrungen durch Analyse inhomogener Verschiebungsfelder mit Hilfe der FEM. Februar 2001.

01-04 R. A. Römer. Percolation, Renormalization and the Quantum-Hall Transition.

February 2001.

01-05 A. Eilmes, R. A. Römer, C. Schuster, M. Schreiber. Two and more interacting particles at a metal-insulator transition. February 2001.

01-06 D. Michael. Kontinuumstheoretische Grundlagen und algorithmische Behandlung von ausgewählten Problemen der assoziierten Fließtheorie. März 2001.

01-07 S. Beuchler. A preconditioner for solving the inner problem of the p-version of the FEM, Part II - algebraic multi-grid proof. March 2001.

01-08 S. Beuchler, A. Meyer. SPC-PM3AdH v 1.0 - Programmer’s Manual. March 2001. 01-09 D. Michael, M. Springmann. Zur numerischen Simulation des Versagens duktiler metallischer Werkstoffe (Algorithmische Behandlung und Vergleichsrechnungen). März 2001.

01-10 B. Heinrich, S. Nicaise. Nitsche mortar finite element method for transmission problems with singularities. March 2001.

01-11 T. Apel, S. Grosman, P. K. Jimack, A. Meyer. A New Methodology for Anisotropic Mesh Refinement Based Upon Error Gradients. March 2001.

01-12 F. Seifert, W. Rehm. (Eds.) Selected Aspects of Cluster Computing. March 2001. 01-13 A. Meyer, T. Steidten. Improvements and Experiments on the Bramble–Pasciak Type CG for mixed Problems in Elasticity. April 2001.

01-14 K. Ragab, W. Rehm. CHEMPI: Efficient MPI for VIA/SCI. April 2001. 01-15 D. Balkanski, F. Seifert, W. Rehm. Proposing a System Software for an SCI-based VIA Hardware. April 2001.

01-16 S. Beuchler. The MTS-BPX-preconditioner for the p-version of the FEM. May 2001.

01-17 S. Beuchler. Preconditioning for the p-version of the FEM by bilinear elements.

May 2001.

01-18 A. Meyer. Programmer’s Manual for Adaptive Finite Element Code SPC-PM 2Ad.

May 2001.

01-19 P. Cain, M.L. Ndawana, R.A. Römer, M. Schreiber. The critical exponent of the localization length at the Anderson transition in 3D disordered systems is larger than 1. June 2001 01-20 G. Kunert, S. Nicaise. Zienkiewicz-Zhu error estimators on anisotropic tetrahedral and triangular finite element meshes. July 2001.

01-21 G. Kunert. A posteriori H^1 error estimation for a singularly perturbed reaction diffusion problem on anisotropic meshes. August 2001.

01-22 A. Eilmes, Rudolf A. Römer, M. Schreiber. Localization properties of two interacting particles in a quasi-periodic potential with a metal-insulator transition. September 2001.

01-23 M. Randrianarivony. Strengthened Cauchy inequality in anisotropic meshes and application to an a-posteriori error estimator for the Stokes problem. September 2001.

01-24 Th. Apel, H. M. Randrianarivony. Stability of discretizations of the Stokes problem on anisotropic meshes. September 2001.

01-25 Th. Apel, V. Mehrmann, D. Watkins. Structured eigenvalue methods for the computation of corner singularities in 3D anisotropic elastic structures. October 2001.

01-26 P. Cain, F. Milde, R. A. Römer, M. Schreiber. Use of cluster computing for the Anderson model of localization. October 2001. Conf. on Comp. Physics, Aachen (2001).

01-27 P. Cain, F. Milde, R. A. Römer, M. Schreiber. Applications of cluster computing for the Anderson model of localization. October 2001. Transworld Research Network for a review compilation entitled “Recent Research Developments in Physics”, (2001).

01-28 X. W. Guan, A. Foerster, U. Grimm, R. A. Römer, M. Schreiber. A supersymmetric Uq[(osp)(2—2)]-extended Hubbard model with boundary fields. October 2001.

01-29 K. Eppler, H. Harbrecht. Numerical studies of shape optimization problems in elasticity using wavelet-based BEM. November 2001.

01-30 A. Meyer. The adaptive finite element method - Can we solve arbitrarily accurate?

November 2001.

01-31 H. Harbrecht, S. Pereverzev, R. Schneider. An adaptive regularization by projection for noisy pseudodifferential equations of negative order. November 2001.

01-32 G. N. Gatica, H. Harbrecht, R. Schneider. Least squares methods for the coupling of FEM and BEM. November 2001.

01-33 Th. Apel, A.-M. Sändig, S. I. Solov’ev. Computation of 3D vertex singularities for linear elasticity: Error estimates for a finite element method on graded meshes. December 2001.

02-01 M. Pester. Bibliotheken zur Entwicklung paralleler Algorithmen - Basisroutinen für Kommunikation und Grafik. Januar 2002.

02-02 M. Pester. Visualization Tools for 2D and 3D Finite Element Programs - User’s Manual. January 2002.

02-03 H. Harbrecht, M. Konik, R. Schneider. Fully Discrete Wavelet Galerkin Schemes.

January 2002.

02-04 G. Kunert. A posteriori error estimation for convection dominated problems on anisotropic meshes. March 2002.

02-05 H. Harbrecht, R. Schneider. Wavelet Galerkin Schemes for 3D-BEM. February 2002.

02-06 W. Dahmen, H. Harbrecht, R. Schneider. Compression Techniques for Boundary Integral Equations - Optimal Complexity Estimates. April 2002.

02-07 S. Grosman. Robust local problem error estimation for a singularly perturbed reaction-diffusion problem on anisotropic finite element meshes. May 2002.

The complete list of current and former preprints is available via

http://www.tu-chemnitz.de/sfb393/preprints.html.