Technische Universität Chemnitz

Sonderforschungsbereich 393 Numerische Simulation auf massiv parallelen Rechnern

Sergey I. Solov’ev

Preconditioned gradient iterative methods for nonlinear eigenvalue problems

Preprint SFB393/00-28

Abstract. The existence of eigenvalues of a finite-dimensional symmetric eigenvalue problem with nonlinear entrance of the spectral parameter is studied. Preconditioned gradient iterative methods are suggested for solving the problem. The convergence and the error of these methods for computing eigenvalues are investigated.

Keywords. symmetric eigenvalue problem, nonlinear eigenvalue problem, iterative method, preconditioner, gradient methods, steepest descent methods

AMS subject classification. 65F15

Preprint-Reihe des Chemnitzer SFB 393

SFB393/00-28 June 2000

Author’s address:

Sergey I. Solov’ev Kazan State University Faculty of computer science and cybernetics Kremlevskaya 18, 420008 Kazan, Russia

e–mail: sergei.solovyev@ksu.ru

Introduction

Preconditioned gradient iterative methods have been studied for the symmetric eigenvalue problem Au = λBu in an Euclidean space H, for example, in the papers [1–11]. These iterative methods for computing the smallest eigenvalue have the following form: C ũ^{n+1} − u^n τ_n + (A − μ^nB)u^n = 0,

u^{n+1} = ũ^{n+1} ‖ũ^{n+1}‖_B , μ^n = R(u^n), n = 0, 1, . . . , where R(v) = (Av, v)/(Bv, v), v ∈ H \ {0}, the symmetric operator C satisfies the condition: δ_0(Cv, v) ≤ (Av, v) ≤ δ_1(Cv, v), v ∈ H, the iteration parameters τ_n can be chosen by the formula τ_n = δ^{−1}_1 or to maximize R(u^{n+1}). A survey of results on preconditioned iterative methods is presented in the paper [12].

Here, we generalize these methods for solving the symmetric nonlinear eigenvalue problem: λ ∈ Λ, u ∈ H \ {0}, A(λ)u = λB(λ)u. We propose preconditioned gradient iterative methods of the following kind: C(μ^n) ũ^{n+1} − u^n τ_n + (A(μ^n) − μ^nB(μ^n))u^n = 0,

u^{n+1} = ũ^{n+1} ‖ũ^{n+1}‖_{B(μ}n_) , μ^n = R(μ^n, u^n), n = 0, 1, . . . , where R(μ, v) = (A(μ)v, v)/(B(μ), v, v), v ∈ H \ {0}, μ ∈ Λ, Λ is an interval on the real axis, the symmetric operator C(μ) satisfies the condition: δ_0(μ)(C(μ)v, v) ≤ (A(μ)v, v) ≤ δ_1(μ)(C(μ)v, v), v ∈ H \ {0}, μ ∈ Λ, the iteration parameters τ_n are defined by the formula τ_n = δ^{−1}_1 (μ^n) or to maximize R(μ^n, u^{n+1}). In the paper [13], the preconditioned gradient subspace iteration method for computing a group of the smallest eigenvalues of finite–dimensional symmetric nonlinear eigenvalue problems was investigated. Nonlinear finite–dimensional eigenvalue problems arise after the discretization of infinite–dimensional nonlinear eigenvalue problems (see, for example, [14–32]).

In section 1 of the present paper, we give the statement of a symmetric eigenvalue problem in a finite–dimensional space with a nonlinear entrance of a spectral parameter. In section 2, results about existence and properties of the eigenvalues of the nonlinear eigenvalue problem are proved. Similar results were obtained earlier in the papers [14– 16, 18–23]. In section 3, we describe auxiliary results obtained in the papers [2,6]. These results are used further for constructing and investigating the iterative methods. In sections 4, 5 and 6, we formulate the preconditioned gradient iterative methods for the nonlinear eigenvalue problem, and we investigate the convergence and the error of these methods for computing the smallest eigenvalue.

1. Formulation of the problem Let H be an N–dimensional real Euclidean space with the scalar product (., .) and the norm ‖.‖, and let Λ be an interval on the real axis IR, Λ = (α, β), 0 ≤ α < β ≤ ∞. Introduce the operators A(μ) and B(μ) that, for fixed μ ∈ Λ, are symmetric linear operators from H to H satisfying the following conditions:

a) positive definiteness, i.e. there exist positive continuous functions α_1(μ) and β_1(μ), μ ∈ Λ, such that (A(μ)v, v) ≥ α_1(μ)‖v‖^2, (B(μ)v, v) ≥ β_1(μ)‖v‖^2 ∀v ∈ H, μ ∈ Λ; b) continuity with respect to the numerical argument, i.e. ‖A(μ) − A(η)‖ → 0, ‖B(μ) − B(η)‖ → 0, as μ → η, μ, η ∈ Λ. By ‖.‖ also denote the norm of an operator from H to H.

Define the Rayleigh quotient by the formula: R(μ, v) = (A(μ)v, v) (B(μ)v, v) , v ∈ H \ {0}, μ ∈ Λ. Assume that the following additional conditions are fulfilled:

c) the Rayleigh quotient R(μ, v), μ ∈ Λ, is, for fixed v ∈ H, a nonincreasing function of the numerical argument, i.e. R(μ, v) ≥ R(η, v), μ < η, μ, η ∈ Λ, v ∈ H \ {0}; d) there exists η ∈ Λ such that η − min v∈H\{0} R(η, v) ≤ 0; e) there exists η ∈ Λ such that η − max v∈H\{0} R(η, v) ≥ 0. Consider the following eigenvalue problem: find λ ∈ Λ, u ∈ H \ {0}, such that A(λ)u = λB(λ)u. (1) The number λ that satisfies (1) is called an eigenvalue, and the element u is called an eigenelement of problem (1) corresponding to λ. The set U(λ) that consists of the eigenelements corresponding to the eigenvalue λ and the zero element is a closed subspace in H, which is called the eigensubspace corresponding to the eigenvalue λ. The dimension of this subspace is called a multiplicity of the eigenvalue λ.

2. Existence of the eigenvalues

For fixed μ ∈ Λ we introduce the auxiliary linear eigenvalue problem: find γ(μ) ∈ IR, u = u(μ) ∈ H \ {0}, such that A(μ)u = γ(μ)B(μ)u. (2) For a symmetric positive definite linear operator A from H to H, denote by H_A the Euclidean space of elements from H with the scalar product (u, v)_A = (Au, v) and the norm ‖v‖_A = (v, v)^{1/2}_A , u, v ∈ H_A.

Lemma 1. For fixed μ ∈ Λ problem (2) has N real positive eigenvalues 0 < γ_1(μ) ≤ γ_2(μ) ≤ . . . ≤ γ_N (μ). The eigenelements u_i = u_i(μ), i = 1, 2, . . . , N, correspond to these eigenvalues: (A(μ)u_i, u_j) = γ_i(μ)δ_{ij}, (B(μ)u_i, u_j) = δ_{ij}, i, j = 1, 2, . . . , N. The elements u_i = u_i(μ), i = 1, 2, . . . , N, form an orthonormal basis of the space H_{B(μ)}.

The proof is given, for example, in [33].

Lemma 2. The formula of the minimax principle is valid: γ_i(μ) = min_{Wi⊂H} max_{v∈Wi\{0}} R(μ, v), i = 1, 2, . . . , N, where W_i is an i–dimensional subspace of the space H. In particular, the following relations hold: γ_1(μ) = min_{v∈H\{0}} R(μ, v), γ_N (μ) = max_{v∈H\{0}} R(μ, v). The proof is given, for example, in [33]. For a fixed segment [a, b] on Λ we set α_{1,min}(a, b) = min_{μ∈[a,b]} α_1(μ), β_{1,min}(a, b) = min_{μ∈[a,b]} β_1(μ). Lemma 3. Suppose that for μ, η ∈ [a, b] the following condition holds: ‖A(μ) − A(η)‖ α_{1,min}(a, b) ≤ 1 2 . Then for μ, η ∈ [a, b] the following inequalities are valid: |R(μ, v) − R(η, v)| ≤ 2 ( ‖A(μ) − A(η)‖ α_{1,min}(a, b) + ‖B(μ) − B(η)‖ β_{1,min}(a, b) ) R(a, v), v ∈ H \ {0}, |γ_i(μ) − γ_i(η)| ≤ 2 ( ‖A(μ) − A(η)‖ α_{1,min}(a, b) + ‖B(μ) − B(η)‖ β_{1,min}(a, b) ) γ_i(a), i = 1, 2, . . . , N. The proof is given in [13].

Lemma 4. The functions γ_i(μ), μ ∈ Λ, i = 1, 2, . . . , N, are continuous nonincreasing functions with positive values.

Proof. The continuity of the functions γ_i(μ), μ ∈ Λ, i = 1, 2, . . . , N, follows from Lemma 3 and condition b). Using the minimax principle of Lemma 2 and condition c), we obtain that the functions γ_i(μ), μ ∈ Λ, i = 1, 2, . . . , N, are nonincreasing functions. Thus, the lemma is proved.

Lemma 5. The functions μ − γ_i(μ), μ ∈ Λ, i = 1, 2, . . . , N, are continuous and strictly increasing functions with negative and positive values in the neighbourhoods of the points α and β, respectively.

The proof is given in [13].

Lemma 6. A number λ ∈ Λ is an eigenvalue of problem (1) if and only if the number λ is a solution of an equation from the set μ − γ_i(μ) = 0, μ ∈ Λ, i = 1, 2, . . . , N.

Proof. If λ is a solution of the equation μ − γ_i(μ) = 0, μ ∈ Λ, for some i, 1 ≤ i ≤ N, then it follows from (1) and (2) that λ is an eigenvalue of problem (1). If λ is an eigenvalue of problem (1), then (1) and (2) imply λ − γ_i(λ) = 0 for some i, 1 ≤ i ≤ N. This proves the lemma.

Theorem 1. Problem (1) has N eigenvalues λ_i, i = 1, 2, . . . , N, which are repeated according to their multiplicity: α < λ_1 ≤ λ_2 ≤ . . . ≤ λ_N < β. Each eigenvalue λ_i is a unique root of the equation μ − γ_i(μ) = 0, μ ∈ Λ, i = 1, 2, . . . , N.

Proof. By Lemma 5, each equation of the set μ − γ_i(μ) = 0, μ ∈ Λ, i = 1, 2, . . . , N, has a unique solution. Denote these solutions by λ_i, i = 1, 2, . . . , N, i. e. λ_i − γ_i(λ_i) = 0, i = 1, 2, . . . , N. To check that the numbers λ_i, i = 1, 2, . . . , N, are put in an increasing order, let us assume the opposite, i. e. λ_i > λ_{i+1}. Then, according to Lemma 4, we obtain a contradiction, namely

λ_i = γ_i(λ_i) ≤ γ_i(λ_{i+1}) ≤ γ_{i+1}(λ_{i+1}) = λ_{i+1}.

By Lemma 6, the numbers λ_i, i = 1, 2, . . . , N, are eigenvalues of problem (1). Thus, the theorem is proved.

Remark 1. If α = 0, then condition d) follows from condition c).

Proof. Let us fix ν ∈ Λ and put η = min{γ_1(ν), ν}/2. Taking into account condition c), Lemma 2, and the relations η ≤ γ_1(ν)/2, η ≤ ν/2 < ν, we have

η − min v∈H\{0} R(η, v) = η − γ_1(η) ≤ γ_1(ν)/2 − γ_1(ν) = −γ_1(ν)/2 < 0.

Thus, condition d) is satisfied for chosen η ∈ Λ.

Remark 2. If β = ∞, then condition e) follows from condition c). Proof. For fixed ν ∈ Λ put η = 2 max{γ_N (ν), ν}. Since η ≥ 2γ_N (ν) and η ≥ 2ν > ν, according to condition c) and Lemma 2, we obtain the relations: η − max v∈H\{0} R(η, v) = η − γ_N (η) ≥ 2γ_N (ν) − γ_N (ν) = γ_N (ν) > 0, which implies that condition e) is satisfied.

3. Auxiliary results Assume that the symmetric positive definite linear operator C(μ) from H to H is given for fixed μ ∈ Λ, and that there exist continuous functions δ_0(μ), δ_1(μ), μ ∈ Λ, 0 < δ_0(μ) ≤ δ_1(μ), μ ∈ Λ, such that δ_0(μ)(C(μ)v, v) ≤ (A(μ)v, v) ≤ δ_1(μ)(C(μ)v, v), v ∈ H, μ ∈ Λ. For a given element v ∈ H, ‖v‖_{B(μ)} = 1, we define an element w ∈ H and numbers ν^0 and ν^1 by the formulas: C(μ) w̃ − v τ(μ) + (A(μ) − R(μ, v)B(μ))v = 0, w = w̃ ‖w̃‖_{B(μ)} , ν^0 = R(μ, v), ν^1 = R(μ, w), for fixed μ ∈ Λ, τ(μ) = δ^{−1}_1 (μ), μ ∈ Λ.

Lemma 7. Let γ_1(μ) and γ_2(μ) be eigenvalues of problem (2) with μ ∈ Λ such that γ_1(μ) < γ_2(μ). Assume that ν^0 < γ_2(μ). Then γ_1(μ) ≤ ν^1 ≤ ν^0, and the following estimate is valid:

ν^1 − γ_1(μ) ≤ ρ(μ, ν^0)(ν^0 − γ_1(μ)), where 0 < ρ(μ, ν) < 1, ρ(μ, ν) = 1 − δ(μ)(1 − ν/γ_2(μ)) 1 + δ(μ)(1 − ν/γ_2(μ))(ν/γ_1(μ) − 1) , δ(μ) = δ_0(μ)/δ_1(μ), ν ∈ [γ_1(μ), γ_2(μ)), μ ∈ Λ.

The proof is given in [2], [6].

Remark 3. For fixed μ ∈ Λ, the gradient of the Rayleight quotient R(μ, v) in the space H_{C(μ)} is defined by the formula: grad_{C(μ)}R(μ, v) = 2‖v‖^{−2}_{B(μ)}C^{−1}(μ)(A(μ) − R(μ, v)B(μ))v.

Hence w̃ = v − τ(μ)C^{−1}(μ)(A(μ) − R(μ, v)B(μ))v = = v − 1 2 τ(μ)‖v‖^2_{B(μ)}grad_{C(μ)}R(μ, v) = = v − c_0 grad_{C(μ)}R(μ, v), where c_0 = 0.5 τ(μ)‖v‖^2_{B(μ)}.

4. Gradient iterative methods Assume that the symmetric positive definite linear operator C(μ) from H to H is given for fixed μ ∈ Λ, and that there exist continuous functions δ_0(μ), δ_1(μ), μ ∈ Λ, 0 < δ_0(μ) ≤ δ_1(μ), μ ∈ Λ, such that δ_0(μ)(C(μ)v, v) ≤ (A(μ)v, v) ≤ δ_1(μ)(C(μ)v, v), v ∈ H, μ ∈ Λ. Consider the following iterative method:

C(μ^n) ũ^{n+1} − u^n τ(μ^n) + (A(μ^n) − μ^nB(μ^n))u^n = 0, (3) u^{n+1} = ũ^{n+1} ‖ũ^{n+1}‖_{B(μ}n_) , n = 0, 1, . . . ,

where the number μ^n is defined as a solution of the equation: μ − φ_n(μ) = 0, μ ∈ Λ, (4) for n = 0, 1, . . . Here u^0 is a given element of H, ‖u^0‖_{B(μ}0_) = 1, τ(μ) = δ^{−1}_1 (μ), μ ∈ Λ, the functions φ_n(μ), μ ∈ Λ, n = 0, 1, . . ., are defined by the formulas: φ_n(μ) = R(μ, u^n), μ ∈ Λ, for n = 0, 1, . . .

Remark 4. The following formula holds: ũ^{n+1} = u^n − c_ngrad_{C(μ}n_)R(μ^n, u^n), where c_n = 0.5 τ(μ^n)‖u^n‖^2_{B(μ}n_). This formula follows from Remark 3.

Lemma 8. The functions φ_n(μ), μ ∈ Λ, n = 0, 1, . . ., are continuous nonincreasing functions with positive values. In addition, the following inequalities are valid: φ_n(μ) ≥ γ_1(μ), μ ∈ Λ, n = 0, 1, . . .

The proof follows from Lemmas 2 and 3.

Lemma 9. The functions μ − φ_n(μ), μ ∈ Λ, n = 0, 1, . . ., are continuous and strictly increasing functions with negative and positive values in the neighbourhoods of the points α and β, respectively.

The proof is similar to the proof of Lemma 5 (see [13]). Let λ_1 and λ_2 be eigenvalues of problem (1) such that λ_1 < λ_2. Put ρ(ν) = 1 − d(1 − ν/λ_2) 1 + d(1 − ν/λ_2)(ν/λ_1 − 1)

, ν ∈ [λ_1, λ_2), d = min μ∈[λ1,λ2] δ(μ), δ(μ) = δ_0(μ)/δ_1(μ), μ ∈ Λ. Note that 0 < d ≤ 1, 0 < ρ(ν) < 1 for ν ∈ [λ_1, λ_2).

Lemma 10. The half–open interval [λ_1, λ_2) is contained in the half–open interval [γ_1(μ), γ_2(μ)) for any μ ∈ [λ_1, λ_2).

Proof. Taking into account Lemma 4, we get γ_1(μ) ≤ λ_1 and γ_2(μ) ≥ λ_2 for μ ∈ [λ_1, λ_2). These inequalities prove the lemma.

Lemma 11. The following inequality holds: ρ(μ, ν) ≤ ρ(ν) for μ, ν ∈ [λ_1, λ_2). Proof. By Lemma 10, if ν ∈ [λ_1, λ_2) and λ_1 < λ_2, then ν ∈ [γ_1(μ), γ_2(μ)) and γ_1(μ) < γ_2(μ) for μ ∈ [λ_1, λ_2). Now relations γ_1(μ) ≤ λ_1, γ_2(μ) ≥ λ_2, μ ∈ [λ_1, λ_2), imply the desired inequality: ρ(μ, ν) = 1 − δ(μ)(1 − ν/γ_2(μ)) 1 + δ(μ)(1 − ν/γ_2(μ))(ν/γ_1(μ) − 1) ≤ ≤ 1 − d(1 − ν/λ_2) 1 + d(1 − ν/λ_2)(ν/λ_1 − 1) = ρ(ν) for μ, ν ∈ [λ_1, λ_2) ⊂ [γ_1(μ), γ_2(μ)). Thus, the lemma is proved.

Theorem 2. Let λ_1 and λ_2 be eigenvalues of problem (1) such that λ_1 < λ_2. Suppose that the sequence μ^n, n = 0, 1, . . . is calculated by the formulas (3), (4), μ^0 < λ_2. Then μ^n → λ_1 as n → ∞, and the following inequalities are valid λ_2 > μ^0 ≥ μ^1 ≥ . . . ≥ μ^n ≥ . . . ≥ λ_1.

Moreover, the following estimate holds:

μ^{n+1} − γ_1(μ^{n+1}) ≤ (μ^{n+1} − φ_{n+1}(μ^n)) + ρ(μ^n)(μ^n − γ_1(μ^n)), where 0 < ρ(μ) < 1, μ ∈ [λ_1, λ_2), n = 0, 1, . . .

Proof. Let us show that the solutions μ^n, n = 0, 1, . . . of the equations μ − φ_n(μ) = 0, μ ∈ Λ, n = 0, 1, . . . satisfy the following inequalities: λ_2 > μ^0 ≥ μ^1 ≥ . . . ≥ μ^n ≥ . . . ≥ λ_1.

Assume that the equation μ − φ_n(μ) = 0, μ ∈ Λ, has the solution μ^n such that λ_2 > μ^0 ≥ μ^1 ≥ . . . ≥ μ^n ≥ λ_1, n ≥ 0.

Hence we obtain ν^0 = φ_n(μ^n) = μ^n < λ_2 = γ_2(λ_2) ≤ γ_2(μ^n).

Consequently, by Lemma 7, we have ν^1 = φ_{n+1}(μ^n) ≤ ν^0 = φ_n(μ^n) = μ^n.

It follows from Lemmas 8 and 9 that the equation μ − φ_{n+1}(μ) = 0, μ ∈ Λ, has the unique solution μ^{n+1} and λ_2 > μ^0 ≥ μ^1 ≥ . . . ≥ μ^n ≥ μ^{n+1} ≥ λ_1.

Let us prove that μ^n → λ_1 as n → ∞. Taking into account Lemma 7, 10, 11, we obtain the following relations:

μ^{n+1} − γ_1(μ^{n+1}) = (μ^{n+1} − φ_{n+1}(μ^n)) + (φ_{n+1}(μ^n) − γ_1(μ^{n+1})) ≤ ≤ (μ^{n+1} − φ_{n+1}(μ^n)) + (φ_{n+1}(μ^n) − γ_1(μ^n)) = = (μ^{n+1} − φ_{n+1}(μ^n)) + (ν^1 − γ_1(μ^n)) ≤ ≤ (μ^{n+1} − φ_{n+1}(μ^n)) + ρ(μ^n, ν^0)(ν^0 − γ_1(μ^n)) ≤ ≤ (μ^{n+1} − φ_{n+1}(μ^n)) + ρ(μ^n)(μ^n − γ_1(μ^n)), where ν^0 = φ_n(μ^n) = μ^n, ν^1 = φ_{n+1}(μ^n).

Since λ_2 > μ^0 ≥ μ^1 ≥ . . . ≥ μ^n ≥ . . . ≥ λ_1, there exists ξ ∈ [λ_1, λ_2) such that μ^n → ξ as n → ∞. By condition a) and the relations ‖u^n‖_{B(μ}n_) = 1, n = 0, 1, . . ., we obtain that there exists a constant c > 0 such that ‖u^n‖ ≤ ‖u^n‖_{B(μ}n_) √ β_1(μ^n) = 1 √ β_1(μ^n) ≤ c, n = 0, 1, . . . , c = max μ∈[λ1,λ2] 1 √ β_1(μ) .

Hence there exists an element w ∈ H and a subsequence u^{ni+1}, i = 1, 2, . . ., such that u^{ni+1} → w as i → ∞.

Let us prove that μ^{ni+1} − φ_{ni+1}(μ^{ni}) → 0 as i → ∞. We have

0 ≤ μ^{ni+1} − φ_{ni+1}(μ^{ni}) = R(μ^{ni+1}, u^{ni+1}) − R(μ^{ni}, u^{ni+1}) → 0 as i → ∞. Here, we have taken into account that R(μ^{ni+1}, u^{ni+1}) → R(ξ, w), R(μ^{ni}, u^{ni+1}) → R(ξ, w), as i → ∞. Using the relations

0 ≤ μ^{ni+1} − γ_1(μ^{ni+1}) ≤ (μ^{ni+1} − φ_{ni+1}(μ^{ni})) + ρ(μ^{ni})(μ^{ni} − γ_1(μ^{ni})) as i → ∞, we get 0 ≤ ξ − γ_1(ξ) ≤ ρ(ξ)(ξ − γ_1(ξ)), where 0 < ρ(μ) < 1, μ ∈ [λ_1, λ_2). Hence the number ξ ∈ [λ_1, λ_2) satisfies the equation ξ − γ_1(ξ) = 0, i. e. ξ = λ_1 is an eigenvalue of problem (1) and μ^n → λ_1 as n → ∞. This completes the proof of the theorem.

5. Error estimates of the gradient iterative methods Assume that there exist positive continuous functions α_0(μ, η) and β_0(μ, η), μ, η ∈ Λ, such that ‖A(μ) − A(η)‖ ≤ α_0(μ, η)|μ − η|, ‖B(μ) − B(η)‖ ≤ β_0(μ, η)|μ − η|, for μ, η ∈ Λ.

For a fixed segment [a, b] on Λ we set α_{0,max}(a, b) = max_{μ,η∈[a,b]} α_0(μ, η), β_{0,max}(a, b) = max_{μ,η∈[a,b]} β_0(μ, η). Lemma 12. Assume that the following inequality holds: α_{0,max}(a, b) α_{1,min}(a, b) (b − a) ≤ 1 2 , for a fixed segment [a, b] on Λ. Then the following estimate is valid: |R(μ, v) − R(η, v)| ≤ r(a, b, v) |μ − η|, μ, η ∈ [a, b], v ∈ H \ {0}, where r(a, b, v) = 2 ( α_{0,max}(a, b) α_{1,min}(a, b) + β_{0,max}(a, b) β_{1,min}(a, b) ) R(a, v).

The proof follows from Lemma 3. Put q(μ) = max{ρ(λ_1), ρ(μ)}, μ ∈ [λ_1, λ_2), ω = λ_2 √ 1 − d 1 + √ 1 − d . Note that 0 < q(μ) < 1 for μ ∈ [λ_1, λ_2).

Lemma 13. The following equality is valid: max μ∈[λ1,μ0] ρ(μ) = q(μ^0)

for μ^0 ∈ [λ_1, λ_2). If 0 ≤ ω ≤ λ_1, then q(μ^0) = ρ(μ^0). If λ_1 ≤ ω < λ_2 and λ_1 ≤ μ^0 ≤ ω, then q(μ^0) = ρ(λ_1).

Proof. It is not difficult to make sure (see also [6]) that ρ^′(ω) = 0, ρ^′(μ) < 0 for μ ∈ (0, ω), ρ^′(μ) > 0 for μ ∈ (ω, λ_2). These relations imply desired results. Thus, the lemma is proved.

Theorem 3. Let λ_1 and λ_2 be eigenvalues of problem (1) such that λ_1 < λ_2. Assume that the sequence μ^n, n = 0, 1, . . . is calculated by the formulas (3), (4), μ^0 < λ_2, and that numbers n_0 ≥ 0 and ε > 0 such that λ_1 ≤ μ^{n+1} ≤ μ^n ≤ λ_1 + ε < λ_2 and α_{0,max}(λ_1, λ_1 + ε) α_{1,min}(λ_1, λ_1 + ε) ε ≤ 1 2 for n ≥ n_0. Then the following estimate is valid: μ^{n+1} − γ_1(μ^{n+1}) ≤ q_n(μ^n − γ_1(μ^n)), where q_n = r(λ_1, λ_1 + ε, u^{n+1}) + ρ(μ^n), n ≥ n_0.

Suppose r(λ_1, λ_1 + ε, u^{n+1}) ≤ σ, n ≥ n_0. Then μ^{n+1} − γ_1(μ^{n+1}) ≤ q^{n+1}_0 (μ^0 − γ_1(μ^0)), μ^{n+1} − λ_1 ≤ q^{n+1}_0 (μ^0 − γ_1(μ^0)), for q_0 = σ + q(μ^0), n ≥ n_0.

Proof. According to Lemma 12, for n ≥ n_0 we obtain the following relation: μ^{n+1} − φ_{n+1}(μ^n) = φ_{n+1}(μ^{n+1}) − φ_{n+1}(μ^n) = = R(μ^{n+1}, u^{n+1}) − R(μ^n, u^{n+1}) ≤ ≤ r(λ_1, λ_1 + ε, u^{n+1})(μ^n − μ^{n+1}) ≤ ≤ r(λ_1, λ_1 + ε, u^{n+1})(μ^n − γ_1(μ^n)), in which we have taken into account that γ_1(μ^n) ≤ φ_{n+1}(μ^n) ≤ φ_{n+1}(μ^{n+1}) = μ^{n+1}.

Now, by Theorem 2 and Lemma 13, we obtain desired estimates. Thus, the theorem is proved.

Remark 5. Assume that the operators A(μ) = A, B(μ) = B, C(μ) = C, do not depend on μ ∈ IR, and that the following relations are valid: δ_0(Cv, v) ≤ (Av, v) ≤ δ_1(Cv, v), v ∈ H, for given constants δ_0 and δ_1, 0 < δ_0 ≤ δ_1. In this case, the iterative method (3) and (4) has the following form: C ũ^{n+1} − u^n τ + (A − μ^nB)u^n = 0, u^{n+1} = ũ^{n+1} ‖ũ^{n+1}‖_B , μ^n = R(u^n) n = 0, 1, . . . , where R(v) = (Av, v)/(Bv, v), v ∈ H \{0}, τ = δ^{−1}_1 , u^0 is a given element of H, ‖u^0‖_B = 1.

Then the error estimates of Theorem 3 are transformed to the estimates: μ^{n+1} − λ_1 ≤ ρ(μ^n)(μ^n − λ_1), μ^{n+1} − λ_1 ≤ q^{n+1}_0 (μ^0 − λ_1), for n = 0, 1, . . ., where 0 < ρ(μ) < 1 for μ ∈ [λ_1, λ_2), q(μ) = max{ρ(λ_1), ρ(μ)}, μ ∈ [λ_1, λ_2), 0 < q_0 = q(μ^0) < 1, ρ(ν) = 1 − δ(1 − ν/λ_2) 1 + δ(1 − ν/λ_2)(ν/λ_1 − 1)

, δ = δ_0/δ_1, ν ∈ [λ_1, λ_2).

These error estimates are identical with known results (see, for example, [2], [6]).

6. Steepest descent methods Now we shall investigate the preconditioned gradient iterative method which, unlike method (3), (4), does not use the function τ(μ) = δ^{−1}_1 (μ), μ ∈ Λ, introduced in section 3:

C(μ^n) ũ^{n+1} − u^n τ_n + (A(μ^n) − μ^nB(μ^n))u^n = 0, (5) u^{n+1} = ũ^{n+1} ‖ũ^{n+1}‖_{B(μ}n_) , n = 0, 1, . . . , where the number μ^n is defined as a solution of the equation: μ − φ_n(μ) = 0, μ ∈ Λ, (6) for n = 0, 1, . . . Here u^0 is a given element of H, ‖u^0‖_{B(μ}0_) = 1, the functions φ_n(μ), μ ∈ Λ, n = 0, 1, . . ., are defined by the formulas: φ_n(μ) = R(μ, u^n), μ ∈ Λ, n = 0, 1, . . . The number τ_n in (5) is calculated by the formulas:

τ_n = −b + √ b^2 − 4ac 2a ,

a = a_2b_1 − a_1b_2, b = a_1 − μ^na_2, c = (v^n, w^n), a_1 = (A(μ^n)w^n, w^n), b_1 = (A(μ^n)u^n, w^n), a_2 = (B(μ^n)w^n, w^n), b_2 = (B(μ^n)u^n, w^n), v^n = (A(μ^n) − μ^nB(μ^n))u^n, w^n = C^{−1}(μ^n)v^n, for n = 0, 1, . . .

Remark 6. The formulas for calculating the number τ_n were obtained from the following condition: R(μ^n, u^n − τ_nw^n) = min_{τ∈[0,∞)} R(μ^n, u^n − τw^n). Remark 7. The following formula holds: ũ^{n+1} = u^n − τ_nw^n = u^n − c_n grad_{C(μ}n_)R(μ^n, u^n), where c_n = 1 2 τ_n‖u^n‖^2_{B(μ}n_).

This formula follows from Remark 3.

Lemma 14. The functions φ_n(μ), μ ∈ Λ, n = 0, 1, . . ., are continuous nonincreasing functions with positive values. In addition, the following inequalities are valid: φ_n(μ) ≥ γ_1(μ), μ ∈ Λ, n = 0, 1, . . .

The proof follows from Lemmas 2 and 3.

Lemma 15. The functions μ − φ_n(μ), μ ∈ Λ, n = 0, 1, . . ., are continuous and strictly increasing functions with negative and positive values in the neighbourhoods of the points α and β, respectively.

The proof is similar to the proof of Lemma 5 (see [13]).

Theorem 4. Let λ_1 and λ_2 be eigenvalues of problem (1) such that λ_1 < λ_2. Assume that the sequence μ^n, n = 0, 1, . . . is calculated by the formulas (5), (6), μ^0 < λ_2. Then μ^n → λ_1 as n → ∞, and the following inequalities are valid λ_2 > μ^0 ≥ μ^1 ≥ . . . ≥ μ^n ≥ . . . ≥ λ_1.

Moreover, the following estimate holds:

μ^{n+1} − γ_1(μ^{n+1}) ≤ (μ^{n+1} − φ_{n+1}(μ^n)) + ρ(μ^n)(μ^n − γ_1(μ^n)), where 0 < ρ(μ) < 1, μ ∈ [λ_1, λ_2), n = 0, 1, . . .

Proof. The solutions μ^n, n = 0, 1, . . . of the equations μ − φ_n(μ) = 0, μ ∈ Λ, n = 0, 1, . . . satisfy the following inequalities: λ_2 > μ^0 ≥ μ^1 ≥ . . . ≥ μ^n ≥ . . . ≥ λ_1.

This is proving by analogy with Theorem 2 according to Lemmas 14 and 15.

Let us prove that μ^n → λ_1 as n → ∞. Taking into account Lemma 7, 10, 11, we obtain the following relations:

μ^{n+1} − γ_1(μ^{n+1}) = (μ^{n+1} − φ_{n+1}(μ^n)) + (R(μ^n, u^{n+1}) − γ_1(μ^{n+1})) ≤ ≤ (μ^{n+1} − φ_{n+1}(μ^n)) + (R(μ^n, w) − γ_1(μ^n)) = = (μ^{n+1} − φ_{n+1}(μ^n)) + (ν^1 − γ_1(μ^n)) ≤ ≤ (μ^{n+1} − φ_{n+1}(μ^n)) + ρ(μ^n, ν^0)(ν^0 − γ_1(μ^n)) ≤ ≤ (μ^{n+1} − φ_{n+1}(μ^n)) + ρ(μ^n)(μ^n − γ_1(μ^n)), where ν^0 = φ_n(μ^n) = μ^n, ν^1 = φ_{n+1}(μ^n), the element w ∈ H is defined by the formulas: C(μ^n) w̃ − u^n τ(μ^n) + (A(μ^n) − μ^nB(μ^n))u^n = 0, w = w̃ ‖w̃‖_{B(μ}n_) . Note that from this formula and Remark 6, we have R(μ^n, u^{n+1}) = R(μ^n, u^n − τ_nw^n) = min_{τ∈[0,∞)} R(μ^n, u^n − τw^n) ≤ ≤ R(μ^n, u^n − τ(μ^n)w^n) = R(μ^n, w).

Now the proof is completed similarly to the proof of Theorem 2. Thus, the theorem is proved.

Theorem 5. Let λ_1 and λ_2 be eigenvalues of problem (1) such that λ_1 < λ_2. Assume that the sequence μ^n, n = 0, 1, . . . is calculated by the formulas (5), (6), μ^0 < λ_2, and that numbers n_0 ≥ 0 and ε > 0 such that λ_1 ≤ μ^{n+1} ≤ μ^n ≤ λ_1 + ε < λ_2 and α_{0,max}(λ_1, λ_1 + ε) α_{1,min}(λ_1, λ_1 + ε) ε ≤ 1 2 for n ≥ n_0. Then the following estimate is valid:

μ^{n+1} − γ_1(μ^{n+1}) ≤ q_n(μ^n − γ_1(μ^n)),

where q_n = r(λ_1, λ_1 + ε, u^{n+1}) + ρ(μ^n), n ≥ n_0.

Suppose r(λ_1, λ_1 + ε, u^{n+1}) ≤ σ, n ≥ n_0. Then

μ^{n+1} − γ_1(μ^{n+1}) ≤ q^{n+1}_0 (μ^0 − γ_1(μ^0)), μ^{n+1} − λ_1 ≤ q^{n+1}_0 (μ^0 − γ_1(μ^0)),

for q_0 = σ + q(μ^0), n ≥ n_0.

The proof is similar to the proof of Theorem 3.

Remark 8. Assume that the operators A(μ) = A, B(μ) = B, C(μ) = C, do not depend on μ ∈ IR, and that the following relations are valid: δ_0(Cv, v) ≤ (Av, v) ≤ δ_1(Cv, v), v ∈ H, for given constants δ_0 and δ_1, 0 < δ_0 ≤ δ_1. In this case, the iterative method (5) and (6) has the following form: C ũ^{n+1} − u^n τ_n + (A − μ^nB)u^n = 0,

u^{n+1} = ũ^{n+1} ‖ũ^{n+1}‖_B , μ^n = R(u^n) n = 0, 1, . . . , where R(v) = (Av, v)/(Bv, v), v ∈ H \ {0}, u^0 is a given element of H, ‖u^0‖_B = 1. The number τ_n is defined by the formulas:

τ_n = −b + √ b^2 − 4ac 2a ,

a = a_2b_1 − a_1b_2, b = a_1 − μ^na_2, c = (v^n, w^n), a_1 = (Aw^n, w^n), b_1 = (Au^n, w^n),

a_2 = (Bw^n, w^n), b_2 = (Bu^n, w^n), v^n = (A − μ^nB)u^n, w^n = C^{−1}v^n,

for n = 0, 1, . . .

Then the error estimates of Theorem 5 are transformed to the estimates:

μ^{n+1} − λ_1 ≤ ρ(μ^n)(μ^n − λ_1), μ^{n+1} − λ_1 ≤ q^{n+1}_0 (μ^0 − λ_1),

for n = 0, 1, . . ., where 0 < ρ(μ) < 1 for μ ∈ [λ_1, λ_2), q(μ) = max{ρ(λ_1), ρ(μ)}, μ ∈ [λ_1, λ_2), 0 < q_0 = q(μ^0) < 1, ρ(ν) = 1 − δ(1 − ν/λ_2) 1 + δ(1 − ν/λ_2)(ν/λ_1 − 1)

, δ = δ_0/δ_1, ν ∈ [λ_1, λ_2).

These error estimates are identical with known results (see, for example, [2], [6]).

Acknowledgement

The work of the author was supported by DFG (German Research Foundation), Sonderforschungsbereich 393.

References

1. B.A. Samokish, The steepest descent method for an eigenelement problem with semi–bounded operators. Izv. Vyssh. Uchebn. Zaved., Mat., 1958, No. 5, pp. 105–114 (in Russian).

2. E.G. D’yakonov, M.Yu. Orekhov, Minimization of the computational labor in determining the first eigenvalues of differential operators. Mat. Zametki, 1980, Vol. 27, No. 5. pp. 795–812 (in Russian).

3. E.G. D’yakonov, A.V. Knyazev, The group iterative method for finding lower–order eigenvalues. Vestnik Mosk. Univ., Ser. 15, Vychisl. Mat. Kibern., 1982, No. 2, pp. 29–34 (in Russian).

4. E.G. D’yakonov, Iteration methods in eigenvalue problems. Mat. Zametki, 1983, Vol. 34, No. 6, pp. 897–912 (in Russian).

5. A.V. Knyazev, Convergence rate estimates for iterative methods for mesh symmetric eigenvalue problem. Sov. J. Numer. Anal. Math. Modelling., 1987, Vol. 2, No. 5, pp. 371–396.

6. E.G. D’yakonov, Minimization of Computational Work. Asymptotically Optimal Algorithms for Elliptic Problems. Nauka, Moscow, 1989 (in Russian).

7. E.G. D’yakonov, A.V. Knyazev, On an iterative method for finding lower eigenvalues. Rus. J. Numer. Anal. Math. Modelling., 1992, Vol. 7, No. 6, pp. 473–486.

8. J.H. Bramble, J.E. Pasciak, A.V. Knyazev, A subspace preconditioning algorithm for eigenvector/eigenvalue computation. Adv. Comput. Math., 1996, Vol. 6, No. 2, pp. 159–189.

9. V.G. Prikazchikov, Prototypes of iteration methods of solving an eigenvalue problem. Differ. Uravn., 1980, Vol. 16, No. 9, pp. 1688–1697 (in Russian).

10. V.G. Prikazchikov, Steepest descent in a spectral problem. Differ. Uravn., 1986, Vol. 22, No. 7, pp. 1268–1271 (in Russian).

11. P.F. Zhuk, V.G. Prikazchikov, An effective estimate of the convergence of an implicit iteration method for eigenvalue problems. Differ. Uravn., 1982, Vol. 18, No. 7, pp. 1197–1202 (in Russian).

12. A.V. Knyazev, Preconditioned eigensolver – an oximoron ? ETNA, 1998, Vol. 7, pp. 104–123.

13. S.I. Solov’ev, Convergence of the modified subspace iteration method for nonlinear eigenvalue problems. Preprint SFB393/99–35, TU Chemnitz, 1999.

14. A.V. Goolin, A.V. Kregzhde, Difference schemes for certain nonlinear spectral problems. Preprint No. 153, Inst. of Applied Math., USSR Acad. Sci., Moscow, 1981 (in Russian).

15. A.V. Kregzhde, On difference schemes for a nonlinear Sturm–Liouville problem. Differ. Uravn., 1981, Vol. 17, No. 7, pp. 1280–1284 (in Russian).

16. A.V. Goolin, S.V. Kartyshov, Numerical study of stability and nonlinear eigenvalue problems. Surv. Math. Ind., 1993, Vol. 3, pp. 29–48.

17. Yu.P. Zhigalko, A.D. Lyashko, S.I. Solov’ev, Oscillations of a cylindrical shell with joned rigid ring elements. Modelirovanie v Mekhanike, 1988, Vol. 2, No. 2, pp. 68–85 (in Russian).

18. R.Z. Dautov, A.D. Lyashko, S.I. Solov’ev, Convergence of the Bubnov–Galerkin method with perturbations for symmetric eigenvalue problems with a parameter entering nonlinearly. Differ. Uravn., 1991, Vol. 27, No. 7, pp. 1144–1153 (in Russian).

19. S.I. Solov’ev, Error of the Bubnov–Galerkin method with perturbations for symmetric eigenvalue problems with a parameter entering nonlinearly. Zh. Vychisl. Mat. Mat. Fiz., 1992, Vol. 32, No. 5, pp. 675–691 (in Russian).

20. S.I. Solov’ev, Approximation of symmetric eigenvalue problems with a parameter entering nonlinearly. Izv. Vyssh. Uchebn. Zaved., Mat., 1993, No. 10, pp. 60–68 (in Russian).

21. S.I. Solov’ev, Error estimates of the finite element method for symmetric eigenvalue problems with a parameter entering nonlinearly. Izv. Vyssh. Uchebn. Zaved., Mat., 1994, No. 9, pp. 70–77 (in Russian).

22. R.Z. Dautov, A.D. Lyashko, S.I. Solov’ev, The bisection method for symmetric eigenvalue problems with a parameter entering nonlinearly. Rus. J. Numer. Anal. Math. Modelling., 1994, Vol. 9, No. 5, pp. 417–427.

23. S.I. Solov’ev, The finite element method for symmetric eigenvalue problems with a nonlinear entrance of a spectral parameter. Zh. Vychisl. Mat. Mat. Fiz., 1997, Vol. 37,

No. 11, pp. 1311–1318 (in Russian).

24. Yu.P. Zhigalko, S.I. Solov’ev, Approximation of a problem on eigenvibrations of a beam with a harmonic oscillator. In: Theory of mesh methods for nonlinear boundary value problems. Proceeding of Russia workshop. Kazan Math. Society, Kazan, 1998, pp. 35–37 (in Russian).

25. L. Greenberg, I. Babuska, A continuous analogue of Sturm sequences in the context of Sturm–Liouville equations. SIAM J. Numer. Anal., 1989, Vol. 26, No. 4, pp. 920–945.

26. L. Greenberg, Sturm sequences for nonlinear eigenvalue problems. SIAM J. Math. Anal., 1989, Vol. 20, No. 1, pp. 182–199.

27. L. Greenberg, An oscillation method for fourth–order, self–adjoint, two–point boundary value problems with nonlinear eigenvalues. SIAM J. Math. Anal., 1991, Vol. 22, No. 4, pp. 1021–1042.

28. M.B. Porter, E.L. Reis, A numerical method for acoustic normal modes for shear flows. J. Sound Vibration, 1985, Vol. 100, pp. 91–105.

29. M.B. Porter, E.L. Reis, A note on the relationship between finite–differences and shooting methods for ODE eigenvalue problems. SIAM J. Numer. Anal., 1986, Vol. 23, No. 5, pp. 1034–1039.

30. V.S. Zheltukhin, On solvability of an nonlinear eigenvalue problem in the theory of high–frequency discharge of low pressure, Izv. Vyssh. Uchebn. Zaved., Mat., 1999, No. 5, pp. 26–31 (in Russian).

31. E.M. Karchevskij, S.I. Solov’ev, Investigation of a spectral problem for the Helmholtz operator on the plane. Differ. Uravn., 2000, Vol. 36, No. 3 (in Russian).

32. Yu.P. Zhigalko, S.I. Solov’ev, Eigenvibrations of a beam with a harmonic oscillator. Izv. Vyssh. Uchebn. Zaved., Mat., 2000, No. 11 (in Russian).

33. F.R. Gantmakher, Theory of Matrices. Nauka, Moscow, 1988 (in Russian).