Technische Universität Chemnitz

Sonderforschungsbereich 393 Numerische Simulation auf massiv parallelen Rechnern

Christian Bourgeois

Two Boundary Element Methods for the clamped plate

Preprint SFB393/00-13

Preprint-Reihe des Chemnitzer SFB 393

SFB393/00-13 March 2000

Contents

1 Introduction 1 2 Integral formulation 2 3 Galerkin method 7 4 Biorthogonal wavelet basis 8 5 Preconditioning and compression of the stiffness matrix 13 6 Error estimate 21 7 Integral formulation of Hsiao-MacCamy 23

Author:

Christian Bourgeois Fakultät für Mathematik TU Chemnitz D-09107 Chemnitz, Germany E-mail: bourgeoi@mathematik.tu-chemnitz.de

Abstract

In this paper we retail the approximation of the clamped plate problem by means of two boundary element methods. In both cases, the variational formulation is given on product of Sobolev spaces and we avoid the orthogonality to polynomials of degree one. The use of biorthogonal wavelets on these spaces leads to a well-conditioned stiffness matrix and reduces strongly the complexity thanks to a compression procedure. The solution of the compressed Galerkin scheme converges to the exact solution at the same rate as for the classic Galerkin method.

1 Introduction

The clamped plate problem involves the biharmonic operator of order 4. The integral formulation of the problem has been studied by several authors [5, 7, 8, 9, 10, 18, 20] among others. The advantage of this method is to reduce the dimension of the problem but it shows some drawbacks. When writing down the integral formulation by ”single layer potential”, we obtain a coupled system of unknowns (q_1, q_2) and a 2 × 2 system of pseudodifferential operators. This system is strongly elliptic on the product H^{−3/2}(Γ) × H^{−1/2}(Γ) and self-adjoint but the associated bilinear form is only positive definite on a subspace of the previous one, namely the subspace { (q_1, q_2) ∈ H^{−3/2}(Γ) × H^{−1/2}(Γ) s.t. ⟨q_1, P ⟩ + ⟨q_2, ∂_nP ⟩ = 0, ∀P ∈ P_1 } , when P_1 is the space of polynomials of degree one. In order to approximate the exact solution (q_1, q_2), we have to construct an approximation space and a basis satisfying this orthogonality condition, which seems to be difficult from a practical point of view.

Therefore, one can ask if we can avoid this condition and work directly on the product space given above. Doing this, we can show that existence and uniqueness of the solution is not guaranteed and it appears that, for certain values of the capacity cap Γ, the problem formulated like this has no more unique solution. For instance, when the curve Γ is a circle of radius R, the value R = e^{−1} leads to nonuniquely solvable system (see [5, 18] and [7] for other examples).

In the first part of the paper, we use some results of [7] where the idea is to reformulate the problem on the scaled curve ρΓ. The method show that a maximum of 4 values of ρ, which can be computed, have to be avoid. For all other scaling factors ρ the variational formulation of the problem is coercive and consequently, existence and unicity hold. We also present another integral formulation due early to G.C. Hsiao and R. MacCamy in [20] and continued by M. Costabel, E.P. Stephan and W.L. Wendland in [10] for the case of a polygonal boundary Γ. In this method, we add three new constraint equations to the system which has therefore 5 unknowns. Existence and uniqueness of the solution is achieved for all curve Γ.

In both methods, we use a wavelet basis for the discretization in order to avoid two other important drawbacks of general boundary element methods. Generally, the stiffness matrix is ill-conditioned and full, since the involved operators are nonlocal. Biorthogonal wavelets seem to be an efficient tool to avoid these two drawbacks. Wavelets have been studied from a theoretical point of view in [6, 12, 16, 21] and they are used for solving general elliptic partial differential equations, as in the precursory work [1] and later by several other authors [13, 14, 25], most of the time for elliptic operators of order 2. The originality of the present work is to extend the domain of using wavelets to more general operators, for instance to operators of order 4 (see also [3]).

We now explain how the paper is organised. In section 2, we recall some notations and we give the integral formulation of the problem. We mention the main properties of the involved operators and explain how we can avoid the use of spaces orthogonal to traces of polynomials of degree 1. In the next section, the Galerkin method is defined and one obtains a first error estimate due to the coercivity of the variational formulation. Section 4 is devoted to the construction of a biorthogonal wavelet basis which characterizes some Sobolev spaces in term of wavelet coefficients. With these functions, we get a simple preconditioner of the stiffness matrix in section 5. Furthermore, we can get a sparse compressed matrix with O(N) nonzero elements instead of O(N^2), by compressing two times. We complete the method by giving an error estimate between the exact solution and its wavelet-Galerkin approximation. In section 7, we present another approach for the formulation of the clamped plate problem by adding three constraints to the system of equations. The new system leads to a coercive variational formulation of the problem and the use of wavelets substantially reduces the complexity and improves the conditioning.

2 Integral formulation

Let Ω ⊂ R^2 be a bounded domain with a smooth boundary Γ = ∂Ω (C^2 for instance). We note Ω^′ = (Ω)^c the open complementary of Ω in R^2 and n the unitary outer normal vector on Γ.

For a more general domain Ω ⊂ R^n and for a positive real s = m + σ, with m ∈ N and σ ∈ (0, 1), the function u belongs to the Sobolev space H^s(Ω) if and only if ‖u‖_Hs_{(Ω)} < ∞ with ‖u‖_Hs_{(Ω)} = { ‖u‖^2_Hm_{(Ω)} + |u|^2_Hs_{(Ω)} }_{1/2} , (1) with the semi-norm defined, for |α| = m, by

|u|^2_Hs_{(Ω)} = ∑ |α|=m ∫ ∫ Ω^2 |D^αu(x) − D^αu(y)|^2 |x − y|^{n+2σ} dxdy. (2)

We will note P_l the space of polynomials of degree less than or equal to l.

Because of the smoothness of the boundary Γ, the trace operators

γ_0 : u −→ γ_0u := u_{|Γ}, (3) γ_1 : u −→ γ_1u := ∂_nu_{|Γ}, (4)

defined from D(Ω) onto C^0(Γ) admit continuous extensions

(γ_0, γ_1) : H^s(Ω) −→ H^{s−1/2}(Γ) × H^{s−3/2}(Γ), (5)

for s > 3/2.

In order to write the integral formulation of the problem, we introduce the weighted Sobolev spaces

L^2_1(Ω^′) = { u ∈ D^′(Ω^′)|(1 + r^2)^{−1}(log(2 + r^2))^{−1}u ∈ L^2(Ω^′) } , (6) W^2(Ω^′) = { u ∈ L^2_1(Ω^′)|(1 + r^2)^{−1/2}(log(2 + r^2))^{−1}∂_{xi} u ∈ L^2(Ω^′), (7) ∂_{xi} ∂_{xj} u ∈ L^2(Ω^′), ∀i, j = 1, 2 } . (8)

If we pose B := H^{3/2}(Γ)_{/P1} × H^{1/2}(Γ)_{/C}, (9)

B is the space of the couples (g_0, g_1) such that there exists a function u ∈ W^2(R^2)/P_1 satisfying the boundary conditions (γ_0u, γ_1u) = (g_0, g_1). We will note B^′ the dual space of B.

The clamped plate problem reads as follow : find u solution of

Δ^2u = 0, in Ω, u = g_0, on Γ, ∂_nu = g_1, on Γ.

(10)

For s ∈ R, and given data g_0 ∈ H^{s+ 3}2 (Γ), g_1 ∈ H^{s+ 1}2 (Γ), there exists a unique solution u ∈ H^{s+2}(Γ) of problem (10).

We recall the fundamental solution of the biharmonic operator in R^2 : G(x, y) = − 1 8π |x − y|^2 log |x − y|. (11)

We introduce the following integral operators : Au(x) := − ∫ Γ G(x, y)u(y)ds_y, (12) Bu(x) := − ∫ Γ ∂_{ny} G(x, y)u(y)ds_y, (13) B^′u(x) := − ∫ Γ ∂_{nx} G(x, y)u(y)ds_y, (14) Cu(x) := − ∫ Γ ∂_{nx} ∂_{ny} G(x, y)u(y)ds_y, (15) for x ∈ Ω ∪ Ω^′. The solution of problem (10) admits the following single layer representation u(x) = − {Aq_1(x) + Bq_2(x)} , x ∈ Ω ∪ Ω^′, (16) where (q_1, q_2) is a solution of the system { Aq_1(x) + Bq_2(x) = −g_0(x), B^′q_1(x) + Cq_2(x) = −g_1(x).

(17)

The above system of two equations suggests to introduce the operator A = ( A B B^′ C ) . (18)

We recall the main properties of A (see [11]).

Lemma 2.1 If the boundary Γ of the domain is smooth, the operator A is a strongly

elliptic selfadjoint matrix of pseudodifferential operators of orders ( −3 −2 −2 −1 ) . Moreover, the system (17) defines a bounded positive definite bilinear form on the subspace of codimension 3 :

B^′ := ( H^{3/2}(Γ)_{/P1} × H^{1/2}(Γ)_{/C} )_′ , (19)

where (·)^′ denotes the duality. More precisely, the space B^′ is defined by

B^′ = { (q_1, q_2) ∈ H^{−3/2}(Γ) × H^{−1/2}(Γ) s.t. ⟨q_1, P ⟩ + ⟨q_2, ∂_nP ⟩ = 0, ∀P ∈ P_1 } . (20)

We present hereafter some methods and results for which the bilinear form is still positive definite on the space H^{−3/2}(Γ)×H^{−1/2}(Γ), i.e. without the additional orthogonal condition.

We mention first a modification of the initial system, introduced by Fuglede [18] where only the second equation in (17) is modified and replaced by − 1 2π ∫ Γ { log |x − y|q_1(y) − ∂_{ny} log |x − y|q_2(y) } ds_y − 1 2 q_2(y) = 0.

For this modified system of equations, existence and unicity of the solution is proved in [18] for cap Γ /∈ {1,^1_e }, when cap is the capacity of a given curve. For instance when Γ is a circle of radius R, existence and uniqueness hold for R ≠^1_e .

Coming back to the clamped plate problem, in [7] the authors study the solvability of the initial system (17), without any additional equation. The main result reads as follows: for any curve Γ, the problem (17) considered on the scaled curve

ρΓ := {ρx ∈ R^2 s.t. x ∈ Γ} (21)

is uniquely solvable if and only if the scale factor ρ > 0 satisfies ρ /∈ S_Γ, where card S_Γ ∈ {1, . . . , 4}. Let us remark that there is no particular assumption on the regularity of Γ which can be smooth or polygonal. In the latest case, we have to define carefully the Sobolev spaces H^{−3/2}(Γ), H^{−1/2}(Γ), and when one writes the trace theorem on ∂Ω, some compatibility conditions appear at the corners (see [19]).

We recall the method used by M. Costabel and M. Dauge in [7].

The main idea is to reformulate the problem (17) in new spaces. The new formulation is equivalent to the initial one when the domain is smooth, no regularity assumption on Γ is needed (except for the polygonal case as explained before) and the problem becomes scalar. We introduce the following Sobolev spaces. Let us respectively define

H̃^2(R^2 \ Γ) := C∞_0 (R2 \ Γ)^{H2(R2)}, (22) H^2_γ (Γ) := H^2(R^2)_/~_H2_{(R}2_{\Γ)}. (23)

We pose γ : H^2(R^2) −→ H^2_γ (Γ), (24) and H^{−2}_Γ := {q ∈ H^{−2}(R^2) s.t. supp q ⊂ Γ}. (25)

The above spaces have the following properties (see Lemma 4.1 in [7]).

Lemma 2.2 For all boundary Γ, H^{−2}_Γ = (H^2_γ (Γ))^′.

If Γ is smooth, we have two isomorphisms :

H^2_γ (Γ) ∼ H^{3/2}(Γ) × H^{1/2}(Γ), (26) H^{−2}_Γ ∼ H^{−3/2}(Γ) × H^{−1/2}(Γ). (27)

The latest one is defined, for a given q ∈ H^2_γ (Γ) with (q_1, q_2) ∈ H^{−3/2}(Γ) × H^{−1/2}(Γ), we write ⟨q, χ⟩ = ∫ Γ (q_1χ + q_2∂_nχ)ds, ∀χ ∈ C^∞_0 (R^2).

Therefore, the operator A defined by (18) acts also on H^{−2}_Γ :

A : H^{−2}_Γ −→ H^2_γ (Γ).

We pose, as the notations in [7], A = A, X = H^{−2}_Γ , X^′ = H^2_γ (Γ), P = span {p_0, p_1, p_2, p_3} with (p_0, p_1, p_2, p_3) = γ(1, x_1, x_2, |x|^2), γ beeing defined by (24), and X_0 = {f ∈ X : ⟨f, p_i⟩ = 0, ∀i ∈ {0, . . . , 3}}. As explained before, operator A is positive on X_0. We therefore define the modified system of equations { Aq = ∑_3 i=0 ω_ip_i, ⟨q, p_i⟩ = ξ_i, i = 0, . . . , 3, (28)

which has, for all ξ ∈ R^4, a unique solution (q, ω) ∈ H^{−2}_Γ ×R^4 and we introduce the linear application ξ −→ ω := B_Γξ.

The compact set Γ has to verify the additional assumption :

(P) The traces of polynomials 1, x_1, x_2, |x|^2 in H^2_γ (Γ) are linearly independent.

The previous hypothesis is allways satisfied when the boundary Γ of the domain is a curve, for instance. Assuming now that the assumption (P) is satisfied, we obtain a new expression of operator B_Γ under the scale transformation Γ −→ ρΓ.

Lemma 2.3 Let ρ > 0. Under the scale transformation (21), the operator B_Γ defined above becomes B_{ρΓ} = D_ρ ( B_Γ + log ρ 8π C ) D_ρ, (29)

with

C = 0 0 0 1 0 −2 0 0 0 0 −2 0 1 0 0 0

, D_ρ = ρ 0 0 0 0 1 0 0 0 0 1 0 0 0 0 ρ^{−1}

. (30)

Therefore, the followowing theorem explains for which values of ρ the system (17) can be solved on the space H^{−2}_Γ .

Theorem 2.4 If Γ is a compact set satisfying assumption (P), the operator

A_ρ : H^{−2}_{ρΓ} −→ H^2_γ (ρΓ) (31)

is not an isomorphism if and only if

ρ = e^{−8πλ}, (32)

where λ is the eigenvalue of the matrix C^{−1}B_Γ.

In the rest of the paper, we assume that ρ /∈ S_Γ := {e^{−8πλ} ; λ ∈ Sp (C^{−1}B_Γ)}, (33) and we will write for short Γ instead of ρΓ, with ρ /∈ S_Γ.

3 Galerkin method

We begin to describe the variational formulation of the problem (10).

Let us define the bilinear form a by a(q, q^′) = ⟨Aq, q^′⟩_H2_{γ (Γ)×H}−2_Γ , ∀q^′ ∈ H^{−2}_Γ . (34) We are seeking for the unknown

q = (q_1, q_2) = ( − [ ∂(Δu) ∂n ] , [Δu] ) ∈ H^{−2}_Γ , (35)

where [·] denotes the jump through the boundary Γ.

An explicit expression of the bilinear form a is given by a(q, q^′) = ∫ Γ×Γ q_1(x)q^′_1(y)E(|x − y|)ds_xds_y + ∫ Γ×Γ q_2(x)q^′_1(y)∂_{nx} E(|x − y|)ds_xds_y + ∫ Γ×Γ q_1(x)q^′_2(y)∂_{ny} E(|x − y|)ds_xds_y + ∫ Γ×Γ q_2(x)q^′_2(y)∂_{nx} ∂_{ny} E(|x − y|)ds_xds_y. (36) Therefore, the variational formulation of the problem consists in finding q ∈ H^{−2}_Γ solution of a(q, q^′) = ⟨(g_0, g_1), q^′⟩, ∀q^′ ∈ H^{−2}_Γ . (37) In view of the previous section, we immediatly get Proposition 3.1 For all ρ /∈ S_Γ, the bilinear form a is symmetric, continuous and coercive on H^{−2}_Γ .

Given a positive integer J, we define the set of grid points {x_k}^{2J −1}_{k=0} on the boundary Γ and we note s_k the curvilinear abscissae of x_k on Γ. If c_Γ is the length of the curve Γ, we pose : |s_{k+1} − s_k| = c_Γ 2^{−J} , ∀k = 0, . . . , 2^J − 1.

The approximation space S_J of H^{−2}_Γ is given by S_J = {(f, g) ∈ S^L_J × S^M_J }, (38) where S^L_J = {f : f_{|[sk,sk+1]} ∈ P_L, k = 0, . . . , 2^J − 1}, (39) with L ≥ s − 5 2 , M ≥ s − 3 2 . (40) Using the Galerkin method, we want to find q_J ∈ S_J solution of a(q_J , q^′_J ) = ⟨(g_0, g_1), q^′_J ⟩, ∀q^′_J ∈ S_J . (41) Due to the coercivity of the bilinear form, we have the error estimate : Theorem 3.2 Let q = (q_1, q_2) ∈ H^{s−3/2}(Γ) × H^{s−1/2}(Γ) be the exact solution of problem (17) with data (g_0, g_1) ∈ H^{s+3/2}(Γ) × H^{s+1/2}(Γ) and suppose that (40) is satisfied. Therefore, if ρ /∈ S_Γ and if q_J is the Galerkin approximation of q, we have ‖q − q_J ‖_H−2_{Γ (Γ)} ≲ 2^{−sJ} ( ‖g_0‖^2_Hs+3/2_{(Γ)} + ‖g_1‖^2_Hs+1/2_{(Γ)} )_{1/2} . (42) Proof: By Céa’s Lemma, we may write ‖q − q_J ‖_H−2_{Γ (Γ)} ≲ ‖q − Q_J q‖_H−2_{Γ (Γ)}, where Q_J is the L^2(Γ)^2-projection on S_J . Because of the regularity of the data, we have q_1 ∈ H^{s−3/2} and q_2 ∈ H^{s−1/2}. Now, if the approximation space admits a spline basis, it is well-known from approximation theory that

‖q − Q_J q‖^2_H−2_{(Γ)} ≲ 2^{2J(−3/2−(s−3/2))}‖g_0‖^2_Hs+3/2_{(Γ)} + 2^{2J(−1/2−(s−1/2))}‖g_1‖^2_Hs+1/2_{(Γ)}. ■ Instead of using a classical spline basis of the approximation space S_J , we construct in the next section a biorthogonal wavelet basis which characterizes spaces H^s(Γ) × H^{s+1}(Γ). This new basis will lead to a simple preconditioning and a compression of the stiffness matrix.

4 Biorthogonal wavelet basis

We recall in this section the main steps for the construction of a biorthogonal wavelet basis. We refer to [12, 13, 14, 25] for further details.

Given a Hilbert space H (for instance H = L^2(Γ) or H = H^s(Γ)), we suppose that we have a sequence of nested closed subspaces S_j of H, whose union is dense in H : S_0 ⊂ S_1 ⊂ · · · ⊂ H, clos_H (_∞ ⋃ j=0 S_j ) = H. The spaces S_j have the form

S_j = S(Φ_j ) = clos_H (Span(Φ_j )), Φ_j = {φ_{j,k} : k ∈ Δ_j},

with Δ_j a countable set of indices and Φ_j are stable bases.

From the identity S(Φ_{j+1}) = S(Φ_j ) ⨁ S(Ψ_j), we introduce the set W_j = S(Ψ_j), the complement of S(Φ_j ) in S(Φ_{j+1}). The set Ψ_j = {ψ_{j,k} : k ∈ ∇_j} is the collection of the successive translates of the wavelet ψ_j , at a fixed level j.

For a function ψ, on R^n to fix the ideas, we will note Ψ = {ψ_λ : λ ∈ ∇}, where the indices λ ∈ ∇ encode the level of resolution, which will be denoted by |λ| (or j as in the previous notation), the location of the function (k) and sometimes the type of wavelet which is used (e). ψ_λ can be written as

ψ_λ = 2^{jn/2}ψ_e(2^j · −k). (43)

Sometimes it is useful to use the condensed notation (43) instead of the original one ψ_{j,k}(x) = 2^{jn/2}ψ(2^j x − k). Now suppose that are given two sets of functions : Ψ = {ψ_{j,k} : (j, k) ∈ ∇}, Ψ̃ = {ψ̃_{j,k} : (j, k) ∈ ∇}, where ∇ = {(j, k) : k ∈ ∇_j , j = −1, 0, 1, 2, . . .} such that ⟨ψ_{j,k}, ψ̃_j′_{,k}′ ⟩ = δ_{(j,k),(j}′_{,k}′_), (j, k), (j^′, k^′) ∈ ∇, (44) where ⟨·, ·⟩ is the scalar product in H.

Let κ : Γ −→ [0, 1] be a smooth parametrisation of the boundary Γ. We also introduce, for φ ∈ C^∞_0 (Γ), the function κ̃ defined by κ̃ ∘ φ(x) = φ ( κ^{−1}(x) ) . (45)

The wavelets have the two following fundamental properties, which are essential when writing down the Galerkin method and the compression. First of all, wavelets ψ and their dual ψ̃ have a compact support. In the following, we will note

Ω_{j,k} := supp ψ_{j,k}, (46)

the support of the wavelet ψ_{j,k}. By the same way and as needed when writing the compression, we also introduce

Ω^s_{j,k} := Sing supp ψ_{j,k}, (47)

for the singular support of ψ_{j,k}.

On the other hand, if κ is defined as above, the wavelets satisfy the moment property ∫ R x^αψ_{j,k}(κ^{−1}(x))dx = 0, |α| ≤ d̃, k ∈ ∇_j . (48) That is, ψ has d̃ + 1 vanishing moments. Thanks to these assumptions, we will be able to compress the stiffness matrix in section 5. Let us define the following projectors : for u ∈ L^2(R), we note Q_j the projection on S_j and pose

(Q_{j+1} − Q_j) u = ∑ k∈∇_j ⟨u, ψ̃_{j,k}⟩ψ_{j,k}, (49) ( Q̃_{j+1} − Q̃_j ) u = ∑ k∈∇_j ⟨u, ψ_{j,k}⟩ψ̃_{j,k}. (50)

With the above biorthogonal system, every v ∈ H has a unique expansion in these bases of the following form : v = ∑ (j,k)∈∇ ⟨v, ψ̃_{j,k}⟩ψ_{j,k} = ∑ (j,k)∈∇ ⟨v, ψ_{j,k}⟩ψ̃_{j,k} (51)

such that the systems are stable in the sense that ‖v‖^2_H ∼ ∑ (j,k)∈∇ |⟨v, ψ̃_{j,k}⟩|^2 = ∑ (j,k)∈∇ |⟨v, ψ_{j,k}⟩|^2. (52)

Such a dual system is a good candidate for the characterization of the usual Sobolev spaces on R^n by means of the wavelet coefficients if the Bernstein and Jackson estimates hold. We recall the following general result ([12, 13]).

Theorem 4.1 Let us assume that the Jackson estimate holds, namely ‖v − Q_j v‖_τ ≲ 2^{j(τ −t)}‖v‖_t, v ∈ H^t(Γ), (53) for −d̃ − 1 < τ < γ, τ ≤ t, −γ̃ < t ≤ d + 1, with a similar inequality for (v − Q̃_j v), by interchanging d and d̃, γ and γ̃.

Moreover, if we have the following ”inverse” property ‖v_j‖_t ≲ 2^{j(t−τ )}‖v_j‖_τ , v_j ∈ S_j, (54) if −∞ < τ ≤ t < γ̃ ; and ‖v_j‖_t ≲ 2^{j(t−τ )}‖v_j‖_τ , v_j ∈ S̃_j, (55) for −∞ < τ ≤ t < γ, the next eqivalences hold : ‖v‖_t ∼ ∑ k∈Δ_{j0} |⟨v, φ_{j0,k}⟩|^2 + ∞∑ j=j_0 ∑ k∈∇_j 2^{2jt}|⟨v, ψ̃_{j,k}⟩|^2, (56)

‖v‖_t ∼ ∑ k∈Δ_{j0} |⟨v, φ_{j0,k}⟩|^2 + ∞∑ j=j_0 ∑ k∈∇_j 2^{2jt}|⟨v, ψ_{j,k}⟩|^2, (57) for −γ̃ < t < γ, −γ < t < γ̃. Remark 4.2 The choice d = d̃ = 2 (i.e. the use of piecewise linear elements) allows to characterize H^s(R) for s ∈ [−^1_2 ,^3_2 ) and in this case, γ =^3_2 .

Now we apply the previous general construction to our concrete problem. Suppose that, with the above construction, we have a set of wavelets {ψ_{d1;j,k}}, exact of order d_1, which characterize H^{s1} (R) for s_1 ∈ (−γ̃_1, γ_1), with the assumption γ̃_1 > −^r_2 , γ_1 > −^r_2 . Because r = −3, we immediatly get that the value s_1 = −^3_2 belongs to the interval (−γ̃_1, γ_1).

By the same way, we construct a second set of wavelets {ψ_{d2 ;j,k}} which characterizes H^{s2} (R) for s_2 ∈ (−γ̃_2, γ_2). The case s_2 = −^1_2 is again included. Consequently, using a smooth parametrisation κ of the boundary ∂Ω and for j ≥ j_0 > 0, we define the following wavelets in L^2(Γ^2) :

ψ^1_{j,k} := ( ψ_{d1;j,k} 0 ) , k ∈ ∇^1_j (58)

ψ^2_{j,k} := ( 0 ψ_{d2;j,k} ) , k ∈ ∇^2_j (59)

(resp. ψ̃^1_{j,k}, ψ̃^2_{j,k} for the dual system). The integer j_0 is chosen sufficiently large such that supp ψ_{di;j0,0} ⊂ [0, 1] for i = 1, 2. With the above wavelets we get the theorem

Theorem 4.3 For σ ∈ R_+ and for all s ∈ (−^3_2 , −^3_2 + σ), we choose (γ_1, γ_2) such that

γ_1, γ_2 > − 1 2 + σ. (60)

For all q = (q_1, q_2) ∈ H^s(Γ) × H^{s+1}(Γ) such that q = ∑ k∈Δ_{j0} ⟨q, φ_{j0,k}⟩φ_{j0,k} + ∞∑ j=j_0 ∑ k∈∇^1_j ⟨q, ψ̃^1_{j,k}⟩ψ^1_{j,k} + ∑ k∈∇^2_j ⟨q, ψ̃^2_{j,k}⟩ψ^2_{j,k} , (61)

the next equivalence holds

‖q‖^2_Hs_{(Γ)×H}s+1_{(Γ)} ∼ ∑ k∈Δ_{j0} |⟨q, φ_{j0,k}⟩|^2

+ ∞∑ j=j_0 ∑ k∈∇^1_j 2^{2sj}|⟨q, ψ̃^1_{j,k}⟩|^2 + ∑ k∈∇^2_j 2^{2(s+1)j} |⟨q, ψ̃^2_{j,k}⟩|^2 . (62)

Proof: We start to write the definition of the norm of q : ‖q‖^2_Hs_{(Γ)×H}s+1_{(Γ)} := ‖q_1‖^2_Hs_{(Γ)} + ‖q_2‖^2_Hs+1_{(Γ)}, and we estimate separetly the two norms on the right hand side. In view of the properties of ψ_{d1 ;j,k} and with assumption (60), we have ‖q_1‖^2_Hs_{(Γ)} ∼ ∑ k |⟨q_1, φ^1_{j0,k}⟩|^2 + ∞∑ j=j_0 ∑ k∈∇^1_j 2^{2sj}|⟨q_1, ψ̃_{d1;j,k}⟩|^2,

where φ^1_{j0,k} := ( φ_{j0,k} 0 ) . The conclusion holds because of the equality ⟨q_1, ψ̃_{d1;j,k}⟩ = ⟨q, ψ̃^1_{j,k}⟩. We estimate the second norm using the definition of ψ_{d2;j,k} and again assumption (60). Namely, we have for φ^2_{j0,k} = ( 0 φ_{j0,k} ) :

‖q_2‖^2_Hs+1_{(Γ)} ∼ ∑ k |⟨q_2, φ^2_{j0,k}⟩|^2 + ∞∑ j=j_0 ∑ k∈∇^2_j 2^{2(s+1)j} |⟨q_2, ψ̃_{d2;j,k}⟩|^2,

∼ ∑ k |⟨q, φ_{j0,k}⟩|^2 + ∞∑ j=j_0 ∑ k∈∇^2_j 2^{2(s+1)j} |⟨q, ψ̃^2_{j,k}⟩|^2. ■ As a consequence of the above Theorem, we immediatly get an error estimate for the Wavelet-Galerkin method.

Corollary 4.4 If Q_i denotes the projection on V_i along W_i, with i ≥ j_0, for any (s, t) ∈ (−^3_2 , −^3_2 + σ), s ≤ t, we have for all q ∈ H^t(Γ) × H^{t+1}(Γ) : ‖q − Q_iq‖_Hs_{(Γ)×H}s+1_{(Γ)} ≲ 2^{i(s−t)}‖q‖_Ht_{(Γ)×H}t+1_{(Γ)}. (63) Proof: If we write shortly q − Q_iq in the wavelet basis of L^2(Γ^2) as q − Q_iq = ∞∑ j=i ∑ k∈∇^1_j c^1_{j,k}ψ^1_{j,k} + ∑ k∈∇^2_j c^2_{j,k}ψ^2_{j,k} ,

and using Theorem 4.3, one has

‖q − Q_iq‖^2_Hs_{(Γ)×H}s+1_{(Γ)} ∼ ∞∑ j=i ∑ k∈∇^1_j 2^{2sj}|c^1_{j,k}|^2 + ∑ k∈∇^2_j 2^{2(s+1)j} |c^2_{j,k}|^2

≲ 2^{2(s−t)i} ∞∑ j=i ∑ k∈∇^1_j 2^{2tj} |c^1_{j,k}|^2 + ∑ k∈∇^2_j 2^{2(t+1)j} |c^2_{j,k}|^2

≲ 2^{2(s−t)i}‖q‖_Ht_{(Γ)×H}t+1_{(Γ)}, the last estimate is obtained by applying once more Theorem 4.3. ■ Remark 4.5 If we apply the previous estimate with t = s −^3_2 , s = −^3_2 and i = J, we find again the same estimate as in the classical Galerkin method, using a spline basis of S_J (see Theorem 3.2).

From now on, we note shortly {Ψ_{j,k}}_{k∈∇j} := {ψ^1_{j,k}}_{k∈∇1j} ∪ {ψ^2_{j,k}}_{k∈∇2j} , (64) as a wavelet basis of S_j and we pose {Ψ} = ⋃ j,k∈∇ {Ψ_{j,k}}. (65) The functions Ψ_{j,k} of the set {Ψ} are exact of order d with d ∈ {d_1, d_2} and they have (d̃ + 1) vanishing moments for d̃ ∈ {d̃_1, d̃_2}. For the sake of brevity, we write in the same way γ ∈ {γ_1, γ_2}, and define analogously γ̃.

5 Preconditioning and compression of the stiffness matrix For ∇^J = {(j, k) : j = −1, . . . , J , k ∈ ∇_j }, let A_J = (⟨AΨ_{j,k}, Ψ_j′_{,k}′ ⟩)_{(j,k),(j′,k′)∈∇J} , = ( A_{(j,k),(j}′_{,k}′_) ) (j,k),(j^′,k^′)∈∇^J , (66)

be the stiffness matrix of A in the wavelet basis Ψ.

When the operator A is of order r ≠ 0 and the Hilbert space H = H^s(Γ) with s ≠ 0, we have a simple diagonal preconditioner for the matrix A_J .

Proposition 5.1 For i ∈ {1, 2}, let D^i_{s,j} be the diagonal matrix defined by ( D^i_{s,j} ) (j,k),(j^′,k^′) = 2 (s−i+1)jδ (j,k),(j^′,k^′), (j, k), (j ′, k^′) ∈ ∇^i_j , (67)

and let us pose D_{s,j} = ( D^1_{s,j} 0 0 D^2_{s,j} ) . (68)

If γ̃ >^3_2 , we have :

cond (D_{3/2,J} A_J D_{3/2,J} ) ≤ C, (69) for a constant C independent of J.

Proof: By the definition of the matrices D^i_{s,j} for i = 1, 2, the modified stiffness matrix has entries computed on the new wavelet basis functions Ψ_{j,k} = {ψ^1_{j,k}} ∪ {ψ^2_{j,k}} with :

ψ^1_{j,k} = 2^{3j/2}ψ^1_{j,k}, (70) ψ^2_{j,k} = 2^{j/2}ψ^2_{j,k}. (71)

Due to the Theorem of characterization 4.3 applied with s = −3/2 and because of the coercivity of the bilinear form a (see Proposition 3.1), the result follows immediately. ■

Using wavelets, we are also able to compress the stiffness matrix. The ”compressed” matrix will only have O(N) non-zero elements instead of O(N^2) entries. One essential property we need is the decreasing of the kernel E of our operator, namely the bilaplacian here. This property exhibits a decay for the stiffness matrix coefficients, which is the starting point for the compression. These results are summarized in the next Lemma.

Lemma 5.2 The following estimates hold :

1. The kernel K_Δ2 of the biharmonic operator satisfies : | |∂^α_x ∂^β_y K_{Δ2} (x, y) | | ≲ [dist_Γ(x, y)]^{−(−2+|α|+|β|)} , (72) when −2 + |α| + |β| > 0. The wavelelet coefficents of the stiffness matrix decrease in the following way :

2. Suppose that d̃ > 0 and dist(Ω_{j,k}; Ω_j′_{,k}′ ) > 0, with Ω_{j,k} defined by (46). We have | |A_{(j,k),(j′,k′)} | | = | |⟨AΨ_{(j,k)}, Ψ_{(j′,k′)}⟩ | | ≲ 2^{−(j+j} ′)(d̃+^3_2 )

dist(Ω_{j,k}; Ω_j′_{,k}′ )^{d̃}

. (73)

3. Let j^′ ≤ j, 0 ≤ d < d̃ − 3 and γ > −^3_2 . We note Ω_j′_{,k}′ = ∪^{nν}_{ν=1}{Σ^{j′}_ν } where s^{j′}_ν := Σ^{j′−1}_ν ∩ Σ^{j′}_ν are the points of Ω_j′_{,k}′ on which the wavelet Ψ_j′_{,k}′ is not smooth. Suppose now that Ψ_j′_{,k}′ (κ^{−1})|Σ^{j′}_ν ∈ P_d. (74)

If we assume that 1 c 2^{−j′} ≥ dist(Ω_{j,k}, Ω^s_j′_{,k}′ ) ≥ c2^{−j}, (75)

we have |⟨AΨ_{j,k}, Ψ_j′_{,k}′ ⟩| ≲ 2^{−j(d̃+1/2)}2^{j′/2}dist(Ω_{j,k}, Ω^s_j′_{,k}′ )^{2−d̃}. (76) Proof: By definition of the bilinear form a in (36), we have

a(Ψ_{j,k}; Ψ_j′_{,k}′ ) = 4∑ i=1 ∫ ∫ Γ^2 Ψ_{j,k}(x)Ψ_j′_{,k}′ (y)k_i(x, y)ds_xds_y, with k_1(x, y) = E(|x − y|) , k_2(x, y) = ∂_{nx} E(|x − y|), k_3(x, y) = ∂_{ny} E(|x − y|) , k_4(x, y) = ∂_{nx} ∂_{nx} E(|x − y|). Now we estimate the successive derivatives of each k_i by applying the Leibniz rule and we get immediatly the first assertion of the Lemma.

Because of the smoothness of Γ, we use the parametrization of the boundary κ defined in (45) such that

a(Ψ_{j,k}; Ψ_j′_{,k}′ ) = ∑ i ∫ ∫ [0,1]^2

Ψ_{j,k}(κ^{−1}(x))Ψ_j′_{,k}′ (κ^{−1}(y))

× k_i(κ^{−1}(x), κ^{−1}(y))(κ^{−1})^′(x)(κ^{−1})^′(y)dxdy.

From now on we write shortly g_i(x, y) = k_i(κ^{−1}(x), κ^{−1}(y))(κ^{−1})^′(x)(κ^{−1})^′(y), for i = 1, . . . , 4. Therefore we may write ⟨AΨ_{j,k}, Ψ_j′_{,k}′ ⟩ = 4∑ i=1 ∫ R^2 g_i(x, y)Ψ_{j,k}(κ^{−1}(y))Ψ_j′_{,k}′ (κ^{−1}(x))dxdy. (77) We now develop g_i(x, y) in a Taylor serie in two steps.

First of all, for κ^{−1}(y) ∈ Ω_{j,k}, we develop the function g_i(x, ·) as a function of x around the point κ^{−1}(x_0) ∈ Ω_j′_{,k}′ and until order d̃, that is : g_i(x, y) = ∑ |α̃|≤d̃ c^i_{α̃}(x_0, y)(x − x_0)^{α̃} + R^i_{d̃+1}(x, x_0, y), where R^i_{d̃+1} is the integral rest of Lagrange of the Taylor expansion and is defined by

R^i_{d̃+1}(x, x_0, y) = ∑ |α|=d̃+1 (x − x_0)^α(d̃ + 1) α! ∫_1 0 (1 − t_1)^{d̃}∂^α_x g_i(x_0 + t_1(x − x_0), y)dt_1.

Now if we introduce this Taylor expansion in the integral (77), due to the moment property of the wavelets, the first term of the Taylor development disappears and only R^i_{d̃+1} has to be taken into account.

We do the same development for the function y −→ R^i_{d̃+1}(x, x_0, y) for κ^{−1}(x) ∈ Ω_j′_{,k}′ and for κ^{−1}(y_0) ∈ Ω_{j,k} :

R^i_{d̃+1}(x, x_0, y) = ∑ |α|≤d̃ c^i_α(x, x_0, y_0)(y − y_0)^α + R^i_{d̃+1}(x, x_0, y, y_0), (78)

where, by definition,

R^i_{d̃+1}(x, x_0, y, y_0) = ∑ |β|=d̃+1 (y − y_0)^β (d̃ + 1) β! ∫_1 0 (1 − t_2)^{d̃}∂^β_y R^i_{d̃+1}(x, x_0, y_0 + t_2(y − y_0))dt_2.

(79) If we replace in the integral, we obtain |⟨AΨ_{j,k}, Ψ_j′_{,k}′ ⟩| ≲ 4∑ i=1 | | ∫ R^2

R^i_{d̃+1}(x, x_0, y, y_0)Ψ_{j,k}(κ^{−1}(y))Ψ_j′_{,k}′ (κ^{−1}(x))dxdy | |

≲ 4∑ i=1 ∑ |α|,|β|=d̃+1 ∫ R^2

|y − y_0|^{d̃+1}|x − x_0|^{d̃+1}|Ψ_{j,k}(κ^{−1}(y))Ψ_j′_{,k}′ (κ^{−1}(x))|

× | | | | ∫ [0,1]^2

(1 − t_2)^{d̃}(1 − t_1)^{d̃}∂^β_y ∂^α_x g_i(x_0 + t_1(x − x_0), y_0 + t_2(y − y_0))dt_1dt_2 | | | | dxdy,

≲ 4∑ i=1 ∑ |α|,|β| ∫ R^2

|x − x_0|^{d̃+1}|y − y_0|^{d̃+1}Sup_κ−1_{(y)∈Ωj,k} κ−1(x)∈Ωj′,k′ |∂^β_y ∂^α_x g_i(x, y)| × |Ψ_{j,k}(κ^{−1}(y))Ψ_j′_{,k}′ (κ^{−1}(x))|dxdy. By the definition of k_i we have |⟨AΨ_{j,k}, Ψ_j′_{,k}′ ⟩| ≲ ∑ |α|,|β| dist(Ω_{j,k}, Ω_j′_{,k}′ )^{−2d̃}

× ∫ R^2 |x − x_0|^{d̃+1}|y − y_0|^{d̃+1}|Ψ_{j,k}(κ^{−1}(y))Ψ_j′_{,k}′ (κ^{−1}(x))|dxdy. We finish the proof by estimating the following integral using the definition of Ψ_{j,k} and a change of variables in ∫ R |x − x_0|^{d̃+1}|Ψ_j′_{,k}′ (κ^{−1}(x))|dx ≲ 2^{−j′(d̃+ 32 )} ∫ (u + k)^{d̃+1}|Ψ(κ^{−1}(u))|du, and the last integral here above is uniformly bounded, independently of j and k because Ψ has a compact support.

The proof of the third assertion of the Lemma is established in three steps. We begin to estimate the following coefficients : |⟨AΨ_{j,k}′ , φ_{j,k}⟩| ≲ ∑ i ∑ |α|=d̃+1 sup κ−1(x)∈Ωj,k′ y∈Suppφ_{j,k} |∂^α_x g_i(x, y)|

× ∫ R^2 |(x − x_0)^α||Ψ_{j,k}′ (κ^{−1}(x))φ_{j,k}(κ^{−1}(y))|dxdy

≲ 2^{−j/2}2^{−j(d̃+3/2)} dist(Ω_{j,k}′ , Suppφ_{j,k})^{d̃−1} ≲ 2^{−3j} [1 + 2^j dist(Ω_{j,k}′ , Suppφ_{j,k})^{d̃−1} . Under the assumption (74), we have the moment property ∫ R Ψ_j′_{,k}′ (κ^{−1}(x))x^αdx = 0, |α| ≤ d̃. Consequently, we can write, for x ∈ Σ^{j′}_ν ,

Ψ_j′_{,k}′ (κ^{−1}(x)) = 2^{j′/2} ∑ |α|<d+1 c_α[2^{j′} (x − x_ν )]^α.

If we note τ^{j′}_ν = κ^{−1}Σ^{j′}_ν , and if Ã is defined as the restriction of A on Σ^{j′}_ν , we get |⟨AΨ_{j,k}, Ψ_j′_{,k}′ ⟩| = | | | ∫ R ( AΨ_{j,k}(κ^{−1}(x)) ) Ψ_j′_{,k}′ (κ^{−1}(x))dx | | | ≲ ∑ τ^{j′}_ν ⊂Ω_j′_{,k}′

| | | | | ∫ R\Σ^{j′}_ν ∑ |α|≤d c_α2^{j′/2}2^{j′} (x − x_ν )^αÃΨ_{j,k}(κ^{−1}(x))dx | | | | | . (80)

We now give an estimate of |(ÃΨ_{j,k})(κ^{−1}(x))|.

For all x ∈ Γ and x_{jk} ∈ Ω_{j,k}, suppose that dist(x, Ω_{j,k}) ≳ 2^{−j} and we have |(ÃΨ_{j,k})(x)| = | | | ∫ R K~_A(κ(x), y)Ψ_{j,k}(κ^{−1}(y))dy | | | ≲ ∑ |α|=d̃+1 sup κ^{−1}(y)∈Ω_{j,k} |∂^α_y K~_A(κ(x), y)| ∫ R |(y − y_0)^α||Ψ_{j,k}(κ^{−1}(y))|dy

≲ 2^{−j(d̃+3/2)} [dist(x, Ω_{j,k})]^{d̃−1}

≲ 2^{−5j/2}[1 + 2^jdist(x, x_{j,k})]^{1−d̃}.

Inserting the previous estimate in the integral (80), we get |⟨AΨ_{j,k}, Ψ_j′_{,k}′ ⟩| ≲ ∫ |x−x_ν |>cdist(Ω_{j,k},Ω^s_{j′,k′} ) |c_α||2^{j′} (x − x_ν )|^α2^{j′/2}2^{−5j/2}[2^j|x − x_ν |]^{1−d̃}dx ≲ 2^{−j(d̃+3/2)}2^{j′(|α|+1/2)}[dist(Ω_{j,k}, Ω^s_j′_{,k}′ )]^{|α|−d̃+2}.

We get the conclusion to the Lemma 5.2 due to the assumption (75). ■

With the above inequalities, we compress the stiffness matrix in two steps. First of all, for d < d̃ − 3, we define ( A^1_{(j,k),(j}′_{,k}′_) ) J := { A_{(j,k),(j}′_{,k}′_), if dist(Ω_{j,k}, Ω_j′_{,k}′ ) ≤ δ_{j,j}′ , 0, otherwise.

(81)

If d < d̃ − 3 and d^′ ∈ (d, d̃ − 3), we suppose that the compression parameters satisfy

δ_{j,j}′ ∼ a_1 max{2^{−j}, 2^{−j′} , 2^{J(2(d} ′+1)+3)−(j+j′)(d̃+d′+2) 2(d̃+1)−3 }. (82)

We assume from now on that d̃ + 1 > γ > −3 2 . (83) We define the matrix

R^1 = ( r^1_{(j,k),(j}′_{,k}′_) ) (j,k),(j^′,k^′)∈∇^J = (( A_{(j,k),(j}′_{,k}′_) ) J − ( A^1_{(j,k),(j}′_{,k}′_) ) J ) (j,k),(j^′,k^′) . (84)

We use the next intermediate lemma in order to estimate the norm of R^1.

Lemma 5.3 Let d̃ − 3 > d, d^′ satisfying d^′ ∈ (d, d̃ − 3) and a_1 > 1. Assume that the compression parameters are chosen such that

δ_{j,j}′ ≥ a_1 max { 2^{−j}, 2^{−j′} , 2^{J(2d} ′+5)−(j+j′)(d̃+d′+2) 2d̃−1 } . (85)

We therefore obtain ∑ 1 := ∑ k∈∇_j 2^{−j/2}2^{−(j+j′)(d+1)}|r^1_{(j,k),(j}′_{,k}′_)| ≲ 2^{−j′/2}a^{1−2d̃}_1 2^{−J(2d+5)}2^{(j−J)(d′−d)}2^{(j′−J)(d′ −d)}, for 0 ≤ j, j^′ ≤ J.

Proof: By the definition of r^1_{(j,k),(j}′_{,k}′_) and using the Lemma 5.2, we have ∑ 1 = ∑ k∈∇j : dist(Ω_{j,k} ,Ω_j′_{,k}′ )>δ_{j,j}′ 2^{−j/2}2^{−(j+j′)(d+1)}|A_{(j,k),(j}′_{,k}′_)|

≲ 2^{−j/2}2^{−(j+j′)(d+1)}2^{−(j+j′)(d̃+ 32 )} × ∑ k∈∇j : dist(Ω_{j,k} ,Ω_j′_{,k}′ )>δ_{j,j}′ dist(Ω_{j,k}, Ω_j′_{,k}′ )^{−2d̃}.

Because δ_{j,j}′ ≥ max{2^{−j}, 2^{−j′} }, the last sum above is estimated via an integral : ∑ 1 ≲ 2^{−j(d+d̃+3)}2^{−j′(d+d̃+5/2)}2^j ∫ |x|>δ_{j,j}′ |x|^{−2d̃}dx ≲ 2^{−j′/2}2^{−j(d+d̃+2)}2^{−j′(d+d̃+2)}(δ_{j,j}′ )^{1−2d̃}. Using now the assumption (85) on the parameters δ_{j,j}′ , we find ∑ 1 ≲ 2^{−j′/2}a^{1−2d̃}_1 2^{−(j+j′)[d+d̃+2−(d̃+d′+2)]}2^{−J(2d′+5)} ≲ 2^{−j′/2}a^{1−2d̃}_1 2^{(j−J)(d′−d)}2^{(j′−J)(d′−d)}2^{−J[2(d+1)+3]}. ■ We recall the Schur Lemma which allows to estimate the norm of infinite matrices (see [21] for instance).

Lemma 5.4 Let T = (T_{j,j}′ )_{j,j′∈I} be a matrix, u ∈ l_2(I), ⃗u = (u_j)_{j∈I} and s ∈ R. It holds

‖T u‖ ≲ [ sup_{j∈I} ∑ j^′∈I |T_{j,j}′ |2^{s(j−j′)} ]_{1/2}

× [ sup_{j′∈I} ∑ j∈I |T_{j,j}′ |2^{s(j′−j)} ]_{1/2} · ‖u‖_{l2(I)}. We use the Schur Lemma and the Lemma 5.3 to obtain an estimate of ‖R‖. Theorem 5.5 Let d^′ ∈ (d, d̃ − 3), 0 ≤ t, t̃ < d + 1. We pose ( R^{1;t,t̃}_{j,j}′ ) j,j^′ = ( 2^{−jt−j′t̃}|r^1_{(j,k),(j}′_{,k}′_)| ) j,j^′ , (86)

and we obtain ‖R^{1;t,t̃}_{j,j}′ ‖ ≲ a^{1−2d̃}_1 2^{−J(t+t̃+3)}2^{(j−J)(d′+1−t)}2^{(j′−J)(d′+1−t̃)}. (87)

Proof: We apply the Schur Lemma with s =^1_2 : ‖R^{1;t,t̃}_{j,j}′ ‖ ≲ sup_{k′} ∑ k 2^{(j′−j)/2}2^{−jt−j′t̃}|r^1| + sup_k ∑ k^′ 2^{(j−j′)/2}2^{−jt−j′t̃}|r^1| = ∑ + ~∑ . We treat the first sum defined above ; the other one is estimated in the same way by interchanging the roles of j and j^′. Using Lemma 5.3, we obtain ∑ ≲ 2^{−j/2+j′/2}2^{−jt−j′t̃}2^{−(j+j′)(d̃+ 32 )}δ^{1−2d̃}_{j,j}′ 2^j. Because of the assumption (85) on the compression parameters we get : ∑ ≲ a^{1−2d̃}_1 2^{−j(t−d′−1)}2^{−j′(t̃−d′−1)}2^{−J(2d′+5)}. ■ In a second step, thanks to the third estimate in Lemma 5.2, we define a second compression by the following way.

Let d < d^′ < d̃ − 3 and define the matrix

A^c_J := ( A^c_{(j,k),(j}′_{,k}′_) ) (j,k),(j^′,k^′)∈∇^J , (88) by ( A^c_{(j,k),(j}′_{,k}′_) ) J :=

A^1_{(j,k),(j}′_{,k}′_) if j^′ ≤ j and if dist(Ω_{j,k}, Ω^s_j′_{,k}′ ) ≤ δ^s_{j,j}′ , A^1_{(j,k),(j}′_{,k}′_) if j^′ ≥ j and if dist(Ω^s_{j,k}, Ω_j′_{,k}′ ) ≤ δ^s_{j,j}′ , 0 else.

(89)

If d < d^′ < d̃ − 3 and a_c > 1, the compression parameters are such that δ^s_{j,j}′ ∼ a_c max{2^{−j}, 2^{−j′} , 2^{J(2d} ′+5)−max{j,j′}(d̃+1)−(j+j′)(d′+1) d̃−2 }. (90) As before, we are able to estimate the difference between the first and second compressed schemes.

Theorem 5.6 Let d̃ − 3 > d^′ > d and pose r^c_{(j,k),(j}′_{,k}′_) = ( A^1_{(j,k),(j}′_{,k}′_) ) J − ( A^c_{(j,k),(j}′_{,k}′_) ) J , (91)

with dist(Ω_{j,k}, Ω_j′_{,k}′ ) ≲ min{2^{−j}, 2^{−j′} } and the compression prameters δ^s_{j,j}′ satisfying (90). If we define ( R^c_{j,j}′ ) = ( 2^{−(j+j′)(d+1)}|r^c_{(j,k),(j}′_{,k}′_)| ) , (92) we obtain the estimate ‖R^c_{(j,j}′_)‖ ≲ a_c2^{−J(2d+5)}2^{(j−J)(d′−d)}2^{(j′−J)(d′−d)}. (93)

Proof: We proceed as in the proof of Theorem 5.5 when estimating ‖R^{t,t′}_{j,j}′ ‖. We use the Schur Lemma 5.4 and the assumption (90) to conclude. ■

6 Error estimate

In this section, we show that the compressed Galerkin scheme has the same order of convergence as the initial one. As usual, we associate to the matrices A^1_J , A^c_J the operators A^1_J , A^c_J .

We begin to estimate the difference A^1_J − A^c_J .

Theorem 6.1 For d < d^′ < d̃ − 3 and A^1_J defined by (81), we have ‖(A_J − A^1_J )u‖_{−d−1} ≲ a^{1−2d̃}_1 2^{−J(2d+5)}‖u‖_{d+1} (94) Proof: Using the Theorem of characterization 4.3 and the definition (86) of R^{1;t,t̃}_{j,j}′ , we arrive at ‖(A_J − A^1_J )u‖_{−d−1} ≲ J−1∑ j,j^′=−1 ‖R^{1;d+1,d+1} j,j^′ ‖ · ‖u‖d+1. (95) Now we make use of the estimate (87) of Theorem 5.5 and we get ‖(A_J − A^1_J )u‖_{−d−1} ≲ ∑ j,j^′ a^{1−2d̃}_1 2^{−J(2d+5)}2^{(j−J)(d′−d)}2^{(j′−J)(d′−d)}‖u‖_{d+1}. (96) The conclusion follows for j, j^′ ≤ J. ■ By the same way, we can have such an estimate for the second compression.

Theorem 6.2 For d < d̃ − 3 and A^c_J defined by (89), we get the following estimate ‖(A_J − A^c_J )u‖_{−d−1} ≲ a_c2^{−J(2d+5)}‖u‖_{d+1} (97) Proof: By Theorem 4.3 and definition (92), we write ‖(A_J − A^c_J )u‖_{−d−1} ≲ J−1∑ j,j^′=−1 ‖R^c_{j,j}′ ‖ · ‖u‖_{d+1}. (98) Now we make use of the estimate (93) of Theorem 5.6 to obtain ‖(A_J − A^c_J )u‖_{−d−1} ≲ a_c2^{−J(2d+5)} ∑ j,j^′ 2^{(j−J)(d′−d)}2^{(j′−J)(d′ −d)}‖u‖_{d+1}. (99) ■ The previous estimates allow to obtain the next Theorem of error.

Theorem 6.3 For i ∈ {1, 2} let −d_i − 4 ≤ s_i < min{γ_i, d_i + 1} with (s_1, s_2) = (−^3_2 , −^1_2 ). Furthermore, assume that s + s_i ≤ d_i + 1. For two parameters a_1, a_c large enough, we define the compression parameters δ_{j,j}′ , δ^s_{j,j}′ as in (85) and (90).

If we assume that the exact solution satisfies q = (q_1, q_2) ∈ H^{s−3/2}(Γ) × H^{s−1/2}(Γ) and if we note q^c_J the solution of the (two times) compressed scheme A^c_J , we have the following optimal error estimate : ‖q − q^c_J ‖_H−2_{(Γ)} ≲ 2^{−sJ} ( ‖g_0‖^2_Hs+3/2_{(Γ)} + ‖g_1‖^2_Hs+1/2_{(Γ)} )_{1/2} . (100)

Proof: First of all, the assumption on the parameters a_1, a_c guarantees the stability of the compression procedure, in view of Theorems 6.1 and 6.2 and due to the coercivity of a. Therefore, we can apply the first Strang Lemma in order to estimate the error. We recall that for all s ∈ R, ‖q − q^c_J ‖_s ≲ inf_{qJ ∈SJ} { ‖q − q_J ‖_s + sup_{q̃J ∈SJ} |⟨(A_J − A^c_J )q_J , q̃_J ⟩| ‖q̃_J ‖_s } . (101)

For the first term on the right hand, recalling that Q_J is the projection on S_J , we can use the Céa’s Lemma to write

‖q − q_J ‖_H−2_{(Γ)} ≲ ‖q − Q_J q‖_H−2_{(Γ)} ≲ 2^{−sJ} ‖q‖_{Hs−} 3_{2 (Γ)×Hs−} 1_{2 (Γ)},

this last estimate being a direct consequence of Theorem 4.3.

For the second term on the right hand side of (101), we have sup_{q̃J ∈SJ} |⟨(A_J − A^2_J )q_J , q̃_J ⟩| ‖q̃_J ‖_s ≲ ‖(A_J − A^2_J )q_J ‖_{s−r}, which can be estimated thanks to Theorem 6.2 to get sup_{q̃J ∈SJ} |⟨(A_J − A^2_J )q_J , q̃_J ⟩| ‖q̃_J ‖_s ≲ a_c ( 2^{−2J[s− 32 −(− 32 +3)+3]}‖q_1‖^2_{s−} 3_2 + 2^{−2J[s− 12 −(− 12 +3)+3]}‖q_2‖^2_{s−} 1_2 )_{1/2}

≲ a_c2^{−sJ} ‖q‖_{Hs−} 3_{2 (Γ)×Hs−} 1_{2 (Γ)}. ■ Using the representation formula (16) and the continuity of operators A and B, we obtain the following error estimate for the solution of the clamped plate problem (10).

Theorem 6.4 We note u the exact solution of the clamped plate problem and u^c_J its approximation. Under the same assumptions of Theorem 6.3, we get :

‖u − u^c_J ‖_H2_{γ (Γ)} ≲ 2^{−sJ} ( ‖g_0‖^2_{Hs+} 3_{2 (Γ)} + ‖g_1‖^2_{Hs+} 1_{2 (Γ)} )_{1/2} . (102)

Proof: We use the integral representation (16) of the solution u and its approximation u^c_J :

u(x) = (Aq_1(x) + Bq_2(x)) , u^c_J (x) = (Aq^c_{1J} (x) + Bq^c_{2J} (x)) .

And therefore we obtain

‖u − u^c_J ‖^2_H2_{γ (Γ)} ≲ ‖A(q_1 − q^c_{1J} )‖^2_H2_{γ (Γ)} + ‖B(q_2 − q^c_{2J} )‖^2_H2_{γ (Γ)}.

Now operators A and B are of order (−3) and (−2) respectively and are continuous. Consequently we can write :

‖u − u^c_J ‖^2_H2_{γ (Γ)} ≲ ‖q_1 − q^c_{1J} ‖^2_H−3/2_{(Γ)} + ‖q_2 − q^c_{2J} ‖^2_H−1/2_{(Γ)}, ≲ ‖q − q^c_J ‖^2_H−2_{(Γ)}, ≲ 2^{−2sJ} ( ‖g_0‖^2_{Hs+} 3_{2 (Γ)} + ‖g_1‖^2_{Hs+} 1_{2 (Γ)} ) , by applying Theorem 6.3 in the last inequality. ■

Remark 6.5 All the previous results can be easily extended to domains Ω ⊂ R^3. The fundamental solution becomes E(x, y) = − 1 8π |x − y|, and the results of section 2 can be adapted. Using a patch-representation of the surface ∂Ω, one can construct a system of biorthogonal wavelets on the two-dimensional boundary Γ (see [15]). In R^3, our system is allways uniquely solvable, for any curve Γ.

7 Integral formulation of Hsiao-MacCamy

In order to give a strongly elliptic variational formulation of the problem, for any value of cap Γ, several authors studied a modified system of equations, by adding three new constraints. This work was initialized by Fichera, Hsiao, MacCamy [20], and Costabel, Stephan, Wendland [10] for an extension to a polygonal boundary. The method reads as follow.

The solution u of problem (10) admits the following representation formula u(x) = −2 ∫ Γ (∂_{y1} Gq_1 + ∂_{y2} Gq_2) ds_y + a_1x_1 + a_2x_2 + γ, (103)

where y = (y_1, y_2) ∈ Γ, G is the fundamental solution of the bilaplacian given in (11).

For a given data (g_0, g_1) ∈ H^{s+ 3}2 × H^{s+ 1}2 , the unknowns are the functions (q_1, q_2) ∈ H^{s− 1}2 × H^{s− 1}2 and the real numbers a_1, a_2, a_3 ∈ R which solve the system of equations { (S + L_{11})q_1 + L_{12}q_2 = φ_1 − a_1 − a_3k_1, L_{21}q_1 + (S + L_{22})q_2 = φ_2 − a_2 − a_3k_2,

(104)

where Su(x) := ∫ Γ g(x, y)u(y)ds_y, (105) is the single layer potential for the Laplacian with g(x, y) = − 1 2π log |x − y|, (106) the fondamental solution (in R^2) of Δ.

The operators L_{ij} appearing in the above system are integral operators with smooth kernels l_{ij} defined by ( l_{11} l_{12} l_{21} l_{22} ) = − 1 2π (_{(x1−y1)2} |x−y|^2 + 1 2 (x_1−y_1)(x_2−y_2) |x−y|^2 (x_1−y_1)(x_2−y_2) |x−y|^2 (x_2−y_2)^2 |x−y|^2 + 1 2 ) . (107)

The vectors φ and k are defined by ( φ_1 φ_2 ) = ( ġ_0ẋ_1 + g_1ẋ_2 ġ_0ẋ_2 − g_1ẋ_1 ) , ( k_1 k_2 ) = ( ẋ_1 ẋ_2 ) , (108)

where ġ denotes the differentiation of g with respect to the arc length. Moreover, we impose the three constraints : ∫ Γ q_1ds_y = 0, (109) ∫ Γ q_2ds_y = 0, (110) ∫ Γ q_1ẋ_1ds_y + ∫ Γ q_2ẋ_2ds_y = 0. (111)

We therefore write shortly the equations (104), (109), (110), (111) as ( A T Λ 0 ) ( q a ) = ( φ 0 ) , (112)

with the following definitions of the operators : A = ( S + L_{11} L_{12} L_{21} S + L_{22} ) , (113)

T a = ( a_1 + a_3k_1 a_2 + a_3k_2 ) , (114)

Λq = ∫ Γ q_1ds ∫ Γ q_2ds ∫ Γ(q_1ẋ_1 + q_2ẋ_2)ds

. (115)

Remark 7.1 The constant γ in (103) can be easily found by imposing that u(x_0) = g_0(x_0), for a particular point x_0 on the boundary Γ.

For two real numbers s_1, s_2, let us introduce the notation :

H^{s1,s2} (Γ) := H^{s1} (Γ) × H^{s2} (Γ) × R^3. (116)

The operator involved in (112) has the following property (see [10]).

Lemma 7.2 The operator A is a strongly elliptic pseudodifferential operator of order (−1) and the operator

B := ( A T Λ 0 ) : H^{s− 12 ,s− 12} (Γ) −→ H^{s+ 12 ,s+ 12} (Γ) (117)

is bijective, for all s ∈ R.

For the sake of brevity, we define Φ = (q, a) = (q_1, q_2, a_1, a_2, a_3). The variational formulation of problem (112) reads as :

Find Φ ∈ H^{−1/2,−1/2}(Γ) solution of

b(Φ, Φ^′) := ⟨BΦ, Φ^′⟩_H1/2,1/2_{(Γ)×H}−1/2,−1/2_{(Γ)}, ∀Φ^′ ∈ H^{−1/2,−1/2}(Γ). (118)

In view of Lemma 7.2, the bilinear form b is symmetric, continuous and coercive on H^{−1/2,−1/2}(Γ). We therefore write in detail the Galerkin discretization of the problem (112). As in section 3, for a given mesh Δ_J , we define as in (39) the approximation space

S_J := S^{d1}_J × S^{d2}_J ⊂ H^{s− 12} × H^{s− 12} , j = 0, . . . , J, (119)

and with the assumption d_1, d_2 ≥ s − 3/2. A priori, one chooses d_1 = d_2.

Let us make use of the following notations : q = (q_1, q_2), a = (a_1, a_2, a_3) for the unknowns and q_J = (q_{1J} , q_{2J} ), a_J = (a_{1J} , a_{2J} , a_{3J} ) for their respective approximations ; if we note q^′_J = (q^′_{1J} , q^′_{2J} ) and a^′_J = (a^′_{1J} , a^′_{2J} , a^′_{3J} ), with Φ^′_J = (q^′_J , a^′_J ) the Galerkin scheme reads as :

Find Φ_J = (q_J , a_J ) ∈ S^{d1}_J × S^{d2}_J × R^3 such that

b(Φ_J , Φ^′_J ) := ⟨( A T Λ 0 ) ( q_J a_J ) , ( q^′_J a_J )⟩ = ⟨( φ 0 ) , ( q^′_J a_J )⟩ , (120)

for all Φ^′_J ∈ S^{d1}_J × S^{d2}_J × R^3.

Using spline basis, we have the error estimate [8] :

Lemma 7.3 Let Φ = (q, a) ∈ H^{s− 1}2^{,s− 1}2 (Γ) be the exact solution of problem (112) with data (g_0, g_1) ∈ H^{s+ 3}2 (Γ) × H^{s+ 1}2 (Γ). For d_1, d_2 ≥ s − 3/2, we get ‖q − q_J ‖_H−1/2_{(Γ)×H}−1/2_{(Γ)} + |a − a_J | ≲ 2^{−sJ} ( ‖g_0‖^2_{Hs+} 3_{2 (Γ)} + ‖g_1‖_{Hs+} 1_{2 (Γ)} )_{1/2} . (121)

Proof: Let us define Φ = (q_1, q_2, a_1, a_2, a_3) ∈ H^{s− 1}2^{,s− 1}2 (Γ) and Φ_J = (q_{1J} , q_{2J} , a_{1J} , a_{2J} , a_{3J} ) its Galerkin approximation. If |a| denotes the usual euclidian norm on R^3, a norm on H^{t1,t2} (Γ) is given by

‖Φ‖_{H−} 1_{2 ,−} 1_{2 (Γ)} = ( ‖q_1‖^2_{H−} 1_{2 (Γ)} + ‖q_2‖^2_{H−} 1_{2 (Γ)} + |a|^2 )_{1/2} . Therefore, due to the coercivity of the bilinear form a, we have by Céa’s Lemma :

‖Φ − Φ_J ‖^2_{H−} 1_{2 ,−} 1_2 ≲ ‖Φ − Q_J Φ‖^2_{H−} 1_{2 ,−} 1_2 ≲ ‖q_1 − Q_J q_1‖^2_{H−} 1_2 + ‖q_2 − Q_J q_2‖^2_{H−} 1_2 + |a − Q_J a|^2,

where Q_J is the L^2(Γ)^2-projection on S_J and Q_J is the scalar projection. Now applying Theorem 4.3 of section 4, we have respectively

‖q_1 − Q_J q_1‖^2_{H−} 1_2 ≲ 2^{−2sJ} ‖q_1‖^2_{Hs−} 1_2 , ‖q_2 − Q_J q_2‖^2_{H−} 1_2 ≲ 2^{−2sJ} ‖q_2‖^2_{Hs−} 1_2 .

The estimate for |a−Q_J a|^2 is deduced from the equation (104), replacing a_i by (a_i −Q_J a_i), i = 1, 2, 3. ■

Now we describe the wavelet Galerkin method which allows to compress the matrix A associated to operator A. We keep the same construction of the biorthogonal wavelets as in section 4 and obtain a basis which characterizes H^{s− 1}2 (Γ) × H^{s− 1}2 (Γ). Namely, we define {Ψ_{j,k}}_{k∈∇j} := {ψ^1_{j,k}}_{k∈∇1j} ∪ {ψ^2_{j,k}}_{k∈∇2j} , (122) with ψ^1, ψ^2 defined by (58)-(59). We suppose that γ ∈ {γ_1, γ_2} satisfies γ > − 1 2 . (123)

Consequently, we get the same Theorem of characterization as Theorem 4.3 in the range s ∈ (−^1_2 , −^1_2 + σ), for σ ∈ R_+.

If we define the stiffness matrix related to operator A as A_J := (⟨AΨ_{j,k}, Ψ_j′_{,k}′ ⟩)_{(j,k),(j′,k′)∈∇}, (124) we introduce the diagonal matrix ( D_{s,j} ) (j,k),(j^′,k^′) = 2 −sjδ_{(j,k),(j}′_{,k}′_) (125) and we pose D_{s,j} = ( D_{s,j} 0 0 D_{s,j} ) . Consequently, we get Cond ( D_{1/2,J} A_J D_{1/2,J} ) ≲ 1. (126) Proof: The proof is similar to these of Proposition 5.1. ■

The advantage of using wavelets is also the possibility to compress the stiffness matrix of the Galerkin scheme. In fact, regarding more precisely the operator A defined by (113), we show that the matrices related to the operators S and L_{ij} can be compressed thanks to the particular form of their kernels.

First of all, the kernel g(x, y) = −^1_{2π} log |x − y| of the single layer potential operator S satisfies the property | | |∂^{|α|+|β|}g(x, y) ∂x^α∂y^β | | | ≲ 1 |x − y|^{|α|+|β|} , which fits well in our compression procedure.

Concerning operators L_{ij} , i, j = 1, 2, we can write the corresponding kernels in the form l_{ij} (x − y) = p(x_1 − y_1, x_2 − y_2) |x − y|^2 + C, when p is a polynomial of degree 2 and C is a real constant. If we pose t = (x − y) and l_{ij} (t) = p(t)/|t|^2, we can easily show the

Lemma 7.4 For the multi-indices α, β, the next estimate holds : | | | | ∂^{|α|+|β|}l_{ij}(x − y) ∂x^α∂y^β | | | | ≲ 1 |x − y|^{|α|+|β|} . (127)

This result show that the kernels of S and operators L_{ij} for i, j ∈ {1, . . . , 4} have the same decreasing property. Because A is of order (−1) and applying a similar proof as in Lemma 5.2, we have :

Lemma 7.5 The following estimates hold :

1. For (d̃ + 1) > 0 and dist(Ω_{j,k}; Ω_j′_{,k}′ ) > 0 we get | |A_{(j,k),(j′,k′)} | | ≲ 2^{−(j+j} ′)(^1_2 +d̃)

dist(Ω_{j,k}; Ω_j′_{,k}′ )^{2(d̃+1)}

. (128)

2. Let j^′ ≤ j, 0 ≤ d < d̃ − 1 and γ > −^1_2 . We note Ω_j′_{,k}′ = ∪^{nν}_{ν=1}{Σ^{j′}_ν } where s^{j′}_ν := Σ^{j′−1}_ν ∪ Σ^{j′}_ν are the points of Ω_j′_{,k}′ on which the wavelet Ψ_j′_{,k}′ is not smooth. Suppose now that Ψ_j′_{,k}′ (κ^{−1})|Σ^{j′}_ν ∈ P_d.

If we assume that 2^{−j′} ≳ dist(Ω_{j,k}, Ω^s_j′_{,k}′ ) ≳ 2^{−j},

we obtain |⟨AΨ_{j,k}, Ψ_j′_{,k}′ ⟩| ≲ 2^{−j(d̃+1/2)}2^{j′/2}dist(Ω_{j,k}, Ω^s_j′_{,k}′ )^{−d̃}. (129) With this property, we define the compressed matrices A^1 and A^c as in (81)-(89) with two compression parameters satisfying, for d̃ − 1 > d, d^′ ∈ (d, d̃ − 1) and a_1 > 1 respectively : δ_{j,j}′ ≥ a_1 max{2^{−j}, 2^{−j′} , 2^{J(2d} ′+3)−(j+j′)(d̃+d′+2) 2d̃+1 }, (130) δ^s_{j,j}′ ≥ a_c max{2^{−j}, 2^{−j′} , 2^{J(2d} ′+3)−max{j,j′}(d̃+1)−(j+j′)(d′+1) d̃ }. (131)

Concerning the error estimates, we have an equivalent of Theorems 6.1 and 6.2 in the sense of

Theorem 7.6 For d < d^′ < d̃ − 1, A^1_J and A^c_J defined as in (81) and (89) with compression parameters defined as above, we have :

‖(A_J − A^1_J )u‖_{−d−1} ≲ a^{−1−2d̃}_1 2^{−J(2d+3)}‖u‖_{d+1}, (132) and ‖(A^1_J − A^c_J )u‖_{−d−1} ≲ a_c2^{−J(2d+3)}‖u‖_{d+1}. (133)

The proof is similar to these of Theorems 6.1 and 6.2.

We conclude by giving the next error estimate.

Theorem 7.7 For i ∈ {1, 2}, let −d_i −2 ≤ −^1_2 < min{γ_i, d_i +1}, s > 0 and s−^1_2 ≤ d_i +1. For a_1, a_c sufficiently large, we obtain :

‖q − q^c_J ‖_{H−} 1_{2 (Γ)×H−} 1_{2 (Γ)} ≲ 2^{−sJ} ( ‖g_0‖^2_{Hs+} 3_{2 (Γ)} + ‖g_1‖^2_{Hs+} 1_{2 (Γ)} )_{1/2} . (134)

Proof: We proceed as in the proof of Theorem 6.3 and write the first Strang Lemma (101).

For the first term on the right hand side, we can use the Céa’s Lemma to write

‖q − q_J ‖_− 1_{2 ,−} 1_2 ≲ ‖q − Q_J q‖_− 1_{2 ,−} 1_2 ≲ 2^{−sJ} ‖q‖_{s−} 1_{2 ,s−} 1_2 ,

by using Theorem 4.3.

For the second term on the right hand side of the Strang Lemma, we have sup_{q̃J ∈SJ} |⟨(A_J − A^c_J )q_J , q̃_J ⟩| ‖q̃_J ‖_s ≲ ‖(A_J − A^c_J )q_J ‖ 1_2 ,

≲ a_c2^{−J[s− 12 −(− 12 +1)+1]}‖q‖_{s−} 1_{2 ,s−} 1_2 ≲ a_c2^{−sJ} ‖q‖_{s−} 1_{2 ,s−} 1_2 . ■ References

[1] G. Beylkin, R. Coifman and V. Rokhlin, Fast wavelet transforms and numerical algorithms, Comm. Pure and Appl. Math., 44, 1991, 141-183.

[2] H. Blum et R. Rannacher, On the boundary value problem of the biharmonic operator on domains with angular corners, Math. Meth. in the Appl. Sc., 2, 1980, 556-581.

[3] C. Bourgeois et S. Nicaise, Prewavelet approximations for a system of boundary integral equations for plates with edges on polygons, Math. Meth. Appl. Sc., 21, 1998, 1233-1267.

[4] G. Chen and J. Zhou, Boundary element methods, Computational mathematics and applications, Academic Press, 1992.

[5] S. Christiansen and P. Hougaard, An investigation of a pair of integral equations for the biharmonic problem, J. Inst. Math. Appl., 22, 1978, 15-27.

[6] A. Cohen, I. Daubechies and J.-C. Feauveau, Biorthogonal bases of compactly supported wavelets, Comm. Pure and Appl. Math., 45, 1992, 485-560.

[7] M. Costabel and M. Dauge, Invertibility of the biharmonic single layer potential operator, preprint Nr.13, Univ. Rennes 1, 1995.

[8] M. Costabel, I. Lusikka and J. Saranen, Comparison of three boundary element approaches for the solution of the clamped plate problem, In C.A. Brebbia, editor, Boundary Elements, Vol IX, pages 19-34, Springer-Verlag, New-York, 1989.

[9] M. Costabel and J. Saranen, Boundary element analysis of a direct method for the biharmonic Dirichlet problem, Preprint Nr. 1145, FB Darmstadt, 1988.

[10] M. Costabel, E.P. Stephan and W.L. Wendland, On boundary integral equation of the first kind for the bilaplacian in a polygonal plane domain, Ann. Scuola Norm. Sup. Pisa, Cl. Sci., 4, 10, 1983, 197-241.

[11] M. Costabel and W.L. Wendland, Strong ellipticity of boundary integral operators, J. Reine Angew. Math., 372, 1986, 197-241.

[12] W. Dahmen and A. Kunoth, Multilevel preconditioning, Num. Math., 63, 1992, 315- 344.

[13] W. Dahmen, S. Prößdorf and R. Schneider, Wavelet approximation methods for pseudodifferential equations I : Stability and convergence, Math. Z., 215, 1994, 583-620.

[14] W. Dahmen, S. Prößdorf and R. Schneider, Wavelet approximation methods for pseudodifferential equations II: Matrix compression and fast solution, Advances in Comp. Math., 1, 1993, 259-335.

[15] W. Dahmen, S. Prößdorf, R. Schneider, Multiscale methods for pseudo-differential equations on manifolds, Wavelet Analysis and its Applications 5, Academic Press, 1995, 385-424.

[16] I. Daubechies, Ten lectures on wavelets, CBMS Lecture Notes, 61, SIAM, Philadelphia, 1992.

[17] R. Dautray and J.L. Lions, Mathematical analysis and numerical methods for science and technology, Vol.1-2, Springer-Verlag, Berlin, 1990.

[18] B. Fuglede, On a direct method of integral equations for solving the biharmonic Dirichlet problem, ZAMM, 61, 1989, 449-459.

[19] P. Grisvard, Elliptic problems in nonsmooth domains, Monographs and Studies in Mathematics 21, Pitman, Boston, 1985.

[20] G.C. Hsiao and R. MacCamy, Solution of boudary value problem by integral equations of the first kind, SIAM Rev., 15, 1973, 687-705.

[21] Y. Meyer, Ondelettes et opérateurs : Vol.1,2, Hermann, Paris, 1990.

[22] C. Nazaret, A system of boundary integral equations for polygonal plates with free edges, Math. Meth. Appl. Sc., 1997, to appear.

[23] J.C. Nédélec, Approximation des équations intégrales en Mécanique et en Physique, Ecole Polytechnique, Palaiseau, 1977.

[24] S. Prößdorf and B. Silbermann, Numerical analysis for integral and related operator equations, Birkhäuser Verlag, Basel, 1991.

[25] R. Schneider, Multiscalen- und Wavelet- Matrixkompression : Analysisbasierte Methoden zur effizienten Lösung grosser vollbesetzter Gleichungssystem, Technische Universität Chemnitz, 1996.

[26] H. Triebel, Interpolation theory, function spaces, differential operators, North- Holland, Amsterdam-New-York-Oxford, 1978.

Other titles in the SFB393 series:

99-01 P. Kunkel, V. Mehrmann, W. Rath. Analysis and numerical solution of control problems in descriptor form. January 1999.

99-02 A. Meyer. Hierarchical preconditioners for higher order elements and applications in computational mechanics. January 1999.

99-03 T. Apel. Anisotropic finite elements: local estimates and applications (Habilitationsschrift). January 1999.

99-04 C. Villagonzalo, R. A. Römer, M. Schreiber. Thermoelectric transport properties in disordered systems near the Anderson transition. February 1999.

99-05 D. Michael. Notizen zu einer geometrisch motivierten Plastizitätstheorie. Februar 1999. 99-06 T. Apel, U. Reichel. SPC-PM Po 3D V 3.3, User’s Manual. February 1999. 99-07 F. Tröltzsch, A. Unger. Fast solution of optimal control problems in the selective cooling of steel. March 1999.

99-08 W. Rehm, T. Ungerer (Eds.). Ausgewählte Beiträge zum 2. Workshop Cluster-Computing 25./26. März 1999, Universität Karlsruhe. März 1999.

99-09 M. Arav, D. Hershkowitz, V. Mehrmann, H. Schneider. The recursive inverse eigenvalue problem. March 1999.

99-10 T. Apel, S. Nicaise, J. Schöberl. Crouzeix-Raviart type finite elements on anisotropic meshes. May 1999.

99-11 M. Jung. Einige Klassen iterativer Auflösungsverfahren (Habilitationsschrift). Mai 1999. 99-12 V. Mehrmann, H. Xu. Numerical methods in control, from pole assignment via linear quadratic to H_∞ control. June 1999.

99-13 K. Bernert, A. Eppler. Two-stage testing of advanced dynamic subgrid-scale models for Large-Eddy Simulation on parallel computers. June 1999.

99-14 R. A. Römer, M. E. Raikh. The Aharonov-Bohm effect for an exciton. June 1999. 99-15 P. Benner, R. Byers, V. Mehrmann, H. Xu. Numerical computation of deflating subspaces of embedded Hamiltonian pencils. June 1999.

99-16 S. V. Nepomnyaschikh. Domain decomposition for isotropic and anisotropic elliptic problems. July 1999.

99-17 T. Stykel. On a criterion for asymptotic stability of differential-algebraic equations. August 1999.

99-18 U. Grimm, R. A. Römer, M. Schreiber, J. X. Zhong. Universal level-spacing statistics in quasiperiodic tight-binding models. August 1999.

99-19 R. A. Römer, M. Leadbeater, M. Schreiber. Numerical results for two interacting particles in a random environment. August 1999.

99-20 C. Villagonzalo, R. A. Römer, M. Schreiber. Transport Properties near the Anderson Transition. August 1999.

99-21 P. Cain, R. A. Römer, M. Schreiber. Phase diagram of the three-dimensional Anderson model of localization with random hopping. August 1999.

99-22 M. Bollhöfer, V. Mehrmann. A new approach to algebraic multilevel methods based on sparse approximate inverses. August 1999.

99-23 D. S. Watkins. Infinite eigenvalues and the QZ algorithm. September 1999. 99-24 V. Uski, R. A. Römer, B. Mehlig, M. Schreiber. Incipient localization in the Anderson model. August 1999.

99-25 A. Meyer. Projected PCGM for handling hanging in adaptive finite element procedures.

September 1999.

99-26 F. Milde, R. A. Römer, M. Schreiber. Energy-level statistics at the metal-insulator transition in anisotropic system. September 1999.

99-27 F. Milde, R. A. Römer, M. Schreiber, V. Uski. Critical properties of the metal-insulator transition in anisotropic systems. October 1999.

99-28 M. Theß. Parallel multilevel preconditioners for thin shell problems. November 1999. 99-29 P. Biswas, P. Cain, R. A. Römer, M. Schreiber. Off-diagonal disorder in the Anderson model of localization. November 1999.

99-30 C. Mehl. Anti-triangular and anti-m-Hessenberg forms for Hermitian matrices and pencils.

November 1999.

99-31 A. Barinka, T. Barsch, S. Dahlke, M. Konik. Some remarks for quadrature formulas for refinable functions and wavelets. November 1999.

99-32 H. Harbrecht, C. Perez, R. Schneider. Biorthogonal wavelet approximation for the coupling of FEM-BEM. November 1999.

99-33 C. Perez, R. Schneider. Wavelet Galerkin methods for boundary integral equations and the coupling with finite element methods. November 1999.

99-34 W. Dahmen, A. Kunoth, R. Schneider. Wavelet least squares methods for boundary value problems. November 1999.

99-35 S. I. Solovev. Convergence of the modified subspace iteration method for nonlinear eigenvalue problems. November 1999.

99-36 B. Heinrich, B. Nkemzi. The Fourier-finite-element method for the Lamé equations in axisymmetric domains. December 1999.

99-37 T. Apel, F. Milde, U. Reichel. SPC-PM Po 3D v 4.0 - Programmers Manual II. December 1999.

99-38 B. Nkemzi. Singularities in elasticity and their treatment with Fourier series. December 1999.

99-39 T. Penzl. Eigenvalue decay bounds for solutions of Lyapunov equations: The symmetric case. December 1999.

99-40 T. Penzl. Algorithms for model reduction of large dynamical systems. December 1999. 00-01 G. Kunert. Anisotropic mesh construction and error estimation in the finite element method. January 2000.

00-02 V. Mehrmann, D. Watkins. Structure-preserving methods for computing eigenpairs of large sparse skew-Hamiltonian/Hamiltonian pencils. January 2000.

00-03 X. W. Guan, U. Grimm, R. A. Römer, M. Schreiber. Integrable impurities for an open fermion chain. January 2000.

00-04 R. A. Römer, M. Schreiber, T. Vojta. Disorder and two-particle interaction in lowdimensional quantum systems. January 2000.

00-05 P. Benner, R. Byers, V. Mehrmann, H. Xu. A unified deflating subspace approach for classes of polynomial and rational matrix equations. January 2000.

00-06 M. Jung, S. Nicaise, J. Tabka. Some multilevel methods on graded meshes. February 2000.

00-07 H. Harbrecht, F. Paiva, C. Perez, R. Schneider. Multiscale Preconditioning for the Coupling of FEM-BEM. February 2000.

00-08 P. Kunkel, V. Mehrmann. Analysis of over- and underdetermined nonlinear differentialalgebraic systems with application to nonlinear control problems. February 2000.

00-09 U.-J. Görke, A. Bucher, R. Kreißig, D. Michael. Ein Beitrag zur Lösung von Anfangs- Randwert-Problemen einschließlich der Materialmodellierung bei finiten elastisch-plastischen Verzerrungen mit Hilfe der FEM. März 2000.

00-10 M. J. Martins, X.-W. Guan. Integrability of the D^2_n vertex models with open boundary.

March 2000.

00-11 T. Apel, S. Nicaise, J. Schöberl. A non-conforming finite element method with anisotropic mesh grading for the Stokes problem in domains with edges. March 2000.

00-12 B. Lins, P. Meade, C. Mehl, L. Rodman. Normal Matrices and Polar Decompositions in Indefinite Inner Products. March 2000.

00-13 C. Bourgeois. Two boundary element methods for the clamped plate. March 2000.

00-14 C. Bourgeois, R. Schneider. Biorthogonal wavelets for the direct integral formulation of the heat equation. March 2000.

00-15 A. Rathsfeld, R. Schneider. On a quadrature algorithm for the piecewise linear collocation applied to boundary integral equations. March 2000.

00-16 S. Meinel. Untersuchungen zu Druckiterationsverfahren für dichteveränderliche Strömungen mit niedriger Machzahl. März 2000.

00-17 M. Konstantinov, V. Mehrmann, P. Petkov. On Fractional Exponents in Perturbed Matrix Spectra of Defective Matrices. April 2000.

The complete list of current and former preprints is available via

http://www.tu-chemnitz.de/sfb393/preprints.html.