Technische Universität Chemnitz

Sonderforschungsbereich 393 Numerische Simulation auf massiv parallelen Rechnern

Bernd Heinrich Kornelia Pietsch

Nitsche type mortaring for some elliptic problem with corner singularities

Preprint SFB393/00-34

Preprint-Reihe des Chemnitzer SFB 393

SFB393/00-34 September 2000

Contents

1 Introduction 1 2 Analytical preliminaries 2 3 Non-matching mesh finite element discretization 5 4 Properties of the discretization 7 5 Error estimates and convergence 9 6 Treatment of corner singularities 11 7 Numerical experiments 17

Author’s addresses: Bernd Heinrich Kornelia Pietsch TU Chemnitz Fakultät für Mathematik D-09107 Chemnitz

http://www.tu-chemnitz.de/sfb393/

Nitsche type mortaring for some elliptic problem with corner singularities

B. Heinrich K. Pietsch

Abstract

The paper deals with Nitsche type mortaring as a finite element method (FEM) for treating non-matching meshes of triangles at the interface of some domain decomposition. The approach is applied to the Poisson equation with Dirichlet conditions (as a model problem) under the aspects that the interface passes re-entrant corners of the domain. For such problems and non-matching meshes with and without local refinement near the re-entrant corner, some properties of the finite element scheme and error estimates are proved. They show that appropriate mesh grading yields convergence rates as known for the classical FEM in presence of regular solutions. Finally, a numerical example illustrates the approach and confirms the theoretical results.

Key words. finite element method, non-matching meshes, mortar finite elements, corner singularities, Nitsche type mortaring

AMS subject classification. 65N30, 65N55

1 Introduction

For the efficient numerical treatment of boundary value problems (BVPs), domain decomposition methods are widely used. They allow to work in parallel: generating the mesh in subdomains, calculating the corresponding parts of the stiffness matrix and of the righthand side, and solving the system of finite element equations.

There is a particular interest in triangulations which do not match at the interface of the subdomains. Such non-matching meshes arise, for example, if the meshes in different subdomains are generated independently from each other, or if a local mesh with some structure is to be coupled with a global unstructured mesh, or if an adaptive remeshing in some subdomain is of primary interest. This is often caused by extremely different data (material properties or right-hand sides) of the BVP in different subdomains or by a complicated geometry of the domain, which have their response in a solution with singular or anisotropic behaviour. Moreover, non-matching meshes are also applied if different discretization approaches are used in different subdomains.

There are several approaches to work with non-matching meshes. The task to satisfy some continuity requirements on the interface (e.g. of the solution and its conormale derivative) can be done by iterative procedures (e.g. Schwarz’s method) or by direct methods like the Lagrange multiplier technique.

There are many papers on the Lagrange multiplier mortar technique, see e.g. [5, 6, 9, 25] and the literature quoted in these papers. There, one has new unknowns (the Lagrange multipliers) and the stability of the problem has to be ensured by satisfying some inf-sup condition (for the actual mortar method) or by stabilization techniques.

Another approach which is of particular interest here is related to the classical Nitsche method [16] of treating essential boundary conditions. This approach has been worked out more generally in [23, 20] and transferred to interior continuity conditions by Stenberg [21] (Nitsche type mortaring), cf. also [1]. As shown in [4] and [10], the Nitsche type mortaring can be interpreted as a stabilized variant of the mortar method based on a saddle point problem.

Compared with the classical mortar method, the Nitsche type mortaring has several advantages. Thus, the saddle point problem, the inf–sup–condition as well as the calculation of additional variables (the Lagrange multipliers) are circumvented. The method employs only a single variational equation which is, compared with the usual equations (without any mortaring), slightly modified by an interface term. This allows to apply existing software tools by slight modifications. Moreover, the Nitsche type method yields symmetric and positive definite discretization matrices in correspondence to symmetry and ellipticity of the operator of the BVP. Although the approach involves a stabilizing parameter γ, it is not a penalty method since it is consistent with the solution of the BVP. The parameter γ can be estimated easily (see below). The mortar subdivision of the chosen interface Γ can be done in a more general way than known for the classical mortar method. This can be advantageous for solving the system of finite element equations by iterative domain decomposition methods.

Basic aspects of the Nitsche type mortaring and error estimates for regular solutions u ∈ H^k(Ω) (k ≥ 2) on quasi-uniform meshes are published in [21, 4]. Compared with these papers, we extend the application of the Nitsche type mortaring to problems with nonregular solutions and to meshes being locally refined and not quasi-uniform.

We consider the model problem of the Poisson equation with Dirichlet data in the presence of re-entrant corners and admit that the interface with non-matching meshes passes the vertex of such corners. For the appropriate treatment of corner singularities we employ local mesh refinement around the corner by mesh grading in correspondence with the degree of the singularity. Therefore, the Nitsche type mortaring is to be analyzed on more general triangulations. For meshes with and without grading, basic inequalities, stability and boundedness of the bilinear form as well as error estimates in a discrete H^1-norm are proved. The rate of convergence in L_2 is twice of that in the H^1-norm. For an appropriate choice of some mesh grading parameter, the rate of convergence is proved to be the same as for regular solutions on quasi-uniform meshes. Finally, some numerical experiments are given which confirm the rates of convergence derived.

2 Analytical preliminaries

In the following, H^s(X), s real (X some domain, H^0 = L_2), denotes the usual Sobolev spaces, with the corresponding norms and the abbreviation ‖ . ‖_{s,X} := ‖ . ‖_Hs_{(X)}. Constants C or c occuring in inequalities are generic constants.

For simplicity we consider the Poisson equation with homogeneous Dirichlet boundary conditions as a model problem:

−Δu = f in Ω , u = 0 on ∂Ω .

(2.1)

Here, Ω is a bounded polygonal domain in R^2, with Lipschitz-boundary ∂Ω consisting of straight line segments. Suppose further that f ∈ L_2(Ω) holds. The variational equation of (2.1) is given as follows. Find u ∈ H^1_0 (Ω) := { v ∈ H^1(Ω) : v|_{∂Ω} = 0 } such that a(u, v) = f(v) ∀ v ∈ H^1_0 (Ω), (2.2)

with a(u, v) := ∫ Ω (∇u, ∇v) dx , f(v) := ∫ Ω fv dx. We now decompose the domain Ω into non-overlapping subdomains. For simplicity of notation we consider two subdomains Ω_1 and Ω_2 with interface Γ, where Ω = Ω_1 ∪ Ω_2, Ω_1 ∩ Ω_2 = ∅, Ω_1 ∩ Ω_2 = Γ, holds (X : closure of the set X). We assume that the boundaries ∂Ω_i of Ω_i (i = 1, 2) are also Lipschitz-continuous and formed by open straight line segments Γ_j such that Γ = J⋃ j=1 Γ_j .

We distinguish two important types of interfaces Γ:

case I1: the intersection Γ∩∂Ω consists of two points P_1, P_2 (P_1 ≠ P_2) being the endpoints of Γ, and at least one point is the vertex of a re-entrant corner, like in Figure 1, case I2: Γ ∩ ∂Ω = ∅, i.e., Γ does not touch the boundary ∂Ω, like in Figure 2.

Ω_2

Ω_1 Γ

Figure 1:

Γ Ω_2

Ω_1

Figure 2:

For the presentation of the method and error estimates we need the degree of regularity of the solution u. Clearly, the functionals a(. , .) and f(.) satisfy the standard assumptions of the Lax-Milgram theorem and we have the existence of a solution u ∈ H^1_0 (Ω) of problem (2.2) as well as the a priori estimate ‖u‖_{1,Ω} ≤ C ‖f‖_{0,Ω}.

Furthermore, the regularity theory of (2.2) yields u ∈ H^2(Ω) and ‖u‖_{2,Ω} ≤ C ‖f‖_{0,Ω} if Ω is convex. If ∂Ω has re-entrant corners with angles φ_{0j} : π < φ_{0j} < 2π (j = 1, . . . , I), then u can be represented by u = I∑ j=1 η_j a_j r^{λj}_j sin(λ_j φ_j ) + w, (2.3)

with a regular remainder w ∈ H^2(Ω). Here, (r_j , φ_j ) denote the local polar coordinates of a point P ∈ Ω with respect to the vertex P_j ∈ ∂Ω, where 0 < r_j ≤ r_{0j} and 0 < φ_j < φ_{0j} hold;

r_{0j} is the radius of some circle neighborhood with center at P_j . Moreover, we have λ_j =^π_{φ0j} (^1_2 < λ_j < 1), a_j is some constant, and η_j is a locally acting (smooth) cut-off function around the vertex P_j , with

0 ≤ η_j ≤ 1, η_j =

1 for 0 ≤ r_j ≤ r_{0j} 3 0 for 2r_{0j} 3 ≤ r_j ≤ r_{0j} . The solution u ∈ H^1_0 (Ω) satisfies the relations I∑ j=1 |a_j | + ‖w‖_{2,Ω} ≤ C ‖f‖_{0,Ω} , u ∈ H^1(Δ, Ω) := { v ∈ H^1(Ω) : Δv ∈ L_2(Ω) } (2.4)

and, owing to (2.3), also u ∈ H^32^{+ε}(Ω) for any ε: 0 < ε < ε_0, ε_0 sufficiently small. For these results, see e.g. [13, 7].

In the context of dividing Ω into subdomains Ω_1, Ω_2, we introduce the restrictions v^i := v|_{Ωi} of some function v on Ω_i as well as the vectorized form of v by v = ( v^1, v^2 ) , i.e. we have v^i(x) = v(x) for x ∈ Ω_i (i = 1, 2). It should be noted that we shall use here the same symbol v for denoting the function on Ω as well as the vector ( v^1, v^2 ) . This will not lead to confusion, since the meaning will be clear from the context. The one-to-one correspondence between the “field function” v and the “vector function” v is given on Ω_1 ∪ Ω_2. Moreover, v|_Γ is defined by the trace. We shall keep the notation also in cases, where the traces v^1|_Γ, v^2|_Γ on the interface Γ are different (e.g. for interpolants on Ω_i).

Using this notation, it is obvious that the solution of the BVP (2.1) is equivalent to the solution of the following interface problem: Find ( u^1, u^2 ) such that

−Δu^i = f in Ω_i , i = 1, 2 ,

u^i = 0 on ∂Ω_i ∩ ∂Ω , i = 1, 2 ,

u^1 = u^2 on Γ , ∂u^1 ∂n_1 + ∂u^2 ∂n_2 = 0 on Γ

(2.5)

are satisfied, where n_i (i = 1, 2) denotes the outward normal to ∂Ω_i ∩ Γ. Introducing the spaces V^i (i = 1, 2) given by

case I1: V^i := { v^i : v^i ∈ H^1(Ω_i), v^i | |_{∂Ω∩∂Ωi} = 0 } for ∂Ω ∩ ∂Ω_i ≠ ∅,

case I2: V^i := H^1(Ω_i) for ∂Ω ∩ ∂Ω_i = ∅,

(2.6)

and the space V := V^1 × V^2, the BVP (2.5) can be formulated in a weak form (see e.g. [2]). Clearly, we have u^i ∈ V^i and u^i ∈ H^1(Δ, Ω_i) (i = 1, 2) as well as u = ( u^1, u^2 ) ∈ V . The continuity of the solution u and of its normal derivative^{∂ui}_{∂n} on Γ (n = n_1 or n = n_2) is to be required in the sense of H^{12}_∗ (Γ) and H^{− 12}_∗ (Γ) (the dual space of H^{12}_∗ (Γ)), respectively.

Define H^{12}_∗ (∂Ω_i) (H^{12}_{00}) by the range of V^i by the trace operator and to be provided with the quotient norm, see e.g. [9, 13]. So we use in case I1: H^{12}_∗ (∂Ω_i) ≃ H^{12}_{00}(∂Ω_i \ ∂Ω) for ∂Ω ∩ ∂Ω_i ≠ ∅, in case I2: H^{12}_∗ (∂Ω_i) = H^12 (∂Ω_i) for ∂Ω ∩ ∂Ω_i = ∅. Here ≃ means that we identify the corresponding spaces. By ⟨ . , . ⟩_{∂Ωi} we shall denote the duality pairing of H^{− 12}_∗ (∂Ω_i) and H^{12}_∗ (∂Ω_i).

3 Non-matching mesh finite element discretization

We cover Ω_i (i = 1, 2) by a triangulation T^i_h (i = 1, 2) consisting of triangles. The triangulations T^1_h and T^2_h are independent of each other. Moreover, compatibility of the nodes of T^1_h and T^2_h along Γ = ∂Ω_1 ∩ ∂Ω_2 is not required, i.e., non-matching meshes on Γ are admitted. Let h denote the mesh parameter of these triangulations, with 0 < h ≤ h_0 and sufficiently small h_0. Take e.g. h = max{h_T : T ∈ T^1_h ∪ T^2_h }, where T (T = T ) denotes a triangle and h_T := diam T its diameter. Let E^1_h, E^2_h denote the triangulations of Γ defined by the traces of T^1_h and T^2_h on Γ, respectively.

Assumption 3.1

(i) For i = 1, 2, it holds Ωi = ⋃ T ∈T ih T. (3.1)

(ii) Two arbitrary triangles T, T^′ ∈ T^i_h (T ≠ T^′, i = 1, 2) are either disjoint or have a common vertex, or a common edge.

(iii) The mesh in Ω_i (i = 1, 2) is shape regular, i.e., for the diameter h_T of T and the diameter ϱ_T of the largest inscribed sphere of T , we have h_T ϱ_T ≤ C for any T ∈ T^i_h , (3.2)

where C is independent of T and h.

Clearly, relation (3.2) implies that the angle θ at any vertex and the length h_F of any side F of the triangle T satisfy the inequalities

0 < θ_0 ≤ θ ≤ π − θ_0, ε_1h_T ≤ h_F ≤ h_T , (0 < ε_1 < 1),

with constants θ_0 and ε_1 being independent of h and T . Owing to (3.2), the triangulations T^i_h (i = 1, 2) do not have to be quasi-uniform in general.

For i = 1, 2 and according to V^i from (2.6) introduce finite element spaces V^i_h of functions v^i on Ω_i by

V^i_h := { v^i ∈ H^1(Ω_i) : v^i | |_T ∈ P_k(T ) ∀ T ∈ T^i_h , v^i | |_{∂Ω∩∂Ωi} = 0 } , i = 1, 2, (3.3)

where P_k(T ) denotes the set of all polynomials on T with degree ≤ k. We do not employ different polynomial degrees on Ω_1, Ω_2, which could also be done. The finite element space V_h of vectorized functions v_h with components v^i_h on Ω_i is given by

V_h := V^1_h × V^2_h = { v_h = ( v^1_h, v^2_h ) : v^1_h ∈ V^1_h , v^2_h ∈ V^2_h } . (3.4)

In general, v_h ∈ V_h is not continuous across Γ.

Consider further some triangulation E_h of Γ by intervals E (E = E), i.e. Γ = ⋃ E∈Eh E, where h_E denotes the diameter of E. Furthermore, let γ be some positive constant (to be specified subsequently) and α_1, α_2 real parameters with

0 ≤ α_i ≤ 1 (i = 1, 2), α_1 + α_2 = 1. (3.5)

Following [21] we now introduce the bilinear form B_h(. , .) on V_h × V_h and the linear form F_h(.) on V_h as follows:

B_h(u_h, v_h) := 2∑ i=1 ( ∇u^i_h, ∇v^i_h ) Ωi − ⟨ α_1 ∂u^1_h ∂n_1 − α_2 ∂u^2_h ∂n_2 , v^1_h − v^2_h ⟩ Γ − ⟨ α_1 ∂v^1_h ∂n_1 − α_2 ∂v^2_h ∂n_2 , u^1_h − u^2_h ⟩ Γ + γ ∑ E∈Eh h^{−1}_E ⟨ u^1_h − u^2_h, v^1_h − v^2_h ⟩ E , (3.6)

F_h(v_h) := 2∑ i=1 ( f, v^i_h ) Ωi for u_h, v_h ∈ V_h.

(Note that in [4] a similar bilinear form with α_1 = α_2 =^1_2 and h_E = h is employed.) The finite element approximation u_h of u on the non-matching triangulation T_h = T^1_h ∪ T^2_h is now defined by u_h = ( u^1_h, u^2_h ) ∈ V_h = V^1_h × V^2_h satisfying the equation

B_h(u_h, v_h) = F_h(v_h) ∀ v_h ∈ V_h. (3.7)

Here, (. , .)_{Ωi} denotes the L_2(Ω_i)-scalar product, ⟨. , .⟩_Γ the H^{− 12}_∗ (Γ) × H^{12}_∗ (Γ)-duality pairing and ⟨. , .⟩_E the L_2(E)-scalar product. Owing to u ∈ H^32^{+ε}(Ω), the trace theorem yields ∂ui ∂ni | | |_Γ ∈ L2(Γ). Furthermore,^{∂vih}_{∂ni} | | | |_Γ ∈ L^2(Γ) holds also for v^h = ( v^1_h, v^2_h ) ∈ V_h. This will be

used subsequently for evaluating ⟨. , .⟩_Γ by the L_2(Γ)-scalar product. A natural choice for the triangulation E_h of Γ is E_h := E^1_h (α_1 = 1) or E_h := E^2_h (α_2 = 1), where

E^i_h = {E : E = ∂T ∩ Γ, if E is a segment, T ∈ T^i_h }, for i = 1, 2, (3.8)

cf. Figure 3.

Γ

E_h E^1_h

Γ Ω_1

T^1_h =⇒

Γ

E^2_h T^2_h

Ω_2

⇐=

Figure 3:

We require the asymptotic behaviour of the triangulations T^1_h , T^2_h and of E_h to be consistent on Γ in the sense of the following assumption.

Assumption 3.2 For T ∈ T^i_h (i = 1, 2) and E ∈ E_h with ∂T ∩ E ≠ ∅, there are positive constants C_1 and C_2 independent of h_T , h_E and h (0 < h ≤ h_0) such that the condition

C_1h_T ≤ h_E ≤ C_2h_T (3.9)

is satisfied.

Relation (3.9) guarantees that the diameter h_T of the triangle T touching the interface Γ at E is asymptotically equivalent to the diameter h_E of the segment E, i.e., the equivalence of h_T , h_E is required only locally.

4 Properties of the discretization

First we show that the solution u of the BVP (2.1) satisfies the variational equation (3.7), i.e., u is consistent with the approach (3.7).

Theorem 4.1 Let u be the solution of the BVP (2.1). Then u = ( u^1, u^2 ) solves (3.7), i.e., we have B_h(u, v_h) = F_h(v_h) ∀ v_h ∈ V_h. (4.1)

Proof. Insert the solution u into B_h(., v_h). Owing to the properties of u, B_h(u, v_h) is well defined and, since u^1 | |_Γ = u^2 | |_Γ and^{∂u1}_{∂n1} | | |_Γ = −^{∂u2}_{∂n2} | | |_Γ hold, cf. (2.5), we get

B_h(u, v_h) = 2∑ i=1 ( ∇u^i, ∇v^i_h ) Ωi − ⟨ ∂u^1 ∂n_1 , v^1_h ⟩ Γ − ⟨ ∂u^2 ∂n_2 , v^2_h ⟩ Γ . Taking into account (2.4) and using Green’s formula on the domains Ω_i, the relations B_h(u, v_h) = − 2∑ i=1 ( Δu^i, v^i_h ) Ωi = 2∑ i=1 ( f, v^i_h ) Ωi = F_h(v_h)

are derived for any v_h ∈ V_h. This proves the assertion.

Note that due to (4.1) and (3.7) we also have the B_h-orthogonality of the error u − u_h on V_h, i.e., B_h(u − u_h, v_h) = 0 ∀ v_h ∈ V_h. (4.2)

For further results on stability and convergence of the method, the following “weighted discrete trace theorem” will be useful, which describes also an inverse inequality.

Lemma 4.2 Let Assumption 3.1 and 3.2 be satisfied. Then, for any v_h ∈ V_h the inequality ∑ E∈Eh h_E ‖ ‖ ‖α^1 ∂v^1_h ∂n_1 − α_2 ∂v^2_h ∂n_2 ‖ ‖ ‖ 2

0,E ≤ C_I 2∑ i=1 α^2_i ∑ F ∈Eih ‖ ∇v^i_h ‖_2 0,TF (4.3)

holds, where F ∈ E^i_h is the face of a triangle T_F ∈ T^i_h touching Γ by F (T_F ∩ Γ = F ). The constant C_I does not depend on h, h_T , h_E .

Note that extending the norms on the right-hand side of (4.3) to the whole of Ω_i implies ∑ E∈Eh h_E ‖ ‖ ‖α_1 ∂v^{1h} ∂n_1 − α_2 ∂v^2_h ∂n_2 ‖ ‖ ‖^2 0,E ≤ C_I 2∑ i=1 α^2_i ‖ ‖∇v^i_h ‖ ‖^2_{0,Ωi} . (4.4)

For inequalities on quasi-uniform meshes related with (4.4) see [23, 21, 4].

Proof. For i = 1, 2, v^i_h ∈ V^i_h yields^{∂vih}_{∂xs} | | | |_Γ ∈ L^2(Γ) (s = 1, 2) and^{∂v} i h ∂ni | | | |_Γ ∈ L^2(Γ). Moreover, ‖ ‖ ‖ ‖α^1 ∂v^1_h ∂n_1 − α_2 ∂v^2_h ∂n_2 ‖ ‖ ‖ ‖ 2

0,E ≤ 2 2∑ i=1 α^2_i ‖ ‖∇v^i_h ‖ ‖^2_{0,E} holds. Let h_F denote the length of side F belonging to triangle T = T_F . Since the shape

regularity of T is given, the quantities h_F and h_T are asymptotically equivalent. Owing to ∑ E∈Eh hE ‖ ‖∇vi_h ‖ ‖^2_{0,E} ≤ c_1 ∑_{F ∈Eih} h_F ‖ ‖∇vi_h ‖ ‖^2_{0,F} and to inequality ‖ ‖∇v^i_h ‖ ‖^2_{0,F} ≤ c_2 1 h_F ‖ ‖∇v^i_h ‖ ‖^2_{0,TF} , which is derived by means of the trace theorem on T_F and of the inverse inequality, we get ∑ E∈Eh h_E ‖ ∇v^i_h ‖_2 0,E ≤ c_3 ∑ F ∈Eih ‖ ∇v^i_h ‖_2 0,TF for i = 1, 2, (4.5)

where T_F ⊂ Ω_i has the edge F ∈ E^i_h. The constants c_i (i = 1, 2, 3) do not depend on h; c_2 is

also uniform in T . Inequality (4.5) combined with the previous inequalities yields (4.3).

The constant C_I in the inequalities (4.3) and (4.4) can be estimated easily if special as-

sumptions on E_h and on the polynomial degree k are made. For example, let us choose

E_h = E^1_h from (3.8), α_1 = 1 and k = 1, i.e., v^i_h | T ∈ P_1. Then, on the triangle T the derivatives ∂v1h ∂xs (s = 1, 2) and^{∂v1h}_{∂n1} are constants which can be calculated explicitely, together with their

L_2-norms on E and on T_E. Thus, we get h_E ‖ ‖ ‖ ∂v^{1h} ∂n_1 ‖ ‖ ‖^2 0,E ≤ 2 h_E h_{HE} ‖ ‖∇v^1_h ‖ ‖^2_{0,TE} , (4.6)

where h_{HE} denotes the height of T_E over the side E, h_E the length of E. Taking the sum

over E ∈ E^1_h for all inequalities (4.6), we obtain the value of C_I to be

C_I = max_{E∈E1} h ( 2 h_E h_{HE} ) . Thus, for equilateral triangles and isosceles rectangular triangles (see the mesh on the left-

hand sides of Figures 6, 7) near Γ, we get C_I = 4/ √ 3 and C_I = 2, respectively.

For deriving the V_h-ellipticity and V_h-boundedness of the discrete bilinear form B_h(. , .) from

(3.6), we introduce the following discrete norm ‖ . ‖_{1,h}:

‖v_h‖^2_{1,h} := 2∑ i=1 ‖ ‖∇v^i_h ‖ ‖^2_{0,Ωi} + ∑ E∈Eh h^{−1}_E ‖ ‖v^1_h − v^2_h ‖ ‖^2_{0,E} (4.7)

cf. [21] and [9, 4] (uniform weights). Then we can prove the following theorem.

Theorem 4.3 Let Assumptions 3.1 and 3.2 for T^i_h (i = 1, 2) and for E_h be satisfied. Choose the constant γ in (3.6) independently of h and such that γ > C_I holds, C_I from (4.3). Then,

B_h(v_{h,}v_h) ≥ μ_1 ‖v_h‖^2_{1,h} ∀ v_h ∈ V_h (4.8)

holds, with a constant μ_1 > 0 independent of h.

Proof. For B_h(. , .) from (3.6) we have the identity

B_h(v_{h,}v_h) = 2∑ i=1 ‖ ‖∇v^i_h ‖ ‖^2_{0,Ωi} − 2 ∑ E∈Eh ⟨ α_1 ∂v^1_h ∂n_1 − α_2 ∂v^2_h ∂n_2 , v^1_h − v^2_h ⟩ E + γ ∑ E∈Eh h^{−1}_E ‖ ‖v^1_h − v^2_h ‖ ‖^2_{0,E} .

Using Cauchy’s inequality and Young’s inequality (2ab ≤^{a2}_ε + εb^2) we get B_h(v_{h,}v_h) ≥ 2∑ i=1 ‖ ‖∇v^i_h ‖ ‖^2_{0,Ωi} − 1 ε ∑ E∈Eh h_E ‖ ‖ ‖α_1 ∂v^{1h} ∂n_1 − α_2 ∂v^2_h ∂n_2 ‖ ‖ ‖^2 0,E − ε ∑ E∈Eh h^{−1}_E ‖ ‖v^1_h − v^2_h ‖ ‖^2_{0,E} + γ ∑ E∈Eh h^{−1}_E ‖ ‖v^1_h − v^2_h ‖ ‖^2_{0,E} .

Utilizing inequality (4.3) yields (4.8), with μ_1 = min{1−^{CI}_ε , γ−ε} > 0, if ε is chosen according to C_I < ε < γ. Beside of the V_h-ellipticity of B_h(. , .) we also prove the V_h-boundedness.

Theorem 4.4 Let Assumption 3.1 and 3.2 be satisfied. Then there is a constant μ_2 > 0 such that the following relations holds,

|B_h (w_h, v_h)| ≤ μ_2 ‖w_h‖_{1,h} ‖v_h‖_{1,h} for w_h, v_h ∈ V_h. (4.9)

Proof. We apply Cauchy’s inequality several times (also with distributed weights h_E , h^{−1}_E , h_E h^{−1}_E = 1), insert inequality (4.3) and get relation (4.9) with a constant μ_2 = max{1 +

C_I , 1 + γ}.

5 Error estimates and convergence

Let u be the solution of (2.1) and u_h from (3.7) its finite element approximation. We shall study the error u − u_h in the norm ‖ . ‖_{1,h} given in (4.7). For functions v satisfying

v^i ∈ H^1(Ω_i) and^{∂vi}_{∂ni} ∈ L_2(Γ) (i = 1, 2), introduce the mesh-dependent norm ‖ . ‖_{h,Ω} by

‖v‖^2_{h,Ω} := 2∑ i=1 ‖ ‖∇v^i ‖ ‖^2_{0,Ωi} + ∑ E∈Eh h_E ‖ ‖ ‖ ‖α^i ∂v^i ∂n_i ‖ ‖ ‖ ‖ 2

0,E + ∑ E∈Eh h^{−1}_E ‖ ‖v^1 − v^2 ‖ ‖^2_{0,E} . (5.1)

First we bound ‖u − u_h‖_{1,h} by the norm || . ||_{h,Ω} of the interpolation error u − I_hu, where I_hu := (I_hu^1, I_hu^2), I_hu^i ∈ V^i_h , and I_hu^i denotes the usual Lagrange interpolant of u^i in the space V^i_h , i = 1, 2.

Lemma 5.1 Let Assumption 3.1 and 3.2 be satisfied. For u, u_h from (2.1), (3.7), respectively, and γ > C_I , the following estimate holds, ‖u − u_h‖_{1,h} ≤ c ‖u − I_hu‖_{h,Ω} . (5.2) Proof. Obviously, I_hu ∈ V_h holds, and the triangle inequality yields ‖u − u_h‖_{1,h} ≤ ‖u − I_hu‖_{1,h} + ‖I_hu − u_h‖_{1,h} . (5.3) Owing to I_hu − u_h ∈ V_h and to the V_h-ellipticity of B_h(. , .), we have ‖I_hu − u_h‖^2_{1,h} ≤ μ^{−1}_1 (B_h(I_hu, I_hu − u_h) − B_h(u_h, I_hu − u_h)) . (5.4) In relation (5.4) we utilize (4.2) and get ‖I_hu − u_h‖^2_{1,h} ≤ μ^{−1}_1 B_h(I_hu − u, I_hu − u_h). (5.5) For abbreviation we use here w := I_hu − u and v_h := I_hu − u_h. Clearly u ∈ H^32^{+ε}(Ω) yields ∂ui ∂ni | | Γ ∈ L_2(Γ). Because of I_hu, u_h ∈ V_h, we also have^{∂vih}_{∂ni} | | |_Γ ∈ L^2(Γ) (although I^hu^i denoting the interpolant of u^i in V^i_h and u^i_h belong only to H^32^{−ε}(Ω_i)). Unfortunately, w ∉ V_h holds, but B_h(w, v_h) is well-defined.

We now apply the same inequalities as used for the proof of Theorem 4.4, with the modification that inequality (4.3) is only employed with respect to the function v_h. This leads to the estimate |B_h(w, v_h)| ≤ c_1 ‖w‖_{h,Ω} ‖v_h‖_{1,h} , which gives together with (5.5) the inequality ‖I_hu − u_h‖^2_{1,h} ≤ μ^{−1}_1 c_1 ‖I_hu − u‖_{h,Ω} ‖I_hu − u_h‖_{1,h} . This inequality combined with (5.3) and with the obvious estimate ‖I_hu − u‖_{1,h} ≤ ‖I_hu − u‖_{h,Ω} confirms assertion (5.2). The positive constant c_1 depends on γ and C_I . An estimate of the error ||u − u_h||_{1,h} for regular solutions u is given in [20] and in [4] by citation of results contained in [23]. Nevertheless, since we consider a more general case, and since we need a great part of the proof for regular solutions also for singular solutions, the following theorem is proved.

Theorem 5.2 Let u ∈ H^l(Ω) (l ≥ 2) be the solution of (2.1) and u_h ∈ V_h its finite element approximation according to (3.7), with γ > C_I . Furthermore, let the mesh from Assumptions 3.1, 3.2 be quasi-uniform, i.e.^{maxT ∈Th hT}_{minT ∈Th ϱT} ≤ C. Then the following error estimate holds, ‖u − u_h‖_{1,h} ≤ c h^{l−1} ‖u‖_{l,Ω} for 2 ≤ l ≤ k + 1, (5.6) with k ≥ 1 being the polynomial degree in V^i_h , i = 1, 2.

Proof. We start from inequality (5.2) which bounds ‖u − u_h‖_{1,h} by the interpolation error

||I_hu − u||_{h,Ω} and, in the following, take into account tacitly the assumptions on the mesh.

Note that the traces on Γ of the interpolants I_hu^i of u^i in V^i_h (i = 1, 2) do not coincide,

in general. First we observe that the weighted squared norms ‖ . ‖^2_{0,E} can be rewritten

such that interpolation estimates involve the edge F of the triangle T ⊂ Ω_i (T = T_F ) with

T ∩ Γ = F ∈ E^i_h, for i = 1 or i = 2: ∑ E∈Eh h^{−1}_E ‖ ‖I_hu^i − u^i ‖ ‖^2_{0,E} ≤ c_1 ∑ F ∈Eih h^{−1}_F ‖ ‖I_hu^i − u^i ‖ ‖^2_{0,F} , (5.7)

∑ E∈Eh h_E ‖ ‖ ‖ ‖ ∂ ( I_hu^i − u^i ) ∂n_i ‖ ‖ ‖ ‖ 2

0,E ≤ c_2 ∑ F ∈Eih h_F ‖ ∇ ( I_hu^i − u^i )‖_2 0,F . (5.8)

Moreover, we apply the refined trace theorem ‖v‖^2_{0,F} ≤ c ( h^{−1}_T ‖v‖^2_{0,T} + ‖v‖_{0,T} ‖∇v‖_{0,T} ) for v ∈ H^1(T ), (5.9)

which is proved in [24], cf. also [23]. Replace v by I_hu^i − u^i and^∂(^{Ihui−ui})_{∂xs} (s = 1, 2). Then,

using (5.9) and some simple estimates, we get ‖ ‖I_hu^i − u^i ‖ ‖^2_{0,F} ≤ c ( h^{−1}_T ‖ ‖I_hu^i − u^i ‖ ‖^2_{0,T} + ‖ ‖I_hu^i − u^i ‖ ‖_{0,T} | |I_hu^i − u^i | |_{1,T} ) , (5.10) ‖ ‖∇ (I_hu^i − u^i) ‖ ‖^2_{0,F} ≤ c ( h^{−1}_T | |I_hu^i − u^i | |^2_{1,T} + | |I_hu^i − u^i | |_{1,T} | |I_hu^i − u^i | |_{2,T} ) . (5.11)

Taking the well-known interpolation error estimate on triangles T , ‖ ‖I_hu^i − u^i ‖ ‖_{j,T} ≤ ch^{l−j}_T ‖ ‖u^i ‖ ‖_{l,T} for 2 ≤ l ≤ k + 1 and j = 0, 1, 2, (5.12)

see e.g. [8, 11], we derive from the inequalities (5.10) and (5.11) the estimates ‖ ‖I_hu^i − u^i ‖ ‖^2_{0,F} ≤ ch^{2l−1}_T ‖ ‖u^i ‖ ‖^2_{l,T} , ‖ ‖∇ (I_hu^i − u^i) ‖ ‖^2_{0,F} ≤ ch^{2l−3}_T ‖ ‖u^i ‖ ‖^2_{l,T} . Using these estimates and (5.7), (5.8), we realize that ∑ E∈Eh h^{−1}_E ‖ ‖I_hu^i − u^i ‖ ‖^2_{0,E} + h_E ‖ ‖ ‖ ‖ ‖ ∂ ( I_hu^i − u^i ) ∂n_i ‖ ‖ ‖ ‖ ‖ 2

0,E ≤ ch^{2l−2} ∑ T ∈T ih: T ∩Γ≠∅ ‖ ‖u^i ‖ ‖^2_{l,T} (5.13)

holds. For the interpolation error I_hu^i − u^i on Ω_i, the estimate ‖ ‖∇ (I_hu^i − u^i) ‖ ‖^2_{0,Ωi} = | |I_hu^i − u^i | |^2_{1,Ωi} ≤ ch^{2l−2} | |u^i | |^2_{l,Ωi} (5.14)

obviously follows from (5.12). Clearly, (5.13) and (5.14) lead via (5.2) to (5.6).

6 Treatment of corner singularities

We now study the finite element approximation with non-matching meshes for the case

that Γ has endpoints at vertices of re-entrant corners (case I1). Since the influence region of corner singularities is a local one (around the vertex P_0), it suffices to consider one corner. For basic approaches of treating corner singularities by finite element methods see e.g. [3, 7, 13, 17, 19, 22]. For simplicity, we study solutions u ∉ H^2(Ω) in correspondence with continuous piecewise linear elements, i.e. k = 1 in V^i_h from (3.3). We shall consider the error u−u_h on quasi-uniform meshes as well as on meshes with appropriate local refinement at the corner.

Let (x_0, y_0) be the coordinates of the vertex P_0 of the corner, (r, φ) the local polar coordinates with center at P_0, i.e. x − x_0 = r cos(φ + φ_r), y − y_0 = r sin(φ + φ_r), cf. Figure 4. y

x Ω_1

Ω_2

φr y0

x0 φ0 Γ P_0 φΓ φ P(x,y) r

Figure 4:

Define some circular sector G around P_0, with the radius r_0 > 0 and the angle φ_0 (here: π < φ_0 < 2π):

G := { (x, y) ∈ Ω : 0 ≤ r ≤ r_0, 0 ≤ φ ≤ φ_0 } , G := G \ ∂G, (6.1) ∂G boundary of G. For defining a mesh with grading, we employ the real grading parameter μ, 0 < μ ≤ 1, the grading function R_i (i = 0, 1, . . . , n) with some real constant b > 0, and the step size h_i for the mesh associated with layers [R_{i−1}, R_i] × [0, φ_0] around P_0:

R_i := b (ih)^{1μ} (i = 0, 1, . . . , n), h_i := R_i − R_{i−1} (i = 1, 2, . . . , n). (6.2)

Here n := n(h) denotes an integer of the order h^{−1}, n := [ βh^{−1} ] for some real β > 0 ([ . ] :

integer part). We shall choose the numbers β, b > 0 such that^2_3 r_0 < R_n < r_0 holds, i.e., the mesh grading is located within G from (6.1).

Lemma 6.1 For h, h_i, R_i, and μ (0 < h ≤ h_0, 0 < μ < 1) the following relations hold b^μhR^{1−μ}_i ≤ h_i ≤^{bμ}_μ hR^{1−μ}_i , bR_i^1_i ≤ h_i ≤^b_μ R_i^1_i , (i = 1, 2, . . . , n), h_{i−1} < h_i ≤ (2^{1μ} − 1)h_{i−1}, R_{i−1} < R_i ≤ 2^{1μ} R_{i−1}, (i = 2, 3, . . . , n).

(6.3)

We skip the proof of Lemma 6.1 since it is comparatively simple.

Using the step size h_i (i = 1, 2, . . . , n), define in the neighbourhood of the vertex P_0 of the corner a mesh with grading, and for the remaining domain we employ a mesh which is quasi-uniform. The triangulation T^μ_h is now characterized by the mesh size h and the grading parameter μ, with 0 < h ≤ h_0 and 0 < μ ≤ 1. We summarize the properties of T^μ_h in the following assumption.

Assumption 6.2 The triangulation T^μ_h satisfies Assumption 3.1, Assumption 3.2 and is provided with a grading around the vertex P_0 of the corner such that h_T := diam T depends on the distance R_T of T from P_0, R_T := dist (T, P_0) := inf_{P ∈T} |P_0 − P |, in the following way:

ϱ_1h^{1μ} ≤ h_T ≤ ϱ^{−1}_1 h^{1μ} for T ∈ T^μ_h : R_T = 0, ϱ_2hR^{1−μ}_T ≤ h_T ≤ ϱ^{−1}_2 hR^{1−μ}_T for T ∈ T^μ_h : 0 < R_T < R_g , ϱ_3h ≤ h_T ≤ ϱ^{−1}_3 h for T ∈ T^μ_h : R_g ≤ R_T ,

(6.4)

with some constants ϱ_i, 0 < ϱ_i ≤ 1 (i = 1, 2, 3) and some real R_g, 0 < R_g < R_g < R_g , where R_g , R_g are fixed and independent of h.

Here, R_g is the radius of the sector with mesh grading and we can assume R_g = R_n (w.l.o.g.). Outside this sector the mesh is quasi-uniform. The value μ = 1 yields a quasi-uniform mesh in the whole region Ω, i.e.,^{maxT ∈T μh hT} minT ∈T μ h ϱT ≤ C holds. In [3, 17, 19] related types of mesh grading are described. In [15] a mesh generator is given which automatically generates a mesh of type (6.4).

For the error analysis we introduce several subsets of the triangulation T^μ_h near the vertex P_0 of the re-entrant corner, viz.

C_{0h} := {T ∈ T^μ_h : R_T < R_n}, C_h := {T ∈ T^μ_h : R_T ≥ R_n},

with R_n from (6.2). The set C_{0h} is now decomposed into layers (of triangles) D_{jh}, j = 0, 1, . . . , n, such that C_{0h} := ⋃_n j=0 D_{jh} holds:

D_{0h} := {T ∈ T_{hμ} : R_T = 0} , D_{1h} := {T ∈ T_{hμ} : 0 < R_T < R_1} , D_{jh} := {T ∈ T_{hμ} : R_{j−1} ≤ R_T < R_j } for j = 2, . . . , n. According to^2_3 r_0 < R_n < r_0, the triangles T ∈ C_{0h} are located in G, G from (6.1). Owing to Assumption 6.2 (cf. also Lemma 6.1), the asymptotic behaviour of h_T is determined by the relations (given for the case of one corner)

ε_2h_j ≤ h_T ≤ ε^{−1}_2 h_j for T ∈ T^μ_h : R_{j−1} ≤ R_T < R_j (j = 1, 2, . . . , n), ε_3h ≤ h_T ≤ ε^{−1}_3 h for T ∈ T^μ_h : R_n ≤ R_T ,

(6.5)

with 0 < ε_l ≤ 1 (l = 2, 3), and h_j , R_j as well as n taken from (6.2). Note that the number of all triangles T ∈ T^μ_h (0 < μ ≤ 1) and nodes of the triangulation is of the order O(h^{−2}). The number n_j of all triangles T ∈ D_{jh} is bounded by C · j (j = 1, . . . , n), n_0 by C, where C is independent of h, cf. [14].

First we investigate the interpolation error of a singularity function s from (2.3) in the class of polynomials with degree k = 1. Employ the restrictions s^i := s|_{Ωi} and take always into account that s = 0 for r ≥^2_3 r_0.

Lemma 6.3 Let s = η a r^λ sin(λφ) (λ =^π_{φ0} ,^1_2 < λ < 1) be the singularity function with respect to the corner at vertex P_0. Further, let T^μ_h be the triangulation of Ω with mesh grading within G according to Assumption 6.2 (cf. (6.2)–(6.5)). Then, the interpolation error s^i − I_hs^i in the seminorm | . |_{1,Ωi} can be bounded as follows: | |s^i − I_hs^i | |_{1,Ωi} ≤ c |a| κ(h, μ) for i = 1, 2, (6.6) where κ(h, μ) is given by

κ(h, μ) = h^{λμ} for λ < μ ≤ 1 h |ln h|^{12} for μ = λ h for 0 < μ < λ < 1. (6.7)

Proof. According to the mesh layers D_{jh} (j = 0, 1, . . . , n), the norms of the global interpolation error s^i − I_hs^i are represented by the local interpolation error s^i − I_T s^i ( I_T v^i := I_hv|_T for T ∈ Ω_i, I_T : local P_1–Lagrange interpolation operator) as follows | |s^i − I_hs^i | |^2_{1,Ωi} = ∑ T ∈Di0h | |s^i − I_T s^i | |^2_{1,T} +^n ∑ j=1 ∑ T ∈Dijh | |s^i − I_T s^i | |^2_{1,T} for i = 1, 2,

with D^i_{jh} := {T ∈ D_{jh} : T ⊂ Ω_i} (j = 0, 1, . . . , n; i = 1, 2). (i) case T ∈ D^i_{0h} (i = 1, 2):

First, we consider triangles T ∈ D^i_{0h} and employ the estimate | |s^i − I_T s^i | |_{1,T} ≤ | |s^i | |_{1,T} + | |I_T s^i | |_{1,T} . (6.8)

Using the explicit representation of s^i and I_T s^i, we calculate the norms on the right-hand side of (6.8) and get the following bound: | |s^i | |_{1,T} + | |I_T s^i | |_{1,T} ≤ c |a| h^λμ , for T ∈ D^i_{0h}. (6.9) (ii) case T ∈ D^i_{jh} (j = 1, 2, . . . , n; i = 1, 2):

We now consider triangles T ∈ D^i_{jh} which do not touch the vertex P_0 (center of singularity), i.e. T ∈ C_{0h} \ D^i_{0h}. In this case, s ∈ H^2(T ) holds owing to R_T > 0. Hence, the well-known interpolation error estimate | |s^i − I_T s^i|_{1,T} ≤ ch_T |s^i|_{2,T} (6.10) can be applied, where c is independent of the triangle T . The norm | s^i | 2,T is estimated easily by | |η a r^λ sin(λφ) | |^2_{,T} ≤ c |a|h^2_T ( inf_{P ∈T} r )_{2(λ−2)} for T ∈ D^i_{jh}. (6.11)

Taking into account the relations between h, h_T , R_T , j and μ from Assumption 6.2, cf. also (6.2),(6.3) ,(6.4) and (6.5), a we find easily bounds of the right-hand side in (6.11). This leads together with (6.10) to the estimates |s^i − I_hs^i|^2_{1,T} ≤ c |a|^2h^{2λμ} j^{4μ −4} (j − 1)^{2λ−4μ} ∀ T ∈ D^i_{jh}, j = 2, . . . , n, |s^i − I_hs^i|^2_{1,T} ≤ c |a|^2h^{2λμ} ∀ T ∈ D^i_{1h}, where i = 1, 2. Since the number of triangles in the layer D^i_{jh} grows not faster than with j,

we get by summation of the error contributions of the triangles T ∈ C_{0h} \ D^i_{0h} the estimate n∑ j=1 ∑ T ∈Dijh | |s^i − I_hs^i | |^2_{1,T} ≤ c |a|^2 h^{2λ}μ 1 + n∑ j=2 j^{4μ −3} (j − 1)^{2λ−4μ}

, i = 1, 2. (6.12)

Using monotonicity arguments and the estimation of sums by related integrals, it is not

hard to derive the following set of inequalities, n∑ j=1 j^{2λμ −3} ≤ C 1 for λ < μ ≤ 1

ln n for μ = λ

n^{2λμ −2} for 0 < μ < λ < 1.

(6.13)

Some simple estimates of the right-hand side of (6.12) allow to apply (6.13) and n ≤ ch^{−1}

for getting the inequality n∑ j=1 ∑ T ∈Dijh | |s^i − I_hs^i | |^2_{1,T} ≤ c |a|^2 κ^2(h, μ), (6.14)

with κ(h, μ) given at (6.7) and for i = 1, 2.

Finally, combining the estimates (6.8), (6.9) from case (i) and (6.14) from case (ii), we

easily confirm (6.6).

We now study the interpolation error s^i − I_hs^i and its first order derivatives in the trace

norms.

Lemma 6.4 Under the assumption of Lemma 6.3 and with κ(h, μ) from (6.7), the following

interpolation error estimates hold for the singularity function s = η a r^λ sin(λφ) and i = 1, 2: ∑ E∈Eh h^{−1}_E ‖ ‖s^i − I_hs^i ‖ ‖^2_{0,E} ≤ c |a|^2 κ^2(h, μ), ∑ E∈Eh h_E ‖ ‖ ‖ ‖ ‖ ∂ ( s^i − I_hs^i ) ∂n_i ‖ ‖ ‖ ‖ ‖ 2

0,E ≤ c |a|^2 κ^2(h, μ). (6.15)

Proof. Clearly, due to the assumption on E_h we have for v^i = s^i − I_hs^i (i = 1, 2) the inequal-

ities ∑ E∈Eh h^{−1}_E ‖ ‖v^i ‖ ‖^2_{0,E} ≤ c ∑ F ∈Eih h^{−1}_F ‖ ‖v^i ‖ ‖^2_{0,F} , ∑ E∈Eh h_E ‖ ‖ ‖ ∂v^i ∂n_i ‖ ‖ ‖ 2

0,E ≤ c ∑ F ∈Eih h_F ‖ ‖∇v^i ‖ ‖^2_{0,F} . (6.16)

Consider now faces F of triangles T = T_F touching Γ and the local interpolate I_T s^i.

(i) case T ∈ D^i_{0h} (i = 1, 2):

Here we use a similar approach like at (6.8) and get by direct evaluation of the norms the

following estimates: h^{−1}_F ‖ ‖s^i − I_T s^i ‖ ‖^2_{0,F} ≤ 2 ( h^{−1}_F ‖ ‖s^i ‖ ‖^2_{0,F} + h^{−1}_F ‖ ‖I_T s^i ‖ ‖^2_{0,F} ) ≤ c |a|^2h^{2λ}_F ≤ c |a|^2h^{2λμ} , (6.17) h_F ‖ ‖∇(s^i − I_T s^i) ‖ ‖^2_{0,F} ≤ 2 ( h_F ‖ ‖∇s^i ‖ ‖^2_{0,F} + h_F ‖ ‖∇(I_T s^i) ‖ ‖^2_{0,F} ) ≤ c |a|^2h^{2λ}_F ≤ c |a|^2h^{2λμ} . (6.18)

(ii) case T ∈ D^i_{jh} (j = 1, 2, . . . , n; i = 1, 2):

For the remaining faces F and adjacent triangles T which do not touch the vertex P_0 of the corner, s^i ∈ H^2(T ) holds. Therefore, inequalities (5.10), (5.11) can be applied. We insert the well-known estimates | |si − I_T si | |_{l,T} ≤ ch^{2−l}_T | |si | |_{2,T} (l = 0, 1, 2) into (5.10), (5.11) and get for any triangle with face F ⊂ Γ: h^{−1}_F ‖ ‖s^i − I_T s^i ‖ ‖^2_{0,F} ≤ ch^2_T | |s^i | |^2_{,T} , h_F ‖ ‖∇(s^i − I_T s^i) ‖ ‖^2_{0,F} ≤ ch^2_T | |s^i | |^2_{,T} . (6.19)

Calculating and estimating | |s^i | |^2_{,T} and summation over all triangles T ∈ C_{0h} \ D_{0h} touching Γ near the singularity yields by analogy to (6.14) the estimate n∑ j=1 ∑ T ∈Dijh: T ∩Γ≠∅ h^2_T | s^i |_2 2,T ≤ c |a|^2 κ^2(h, μ) for i = 1, 2. (6.20)

Finally, we combine the inequalities (6.16)–(6.20) and get (6.15).

Lemma 6.5 Assume that there is one re-entrant corner and that the triangulation T^μ_h is provided with mesh grading according to the Assumption 6.2. Then the following estimate holds for the error u − I_hu of the Lagrange interpolant I_hu ∈ V_h, with u from (2.3) and κ(h, μ) from (6.7): ‖u − I_hu‖_{h,Ω} ≤ cκ(h, μ) ‖f‖_{0,Ω} . (6.21) Proof. According to (2.3), the solution u of the BVP (2.1) can be represented by u = s+w = η a r^λ sin(λφ) + w, where w ∈ H^2(Ω) denotes the regular part of the solution, and s is the singular part. Apply the triangle inequality ||u − I_hu||_{h,Ω} ≤ ||s − I_hs||_{h,Ω} + ||w − I_hw||_{h,Ω}. Since w ∈ H^2(Ω) ∩ H^1_0 (Ω) holds, the norm ||w − I_hw||_{h,Ω} has been already estimated in the proof of Theorem 5.2. Thus, using the estimates (5.13) and (5.14) for l = k +1 = 2, together with (2.4), we get ‖w − I_hw‖_{h,Ω} ≤ ch ‖w‖_{2,Ω} ≤ ch ‖f‖_{0,Ω} . (6.22) Bounds of the norm ‖s − I_hs‖_{h,Ω} can be derived from Lemma 6.3 and Lemma 6.4. The combination of (6.6), (6.15) and (2.4) yields the inequalities ‖s − I_hs‖_{h,Ω} ≤ cκ(h, μ) |a| ≤ cκ(h, μ) ‖f‖_{0,Ω} , (6.23) with κ(h, μ) from (6.7). Estimate (6.21) is obvious by (6.22) and (6.23).

The final error estimate is given in the next theorem.

Theorem 6.6 Let u and u_h be the solutions of the BVP (2.1) with one re-entrant corner and of the finite element equation (3.7), respectively. Further, for T^μ_h let Assumption 6.2 be satisfied. Then the error u − u_h in the norm ‖ . ‖_{1,h} (4.7) is bounded by ‖u − u_h‖_{1,h} ≤ cκ(h, μ) ‖f‖_{0,Ω} , (6.24)

with κ(h, μ) = h^{λμ} for λ < μ ≤ 1 h |ln h|^{12} for μ = λ h for 0 < μ < λ < 1.

Proof. The combination of Lemma 5.1 with Lemma 6.5 immediately yields the assertion.

Remark 6.7 Estimate (6.24) holds also for more than one re-entrant corner, with a slightly modified function κ(h, μ). For example, if the mortar interface Γ touches the vertices P_{01}, P_{02} (P_{01} ≠ P_{02}) of two re-entrant corners with angles φ_{01}, φ_{02}, say π < φ_{01} ≤ φ_{02} < 2π, then 1 2 < λ_2 ≤ λ_1 < 1 (λ_j =^π_{φ0j} ) holds. According to λ_1, λ_2, we employ meshes with grading parameters μ_1, μ_2. Estimate (6.24) holds now with

κ(h, μ) = h^δ for δ < 1 h |ln h|^{12} for δ = 1 h for δ > 1

, where δ := min_{1≤j≤2} λ_j μ_j .

Remark 6.8 Under the assumption of Theorem 6.6 and for the error in the L_2–norm, the estimate ‖u − u_h‖_{0,Ω} ≤ cκ^2(h, μ) ‖f‖_{0,Ω} (6.25) holds. In particular, we have the O(h^2) convergence rate for meshes with appropriate grading. Estimate (6.25) is proved by the Nitsche trick with additional ingredients, e.g. include again some interpolant (cf. the proof of Lemma 5.1). For the proof in the conforming case see e.g. [14].

7 Numerical experiments

We shall give some illustration of the Nitsche type mortaring in presence of some corner singularity. In particular we investigate the rate of convergence when local mesh refinement is applied. Consider the BVP

−Δu = f in Ω , u = 0 on ∂Ω ,

where Ω is the L-shaped domain of Figure 5. The right-hand side f is chosen such that the exact solution u is of the form

u(x, y) = (a^2 − x^2)(b^2 − y^2)r^{23} sin( 2 3 φ), (7.1)

φ −a b

a

−b

φ0 = 32 π

r Ω_1 Ω_2 y

x

Γ

Figure 5: The L-shaped domain Ω.

where r^2 = x^2 + y^2, 0 ≤ φ ≤ φ_0, φ_0 =^3_2 π. Clearly, u|_{∂Ω} = 0, λ =^π_{φ0} =^2_3 and, therefore, u ∈ H^53^{−ε}(Ω) is satisfied. We apply the Nitsche type mortaring method to this BVP and use initial meshes shown in Figure 6 and 7. The approximate solution u_h is visualized in Figure 9.

Figure 6: Triangulations with mesh ratio 2 : 3, h_1–mesh (left) and h_2–mesh with refinement (right).

Figure 7: Triangulations with mesh ratio 2 : 5, h_1–mesh (left) and h_3–mesh with refinement (right).

The initial mesh is refined globally by dividing each triangle into four equal triangles such that the mesh parameters form a sequence {h_1, h_2, h_3, . . .} given by {h,^h_2 ,^h_4 , . . .}. The ratio of the number of mesh segments on the mortar interface is given by 2 : 3 (see Figure 6) and 2 : 5 (see Figure 7). Furthermore, the values α_1 = 1, α_2 = 0 are chosen, i.e., the trace of the triangulation T^1_h of Ω_1 on the interface Γ forms the partition E_h (for Ω_1 cf. Figure 5). For the examples the choice γ = 3 was sufficient to ensure stability. (For numerical experiments with γ and also with regular solutions, cf. [18]). Moreover, we also apply local refinement by grading the mesh around the vertex P_0 of the corner, according to section 6. The parameter is chosen by μ = 0.7λ.

Let u_h denote the finite element approximation according to (3.7) of the exact solution u from (7.1). Then the error estimate in the discrete norm || . ||_{1,h} is given by (6.24). We assume that h is sufficiently small such that ‖u − u_h‖_{1,h} ≈ Ch^α (7.2) holds with some constant C which is approximately the same for two consecutive levels of h, like h,^h_2 . Then α = α_{obs} (observed value) is derived from (7.2) by α_{obs} := log_2 q_h, where q_h := ‖u − u_h‖/ ‖ ‖ ‖u − u h_2 ‖ ‖ ‖. The same is carried out for the L2–norm, where ‖u − uh‖_{0,Ω} ≈ Ch^β is supposed. The values of α and β are given in Table 1 and Table 2, respectively.

mesh ratio 2 : 3 mesh ratio 2 : 5 norm ‖ . ‖_{1,h} (h_3, h_4)-levels (h_4, h_5)-levels (h_3, h_4)-levels (h_4, h_5)-levels α (expected) α_{μ=1} 0.6977 0.6676 0.7316 0.6798 0.6667 α_{μ=0.7λ} 1.1323 0.9784 1.0896 1.1749 1

Table 1: Observed convergence rates α_μ for different pairs (h_i, h_{i+1}) of h-levels, for μ = 1 and for μ = 0.7λ (λ =^2_3 ) in the norm ‖ . ‖_{1,h}.

mesh ratio 2 : 3 mesh ratio 2 : 5 norm ‖ . ‖_{0,Ω} (h_3, h_4)-levels (h_4, h_5)-levels (h_3, h_4)-levels (h_4, h_5)-levels β (expected) β_{μ=1} 1.2919 1.2971 1.3016 1.2991 1.3333 β_{μ=0.7λ} 2.0093 2.0835 2.2252 2.0863 2

Table 2: Observed convergence rates β_μ for different pairs (h_i, h_{i+1}) of h-levels, for μ = 1 and for μ = 0.7λ ( λ =^3_2 ) in the norm || . ||_{0,Ω}.

The numerical experiments show that the observed rates of convergence are approximately equal to the expected values. Furthermore, it can be seen that local mesh grading is suited to overcome the loss of accuracy (cf. Figure 9) and the diminishing of the rate of convergence on non-matching meshes caused by corner singularities.

Figure 8: The error in different norms on quasi-uniform meshes (left) and on meshes with grading (right).

Figure 9: The approximate solution u_h in two different perspectives (top), the local pointwise error on the quasi-uniform mesh (bottom left) and the local pointwise error on the mesh with grading (bottom right).

References

[1] D.N. Arnold, F. Brezzi, B. Cockburn, D. Marini, Discontinuous Galerkin methods for elliptic problems. in Discontinuous Galerkin methods: Theory, Computation and Applications, B. Cockburn, G. Karniadakis, C.-W. Shu (Eds.), Springer Verlag, Berlin, 1999, pp. 89-101.

[2] J.-P. Aubin, Approximation of elliptic boundary value problems. Wiley-Interscience, New York, 1972. [3] I. Babuška, R.B. Kellogg, and J. Pitkäranta, Direct and inverse error estimates for finite elements with mesh refinement. Numerische Mathematik, 33 (1979), pp. 447–471.

[4] R. Becker, P. Hansbo, A finite element method for domain decomposition with non-matching grids.

Technical Report 3613, INRIA, 1999.

[5] F.B. Belgacem, The Mortar finite element method with Lagrange multipliers. Numerische Mathematik, 84 (1999), pp. 173-197.

[6] C. Bernardi, Y. Maday and A.T. Patera, A new nonconforming approch to domain decomposition:

The mortar element method. Nonlinear partial differential equations and their applications. (H. Brezis et al., Eds.), Paris, 1994, pp. 13-51.

[7] H. Blum, M. Dobrowolski, On finite element methods for elliptic equations on domains with corners.

Computing, 28 (1982), pp. 53-63.

[8] D. Braess, Finite Elemente. Springer-Verlag, Berlin-Heidelberg, 1992.

[9] D. Braess, W. Dahmen, Ch. Wieners, A Multigrid Algorithm for the Mortar Finite Element Method.

Bericht Nr. 153, Institut für Geometrie und Praktische Mathematik, RWTH Aachen, 1998. [10] F. Brezzi, L. P. Franca, D. Marini, A. Russo, Stabilization techniques for domain decomposition methods with non-matching grids. in Domain Decomposition Methods in Sciences and Enginering, P.E. Bjørstadt, M.S. Espedal and D.E. Keyes (Eds.), Domain Decomposition Press, Bergen, 1998, pp. 1-11.

[11] P. Ciarlet, The finite-element method for elliptic problems. North-Holland, Amsterdam, 1978. [12] D. Gilbarg, N.S. Trudinger, Elliptic Partial Differential Equations of Second Order. Springer- Verlag, New York, 1998, 2. Auflage.

[13] P. Grisvard, Elliptic Problems in Nonsmooth Domains. Pitman, Boston-London-Melbourne, 1985. [14] B. Heinrich, The Fourier-finite-element method for Poisson’s equation in axisymmetric domains with edges. SIAM Journal on Numerical Analysis. Vol. 33, No.5, (1996), pp. 1885-1911.

[15] M. Jung, On adaptive grids in multilevel methods. In S. Hengst, editor: GAMM-Seminar on Multigrid- Methods, Berlin, 1993, Institut für Angewandte Analysis und Stochastik, Raport No. 5, pp. 67-80.

[16] J. Nitsche, Über ein Variationsprinzip zur Lösung von Dirichlet-Problemen bei Verwendung von Teilräumen, die keinen Randbedingungen unterworfen sind. Abhandlungen aus dem Mathematischen Seminaren der Universität Hamburg, 36 (1970/1971), Seiten 9-15.

[17] L.A. Oganesyan and L.A. Rukhovets, Variational-Difference Methods for Solving Elliptic Equations. Izdatel’stvo Akad. Nauk Arm. SSR, Jerevan, 1979. (In Russian.)

[18] K. Pietsch, Finite-Elemente-Mortaring nach einer Methode von Nitsche für elliptische Probleme der Ebene. Diplomarbeit, Fak. für Mathematik, TU Chemnitz, 2000.

[19] G. Raugel, Résolution numérique par une méthode d’ éléments finis du probléme Dirichlet pour le Laplacian dans un polygone. C. R. Acad. Sci. Paris Sér. A, 286 (1978), pp. A791-A794.

[20] R. Stenberg, On some techniques for approximating boundary conditions in the finite element method.

Journal of Computational and Applied Mathematics, 63 (1995), pp. 139-148.

[21] R. Stenberg, Mortaring by a Method of Nitsche. Computational Mechanics, New Trends and Applications. S. Idelsohn, E. Onate and E. Dvorkin (Eds.), Barcelona, CIMNE, Spain, 1998, pp. 1-6.

[22] G. Strang, G. Fix, An analysis of the finite element method. Prentice-Hall Inc., Englewood Cliffs, 1973.

[23] V. Thomée, Galerkin Finite Element Methods for Parabolic Problems. Springer Verlag, Berlin, 1997. [24] R. Verfürth, A posteriori error estimators for convection-diffusion equations. Numerische Mathematik, 80 (1998), pp. 641-663.

[25] B.I. Wohlmuth, A Mortar Finite Element Method Using Dual Spaces for the Lagrange Multiplier.

Report, Math.-Nat. Fakultät, Universität Augsburg, No. 407, December, 1998.