Technische Universität Chemnitz

Sonderforschungsbereich 393 Numerische Simulation auf massiv parallelen Rechnern

Christian Bourgeois and Reinhold Schneider

Biorthogonal wavelets for the direct integral formulation of the heat equation

Preprint SFB393/00-14

Preprint-Reihe des Chemnitzer SFB 393

SFB393/00-14 March 2000

Contents

1 Introduction 1 2 Integral formulation 2 3 Adapted wavelet basis 3 4 Galerkin method 14 5 Compression of the stiffness matrix 17 6 Convergence 23 7 Results for the first kind formulation 24 8 The Dirichlet problem 26

Authors:

Christian Bourgeois Reinhold Schneider Fakultät für Mathematik TU Chemnitz D-09107 Chemnitz, Germany

bourgeoi@mathematik.tu-chemnitz.de
reinhold@mathematik.tu-chemnitz.de

Abstract We consider the direct integral formulation of the heat equation in a smooth domain of R^2 with Neumann and Dirichlet boundary conditions. The unknown belongs to an anisotropic Sobolev space of positive order for the Neumann problem and of negative order for the Dirichlet one and is approximated by the Galerkin method using an appropriate biorthogonal wavelet basis. The use of such a basis allows to compress the stiffness matrix from O(N^2) to O(N), and to obtain a uniformly bounded condition number. Finally, we show that the compressed scheme converges as fast as the Galerkin.

1 Introduction

The boundary element method applied to the heat equation on a smooth domain Ω of R^2 leads to the resolution of a two-dimensional problem [8, 16]. Unfortunately, the stiffness matrix is full, and in general ill-conditioned. Many authors (see [10, 18, 23]) have introduced new bases made of wavelets to overcome these difficulties, but only, to our knowledge, for elliptic problems. Therefore our goal is to adapt the strategy to a parabolic case.

The Dirichlet and Neumann problems will be solved using direct integral formulations (see [8, 16]). Their kernel involve an exponential function and the first step is then to check that this function satisfies a decay property in the sense of [23] to fit well in our compression procedure. The second step consists in the characterization of the anisotropic Sobolev spaces H̃^{r,p}(Σ_T ) with r ≠ p in term of biorthogonal wavelets, since the integral formulation of the heat equation is given in those spaces. This will be done using tensor products of one-dimensional wavelets. For the Neumann and Dirichlet problems, the associated bilinear form may be no more coercive and we overcome this difficulty by using compact perturbation arguments (see [3, 17]). As in elliptic problems, the use of wavelets allow to compress the stiffness matrix from O(N^2) non-zero entries to O(N). However, this procedure has to be done with precautions here. In fact, the wavelet coefficients of the stiffness matrix have a decreasing property involving a ”pseudo-distance” instead of the classical euclidian one. Once this is proved, one can, as in elliptic problems, compress the matrix by replacing some small coefficients by zero. The order of convergence between the exact solution and the solution of the compressed Galerkin scheme is not affected by this procedure.

The schedule of the paper is the following one. In section 2 we recall the integral formulation of the problem and define the anisotropic Sobolev spaces which are characterized by a biorthogonal wavelet basis in section 3. The Galerkin method is presented in section 4. Due to the above characterization, we obtain a well-conditioned system. The next part is devoted to the decay of some coefficients of the stiffness matrix and a compression procedure is retailed to sparse it. Therefore in section 6 we give an error estimate between the exact solution and the solution of the compressed Galerkin scheme. We adapt our strategy to the study of the first kind formulation of the Neumann problem in section 7 and slights modifications are needed to treat the Dirichlet problem in the last section.

2 Integral formulation

In this section, we recall the integral formulation of the heat equation described in [8, 16]. We need the definition of the anisotropic Sobolev spaces H̃^{r,p}(Σ_T ). For r, p ≥ 0, we set

H^{r,p}(Σ_T ) = L^2((0, T ); H^r(Γ)) ⋂ L^2(Γ; H^p(0, T )), (1) H̃^{r,p}(Σ_T ) = {u = U_{|ΣT} : U ∈ H^{r,p}(Σ) , U(., t) = 0, t < 0}, (2)

when Σ = Γ×R and H^r(Γ) is the classic Sobolev space because the boundary Γ is smooth.

The Neumann problem is the following one

−ΔΦ + ∂_tΦ = 0 in Q_T = Ω × (0, T ), ∂_nΦ_{|ΣT} = g_1 on Σ_T = Γ × (0, T ), Φ(x, 0) = 0 ∀x ∈ Ω. (3) Let V and W denote the classic single-layer and double-layer heat potentials : (V μ)(x, t) = ∫_t 0 ∫ Γ μ(y, τ)E(x − y, t − τ)dΓ_ydτ, (4) (W μ)(x, t) = ∫_t 0 ∫ Γ μ(y, τ)∂_{ny} E(x − y, t − τ)dΓ_ydτ, (5) for all (x, t) ∈ Q_T ∪ Q^c_T , with Q^c_T = Ω^c × (0, T ), where E is the fundamental solution of the heat equation : E(x, t) = H(t) 4πt exp ( − |x|^2 4t ) , (6)

H(t) being the Heaviside’s function.

We recall the definition of the single-layer operator S, the double-layer operator D, the spatial adjoint of the double-layer operator D^′ and the hypersingular heat operator H : (Sσ)(x, t) = ∫_t 0 ∫ Γ σ(y, τ)E(x − y, t − τ)dΓ_ydτ, (Dμ)(x, t) = ∫_t 0 ∫ Γ μ(y, τ)∂_{ny} E(x − y, t − τ)dΓ_ydτ, (D^′σ)(x, t) = ∫_t 0 ∫ Γ σ(y, τ)∂_{nx} E(x − y, t − τ)dΓ_ydτ, (Hμ)(x, t) = −∂_{nx} ∫_t 0 ∫ Γ μ(y, τ)∂_{ny} E(x − y, t − τ)dΓ_ydτ, for (x, t) ∈ Σ_T .

The problem (3) admits the direct representation

Φ = V g_1 − W μ, (7)

where μ is the solution of the following equation of the second kind : ( 1 2 I + D ) μ = Sg_1, (8)

or equivalently the equation of the first kind : Hμ = ( 1 2 I − D^′ ) g_1. (9)

In both equations (8) and (9), the unknown μ is given by

μ = Φ^− ∈ H̃^{1/2,1/4}(Σ_T ). (10)

In the next section, we construct explicitly a biorthogonal wavelet basis for the spaces H̃ r,r/2(Σ_T ) with r ≥ −1/2.

3 Adapted wavelet basis

Using the construction of a biorthogonal wavelet basis on the interval satisfying complementary boundary conditions (see [15]) and some adapted tensor products, the anisotropic Sobolev spaces H̃^{r,r/2}(Σ_T ), with r ≥ −1/2, are characterized in this section. In fact, we use tensor products of one-dimensional wavelets but with two different uniform meshes in space and time.

At first sight, we recall some notations and some results about the biorthogonal bases (see [12] for instance). Given a Hilbert space H, we suppose that we have a sequence of nested closed subspaces S_j of H, whose union is dense in H : S_0 ⊂ S_1 ⊂ · · · ⊂ H, clos_H (_∞ ⋃ j=0 S_j ) = H. The spaces S_j have the form

S_j = S(Φ_j ) = clos_H (Span(Φ_j )), Φ_j = {φ_{j,k} : k ∈ Δ_j},

with Δ_j a countable set of indices and Φ_j are stable bases.

From the identity S(Φ_{j+1}) = S(Φ_j ) ⨁ S(Ψ_j),

we introduce the set W_j = S(Ψ_j), the complement of S(Φ_j ) in S(Φ_{j+1}). The set Ψ_j = {ψ_{j,k} : k ∈ ∇_j} is the collection of the successive translates of the wavelet ψ_j , at a fixed level j.

For a function ψ, on R^n to fix the ideas, we will note Ψ = {ψ_λ : λ ∈ ∇}, where the indices λ = (j, k) ∈ ∇ encode the level of resolution, which will be denoted by |λ| = j, the location of the function (k) and sometimes the type of wavelet which is used (e). ψ_λ can be written as

ψ_λ = 2^{jn/2}ψ_e(2^j · −k), k ∈ ∇_j . (11)

Sometimes, as we will see later on, it is useful to use the condensed notation (11) instead of the original one ψ_{j,k}(x) = 2^{jn/2}ψ(2^jx − k).

Now suppose that are given two sets of functions : Ψ = {ψ_{j,k} : (j, k) ∈ ∇}, Ψ̃ = {ψ̃_{j,k} : (j, k) ∈ ∇}, where ∇ = {(j, k) : k ∈ ∇_j , j = −1, 0, 1, 2, . . .} such that ⟨ψ_{j,k}, ψ̃_j′_{,k}′ ⟩ = δ_{(j,k),(j}′_{,k}′_), (j, k), (j^′, k^′) ∈ ∇, (12) where ⟨·, ·⟩ is the scalar product in H.

With this biorthogonal system, every v ∈ H has a unique expansion written in these bases in the following form : v = ∑ (j,k)∈∇ ⟨v, ψ̃_{j,k}⟩ψ_{j,k} = ∑ (j,k)∈∇ ⟨v, ψ_{j,k}⟩ψ̃_{j,k} (13)

such that the systems are stable in the sense that ‖v‖^2_H ∼ ∑ (j,k)∈∇ |⟨v, ψ̃_{j,k}⟩|^2 = ∑ (j,k)∈∇ |⟨v, ψ_{j,k}⟩|^2. (14)

Such a dual system is a good candidate for the characterization of the usual Sobolev spaces on R^n by means of the wavelet coefficients if the Bernstein and Jackson estimates hold. We recall the following general result ([10, 12]).

Theorem 3.1 Let us assume that the Jackson estimate holds, namely ‖v − Q_j v‖_τ ≲ 2^{j(τ −t)}‖v‖_t, v ∈ H^t(Γ), (15) for −d̃ − 1 < τ < γ, τ ≤ t, −γ̃ < t ≤ d + 1, with a similar inequality for (v − Q̃_j v), by interchanging d and d̃, γ and γ̃.

Moreover, if we have the following ”inverse” property ‖v_j‖_t ≲ 2^{j(t−τ )}‖v_j‖_τ , v_j ∈ S_j, (16) if −∞ < τ ≤ t < γ̃ ; and ‖v_j‖_t ≲ 2^{j(t−τ )}‖v_j‖_τ , v_j ∈ S̃_j, (17) for −∞ < τ ≤ t < γ, the next eqivalences hold : ‖v‖_t ∼ ∑ k∈Δ_{j0} |⟨v, φ_{j0,k}⟩|^2 + ∞∑ j=j_0 ∑ k∈∇_j 2^{2jt}|⟨v, ψ̃_{j,k}⟩|^2, (18)

‖v‖_t ∼ ∑ k∈Δ_{j0} |⟨v, φ_{j0,k}⟩|^2 + ∞∑ j=j_0 ∑ k∈∇_j 2^{2jt}|⟨v, ψ_{j,k}⟩|^2, (19)

for −γ̃ < t < γ, −γ < t < γ̃. Remark 3.2 The choice d = d̃ = 2 (i.e. the use of piecewise linear elements) allows to characterize H^s(R^n) for s ∈ [−^1_2 ,^3_2 ) and in this case, γ =^3_2 .

We have now to adapt such a construction in order to give a characterization of anisotropic Sobolev spaces of the form H̃^{r,r/2}(Σ_T ) for r ≥ −1/2.

First of all, there exists a smooth parametrisation of Σ_T by

ϕ : [0, 1]^2 → Γ × (0, T ) (θ, s) → (x(θ), T s). This mapping ϕ yields an isomorphism between H̃^{r,r/2}(Σ_T ) and H̃^{r,r/2}([0, 1]^2) and we construct a wavelet basis of this last space.

Therefore, we subdivise [0, 1]^2 with two uniform meshes, dividing [0, 1] by 2^j subintervals (space-part) and 2^{2j} subintervals (time-part) with j ≥ 0.

We take V_j as the following approximation space

V_j = { f(x, t) ∈ C([0, 1]^2) s.t. f(x, .) and f(., t) are piecewise linear on [0, 1] } . (20)

Remark 3.3 If the characterization of spaces H̃^{r,r/2}([0, 1]^2) with r ≥ 3/2 is needed, we have to use quadratic wavelets for the space part, i.e. d = 3.

Because of the smoothness of Γ, the space-part basis is constructed by taking the periodized biorthogonal wavelet basis of [0, 1] and the resulting set will be denoted by

Ψ^X = {ψ^X_λ : λ ∈ ∇^X }. (21)

These wavelets are supposed to have d̃^X vanishing moments. For the time-part, we define the space :

H̃^s([0, 1]) = {u = U_{|[0,1]} s.t. U ∈ H^s(R) and U(t) = 0, ∀t < 0} . (22)

We know (see [15]) the existence of a biorthogonal wavelet basis with complementary boundary conditions which characterizes such a Sobolev space. Typically here, the left end-point boundary wavelets must satisfy a Dirichlet condition. We recall the general strategy and the results of [15].

We introduce Z ⊆ {0, 1} to specify where the Dirichlet boundary condition is located. Here Z = {0} for our problem. The main results are the following ones (see Theorem 3.1 and 3.4 of [15]).

Theorem 3.4 For any Z ⊆ {0, 1} and any γ, γ̃ > 0, there exist d, d̃ ∈ N, d + d̃ ∈ 2N and a pair of wavelet bases :

Ψ^Z = {ψ^Z_λ : λ ∈ ∇^Z }, Ψ̃^{Z̃} = {ψ̃^{Z̃}_λ : λ ∈ ∇^Z }, (23)

which are biorthogonal, satisfy complementary boundary conditions, are local and exact of degree d (respectively d̃).

From the direct and inverse estimates (see Theorem 3.2 of [15]) we obtain the next equivalence.

Theorem 3.5 For 0 < σ < γ, 0 < σ̃ < γ̃, one has ( ∑ λ∈∇^Z 2^{2τ |λ|}|⟨v, ψ̃^{Z̃}_λ ⟩|^2 )_{1/2} ∼ { ‖v‖_Hτ_Z for 0 ≤ τ < γ, ‖v‖_{(H}τ_{Z)}∗ for −γ̃ ≤ τ < 0,

where H^τ_Z is the Sobolev space on [0, 1] whose functions satisfy the boundary conditions encoded by the set Z and (H^τ_Z)^∗ is its dual.

The construction of the wavelet bases on [0, 1] with boundary conditions is made in three steps. First of all, we recall the results of [11] concerning a multiresolution on the interval without any boundary conditions. We therefore expose the strategy for symmetric boundary conditions and finally, with few adaptations, we treat asymmetric boundary conditions (see [15]).

We start to recall the construction of a biorthogonal wavelet basis on [0, 1] without boundary conditions (see [11]).

As usual, we begin with a dual pair (θ, θ̃) of refinable functions, with respective masks a_k, ã_k, satisfying ⟨θ, θ̃(· − k)⟩_R = δ_{0,k}, ∀k ∈ Z.

We take as θ the usual B-spline of order d − 1,_dθ, whose support is given by Supp_dθ = [l_1, l_2] and is centered at^{μ(d)}_2 , with μ(d) := d mod 2. One can show that for all d, d̃ ∈ N such that d̃ ≥ d and d + d̃ even there exists a function_{d,}~_dθ̃ such that (_dθ,_{d,}~_dθ̃) is a dual system. We write similarly Supp_{d,}~_dθ̃ =: [l̃_1, l̃_2] = [l_1 − d̃ + 1, l_2 + d̃ − 1].

On the interval [0, 1], we have to construct a pair of generators Θ^′_j , Θ̃^′_j of the spaces S_j ([0, 1]), S̃_j([0, 1]), which are exact of orders d, d̃.

These sets of functions are defined in the following way : Θ^′_j = Θ^L_j ∪ Θ^I_j ∪ Θ^R_j , (24) Θ̃^′_j = Θ̃^L_j ∪ Θ̃^I_j ∪ Θ̃^R_j , (25) respectively for the left-, interior- and right-parts of the generators.

The sets Θ^I_j , Θ̃^I_j are made of the functions θ_{j,k}, θ̃_{j,k}, for k ∈ Δ^I_j , Δ̃^I_j . If we set α_{n,r} := ∫ R x^rθ(x − n)dx, α̃_{n,r} := ∫ R x^rθ̃(x − n)dx, (26) one can define the following left-boundary functions : θ^L_{j,l−d+r} := l−1∑ m=−l_2+1 α̃_{m,r}θ_{j,m} |_{[0,1]}, r = 0, . . . , d − 1, (27)

θ̃^L_{j,l̃−d̃+r} := l̃−1∑

m=−l̃_2+1 α_{m,r}θ̃_{j,m} |_{[0,1]}, r = 0, . . . , d̃ − 1. (28)

The right-end boundary functions are obtained by the following symmetry properties θ^R_{j,2}j_{−l+d−μ(d)−r}(1 − x) = θ^L_{j,l−d+r}(x), r = 0, . . . , d − 1, (29) θ̃^R_{j,2j −l̃+d̃−μ(d)−r}(1 − x) = θ̃^L_{j,l̃−d̃+r}(x), r = 0, . . . , d̃ − 1. (30) We have to assume that j ≥ j_0 if we do not want the boundary wavelets to interfere.

Therefore, if we pose S_j ([0, 1]) := S(Θ^′_j), S̃_j([0, 1]) := S(Θ̃^′_j), (31) these spaces are nested and are exact of order d, d̃.

The last point concerns the biorthogonalization of the system (Θ^′_j , Θ̃^′_j) which is allways possible (see Theorem 4.1 of [15]).

We define the sets Z ⊆ {0, 1}, Z̃ := {0, 1} \ Z. (32) Z precises where are the Dirichlet boundary conditions on [0, 1]. In our concrete problem, Z = {0} but we begin to suppose that Z = {0, 1} or Z = ∅.

First of all, we want to construct a dual system of generators Θ_{j,Z} , Θ̃_{j,}~_Z for a set Z as in (32) which are biorthogonal :

⟨Θ_{j,Z} , Θ̃_{j,}~_Z⟩_{[0,1]} = I, (33)

and which satisfy, for s ≤ d − 1 (resp. s̃ ≤ d̃ − 1) the following boundary conditions d^r dx^r Θ_{j,Z} (z) = 0, r < s, z ∈ Z, d^r dx^r Θ̃_{j,Z̃} (z̃) = 0, r < s̃, z̃ ∈ Z̃. (34) Let us remark that s = 1 for our concrete problem.

The obtention of such generators is made in two steps. First we construct collections satisfying the boundary conditions (34). Then we will show how to biorthogonalize the system.

For the interior generators, we take the usual splines, without any modification : θ^{I,Z}_{j,k} := 2^{j/2}_mθ(2^j · −k), ∀k ∈ Δ^I_{j,Z} , (35) θ̃^{I,Z̃}_{j,k} := 2^{j/2}_{m,m̃}θ̃(2^j · −k), ∀k ∈ Δ̃^I_{j,Z̃} . (36) In order to construct the generators Θ^L, Θ^R which satisfy the condition (34), we use both integration and differentiation. We especially remark that integrating a function raises the number of zero boundary conditions. Therefore, we adjust these integrations on the left by corresponding differentiations on the dual system, in order to preserve a certain stability which is necessary for the next step, that is the biorthogonalization of the resulting system. The different steps of the construction are summarized hereafter. The technical proofs are omitted and can be found in [15].

Now we write the basis obtained when there is no boundary constraints. We suppose that d + d̃ is even and we let a^′, ã^′ ∈ N with a^′ ≥ d − s, ã^′ ≥ d̃ + s. The dual system is therefore given by

Θ^{(+0)} := { θ^L_{j,a}′_{−(d−s)+r}(d − s, d̃ + s, a^′) : r = 0, . . . , d − s − 1 } ∪ {_{d−s} θ_{[j,a}′_], . . . ,_{d−s}θ_{[j,a}′_{+b}′_] } , (37) Θ̃^{(−0)} := { θ̃^L_{j,ã′−(d̃+s)+r}(d − s, d̃ + s, ã^′) : r = 0, . . . , d̃ + s − 1 }

∪ { d−s,d̃+sθ̃[j,ã^′], . . . , d−s,d̃+sθ̃[j,ã^′+b̃^′] } , (38) where a^′ − d + s = ã^′ − d̃ − s, and we suppose that a^′ + b^′ = ã^′ + b̃^′.

This system satisfies det ⟨Θ^{(+0)}, Θ̃^{(−0)}⟩_{[0,1]} ≠ 0. (39)

Integrating the primal system on the left and differentiation on the dual one s times lead to the new system

Θ^{(+s)} := { θ^L_{j,l−s−d+r}(·|d, d̃, l − s) : r = s, . . . , d − 1 } ∪ {_d θ_{[j,l−s]}, . . . ,_dθ_{[j,l−s+b}′_] } , (40) Θ̃^{(−s)} := { θ̃^L_{j,l̃−d̃+r}(·|d, d̃, l̃) : r = 0, . . . , d̃ − 1 }

∪ { d,d̃θ̃[j,l̃], . . . , d−s+1,d̃+s−1θ̃[j,l̃+b̃^′+s] } . (41)

The above sets allow to obtain the following Theorem (see Theorem 4.2 of [15] in the case Z = {0, 1}, {0}). The other cases follow by symmetry arguments.

Theorem 3.6 For every Z ⊆ {0, 1}, s, s̃ ∈ N, s < d, s̃ < d̃ and j ≥ j_0, the pairs

Θ^′_{j,Z} := Θ^L_{j,Z} ∪ Θ^I_{j,Z} ∪ Θ^R_{j,Z}, (42) Θ̃^′_{j,Z̃} := Θ̃^L_{j,Z̃} ∪ Θ̃^I_{j,Z̃} ∪ Θ̃^R_{j,Z̃}, (43)

defined hereabove satisfy (34) and can be biorthogonalized.

We know define a multiresolution analysis corresponding to symmetric boundary conditions, namely Z = {0, 1} or Z = ∅.

For any integers d^′, d̃^′, q, p, p̃ such that d^′ + d̃^′ is even and d^′ + p = d̃^′ + p̃, we introduce the notation Θ^′_j (d^′, d̃^′, q, p) = ⋃ { Θ^X_j (d^′, d̃^′, q, p) : X ∈ {L, I, R} } . (44)

Lemma 3.7 If we define the ith integral of a function g on [0, 1] by (∫_{(i)} g ) (x) := ∫_x 0 (∫_{(i−1)} g ) (t)dt when i ∈ N and

(∫_{(0)} g ) (x) := g(x) and if we note ∂^i_xS the set of the ith order derivatives of the elements of S, one has

∂^s_xS̃^{(−0)}_j =: S̃^{(−s)}_j = S(Θ̃^′_j(d, d̃, 0, l̃)), (45) and S(Θ^′_j(d, d̃, s, l − s)) = S^{(+s)}_j , (46) with

S^{(+s)}_j = { w = ∫_{(s)}

v : v ∈ S^{(+0)}_j , (∫_{(i)} v ) (1) = 0, i = 1, . . . , s } . (47)

Now that the construction of the spaces S(Θ_{j,Z}), S(Θ̃_{j,}~_Z) is established, we are able to define the biorthogonal wavelet bases. Again, we start to study the case of symmetric boundary conditions.

For the case Z = ∅, the biorthogonal basis is well-known and can be expressed by

(Ψ^{(+0)}_j )^T = (Θ^{(+0)}_{j+1} )^T M^{(+0)}_{j,1} , (Ψ̃^{(−0)}_j )^T = (Θ̃^{(−0)}_{j+1} )^T M̃^{(−0)}_{j,1} . (48)

The wavelets Ψ^{(+0)}_j , Ψ̃^{(−0)}_j are compactly supported, biorthogonal and the functions Ψ^{(+0)}_j have d̃ + s vanishing moments.

As for the generators, we introduce succesively

Ψ^{(+i)}_j := 2^{ij} (∫_{(i)} Ψ^{(+0)}_j ) ⊂ S^{(+i)}_{j+1} , (49) and Ψ̃^{(−i)}_j = (−1)^i2^{−ij} d^i dx^i Ψ̃^{(−0)}_j ⊂ S̃^{(−i)}_{j+1} , (50) where S̃^{(−i)}_j = ∂^i_xS̃^{(−0)}_j .

Therefore, one obtain the Proposition 3.8 The collections Ψ^{(+i)}_j , Ψ̃^{(−i)}_j are biorthogonal bases with

S^{(+i)}_{j+1} = S^{(+i)}_j ⨁ S(Ψ^{(+i)}_j ), S̃^{(−i)}_{j+1} = S̃^{(−i)}_j ⨁ S(Ψ̃^{(−i)}_j ), i = 0, . . . , s. (51)

Concerning symmetric boundary conditions, if the generators are given by

Θ_{j,{0,1}} = Θ^{(+s)}_j , Θ̃_{j,∅} = Θ̃^{(−s)}_j , (52) Θ_{j,∅} = Θ^{(−s̃)}_j , Θ̃_{j,{0,1}} = Θ̃^{(+s̃)}_j , (53)

we pose:

Ψ^{{0,1}}_j := Ψ^{(+s)}_j , Ψ̃^∅_j := Ψ̃^{(−s)}_j Ψ^∅_j := Ψ^{(−s)}_j , Ψ̃^{{0,1}}_j := Ψ̃^{(+s)}_j .

(54)

Remark 3.9 The stationary interior wavelets of the sets Ψ^{(+s)}_j and Ψ^{(−s̃)}_j coincide.

Therefore, for our concrete problem, we have Z = {0} and if we pose ∇^0_j = {p, p + 1, . . . , 2^j − p − 1, 2^j − p}, the biorthogonal wavelet basis is defined by Ψ^{{0}}_{j,L} := {ψ^{{0,1}}_{j,k} : k = 1, . . . , p − 1}, (55) Ψ^{{0}}_{j,I} := {ψ^∅_{j,k} : k ∈ ∇^0_j }, (56) Ψ^{{0}}_{j,R} := {ψ^∅_{j,k} : k = 2^j − p + 1, . . . , 2^j}, (57)

which will be briefly denoted by {Ψ^Z_j }, and the dual system is given by Ψ̃^{{1}}_{j,L} := {ψ̃^∅_{j,k} : k = 1, . . . , p − 1}, (58) Ψ̃^{{1}}_{j,I} := {ψ̃^{{0,1}}_{j,k} : k ∈ ∇^0_j }, (59) Ψ̃^{{1}}_{j,R} := {ψ̃^{{0,1}}_{j,k} : k = 2^j − p + 1, . . . , 2^j}, (60)

denoted by {Ψ̃^{Z̃}_j }.

Coming back to our problem, for each j ≥ 0 and Z = {0} we pose

{Ψ^T_j } = {Ψ^Z_{2j} } ⋃ {Ψ^Z_{2j−1}}. (61)

We define a sequence of spaces W_j by V_{j+1} = V_j^{⊥̸⨁} W_j , where W_j = Span { Ψ^X_{j,k1} (x)Ψ^T_{j,k2} (t) }_k 1∈∇ X j k2∈∇Tj (62) not = Span{Ξ_{j,K}(x, t)}_{K∈∇XT} , (63) for j ≥ j_0 in order to avoid the overlapping of the left and right end-point wavelets and to ensure the presence of interior wavelets in [0, 1].

Now we can proove the following result :

Theorem 3.10 Let {N_k}_k be a basis of V_{j0} . If u(x, t) = k_0∑

k=0 c_kN_k(x, t) + ∑ j≥j_0 ∑ K∈∇^{XT} c_{j,K}Ξ_{j,K}(x, t)

belongs to H̃^{r,r/2}([0, 1]^2) for r ∈ [0, 5/2) (with d^X ≥ 2 if r < 3/2; d^X ≥ 3 if r ∈ [3/2, 5/2) and d^Z ≥ 2), then we have ‖u‖^2_{H̃r,r/2([0,1]2)} ∼ k_0∑

k=0 |c_k|^2 + ∑ j,K 2^{2rj} |c_{j,K}|^2. (64)

Proof : We recall that

H̃^{r,r/2}([0, 1]^2) = L^2([0, 1]; H^r([0, 1])) ∩ L^2([0, 1]; H̃^{r/2}([0, 1])) := H_1 ∩ H_2.

For r, p ≥ 0 given, we introduce the following bases, respectively for the space part and for the time part.

B_X = {_{dX} φ_{j0,k1} (x)}_{k1} ∪ ⋃ j≥j0, k1∈∇Xj {Ψ^X_{j,k1} (x)} j,k_1 , (65)

B_T = {_{dT} φ_{j0,k2} (t)}_{k2} ∪ ⋃ j≥j0, k2∈∇Tj {Ψ^T_{j,k2} (t)} j,k_2 , (66)

where the sets {Ψ^X } and {Ψ^T } are defined previously and characterize respectively H^r([0, 1]) and H^p([0, 1]).

We omit in the following the indices d_X , d_T . A wavelet basis on H̃^{r,p}([0, 1]^2) is defined by tensor products, namely B = B_X ⊗ B_T : B = {φ_{j0,k1} (x).φ_{j0,k2} (t)}_K ⋃ {φ_{j0,k1} (x).Ψ^T_{j,k2} (t)}_{j,K} ⋃ {Ψ^X_{j,k1} (x).φ_{j0,k2} (t)}_{j,K} ⋃ {Ψ^X_{j,k1} (x).Ψ^T_{j,k2} (t)}_{j,K}, with K = (k_1, k_2) for short.

Clearly, B is a Riesz basis of L^2([0, 1]^2). Moreover, we can show that it characterizes H̃ r,p([0, 1]2). A function u ∈ L2([0, 1]2) can be written in this basis in the following form : for j_0 > 0 fixed, if we note k_0 = 2^{j0} − 1, we write : u(x, t) = k_0∑

k_1,k_2=0 d_{j0;k1,k2} .φ_{j0,k1} (x).φ_{j0,k2} (t) + ∑ j≥j0, k1=0,...,k0, k2∈∇Tj e_{j;k1,k2} .φ_{j0,k1} (x).Ψ^T_{j0,k2} (t)

+ ∑ j≥j0 , k1∈∇Xj , k2=0,...,k0 ẽ_{j;k1,k2} .Ψ^X_{j,k1} (x).φ_{j0,k2} (t)

+ ∑ j≥j0 , k1∈∇Xj , k2∈∇Tj c_{j;k1,k2} .Ψ^X_{j,k1} (x).Ψ^T_{j,k2} (t),

which is noted shortly as : u(x, t) = ∑ i,j=0,1 u^{ij} (x, t). (67)

We retail the characterization of the space H_1. We pose : u(·, t) = ∑ u^{ij}(·, t), ∀t ∈ (0, 1). Writing u^{11}(·, t) = ∑ j≥j0, k1∈∇Xj c_{j;k1} (t).Ψ^X_{j,k1} (·), (68)

with c_{j,k1} (t) = ∑ k_2∈∇^T_j c_{j;k1,k2} Ψ^T_{j,k2} (t), for j ≥ j_0. (69)

Therefore, due to the properties of Ψ^T , we get ‖u^{11}(·, t)‖^2_Hr_{([0,1])} ∼ ∑ j,k_1 2^{2rj} |c_{j,k1} (t)|^2, and ‖u^{11}‖_{H1} =

∫_1 0 ‖u^{11}(·, t)‖^2_Hr_{([0,1])}dt = ∑ j,k_1 2^{2rj} ∫_1 0 |c_{j,k1} (t)|^2dt ∼ ∑ j,k_1,k_2 2^{2rj}|c_{j,k1,k2} |^2. By the same way, we show that : ‖u^{10}(·, t)‖^2_Hr ∼ ∑ j,k_1 2^{2rj}|ẽ_{j,k1} (t)|^2, with ẽ_{j,k1} (t) = ∑ k_2 ẽ_{j,k1,k2} φ_{j0,k2} (t) ∈ V_{j0} , and ‖ẽ_{j,k1} (t)‖^2_{L2} ∼ ∑ k_2 |ẽ_{j,k1,k2} |^2. Consequently ‖u^{10}‖^2_{H1} ∼ ∑ j;k_1,k_2 2^{2rj}|ẽ_{j,k1,k2} |^2. For the first term we have u^{01}(·, t) = ∑ j≥j0, k1=0,...,k0 e_{j,k1} (t)φ_{j0,k1} (x)

= k_0∑

k_1=0 [ ∑ j≥j_0 e_{j,k1} (t) ] φ_{j0,k1} (x), with e_{j,k1} (t) = ∑ k_2∈∇^T_j e_{j,k1,k2} Ψ^T_{j,k2} (t) ∈ W_j.

‖u^{01}‖^2_{H1} ∼ ∑ j;k_1 |ẽ_{j,k1} (t)|^2 ∼ ∑ j;k_1,k_2 |ẽ_{j,k1,k2} |^2. We can therefore show the next two equivalences :

‖u‖^2_{H1} ∼ ∑ k_1,k_2

|d_{j0;k1,k2} |^2 + ∑ j,k_1,k_2 |e_{j;k1,k2} |^2 + ∑ j,k_1,k_2 2^{2rj} |ẽ_{j;k1,k2} |^2 + ∑ j,k_1,k_2 2^{2rj} |c_{j;k1,k2} |^2, ‖u‖^2_{H2} ∼ ∑ k_1,k_2

|d_{j0;k1,k2} |^2 + ∑ j,k_1,k_2 2^{4pj}|e_{j;k1,k2} |^2 + ∑ j,k_1,k_2 |ẽ_{j;k1,k2} |^2 + ∑ j,k_1,k_2 2^{4pj}|c_{j;k1,k2} |^2. In the following, we omit the indices of the wavelet coefficients for the sake of brevity. If u ∈ H_1 ∩ H_2 = H̃^{r,p}([0, 1]^2), we write ‖u‖^2_{r,p}^{def}_= ‖u‖^2_{H1} + ‖u‖^2_{H2} ∼ 2 (∑ |d|^2 ) + (∑ |e|^2 + ∑ 2^{4pj}|e|^2 )

+ (∑ 2^{2rj}|ẽ|^2 + ∑ |ẽ|^2 ) + (∑ (2^{2rj} + 2^{4pj} )|c|^2 ) . For the general case r, p ∈ R, we obtain : ‖u‖^2_{r,p} ∼ ∑ |d|^2 + ∑ max ( 1, 2^{4pj} ) |e|^2 + ∑ max ( 1, 2^{2rj} ) |ẽ|^2 + ∑ max ( 2^{2rj}, 2^{4pj} ) |c|^2. (70)

The next particular case is interesting for our problems. Suppose now that r = 2p. We get : ‖u‖^2_{r,r/2} ∼ ∑ |d|^2 + ∑ 2^{2rj}[|e|^2 + |ẽ|^2 + |c|^2]. (71) ■ 4 Galerkin method

We begin to write the variational formulation of the problem : we want to find μ ∈ L^2(Σ_T ) solution of a(μ, v) = ⟨( 1 2 I + D ) μ, v ⟩ Σ_T

= ⟨Sg_1, v⟩_{ΣT} , ∀v ∈ L^2(Σ_T ), (72) if we take the equation of the second kind, or h(μ, v) = ⟨Hμ, v⟩_{ΣT} = ⟨ ( 1 2 I − D^′ ) g_1, v⟩_{ΣT} , ∀v ∈ H̃^{1/2,1/4}(Σ_T ), (73)

for the equation of the first kind.

The situation is not the same is these two cases. In (72), the bilinear form a is not coercive on L^2(Σ_T ). But we can overcome this difficulty by using the fact that the operator (_1 2 I + D ) is a compact perturbation of the identity and a result of [17]. The second case (73) is easier to treat because the operator H is strongly coercive. Therefore, we begin to study the second case.

We recall the properties of the hypersingular operator H (see [8, 16]).

Lemma 4.1 The operator H : H̃^{r,r/2}(Σ_T ) −→ H̃^{r−1,(r−1)/2}(Σ_T ) is an isomorphism, for all r ≥^1_2 .

Furthermore, H is strongly coercive, i.e.

(u, Hu)_{ΣT} ≳ ‖u‖^21_{2 ,} 1_4 , ∀u ∈ H̃^{1/2,1/4}(Σ_T ). (74)

The Galerkin approximation μ_L ∈ V_L of the solution μ of (9) is the unique solution of

(Hμ_L, v_L)_{ΣT} = (( 1 2 I − D^′ ) g_1, v_L ) Σ_T , ∀v_L ∈ V_L. (75) We will note H_L the corresponding stiffness matrix in the basis {Ξ_λ}. Due to the coercivity on H̃^{1/2,1/4}(Σ_T ) and to the Theorem 3.10, we modify slightly the basis (by a diagonal preconditioning) in order to obtain a well-conditioned stiffness matrix.

Corollary 4.2 We define the following set Ξ̂_λ(x, t) = 2^{−|λ|/2}Ξ_λ(x, t), (76)

as a new basis for H̃^{1/2,1/4}(Σ_T ) and we note Ĥ_L the stiffness matrix in this new basis {Ξ̃_λ}. We obtain therefore Cond (Ĥ_L) ≲ 1. (77)

A direct consequence of the Céa’s Lemma and Therorem 3.10 is the obtention of an error estimate.

Theorem 4.3 Let r^′ ∈

(_1 2 ,^5_2 ) and g_1 ∈ H̃^{r′−1, r′−1}2 (Σ_T ). Then the solution μ of (9) belongs to the space H̃^{r′, r′}2 (Σ_T ) and the error between μ and its Galerkin approximation μ_L is estimated by ‖μ − μ_L‖ 1_{2 ,} 1_4 ≲ 2^{( 12 −r′)L}‖μ‖_{r′,} r′_2 . (78)

Now we study the equation of the second kind. The non-coercivity is overcomed by the use of the following Theorem (see [3, 17, 22]).

Theorem 4.4 Let H be a separable Hilbert space with a norm denoted by ‖.‖, let A be a one-to-one continuous operator on H and let H_n, n ∈ N be a family of finite-dimensional subspaces of H. Denote by P_n the orthogonal projection on H_n and assume that ‖(I − P_n)w‖ → 0, as n → ∞, ∀w ∈ H. (79) If there exists a positive constant α and an integer such that ‖P_nAx_n‖ ≥ α‖x_n‖, ∀x_n ∈ H_n, ∀n > N, (80) then for all f ∈ H, the problem Ay = f (81) has a unique solution y ∈ H. Moreover, for all n > N, there exists a unique solution y_n ∈ H_n of the approximate problem P_nAy_n = P_nf, (82) and satisfying ‖y − y_n‖ ≤ c‖y − P_ny‖. (83) Here the assumption (80) is satisfied thanks to the following result (see [3]) :

Lemma 4.5 If A =^I_2 − D is an isomorphism from H into itself with a compact operator D, then A satisfies (80).

Proof : In fact, we take advantage of the compactness of D, which is shown in [8]. The proof is therefore a direct consequence of the Lemma in [17]. ■

The previous Theorem proves existence and uniqueness for the approximation problem: find μ_L ∈ V_L solution of a(μ_L, v_L) = ⟨( 1 2 I + D ) μ_L, v_L ⟩ Σ_T

= ⟨Sg_1, v_L⟩_{ΣT} , ∀v_L ∈ V_L. (84) The stiffness matrix of this system will be denoted by A_L. Consequently, the result hereafter is a direct consequence of the Theorems 3.10 and 4.4 :

Theorem 4.6 Let μ ∈ H̃^{r,r/2}(Σ_T ) be the solution of (8) with a datum g_1 ∈ H̃^{r−1, r−1}2 (Σ_T ), r ∈ [0, 5/2). Then its Galerkin approximation μ_L ∈ V_L satisfies ‖μ − μ_L‖_L2_{(ΣT )} ≲ 2^{−rL}‖u‖_{r,r/2}. (85) Moreover, the condition number of the stiffness matrix of (84) is uniformly bounded.

5 Compression of the stiffness matrix

We try in this section to adapt the ideas developped by [13, 23] among others to the case of the heat equation. One of the essential points is the decay property of the kernel. To our knowledge, in the above mentioned works, only elliptic problems were considered, involving logarithmic kernels or a power of distance function. Here the situation is quite different and the kernel is an exponential function. We give now a way to express correctly this property.

We introduce the abbreviated notation Ẽ(x, t) = 1 t e^{−x24t} , (86)

and using the Leibniz rule, we have an expression of the successive derivatives of Ẽ.

Lemma 5.1 For all α, γ ≥ 0, there exist some real coefficients a_{αβγ} such that ∂^γ ∂t^γ ∂^αẼ ∂x^α = α+2γ∑

β=0 a_{αβγ} x^β t^{α/2+β/2+γ+1} e^{−x24t} . (87)

The second step consists of the following lemma.

Lemma 5.2 Let a_1 > 0, a_2 ∈ R and set b = a_2 −^{a1}_2 . Then it holds

(x^2 + t)^b x^{a1} t^{a2} e^{−x24t} ≲ 1, ∀x, t > 0. (88) Proof : Because t > 0, we have

(x^2 + t)^b x^{a1} t^{a2} = ( x^2 t + 1 )_b( x^2 t )^a1_2 . Using the fact that (x + 1)^δx^ηe^{−x4} ≲ 1, ∀x > 0,

when η > 0, we obtain the result. ■

We are now in a position to write the correct decay property of the kernel.

Lemma 5.3 For all α, γ ≥ 0, we have | | | | | ∂^γ ∂t^γ ∂^αẼ ∂x^α | | | | | ≲ 1 (x^2 + t)^{α/2+γ+1} , ∀x, t > 0. (89)

Proof : The identity (87) allows to write | | | | ∂^γ ∂t^γ ∂^αẼ ∂x^α | | | | ≲ α+2γ∑

β=0 x^β t^{α/2+β/2+γ+1} e^{−x24t} .

We apply therefore the Lemma 5.2 with a_1 = β and a_2 = α/2 + β/2 + γ + 1, for all β = 0, . . . , α + 2γ and get the result. ■

We exploit this property to show the decay of the stiffness matrix coefficients. We begin with the formulation of the second kind. We recall that we want to solve a(μ, v) = ⟨( 1 2 I + D ) μ, v ⟩ Σ_T

= (Sg_1, v)_{ΣT} , ∀v ∈ L^2(Σ_T ).

Because the operator I is diagonal, we are going to compress only the operator D. This suggests to introduce the following bilinear form d(μ, v) := ⟨Dμ, v⟩_{ΣT} = ∫ Γ×(0,T ) v(x, t) [∫ Γ×(0,t) μ(y, τ)∂n_yE(x − y, t − τ)dΓ_ydτ ] dΓ_xdt. We use the notation D_{λ,λ}′ = D_{j,j}′_{;k1,k2;k}′_{1,k}′_2 = d(Ψ^X_{j,k1} ⊗ Ψ^T_{j,k2} ; Ψ^X_j′_{,k}′_1 ⊗ Ψ^T_j′_{,k}′_2 ),

for the coefficients of the matrix and we introduce the quantity dist_{λ,λ}′ = δ ( Ω^X_{j,k1} , Ω^X_j′_{,k}′_1

)_2 + δ ( Ω^T_{j,k2} , Ω^T_j′_{,k}′_2 ) , (90)

where for two continuous functions χ, ψ with a compact support on Γ, Ω_{j,k} is the interior of the support of χ_{j,k} and δ(Ω, Ω^′) is the euclidian distance between Ω and Ω^′.

After these necessary notations, we are able to formulate the decay property of the coefficients.

Proposition 5.4 For all the coefficients of the stiffness matrix, one has |D_{λ,λ}′ | ≤ C 2^{−b(j+j′)} (dist_{λ,λ}′ )^b , (91)

with b = d̃^X + 2d̃^T +^3_2 .

Proof : By Fubini’s theorem, we have D_{λ,λ}′ = ∫ Γ^2×Δ

Ψ^T_j′_{,k}′_2 (t)Ψ^X_j′_{,k}′_1 (x)Ψ^T_{j,k2} (τ)Ψ^X_{j,k1} (y) × ∂_{ny} E(x − y, t − τ)dΓ_xdΓ_ydtdτ, where Δ = {(t, τ) ∈ (0, T )^2 : τ < t}.

The wavelets Ψ^X and Ψ^T have respectively d̃^X and d̃^T vanishing moments, which allows to make integration by parts in the previous estimate. Indeed, there exist θ_{2j,k̂2} and θ_{2j−1,}~_{k2} such that Ψ^T_{j,k2} =_{dT} θ^{(d̃T )}_{2j,k̂2} or Ψ^T_{j,k2} =_{dT} θ^{(d̃T )}_{2j−1,k̃2} .

Similarly, we have Ψ^X_{j,k1} =_{dX} θ^{(d̃X )}_{j,k1} .

Furthermore, these functions satisfy

‖θ_{j,k}‖ ≲ 2^{−(d̃+ 12 )j} . (92)

Consequently, we obtain |D_{λ,λ}′ | ≲ ∫ [0,1]^2×Δ | | | | ∂^{2(d̃X +d̃T )}k(x, y, t, τ) ∂x^{d̃X} ∂y^{d̃X} ∂t^{d̃T} ∂τ^{d̃T} | | | |

× | |θ_{T2j′,k̃′} 2 (t)θ^X_j′_{,k}′_1 (x)θ^T_{2j,k2} (τ)θ^X_{j,k1} (y) | | dxdydtdτ, where k is, after a parametrisation, a first order partial derivative (by y) of E.

We get the conclusion by using the Lemma 5.3 with α = 2d̃^X + 1 and γ = 2d̃^T . ■

Now for j, j^′ ∈ {j_0, . . . , L}, we can define the compressed subblocks D̃_{j,j′} = ( D̃_{λ,λ′} ) k1∈∇Xj ; k2∈∇Tj k′1∈∇X j′ ; k^′_2∈∇^T_{j′} (93)

where we pose D̃_{λ,λ′} = { 0 if dist_{λ,λ}′ ≥ δ_{j,j}′ , D_{λ,λ}′ else. (94)

We associate with D_L (resp. D̃_L, the global compressed matrix) the operator D_L (resp. D̃_L) from V_L into its dual.

At this stage, we are in a position to estimate the number of non-zero elements N (D̃_{j,j}′ ) of the subblock matrix D̃_{j,j}′ .

Proposition 5.5 If D̃_{j,j}′ is defined by (94) with a compression parameter δ_{j,j}′ > 0, then

N (D̃_{j,j}′ ) ≲ 2^{3(j+j′)} min { 2^{−3j} + 2^{−3j′} + 2^{−j−2j′} + 2^{−j′−2j} (95) + δ^{1/2}_{j,j}′ (2^{−2j} + 2^{−2j′} ) + δ_{j,j}′ (2^{−j} + 2^{−j′} ) + δ^{3/2}_{j,j}′ , 1 } . (96)

Proof : The proof is adapted from the one-dimensional case (see for instance Lemma 5.2 of [2, 21]). We begin by fixing a wavelet Ξ_λ and we estimate the number of wavelets Ξ_λ′ satisfying dist_{λ,λ}′ < δ_{j,j}′ . To do this, we separate the problem into two parts, because dist_{λ,λ}′ < δ_{j,j}′ implies that δ(Ω^X_{j,k1} , Ω^X_j′_{,k}′_1 ) < δ^{1/2}_{j,j}′ and δ(Ω^T_{j,k2} , Ω^T_j′_{,k}′_2 ) < δ_{j,j}′ . If we denote by Card{k^′_1} and Card{k^′_2} the respective numbers of wavelets such that the previous inequalities hold, we obtain (see [2, 21])

Card{k^′_1} ≲ 1 + 2^{−j} + δ^{1/2}_{j,j}′ 2^{−j′} , Card{k^′_2} ≲ 1 + 2^{−2j} + δ_{j,j}′ 2^{−2j′} . Because N (D̃_{j,j}′ ) ≤ ∑ k^′_1,k^′_2 Card{k ′ 1}Card{k^′_2}, we conclude that

N (D̃_{j,j}′ ) ≲ 2^{3j} ( 1 + 2^{−j} + δ^{1/2}_{j,j}′ 2^{−j′} ) ( 1 + 2^{−2j} + δ_{j,j}′ 2^{−2j′} ) . ■ We now estimate the difference D_{j,j}′ − D̃_{j,j}′ .

Proposition 5.6 Let D̃_{j,j}′ be defined by (94) with δ_{j,j}′ > 0. Therefore, one has ‖D_{j,j}′ − D̃_{j,j}′ ‖_∞ ≲ 2^{−bj}2^{−(b−3)j′} δ^{−b}_{j,j}′ max{δ^{3/2}_{j,j}′ , 2^{−3j}, 2^{−3j′} }, (97) with b = d̃^X + 2d̃^T +^3_2 .

Proof : We start to write the definition of the infinite norm thanks to the estimate (91): ‖D_{j,j}′ − D̃_{j,j}′ ‖_∞ ≲ max_{k1∈∇Xj} k2∈∇Tj ∑ k^′_1∈∇^X_{j′} ∑ k′2∈∇T j′ : distλ,λ′ ≥δj,j′ 2^{−b(j+j′)}(dist_{λ,λ}′ )^{−b}.

We estimate directly the terms in the sum corresponding to wavelets Ξ_λ′ whose support is closest to the support of Ξ_λ. Their number is bounded by max{2^{3j′} (2^{−j} + δ^{1/2}_{j,j}′ )(2^{−2j} + δ_{j,j}′ ), 1} and if we denote by K_{far} the remainding terms, we obtain ‖D_{j,j}′ − D̃_{j,j}′ ‖_∞ ≲ 2^{−b(j+j′)}δ^{−b}_{j,j}′ max{2^{3j′} (2^{−j} + δ^{1/2}_{j,j}′ )(2^{−2j} + δ_{j,j}′ ), 1} + 2^{−b(j+j′)}2^{3j′} max_{k1∈∇Xj} k2∈∇Tj ∑ (k^′_1,k^′_2)∈K_{f ar} (dist_{λ,λ}′ )^{−b} ∫ Ω_λ′ dσ(M)

≲ 2^{−b(j+j′)}δ^{−b}_{j,j}′ max{2^{3j′} (2^{−j} + δ^{1/2}_{j,j}′ )(2^{−2j} + δ_{j,j}′ ), 1} + 2^{−b(j+j′)}2^{3j′} max_{k1∈∇Xj} k2∈∇Tj ∫ x^2+t>δ_{j,j}′ {x^2 + t}^{−b}dxdt,

and this last integral is lower than δ^{3/2−b}_{j,j}′ ∫ x^{′2}+t^′>1 {x^{′2} + t^′}^{−b}dx^′dt^′, by the change of variables x = δ^{1/2}_{j,j}′ x^′ and t = δ_{j,j}′ t^′. We remark that this last integral is convergent because b > 3/2. ■

The next result gives an estimate for the consistancy part of the error.

Theorem 5.7 Let r, r̃ ∈ [0,^5_2 ) with {d̃^X , d̃^T } ∈ {2, 3}. Assume that the parameters δ_{j,j}′ satisfy δ_{j,j}′ ≥ a · max{2^{−2j}, 2^{−2j′} , 2^{α(L−j)}2^{α̃(L−j′)}2^{−2L}}, (98) for α, α̃, a > 0 such that α > r + b + τ b − 3/2 , α̃ > r̃ + b − 3 + τ b − 3/2 , (99)

for some τ > 0.

Then for any μ_L, μ̃_L ∈ V_L, we have | | ⟨ (D_L − D̃_L)μ_L, μ̃_L ⟩| | ≲ a^{3/2−b}2^{−L(r+r̃)}‖μL‖r,r/2‖μ̃L‖r̃,r̃/2, (100) with b = d̃^X + 2d̃^T +^3_2 .

Proof : By Theorem 3.10 and the definition of D̃_L, we have | | ⟨ (D_L − D̃_L)μ_L, μ̃_L ⟩| | ≲ 2^{−L(r+r̃)}‖EL‖2‖μL‖r,r/2‖μ̃L‖r̃,r̃/2, where we define the matrix E_L by E_L = 2^{(L−j)r}2^{(L−j′)r̃} ( D_{λ,λ}′ − D̃_{λ,λ}′ ) λ,λ^′ .

We estimate ‖E_L‖_2 by the Schur lemma (see [18]) with the sequence γ_{j,k1,k2} = 2^{−τ j}. ∑ j^′,k^′_1,k^′_2 |E_{L;λ,λ}′ |γ_j′_{,k}′_{1,k}′_2 ≲ a^{3/2−b}γ_{j,k1,k2} 2^{(L−j)[r+(3/2−b)(α−κ1 )]}

× L−1∑ j^′=j_0 2^{(L−j′)[r̃+(3/2−b)(α̃−κ′1)]},

for two parameters κ_1, κ^′_1 satisfying κ_1 + κ^′_1 = 2, κ_1(b − 3/2) = b − τ and κ^′_1(b − 3/2) = b − 3 + τ.

Then we have ∑ j^′,k^′_1,k^′_2 |E_{L;λ,λ}′ |γ_j′_{,k}′_{1,k}′_2 ≲ a^{3/2−b}γ_{j,k1,k2} , if α, α̃ satisfy α > r + b − τ b − 3/2 , α̃ > r̃ + b − 3 + τ b − 3/2 . We similarly show that ∑ j,k_1,k_2 |E_{L;λ,λ}′ |γ_{j,k1,k2} ≲ a^{3/2−b}γ_j′_{,k}′_{1,k}′_2 , for α > r + b + τ b − 3/2 , α̃ > r̃ + b − 3 − τ b − 3/2 . ■ Lemma 5.8 Assume that α, α̃ < 2 for all {d̃^X , d̃^T } ∈ {2, 3}. Suppose that the parameters δ_{j,j}′ satisfy δ_{j,j}′ = a · max{2^{−2j}, 2^{−2j′} , 2^{α(L−j)}2^{α̃(L−j′)}2^{−2L}}. (101) Then the number of non-zero elements of D̃_L is of order N_L log N_L, when N_L = 2^{3L} is the size of the matrix.

Proof : We distinguish the case δ_{j,j}′ = a · max{2^{−2j}, 2^{−2j′} } from the case δ_{j,j}′ = a2^{α(L−j)}2^{α̃(L−j′)}2^{−2L} and one obtain the result for α, α̃ < 2. ■

Remark 5.9 We can also make a ”second compression” between wavelets at different levels j and j^′, such that if j^′ < j for instance, the support of the wavelet at the finest grid j is far from the singular support of the wavelet at the coarse grid j^′ (see [23]). To this end, we introduce the following notations :

we write

Ω^{S,X}_{j,k} := sing supp Ψ^X_{j,k}, (102) as the singular support of the wavelet Ψ^X_{j,k}. By the same way, we define Ω^{S,T}_{j,k} for the wavelet Ψ^T_{j,k}. We finally introduce the ”singular pseudo-distance” dist^S_{λ,λ}′ = δ ( Ω^{S,X}_{j,k1} , Ω^{S,X}_{j′,k}′_1 )_2 + δ ( Ω^{S,T}_{j,k2} , Ω^{S,T}_{j′,k}′_2 ) . (103) Therefore, if j^′ < j and dist_{λ,λ}′ ≲ 2^{−j′} , we have the next estimate |D_{λ,λ}′ | ≤ C 2^{−bj}2^{j′} (dist^S_{λ,λ}′ )^{b−2}2 , (104)

with b = d̃^X + 2d̃^T +^3_2 .

See [23] for further details.

6 Convergence

The compressed Galerkin scheme is defined by Ã_L⃗ũ_L = b. We recall a result corresponding to the first Strang lemma (see [5]) because here we do not have coercivity. Theorem 6.1 Under the assumption of the Theorem 4.4, assume that there exists a sequence of operators A_n from H_n to H_n such that A_n is injective. Then the error between the exact solution y ∈ H of Ay = f and the approximated one z_n ∈ H_n of A_nz_n = P_nf, is estimated as follows : ‖y − y_n‖ ≤ C‖y − P_ny‖ + ‖P_nAz_n − A_nz_n‖. It remains to check that the compressed scheme is invertible.

Lemma 6.2 Assume that (98) and (99) are satisfied, for all {d^X , d^T } ∈ {2, 3} with r = r̃ = 0. Then there exists a_⋆ > 0 (independent of L) such that for all a ≥ a_⋆, the operator D̃_L is injective.

Proof : By Theorem 5.7 and assumption (80) satisfied for L large enough, we get the desired injectivity of D̃_L with the help of the Neumann’s series. ■ Corollary 6.3 Under the assumptions of the previous Lemma, for all a ≥ a_⋆, Cond (D̃_L) ≲ 1.

Finally,

Theorem 6.4 Let the assumptions of the Theorem 4.6 be satisfied. Assume that (99) holds, for all {d^X , d^T } ∈ {2, 3}, i = 1, 2, r ∈ [0, 5/2) and r̃ = 0. Assume that the compression parameters satisfy (98). Then there exists a_⋆ > 0 (independent of L) such that for all a ≥ a_⋆, we may write

‖μ − μ̃_L‖_L2_{(ΣT )} ≲ 2^{−rL}‖μ‖_{H̃}r,r/2_{(ΣT )}. (105)

Proof : By Theorem 6.1, we get

‖μ − μ̃_L‖_L2_{(ΣT )} ≤ C ( ‖μ − Q_Lμ‖_L2_{(ΣT )} + ‖P_LD_Lμ̃_L − D̃_Lμ̃_L‖_L2_{(ΣT )} ) . The first term on the right hand side is estimated by Theorem 4.6 while the second one is estimated by Theorem 5.7. ■

7 Results for the first kind formulation

The results of the two previous sections can be easily adapted to the first kind formulation of the Neumann problem. The difference is coming from the use of the hypersingular operator H instead of the double-layer potential D. It involves one more spatial derivative. Moreover, the strong-ellipticity of H on H̃^{1/2,1/4}(Σ_T ) leads to a change of the basis, as explained in section 4. We sum up hereafter the main results, the sketches of the prooves are the same as in the two previous sections.

We recall the variational formulation of the first kind (73). Find μ ∈ L^2(Σ_T ) such that h(μ, v) = ⟨Hμ, v⟩_{ΣT} = ⟨ ( 1 2 I − D^′ ) g_1, v⟩_{ΣT} , ∀v ∈ H̃^{1/2,1/4}(Σ_T ),

for the equation of the first kind.

The decay property of the coefficients reads as follow.

Proposition 7.1 For all the coefficients of the stiffness matrix, one has |H_{λ,λ}′ | ≲ 2^{−bH (j+j′)} (dist_{λ,λ}′ )^{bH} , (106)

with b_H = d̃^X + 2d̃^T + 2.

Proof : By Fubini’s theorem, we have |H_{λ,λ}′ | ≲ 2^{− j+j′2} ∫ | | | | ∂^{2(d̃X +d̃T )}k(x, y, t, τ) ∂x^{d̃X} ∂y^{d̃X} ∂t^{d̃T} ∂τ^{d̃T} | | | | × | | |θ^T_{2j}′_{,k}′_2 (t)θ^X_j′_{,k}′_1 (x)θ^T_{2j,k2} (τ)θ^X_{j,k1} (y) | | | dxdydtdτ, where k is, after a parametrisation, a second order partial derivative of E. The conclusion follows by using the Lemma 5.3 and the estimate (92). ■

Remark 7.2 The difference between the second kind and the first kind integral formulations is only visible on the barameter b. Here the new parameter b_H is simply related to the parameter b by b_H = d̃^X + 2d̃^T + 2 = b + 1 2 . A consequence is that the Propositions 5.5 and 5.6 are still valid, replacing the parameter b by the new parameter b_H .

This property allows to define a compress stiffness matrix H̃_L from the initial Galerkin one H_L and we have the following estimate.

Theorem 7.3 Let r, r̃ ∈ [0,^5_2 ) and {d^X , d^T } ∈ {2, 3}. Assume that the truncation parameter δ_{j,j}′ satisfies δ_{j,j}′ ≥ a · max{2^{−2j}, 2^{−2j′} , 2^{α(L−j)}2^{α̃(L−j′)}2^{−2L}}, (107) for some α, α̃, a > 0 such that α > r + b_H + τ

b_H − 2 , α̃ > r̃ + b_H − 4 + τ b_H − 2

, (108)

for some τ > 0.

Then for any μ_L, μ̃_L ∈ V_L, we have | |⟨(H_L − H̃_L)μ_L, μ̃_L⟩ | | ≲ a_{3/2−bH} 2_{−L(r+r̃−1)}‖μ_L‖_{r,r/2}‖μ̃_L‖_{r̃,r̃/2}, (109) with b_H = d̃^X + 2d̃^T + 2.

Theorem 7.4 Let the assumptions of the Theorem 4.3 be satisfied. Assume that (107) and (108) hold, for all {d^X , d^T } ∈ {2, 3} and for r ∈ (1/2, 5/2) and r̃ =^1_2 . Then there exists a_⋆ > 0 (independent of L) such that for all a ≥ a_⋆, there exists a unique solution μ̃_L ∈ V_L of ( H̃_Lμ̃_L, v_L ) Σ_T = (( 1 2 I − D^′ ) g_1, v_L ) Σ_T

, ∀v_L ∈ V_L, (110)

and the next error estimate holds :

‖μ − μ̃_L‖ 1_{2 ,} 1_4 ≲ 2^{−(r′− 12 )L}‖μ‖_{r′,} r′_2 . (111)

Proof : We simply write the first Strang Lemma and use Theorems 4.3 and 7.3 with r̃ =^1_2 . ■

8 The Dirichlet problem

The Dirichlet problem is the following one −ΔΦ + ∂_tΦ = 0 in Q_T = Ω × (0, T ), Φ_{|ΣT} = g_0 on Σ_T = Γ × (0, T ), Φ(x, 0) = 0 ∀x ∈ Ω.

(112)

The problem (112) admits the direct representation Φ = V σ − W g_0, (113) where σ is the solution of the following equation of the first kind : Sσ = ( 1 2 I + D ) g_0, (114) or the ”adjoint” equation : ( 1 2 I − D^′ ) σ = Hg_0, (115) with σ = ∂_nΦ^− ∈ H̃^{−1/2,−1/4}(Σ_T ). (116) The single-layer operator S is defined by (see [8, 16]) : (Sσ)(x, t) = ∫_t 0 ∫ Γ σ(y, τ)E(x − y, t − τ)dΓ_ydτ, (117) for (x, t) ∈ Σ_T and has the following properties (see [8, 16]) :

Lemma 8.1 The operator S : H̃^{r,r/2}(Σ_T ) −→ H̃^{r+1,(r+1)/2}(Σ_T ) is an isomorphism, for all r ≥ −^1_2 .

Furthermore, S is strongly coercive, i.e.

(u, Su)_{ΣT} ≳ ‖u‖^2_− 1_{2 ,−} 1_4 , ∀u ∈ H̃^{−1/2,−1/4}(Σ_T ). (118) The Galerkin method is defined by : find σ_L ∈ V_L solution of (Sσ_L, v_L)_{ΣT} = ( ( 1 2 I + D)g_0, v_L ) Σ_T

, ∀v_L ∈ V_L. (119)

Again, we make use of the Theorem 3.10 and modify slightly the basis in order to obtain a good condition number. Corollary 8.2 Take the functions Ξ̂_λ(x, t) = 2^{|λ|/2}Ξ_λ(x, t), (120) as a new basis for H̃^{−1/2,−1/4}(Σ_T ).

Then the condition number of the stiffness matrix is uniformly bounded.

The strong coercivity of the operator S allows to apply the Céa’s Lemma, combined with the Theorem of characterization 3.10 to obtain the following error estimate.

Theorem 8.3 Let r^′ ∈ (−^1_2 ,^3_2 ] and g_0 ∈ H̃^{r′+1,(r′+1)/2}(Σ_T ). Then the solution of (114) satisfies σ ∈ H̃^{r′, r′}2 (Σ_T ) and

‖σ − σ_L‖_− 1_{2 ,−} 1_4 ≲ 2^{−(r′+ 12 )L}‖σ‖_{r′,} r′_2 .

We briefly give the results of the compression procedure. The weak formulation of the problem is defined by s(σ, v) = ⟨Sσ, v⟩ = ( ( 1 2 I + D)g_0, v ) Σ_T

, ∀v ∈ H̃^{−1/2,−1/4}(Σ_T ). (121)

Then if we note S_{λ,λ}′ = s(Ξ̂_λ; Ξ̂_λ′ ), (122)

one obtains |S_{λ,λ}′ | ≲ 2^{−bS (j+j′)} (dist_{λ,λ}′ )^{bS} , (123)

with b_S = d̃^X + 2d̃^T + 1.

We are now able to estimate the difference between the initial Galerkin scheme and the compressed one.

Theorem 8.4 Let r, r̃ ∈ (−^1_2 ,^3_2 ]. Assume that the truncation parameter δ_{j,j}′ satisfies (107) for some α, α̃, a > 0 such that α > r + b_S + τ

b_S − 1

, (124) α̃ > r̃ + b_S − 2 + τ b_S − 1

, (125)

for some τ > 0. Then for any σ_L, σ̃_L ∈ V_L, we have | | | ⟨ (S_L − S̃_L)σ_L, σ̃_L ⟩| | ≲ a^{3/2−bS} 2^{−L(r+r̃+1)}‖σL‖_{r,r/2}‖σ̃L‖_{r̃,r̃/2}, (126) with b_S = d̃^X + 2d̃^T + 1.

Moreover, the compressed matrix S̃_L has O(N_L) non-zero elements after the second compression and its condition number is uniformly bounded.

Finally, we obtain the following error between the exact solution σ and the approximated one of the compressed scheme.

Theorem 8.5 Under the same assumptions as in Theorem 8.3, assume that (124), (125) and (107) are satisfied for r^′ ∈ (−^1_2 ,^3_2 ) and r̃ = −^1_2 . Then there exists a_⋆ > 0 such that for all a > a_⋆, there exists a unique solution σ̃_L ∈ V_L of

(S̃_Lσ̃_L, v_L)_{ΣT} = ( ( 1 2 I + D)g_0, v_L ) Σ_T , ∀v_L ∈ V_L, and it holds ‖σ − σ̃_L‖_− 1_{2 ,−} 1_4 ≲ 2^{−(r′+ 12 )L}‖σ‖_{r′,} r′_2 . (127)

References

[1] G. Beylkin, R. Coifman and V. Rokhlin, Fast wavelet transforms and numerical algorithms, Comm. Pure and Appl. Math., 44, 1991, 141-183.

[2] C. Bourgeois et S. Nicaise, Prewavelet analysis of the heat equation, Num. Math., 2000, to appear.

[3] M. Bourlard, S. Nicaise and L. Paquet, An adapted Galerkin method for the resolution of Dirichlet and Neumann problems in a polygonal domain, Math. Meth. Appl. Sc., 12, 1990, 251-265.

[4] G. Chen and J. Zhou, Boundary element methods, Computational mathematics and applications, Academic Press, 1992.

[5] P.G. Ciarlet, The finite element method for elliptic problems, St. in Math. and its appl., 4, North-Holland, 1978.

[6] A. Cohen, Ondelettes et traitement numérique du signal, Recherches en mathématiques appliquées, 25, Masson, Paris, 1992.

[7] A. Cohen, I. Daubechies and J.-C. Feauveau, Biorthogonal bases of compactly supported wavelets, Comm. Pure and Appl. Math., 45, 1992, 485-560.

[8] M. Costabel, Boundary integral operators for the heat equation, Int. Eq. Op. Th., 13, 1990, 498-552.

[9] I. Daubechies, Ten lectures on wavelets, CBMS Lecture Notes, 61, SIAM, Philadelphia, 1992.

[10] W. Dahmen and A. Kunoth, Multilevel preconditioning, Num. Math., 63, 1992, 315- 344.

[11] W. Dahmen, A. Kunoth and K. Urban, Biorthogonal spline-wavelets on the interval - Stability and moment conditions, IGPM-Report 129, RWTH Aachen, 1996.

[12] W. Dahmen, S. Prößdorf and R. Schneider, Wavelet approximation methods for pseudodifferential equations I : Stability and convergence, Math. Z., 215, 1994, 583-620.

[13] W. Dahmen, S. Prößdorf and R. Schneider, Wavelet approximation methods for pseudodifferential equations II: Matrix compression and fast solution, Advances in Comp. Math., 1, 1993, 259-335.

[14] W. Dahmen and R. Schneider, Wavelets on manifolds I : construction and domain decomposition, Preprint SFB393/97-30, TU-Chemnitz.

[15] W. Dahmen and R. Schneider, Wavelets with complementary boundary conditionsfunction spaces on the cube, IGPM-Report 148, RWTH Aachen, Result. Math. 34, 1998, 255-293.

[16] G.C. Hsiao and J. Saranen, Boundary integral solution of the two-dimensional heat equation, Math. Meth. Appl. Sc., 16, 1993, 87-114.

[17] S. Hildebrandt and E. Wienholtz, Constructive proofs of representation theorems in separable Hilbert space, Comm. Pure Appl. Math., 17, 1964, 369-373.

[18] Y. Meyer, Ondelettes et opérateurs 2 : Opérateur de Calderon-Zygmund, Hermann, Paris, 1990.

[19] J.C. Nédélec, Approximation des équations intégrales en Mécanique et en Physique, Ecole Polytechnique, Palaiseau, 1977.

[20] J.L. Lions and E. Magenes, Problèmes aux limites non homogènes et applications, T.1, Dunod, 1968.

[21] T.v. Petersdorff, C. Schwab and R. Schneider, Multiwavelets for second kind integral equations, Preprint, 1659, T.H. Darmstadt, 1994.

[22] S. Prößdorf and B. Silbermann, Numerical analysis for integral and related operator equations, Birkhäuser Verlag, Basel, 1991.

[23] R. Schneider, Multiscalen- und Wavelet- Matrixkompression : Analysisbasierte Methoden zur effizienten Lösung grosser vollbesetzter Gleichungssystem, Technische Universität Chemnitz-Zwickau, 1996.

[24] H. Triebel, Interpolation theory, function spaces, differential operators, North- Holland, Amsterdam-New-York-Oxford, 1978.

Other titles in the SFB393 series:

00-01 G. Kunert. Anisotropic mesh construction and error estimation in the finite element method. January 2000.

00-02 V. Mehrmann, D. Watkins. Structure-preserving methods for computing eigenpairs of large sparse skew-Hamiltonian/Hamiltonian pencils. January 2000.

00-03 X. W. Guan, U. Grimm, R. A. Römer, M. Schreiber. Integrable impurities for an open fermion chain. January 2000.

00-04 R. A. Römer, M. Schreiber, T. Vojta. Disorder and two-particle interaction in lowdimensional quantum systems. January 2000.

00-05 P. Benner, R. Byers, V. Mehrmann, H. Xu. A unified deflating subspace approach for classes of polynomial and rational matrix equations. January 2000.

00-06 M. Jung, S. Nicaise, J. Tabka. Some multilevel methods on graded meshes. February 2000.

00-07 H. Harbrecht, F. Paiva, C. Perez, R. Schneider. Multiscale Preconditioning for the Coupling of FEM-BEM. February 2000.

00-08 P. Kunkel, V. Mehrmann. Analysis of over- and underdetermined nonlinear differentialalgebraic systems with application to nonlinear control problems. February 2000.

00-09 U.-J. Görke, A. Bucher, R. Kreißig, D. Michael. Ein Beitrag zur Lösung von Anfangs- Randwert-Problemen einschließlich der Materialmodellierung bei finiten elastisch-plastischen Verzerrungen mit Hilfe der FEM. März 2000.

00-10 M. J. Martins, X.-W. Guan. Integrability of the D^2_n vertex models with open boundary.

March 2000.

00-11 T. Apel, S. Nicaise, J. Schöberl. A non-conforming finite element method with anisotropic mesh grading for the Stokes problem in domains with edges. March 2000.

00-12 B. Lins, P. Meade, C. Mehl, L. Rodman. Normal Matrices and Polar Decompositions in Indefinite Inner Products. March 2000.

00-13 C. Bourgeois. Two boundary element methods for the clamped plate. March 2000. 00-14 C. Bourgeois, R. Schneider. Biorthogonal wavelets for the direct integral formulation of the heat equation. March 2000.

00-15 A. Rathsfeld, R. Schneider. On a quadrature algorithm for the piecewise linear collocation applied to boundary integral equations. March 2000.

00-16 S. Meinel. Untersuchungen zu Druckiterationsverfahren für dichteveränderliche Strömungen mit niedriger Machzahl. März 2000.

00-17 M. Konstantinov, V. Mehrmann, P. Petkov. On Fractional Exponents in Perturbed Matrix Spectra of Defective Matrices. April 2000.

The complete list of current and former preprints is available via

http://www.tu-chemnitz.de/sfb393/preprints.html.