Disorder and Two-Particle Interaction in Low-Dimensional Quantum Systems

Rudolf A. Römer, Michael Schreiber and Thomas Vojta^{a∗}

aInstitut für Physik, Technische Universität, 09107 Chemnitz, Germany

Abstract We review some of the recent results on two-interacting particles (TIP) in low-dimensional disordered quantum models. Special attention is given to the mapping of the problem onto random band matrices. In particular, we construct two simple, seemingly closely related examples for which an analogous mapping leads to incorrect results. We briefly discuss possible reasons for this discrepancy based on the physical differences between the TIP problem and our examples.

PACS: 71.55.Jv, 72.15.Rn, 71.30.+h Keywords: disordered systems, electron-electron interactions, TIP.

1. Introduction

Until 1994, the theoretical and experimental research on transport in disordered systems clearly supported the scaling hypothesis of localization for non-interacting electrons [1,2]. The systems studied usually fell into the predicted universality classes, and, if they didn’t, then they could be shown not to be generic [2]. However, real electrons of course interact [3], and their interaction is of relevance for the transport properties of disordered systems [4,5], especially in 2D and 1D where screening [6] is less efficient than in 3D. The influence of weak interactions has been investigated extensively using perturbation theory and the perturbative renormalization group (RG) [7,8]. One of the key results is that the lower critical dimension of the MIT is d^−_c = 2 as it is for non-interacting electrons. The application of the perturbative RG in 1D [9–13] has lead to the prediction that all thermodynamic states remain localized in the presence of repulsive many-body interactions.

Due to the persistent current problem [14–19] and new experiments on 2D electron systems [20–

∗This work has been supported by the Deutsche Forschungsgemeinschaft/SFB 393.

22] which show striking signatures of a metalinsulator transition, these theoretical considerations received a lot of renewed attention. In order to theoretically study the effects of the interplay between disorder and interactions, one should in principle solve a problem with an exponentially growing number of states in the Hilbert space with increasing system size. At present, this can be achieved only for a few particles in 1D [23– 26] and very few particles in 2D [27–31]. However, in 1994 Shepelyansky [32,33] proposed to simply look at two interacting particles (TIP) in a random environment. In particular, he suggested that the two particles would form pairs even for repulsive interactions such that the TIP pairs would have a larger localization length than the two single particles (SP) separately. Thus the interaction would lead to an enhanced possibility of transport [34]. The perhaps even more surprising part of the prediction is that the TIP pairs will have a localization length λ_2 such that at pair energy E = 0

λ_2 ∝ U^2λ_1^2, (1)

where U represents the onsite interaction strength and λ_1 is the SP localization length. Since λ_1 ∝ 105/W^2 [35–39] in 1D, this implies large values of λ_2 for small disorders W .

The first numerical studies devoted to the TIP problem used the transfer-matrix method (TMM) [2] to investigate the proposed enhancement of the pair localization length λ_2 [32,40]. The TMM of [32] contained an additional artificial infinitelylong-ranged interaction that tends to mask the onsite interaction [41]. The TMM of [40] avoids this problem, but is restricted to small system sizes and results for localization lengths of λ_2 ≈ 300 had been deduced on systems of size M = 100. Therefore, two of us studied the TIP problem by a different TMM [42] at large system size M ≳ 300 and found that (i) the enhancement λ_2/λ_1 decreases with increasing M, (ii) the behavior of λ_2 for U = 0 is equal to λ_1 in the limit M → ∞ only, and (iii) for U ≠ 0 the enhancement λ_2/λ_1 also vanishes completely in this limit. Consequently, we concluded [42] that the TMM applied to the TIP problem in 1D measures an enhancement of the localisation length which is due to the finiteness of the systems considered. Although Ref. [42] has been criticized [43,44], we emphasize that subsequent publications have shown [45–47] that there are no variants of TMM that reproduce Eq. (1). Furthermore, in a later numerical approach [48], based on Green function methods, Song and v. Oppen argue that our extrapolations for M → ∞ were off by ≈ 11% only, whereas the original TMM of [40] deviated by about a factor of 3 [48]. Thus while our criticized TMM results are valid, various other numerical investigations by other groups [48–57] as well as ourselves [58–61] convincingly demonstrated some enhancement. The reason for the failure of the TMM approach of [40,42] has been explained by Song and v. Oppen [48] by arguing that the TMM measures a localization length λ_f < λ_2 due to the cigar-shape geometry [62] of the TIP states.

Reliable numerical approaches to the TIP problem are nowadays based on the computation of the decay of the Green function [48,50,57,59,63]. Other direct numerical approaches to the TIP problem have been based on the time evolution of wave packets [32,52,53,56], exact diagonalization [62], variants of level statistics [49,51] and analysis of multifractal properties [54,55], perturbative methods [64,65] and mappings to effective models

[66–70]. In these investigations an enhancement of λ_2 compared to λ_1 has been found as remarked above but the quantitative results tend to differ both from the analytical prediction in Eq. (1), and, albeit less, from each other. Furthermore, a check of the functional dependence of λ_2 on λ_1 is numerically very expensive since it requires very large system sizes M ≫ λ_2 ≫ λ_1. Extensions of the original arguments have been proposed for TIP in 2D [27,34,61,69,71,72] and 3D [73], for TIP close to a Fermi sea [74], and for long-range interactions in 1D [41,42,52].

The basic idea leading to the prediction (1) is based on looking at the interaction matrix element between two eigenstates ψ_{kl} = ψ_kψ_l and ψ_{nm} = ψ_nψ_m of the non-interacting system [32,33]. Here ψ_k, ψ_l, ψ_n, ψ_m denote SP eigenstates localized with localization length λ_1 around sites k, l, n, m. For an onsite interaction [75] U ∑_N j=1 n_{j↓}n_{j↑} (with n_{jτ} denoting the number operator at site j for spin τ) only states with |k−l| ≤ λ_1, |n−m| ≤ λ_1, |k−n| ≤ λ_1, |l−m| ≤ λ_1 will give significant contributions to the interaction matrix element u = ⟨ψ_{kl}|U|ψ_{nm}⟩ = U N∑ j=1 ψ^†_k(j)ψ^†_l (j)ψ_n(j)ψ_m(j). (2)

These conditions are illustrated in Fig. 1. If one assumes [32,69] that the SP state is given as ψ_k(j) ∝ 1 √ λ_1 exp ( − |j − k| λ_1 + iθ(j) ) (3) with θ(j) a random phase, one finds [32] that the typical interaction matrix element has a magnitude of

u ∝ λ^{−3/2}_1 (4)

since it is the sum of λ_1 random contributions of magnitude λ^{−2}_1 . Shepelyansky next calculated the decay rate Γ of a non-interacting eigenstate by means of Fermi’s golden rule Γ ∼ U^2/λ_1t [32,33,64]. Since the typical hopping distance is of the order of λ_1 the diffusion constant is D ∼ U^2λ_1/t. Within a time τ the particle pair visits N ∼ Uλ^{3/2}_1 t^{−1/2}τ^{1/2} states. Diffusion stops

Figure 1. Schematic picture of the TIP arguments of Ref. [32]. The two-particle state ψ_{kl} (left solid and dashed exponentials indicate the envelopes of the constituents ψ_k and ψl) is localized within a distance λ_1 from the two-particle state ψ_{nm} (right solid and dashed curves). The resulting overlapmatrix element u = ⟨U⟩ ≡ ⟨ψ_{kl}|U|ψ_{nm}⟩ leads to a longer decay length λ_2 for the TIP state as explained in the text. This effect can be visualized as an effective reduction (thick short-dashed line) of the original disorder potential (thin shortdashed line).

when the level spacing of the visited states is of the order of the frequency resolution 1/τ. This determines the cut-off time τ^∗ and the corresponding pair-localization length is obtained as λ_2 ∼ √ Dτ^∗ ∼ (U/t)^2λ^2_1 in agreement with Eq.

(1). Applicability of Fermi’s golden rule requires Γ ≫ t/λ^2_1 which is equivalent to U^2λ_1/t^2 ≫ 1. This is exactly the condition for an enhancement of λ_2 compared to λ_1. Alternatively, the model may be mapped to a random-matrix model (RMM) with entries chosen according to Eq. (4) [32,67,68].

2. Numerical results for the randommatrix model of TIP

The arguments presented in the last section are of a qualitatively nature and Eq. (1) must be checked for quantitative accuracy. Even before testing (1), it is already worthwhile to check the validity of (4) and the subsequent arguments or the RMM approach [32,67,68]. In Ref. [40], it had been shown that the assumption of a Gaussian distribution of the matrix elements u was oversimplified. The distribution showed long tails making the arithmetic average unsuitable to characterize the typical value. In Ref. [76] we have paid special attention to the exact dependence of u on λ_1 and system size. To this end, we diagonalized the 1D Anderson model for a given M and W and computed u by averaging over all suitable states and many disorder configurations. We showed that due to the strongly non- Gaussian distribution of u, one should rather use the logarithmic average than the arithmetic average as the typical value for the computation of u(λ_1). But whereas the arithmetic average [54] gives u_{abs} ∝ λ^{−1.5}_1 , the typical value obeys u_{typ} ∝ λ^{−1.95}_1 . Following the arguments above, this would imply λ_2 ∝ λ^{1.1}_1 , i.e., a very small enhancement. We emphasize that this result does not mean that there is no enhancement of the localization length. Rather, the results of Ref. [76] indicate that the arguments of Ref. [32] capture the physics, but only in a somewhat simplified form. One step towards a better agreement between the analytical and the numerical approaches is to take into account the energy denominators in the computation of u, e.g., to consider only interaction matrix elements for states whose energy spacings are of the order of U or smaller [60]. In this case we find that there is a slight decrease in the value of the typical exponent and correspondingly a slight increase in TIP delocalization yielding λ_2 ∝ λ^{1.4±0.2}_1 . This suggests that higher orders in perturbation theory than the first order RMM approach [32] are important. Furthermore, the exponent 1.4 ± 0.2 is in reasonable agreement with previous results in the literature [40,41,45–55,57,59,63–65,69,70].

3. RMM approach for toy models

In this section we show that a naive application the RMM approach may give qualitatively incorrect results even if the RMM contains the correct dependence of the matrix elements on the disorder strength. To this end we consider two toy models which seem to be closely related to the TIP problem. For these models, viz. Anderson models of localization with additional perturbing random potentials, we show that mapping onto RMMs and estimating the localization length by

Fermi’s golden rule leads to an incorrect enhancement of the localization length.

3.1. 2D Anderson model with perturbation on a line The first example is set up to lead to the same RMM as the TIP problem. It consists of the usual 2D Anderson model perturbed by an additional weak random potential of strength U at the diagonal x = y in real space. Since the perturbation increases the width of the disorder distribution at the diagonal we expect it to decrease the localization length. We map the model onto an RMM following the arguments for the TIP problem sketched in Sec. 1. Again, the eigenstates of the unperturbed system are localized with a localization length λ_1 and approximately given by ψ_n(x, y) ∼ 1 λ_1 exp [ − |r − r_n| λ_1

+ iθ_n(r) ] (5) where r = (x, y)^T is the coordinate vector of the particle and θ is again assumed to be a random phase. The Hamiltonian of the 2D perturbed Anderson model differs from the TIP Hamiltonian in two points: (i) the diagonal elements (given by the random potential) are independent random numbers instead of being correlated as in the TIP problem and (ii) the perturbing potential U(x, x) ∈ [−U, U] at each diagonal site is random instead of having a definite sign and modulus U as in the TIP problem. However, none of these points enters the mapping procedure outlined in Sec. 1. Thus, we find that the perturbation couples each state close to the diagonal (|x_n − y_n| < λ_1) to O(λ^2_1) other such states. The interaction matrix element is again a sum of O(λ_1) terms of magnitude U/λ^2_1 and random phases and as before u ∼ Uλ^{−3/2}_1 . Consequently, our toy model is mapped onto exactly the same RMM as TIP in a random potential. Therefore, the resulting localization length along the diagonal is also given by Eq. (1). We thus arrive at the surprising conclusion, that adding a weak random potential at the diagonal of a 2D Anderson model leads to an enormous enhancement of the localization length along this diagonal, in contradiction to the expectation expressed above, viz. that increasing disorder leads to stronger localization.

Figure 2. Dependence of λ_1(M) on disorder W for the 2D Anderson model at E = 0 for M = 10, 25, 30, 35 and 50 indicated by increasing symbol size. We use the M = 50 data, emphasized by the solid line, as finite-size estimate of λ_1.

As for the TIP case [76] we now numerically check whether the relation u ∼ Uλ^{−3/2}_1 between the coupling matrix element u and the localization length λ_1 of the unperturbed system is correctly described by the RMM. Since in 2D a simple analytic formula for the dependence of λ_1 on the disorder W does not exist, we first compute estimates λ_1(M) for quasi-1D strips of finite strip width M with 1% accuracy by TMM. In Fig. 2, we show data of λ_1(M) as a function of W . In the following, we take λ_1(50) to compute the coupling matrix elements.

Next, we calculate both the arithmetic average u_{abs} = ⟨|u|⟩ and the logarithmic average u_{typ} = exp[⟨log(|u|)⟩] for different values of W and various M × M squares. Disorder averaging is over 20 samples and we study u_{abs} and u_{typ} as functions of λ_1(M). We emphasize that instead of the well-known extrapolations of λ_1(M) to infinite system size by means of FSS [2], we take the finite-size approximants λ_1(M) on purpose, since we compute λ_2 also for comparable finite sizes only.

As for the TIP model [76] the distribution P_o(u) of the (off-diagonal) coupling matrix elements is strongly non-Gaussian, suggesting that

Figure 3. Dependence of u_{abs} (squares) and u_{typ} (circles) on λ_1(M) for the perturbed 2D Anderson model with U = 1 and M = 10, 25, 30 and 35 indicated by increasing symbol size. The solid lines represent the power laws u_{abs} ∼ λ^{−1.6}_1 and u_{typ} ∼ λ^{−1.5}_1 .

u_{typ} rather than u_{abs} is the relevant quantity. The results for u_{abs} and u_{typ} are presented in Fig. 3. The dependence of u_{abs} on λ_1(M) for 2 ≤ λ_1(M) ≤ 12 follows u_{abs} ∝ λ_1(M)^{−1.6±0.1} in agreement with the RMM value of 3/2 and with Ref. [76]. Furthermore, here we also have u_{typ} ∝ λ_1(M)^{−1.5±0.1}. We note that the change of the slopes of u_{abs} and u_{typ} at λ_1(M) ≈ M/2 is entirely due to the finite sample sizes [76].

Consequently, in contrast to the TIP problem the RMM model for the 2D perturbed Anderson model of localization contains the correct dependence of the coupling matrix elements on the localization length of the unperturbed system, but still it leads to an incorrect enhancement of the localization length along the diagonal.

3.2. 1D Anderson model with perturbation An even more striking contradiction can be obtained for an 1D Anderson model of localization. The eigenstates are again given by Eq. (3) with λ_1 known from second order perturbation theory [35–37] and numerical calculations [38,39] to vary as λ_1 ∼ t^2/W^2 for small disorder. We now add a weak random potential of strength U at all sites. Since the result is obviously an 1D Anderson model with a slightly higher disorder strength W_u > W the localization length will be reduced, λ(U) ∼ t^2/W^2_u .

The mapping onto an RMM can be performed in complete analogy to the TIP problem and the 2D Anderson model discussed above. The perturbing potential leads to transitions between the unperturbed eigenstates ψ_n. Each such state is now coupled to O(λ_1) other states by coupling matrix elements ⟨ψ_n|U|ψ_n′ ⟩ with magnitude u ∼ Uλ^{−1/2}_1 since we sum over λ_1 contributions with magnitude U/λ_1 and supposedly random phases.

The application of Fermi’s golden rule in this 1D case leads to a diffusion constant D ∼ U^2λ^2_1/t. The number of states visited within a time τ is N ∼ Uλ_1t^{−1/2}τ^{1/2}. Again, diffusion stops at a time τ^∗ when the level spacing of the states visited equals the frequency resolution. This gives τ^∗ ∼ U^2λ^2_1/t^3. The localization length λ of the perturbed system thus reads λ ∼ √ Dτ^∗ ∼ U^2λ^2_1 as in Eq. (1), in contradiction to the correct result.

Again we numerically check the relation between u_{abs} and u_{typ} and the unperturbed localization length λ_1. In Fig. 4, we show results obtained for chains with various lengths and 50 disorder configurations for each W . λ_1 is computed by TMM. For 10 ≤ λ_1 ≤ 250, u_{abs} varies as λ^{−0.48±0.10}

1 as predicted above. u_{typ} varies as λ^{−0.59±0.10} 1 . Both variations are compatible with the RMM value of 1/2 for the exponent. Again we need λ_1 < M/2 in order to suppress finite size effects.

Consequently, although the RMM model for the 1D perturbed Anderson model of localization contains the correct dependence of the coupling matrix elements on the localization length of the unperturbed system, it still leads to an incorrect enhancement of the localization length.

4. Application of the block-scaling picture to toy models

Let us now discuss the relation of these results to Imry’s block-scaling picture (BSP) [34,69] for the TIP problem. In this approach one considers blocks of linear size λ_1 and calculates the dimen-

Figure 4. Dependence of u_{abs} (squares) and u_{typ} (circles) on λ_1 for the perturbed 1D Anderson model with U = 1 and M = 200, 300, 500 and 800 indicated by increasing symbol size. The solid lines represent the power laws u_{abs} ∼ λ^{−0.48}_1 and u_{typ} ∼ λ^{−0.59}_1 .

sionless pair conductance on that scale,

g_2 ∼ u^2 Δ^2

, (6)

where u represents the typical interactioninduced coupling matrix element between states in neighboring blocks and Δ ∼ t/λ^2_1 is the level spacing within the block. If the typical coupling matrix element depends on λ_1 as u ∼ Uλ^{−α}_1 the pair conductance obeys

g_2 ∼ (U/t)^2λ^{4−2α}_1 . (7)

For the 2D Anderson model with perturbation considered above, the BSP can be applied analogously. Again, we consider blocks of linear size λ_1 and compute the typical perturbation-induced matrix elements between these blocks. We then find that according to the BSP the conductance of a 2D Anderson model with additional weak perturbing potential along the diagonal is given by Eq. (6). Using α = 1.5 ± 0.1 as obtained above from the numerical data for u_{abs} and u_{typ}, we then have g_2 ∼ (U/t)^2λ_1. Thus we conclude that the BSP does not work for our 2D toy model, because it yields the same unphysical result as the RMM approach of section 3.1.

Let us also apply the BSP to the 1D toy example. The level spacing in a 1D block of size λ_1 is Δ ∼ t/λ_1, and the coupling matrix element between states in neighboring blocks is u ∼ Uλ^{−1/2}_1 . Thus, the conductance of the perturbed system on a scale λ_1 is obtained as g_2 ∼ (U/t)^2λ_1. For large λ_1 this again contradicts the correct result, viz. a decrease of the conductance compared to the unperturbed system. Thus, the BSP applied to the two toy models introduced in the present work gives the same qualitatively incorrect results for the localization properties as the RMM. This is not surprising since the only ingredients of the BSP are the intra-block level spacing Δ ∼ t/λ^2_1 and the inter-block coupling matrix elements u which also enter the RMM.

5. Conclusions

We have presented two toy models which seem to be closely related to the TIP problem. For these toy models the usual analytical arguments given to support the delocalization of TIP, viz. the RMM and the BSP do not work. However, the large-scale numerical simulations [48,50,57, 59,61,71] have convincingly shown that an enhancement of the two-particle localization length due to the interaction exists, even though the detailed results are more complicated than the original prediction (1). This leads, of course, to the question, under which conditions the RMM mapping and the BSP give the correct result, at least qualitatively. While a general answer to this question is not known, it has been suggested [77] that the difference between the TIP and our toy models is an additional symmetry in the TIP problem.

In summary, the two examples suggest that additional physical insight is needed before applying the RMM. In addition, we expect that taking into account the energies of the states as in Ref. [60] for TIP will result in a reduced enhancement, i.e., a smaller value of α, in the analytical predictions. This will in turn give a better agreement with the numerically determined dependence of the TIP localization length on λ_1.

References

1. E. Abrahams, P. W. Anderson, D. C. Licciardello, and T. V. Ramakrishnan, Phys. Rev. Lett. 42, 673 (1979).

2. B. Kramer and A. MacKinnon, Rep. Prog.

Phys. 56, 1469 (1993).

3. C. A. d. Coulomb, French physicist; discoverer and eponym of Coulomb’s law, 1736– 1806.

4. A. L. Efros and B. Shklovskii, J. Phys.: Condens. Matter 8, L49 (1975).

5. N. F. Mott, Metal-Insulator Transitions (Taylor & Francis, London, 1990).

6. N. W. Ashcroft and N. D. Mermin, Solid State Physics (Saunders College, New York, 1976).

7. A. M. Finkelstein, Sov. Phys. JETP 57, 97 (1983).

8. D. Belitz and T. R. Kirkpatrick, Rev. Mod.

Phys. 66, 261 (1994).

9. T. Giamarchi and H. Schulz, Europhys. Lett.

3, 1287 (1987).

10. T. Giamarchi and H. Schulz, Phys. Rev. B 37, 325 (1988).

11. T. Giamarchi and B. S. Shastry, Phys. Rev.

B 51, 10915 (1995).

12. C. L. Kane and M. P. A. Fisher, Phys. Rev.

Lett. 68, 1220 (1992).

13. R. Shankar, Int. J. Mod. Phys. B 4, 2371 (1990).

14. B. Altshuler, Y. Gefen, and Y. Imry, Phys.

Rev. Lett. 66, 88 (1991).

15. M. Büttiker, Y. Imry, and R. Landauer, Phys.

Lett. A 96, 365 (1983).

16. V. Chandrasekhar et al., Phys. Rev. Lett. 67, 3578 (1991).

17. L. P. Levy, G. Dolan, J. Dunsmuir, and H.

Bouchiat, Phys. Rev. Lett. 64, 2074 (1990). 18. D. Mailly, C. Chapelier, and A. Benoit, Phys.

Rev. Lett. 70, 2020 (1993).

19. P. Schmitteckert et al., Phys. Rev. Lett. 80, 560 (1998).

20. S. V. Kravchenko et al., Phys. Rev. B 50, 8039 (1994), cond-mat/9405082.

21. S. V. Kravchenko et al., Phys. Rev. B 51, 7038 (1995), cond-mat/9412103.

22. S. V. Kravchenko et al., Phys. Rev. Lett. 77, 4938 (1996).

23. S. R. White, Phys. Rev. Lett. 69, 2863 (1993). 24. S. R. White, Phys. Rep. 301, 187 (1998). 25. P. Schmitteckert, R. Jalabert, D. Weinmann, and J.-L. Pichard, Phys. Rev. Lett. 81, 2308 (1998), cond-mat/9804053.

26. M. Schreiber, F. Epperlein, and T. Vojta, Physica A 266, 443 (1999), condmat/9807385.

27. D. L. Shepelyansky, cond-mat/9905231. 28. P. H. Song and D. L. Shepelyansky, condmat/9904229.

29. T. Vojta, F. Epperlein, and M. Schreiber, Phys. Rev. Lett. 81, 4212 (1998).

30. F. Epperlein, M. Schreiber, and T. Vojta, phys. stat. sol. 205, 233 (1998).

31. F. Epperlein, T. Vojta, and M. Schreiber, Ann. Phys. (Leipzig) 8, 61 (1999).

32. D. L. Shepelyansky, Phys. Rev. Lett. 73, 2607 (1994).

33. D. L. Shepelyansky, in Correlated fermions and transport in mesoscopic systems, edited by T. Martin, G. Montambaux, and J. T. T. Vân (Editions Frontieres, Proc. XXXI Moriond Workshop, Gif-sur-Yvette, 1996), p. 201.

34. Y. Imry, in Correlated fermions and transport in mesoscopic systems, edited by T. Martin, G. Montambaux, and J. T. T. Vân (Editions Frontieres, Proc. XXXI Moriond Workshop, Gif-sur-Yvette, 1996).

35. E. N. Economou, Green’s Functions in Quantum Physics (Springer-Verlag, Berlin, 1990).

36. M. Kappus and F. Wegner, Z. Phys. B 45, 15 (1981).

37. D. J. Thouless, in Ill-condensed Matter, edited by G. Toulouse and R. Balian (North- Holland, Amsterdam, 1979), p. 1.

38. G. Czycholl, B. Kramer, and A. MacKinnon, Z. Phys. B 43, 5 (1981).

39. J.-L. Pichard, J. Phys.: Condens. Matter 19, 1519 (1986).

40. K. Frahm, A. Müller-Groeling, J. L. Pichard, and D. Weinmann, Europhys. Lett. 31, 169 (1995).

41. R. A. Römer and M. Schreiber, phys. stat. sol.

(b) 205, 275 (1998).

42. R. A. Römer and M. Schreiber, Phys. Rev.

Lett. 78, 515 (1997).

43. K. Frahm, A. Müller-Groeling, J.-L. Pichard, and D. Weinmann, Phys. Rev. Lett. 78, 4889 (1997).

44. R. A. Römer and M. Schreiber, Phys. Rev.

Lett. 78, 4890 (1997).

45. O. Halfpap, Diploma thesis, Universität Hamburg, 1996.

46. O. Halfpap, A. MacKinnon, and B. Kramer, Sol. State Comm. 107, 379 (1998).

47. O. Halfpap, I. K. Zharekeshev, A. MacKinnon, and B. Kramer, in Proc. 24th ICPS (World Scientific, Singapore, 1998).

48. P. H. Song and F. v. Oppen, Phys. Rev. B 59, 46 (1999), cond-mat/9806303.

49. D. Weinmann and J.-L. Pichard, Phys. Rev.

Lett. 77, 1556 (1996).

50. P. H. Song and D. Kim, Phys. Rev. B 56, 12217 (1997).

51. E. Akkermans and J.-L. Pichard, Eur. Phys.

J. B 1, 223 (1997), cond-mat/9706267. 52. D. Brinkmann et al., Eur. Phys. J. B 10, 145 (1998).

53. O. Halfpap, T. Kawarabayashi, and B.

Kramer, Ann. Phys. (Leipzig) 7, 483 (1998). 54. X. Waintal and J.-L. Pichard, Eur. Phys. J.

B 6, 117 (1998), cond-mat/9706258.

55. X. Waintal, D. Weinmann, and J.-L. Pichard, Eur. Phys. J. B 7, 451 (1999), condmat/9801134.

56. O. Halfpap and B. Kramer, Ann. Phys.

(Leipzig) 8, 85 (1999).

57. K. Frahm, Eur. Phys. J. B 10, 371 (1999), cond-mat/9809188.

58. M. Leadbeater, R. A. Römer, and M.

Schreiber, in Excitonic Processes in Condensed Matter, edited by R. T. Williams and W. M. Yen (The Electrochemical Society Proceedings Series, Pennington, NJ, 1998), pp. 349–354, PV 98-25.

59. M. Leadbeater, R. A. Römer, and M.

Schreiber, Eur. Phys. J. B 8, 643 (1999). 60. R. A. Römer, M. Leadbeater, and M.

Schreiber, Physica A 266, 481 (1999). 61. R. A. Römer, M. Leadbeater, and M.

Schreiber, Ann. Phys. (Leipzig) 8, 675 (1999). 62. D. Weinmann, A. Müller-Groeling, J.-L.

Pichard, and K. Frahm, Phys. Rev. Lett. 75, 1598 (1995).

63. F. v. Oppen, T. Wettig, and J. Müller, Phys.

Rev. Lett. 76, 491 (1996).

64. P. Jacquod and D. L. Shepelyansky, Phys.

Rev. Lett. 75, 3501 (1995).

65. P. Jacquod, D. L. Shepelyansky, and O. P.

Sushkov, Phys. Rev. Lett. 78, 923 (1997). 66. K. Frahm and A. Müller-Groeling, Europhys.

Lett. 32, 385 (1995).

67. K. Frahm, A. Müller-Groeling, and J.-L.

Pichard, Phys. Rev. Lett. 76, 1509 (1996). 68. K. Frahm, A. Müller-Groeling, and J.-L.

Pichard, Z. Phys. B 102, 261 (1997), condmat/9702097.

69. Y. Imry, Europhys. Lett. 30, 405 (1995). 70. I. V. Ponomarev and P. G. Silvestrov, Phys.

Rev. B 56, 3742 (1997).

71. M. Ortuño and E. Cuevas, Europhys. Lett.

46, 224 (1999).

72. F. Borgonovi and D. L. Shepelyansky, Physica D 109, 24 (1997).

73. J. Lages and D. L. Shepelyansky, condmat/9911461.

74. F. v. Oppen and T. Wettig, Europhys. Lett.

32, 741 (1995).

75. R. A. Römer and A. Punnoose, Phys. Rev. B 52, 14809 (1995).

76. R. A. Römer, M. Schreiber, and T. Vojta, phys. stat. sol. (b) 211, 681 (1999).

77. D. Weinmann, private communications.