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Abstract

We study canonical forms for Hamiltonian and symplectic matrices or pencils
under equivalence transformations which keep the class invariant. In contrast to other
canonical forms our forms are as close as possible to a triangular structure in the same
class. We give necessary and sufficient conditions for the existence of Hamiltonian
and symplectic triangular Jordan, Kronecker and Schur forms. The presented results
generalize results of Lin and Ho [17] and simplify the proofs presented there.

Keywords. eigenvalue problem, Hamiltonian pencil (matrix), symplectic pencil (matrix),
linear quadratic control, Jordan canonical form, Kronecker canonical form, algebraic Ric-

cati equation
AMS subject classification. 15A21, 65F15, 93B40

1 Introduction

In this paper we study canonical (Jordan and Kronecker) and condensed (Schur) forms
for matrices and matrix pencils with a special structure under equivalence transformations
that keep this structure invariant. Let us first introduce the algebraic structures that we
consider.

Let J, := 0 I

-1, 0
size is clear from the context. The superscripts T, H represent the transpose and conjugate
transpose, respectively.

, where I, is the n x n identity matrix. We will just use .J if the

*This work was supported by Deutsche Forschungsgemeinschaft, Research Grant Me 790/7-2



Definition 1

1. A matrix H € C***" is called Hamiltonian if H.J, = (H.J,). Every Hamiltonian
matrix can be expressed as

(1)

=g ]

G —AH
where D = D¥ and G = G¥.

2. A matrix H € C*"*? is Hamiltonian triangular if H is Hamiltonian and in the block
form (1), with G = 0 and where A is upper triangular or quasi upper triangular if H
is real.

3. A matrix S € C?*?" is called symplectic if S7.J,S = J,,.

4. A matrix S € C**?" is symplectic triangular if it is symplectic and has the block

form S = l St 5

0 S ] , where S; is upper triangular or quasi upper triangular if S

is real.
5. A matrix pencil M;, —\L;, € C*"**" is called Hamiltonian if My, J, L} = —L, J, M.

6. A matrix pencil M, — AL, € C?™**" is Hamiltonian triangular if it is Hamilto-
. M, M. L, L
nian, M, = [ 01 Mz ] and L), = [ 01 Lz ], where My, M}, L, L} are upper
triangular. If the pencil is real then M, M} are quasi upper triangular.
7. A matrix pencil M, — AL, € C??" is called symplectic if M J, M = £, J, L.

8. A matrix pencil M, —\L, € C?*"*2" is symplectic triangular if it is symplectic, M, =

M1 M3 o Ll L3
l 0 MQ]andﬁs_lo Ly

the pencil is real then M;, MI are quasi upper triangular.

], where M, M}, L,, Li are upper triangular. If

9. A matrix Q € C?*?" is unitary symplectic if Q" Q = I,,, and Q7.J,Q = J,.

Matrices and pencils with the structures introduced in Definition 1 occur in a large number
of applications. Classical applications are the solution of linear quadratic optimal control
problems, where the matrices or matrix pencils associated with the two point boundary
value problems of Euler-Lagrangian equations have these structures [18], the solution of
H,, control problems [8], eigenvalue problems in quantum mechanics [20] or the solution
of algebraic Riccati equations [2, 15]. While the Hamiltonian matrices form a Lie Algebra,
the symplectic matrices form the corresponding Lie group.

Our interest in canonical and condensed forms is multifold. First of all we would like
to have a complete picture of all the invariants under structure preserving similarity or



equivalence transformations. For matrices these results are well-known, see [16, 6]. We
extend these results to pencils. Second we would like to have canonical forms as well as
condensed forms that are closely related, like the Jordan canonical form under similarity
and the Schur form under unitary similarity. Both these classical forms are upper triangular
and display eigenvalues and invariant subspaces. The reason why we like to have forms
of a similar structure is that the computation of the Jordan canonical form is usually
an ill-conditioned problem for finite precision computation, while the computation of the
Schur form is not. From the Schur form, however, some of the extra information of the
Jordan form can be computed also in finite precision, e.g. [11]. If we obtain a triangular
Jordan-like form and a similar Schur form, then the latter may lead us to a computational
method from which also part of the Jordan structure can be determined.

The third motivation arises from applications in control theory. Since the solution of
linear quadratic optimal control problems and algebraic Riccati equations can be obtained
via the computation of special (Lagrangian) invariant subspaces, we would like to obtain
these subspaces from the canonical and condensed forms, e.g. [4, 18, 1]. But in general
it is not clear whether such Lagrangian subspaces exist. Most results (see e.g. [15]) give
only sufficient conditions, which are usually not necessary. So we would like to be able
to diagnose from the canonical and condensed form whether the solutions exist and are
unique. To do this in a similar fashion theoretically and computationally, we need to have
forms which are at least partly accessible numerically, and from which we can read off the
Lagrangian subspaces.

These questions and the construction of canonical or condensed forms for the described
structured pencils or matrices is the topic of an enormous number of publications in the last
40 years, since it was recognized that these structures play an important role in the analysis
and solution of control problems. For a discussion of these applications and previous results,
we refer the reader to the monographs [18, 2, 15] and the references given therein.

To describe the general ideas in our approach let us consider the Hamiltonian matrix
case. The discussion for the other cases is similar. The global goal is to determine a
symplectic matrix i, such that

Z/{lHZ/{:lA b l

0 —AH
is Hamiltonian triangular, as condensed as possible, and displays all the invariants under
symplectic similarity transformation. Again as mentioned before there are several reasons
for this goal. The algebraic structure of the matrix usually reflects physical properties of
the underlying practical problem and thus it should be also reflected in the analysis as
well as in the computational methods. The triangular structure is the structure that we
expect to obtain from numerical methods, since from this structure we can easily read off
eigenvalues and invariant subspaces. The maximal condensation, as in the standard Jordan
canonical form, will give us the information about the invariants like the sizes of Jordan
blocks and the eigen- and principal vectors.

There are many different approaches that one can take to derive canonical and condensed
forms for Hamiltonian matrices. For the problems studied here, which are matrices from



classical Lie and Jordan algebras a complete survey was given in [6], describing all the
types of invariants that may occur. In this general framework, however, only the types of
invariants are described, but not triangular forms or Schur forms.

Another very simple approach to obtain a canonical form is the idea to express the
Hamiltonian matrix H as a matrix pencil A.JJ — JH, i.e., a pencil where one of the matrices
is skew Hermitian and the other is Hermitian. Using congruence transformations U (\.J —
JH)U, we obtain a canonical form via classical results for such pencils, see e.g., [22, 23].
In view of our goals, however, this is not quite what we want, since in general these forms
do not give that U JU = J, hence they do not lead to the structured form that we are
interested in. The other disadvantage of this approach is that it will not display directly
the Lagrangian subspaces, since it is not a triangular from.

Another classical approach is to use the pencil \iJ — JH, which is now a Hermitian
pencil. Since iJ defines an indefinite scalar product, the elaborate theory of matrices
in spaces with indefinite scalar products, e.g., [7] can be employed and the associated
canonical forms can be obtained. This approach has been used successfully in the analysis
of the algebraic Riccati equation [15] but shares the disadvantages with the approach via
the pencil A\J — JH. Another difficulty is that for real problems the problem is turned into
a complex problem due to the multiplication with 7.

A canonical form under symplectic similarity directly for the Hamiltonian matrix was
first obtained in [16], but it has a very unusual structure which is not triangular or even
near triangular and it also cannot be used to determine the Lagrangian subspaces in a
simple way.

A condensed form under unitary symplectic similarity transformations for Hamiltonian
matrices was first considered in [21]. These results were extended later in [17]. Other
studies concerning canonical and condensed forms were given in [25, 26, 9].

The main motivation for our research arose from an unpublished technical report of Lin
and Ho on the existence of Hamiltonian Schur forms [17]. The results given there (for which
the proofs are very hard to follow) are obtained as simple corollaries to our canonical form.

Particular emphasis in this paper is placed on the analysis of the eigenstructure associated
to eigenvalues on the imaginary axis in the Hamiltonian case, or on the unit circle in the
symplectic case, since this is where previous results did not give the complete analysis.
Furthermore we derive our results from classical non-structured canonical forms.

The paper is structured as follows. In Section 2, we introduce the notation and give
some preliminary results. Section 3 gives some technical results which are needed for the
construction of the canonical forms in the Hamiltonian case. Complex and real Hamiltonian
Jordan forms are then presented in Section 4. The analogous results for Hamiltonian pencils
are presented in Section 5. In Section 6 we present again some technical results to deal
with the symplectic case. These results are then used to derive the canonical froms for
symplectic pencils in Section 7 and symplectic matrices in Section 8. The paper is written
in such a way that the sections containing the canonical forms are essentially self contained
and can be read without going through the technical lemmas in Sections 3 and 6.



e |

Complex Hamiltonian

Real Hamiltonian

General | Hamiltonian triangular | General | Hamiltonian triangular
Re\ # 0 - -\ A=A, = A=A, =
ReA =0 5
N0 even A=) A, —\ even
A= even even even

Table 1: Eigenvalues of Hamiltonian matrices

2 Notation and preliminaries

In this section we introduce the notation and give some preliminary results.

Definition 2

1. A k—dimensional subspace U C C" is called (right) invariant subspace for A € C**™

if for a matrix U whose columns span U, there exists a matrix C € C*** such that
AU = UC. 1t is called left invariant subspace for A € C™™ if it is an invariant
subspace for AX.

. A k—dimensional subspace U C C" is called (right) deflating subspace for a pencil
A — B € C™" if for a matrix U whose columns span U, there exist matrices
V e Cvk C,Cy, € CH* such that AU = VO, BU = V. It is called left
deflating subspace for A—\B € C™ ™ if it is a right deflating subspace for AT —\B¥.

. A k—dimensional subspace U C C?" is called isotropic if 2.J,y = 0 for all #,y € U.

. A subspace U C C?" is called Lagrangian subspace if it is isotropic and is not con-
tained in a larger isotropic subspace. A Lagrangian subspace always has dimension
n.

. A subspace U C C?" is called Lagrangian invariant subspace of a matrix A € C"*n
if it is a (right) invariant subspace of A and is Lagrangian.

. A subspace U C C?*2?" is called Lagrangian deflating subspace of the matrix pair
A — ABif it is a (right) deflating subspace of A — AB and is Lagrangian.

The eigenvalues of Hamiltonian and symplectic matrices have certain symmetries. Al-
though these properties are well-known, see e.g., [18], we list them following tables 1-4. We
will use A(A) and A(A, B) to denote the spectrum and generalized spectrum of a square
matrix A and a matrix pencil A — AB, respectively. In the following tables the word even
denotes the fact that the algebraic multiplicity of an eigenvalue is even.

We will frequently use the following well-known properties of Hamiltonian and symplectic
matrices and pencils, see e.g., [18].



| N e A(M,,, L) | Complex Hamiltonian | Real Hamiltonian |
General | Hamiltonian triangular | General | Hamiltonian triangular
Re\ #0 - - A=A =\ A=A =\
ReA =0 _
N0 even A=) A, —\ even
A=0 even even even
A =00 even even even
Table 2: Eigenvalues of Hamiltonian pencils
‘ A€ A(S) ‘ Complex symplectic H Real symplectic ‘
General | Symplectic triangular General | Symplectic triangular
A #£1 | A et A A A A At
=1 : :
A L1 even A A, A even
A=+1 even even even
Table 3: Eigenvalues of symplectic matrices
‘ A€ AM;, Ly) ‘ Complex symplectic H Real symplectic
General | Symplectic triangular General | Symplectic triangular
A #1,0,00 | A~! A A A A A At A
A=0,(o0) 00, (0) 0,00 even 0, 00 even
=1 : :
N 41 even A A, A even
A= +1 even even even

Table 4: Eigenvalues of symplectic pencils



Proposition 1

1. If A is Hamiltonian (symplectic) and U 1is symplectic, then U™ AU is still Hamilto-
nian (symplectic).

2. If M — AL is Hamiltonian (symplectic), Y is nonsingular and U is symplectic, then
V(M — \L)U is Hamiltonian (symplectic).

Finally let us introduce two triangular factorizations that will be used frequently in the
following.

Lemma 3

1. For every matriz Z € C>"*® there exists a unitary matriz Q € C* 2" such that

7 — [ Rip Rip

Q, with Ry 1, RY, upper triangular.
0 R272 ’ ’

2. For every symplectic matriz S € C* 2" there exists a unitary symplectic matriz

Q € C*™ 2 sych that S = Q l Ry R

2w |, with Ry upper triangular.
0 Rl,l ’

For real matrices there are corresponding real factorizations.

Proof. The first part is a slight variation of the usual QL decomposition for Z¥, see e.g.,
[11] and the second part was proved in [3]. [

For completeness we also list the following well-known property of invariant subspaces,
which follows directly from the Jordan canonical form, e.g. [10].

Proposition 2 Let A € C™*", let the columns of U span the left invariant subspace of
A corresponding to Ny € A(A) and let the columns of V' span the right invariant subspace
corresponding to Ay € A(A). If \y # Xy then UV = 0. If \y = \y then det(U"V) # 0.

Every Hermitian matrix A is congruent to its inertia matrix diag(Z,(ay, —In(a), 0:(a)),
where p(A),n(A), z(A) denote the number of positive, negative and zero eigenvalues of A.
By Ind(A) we denote the tuple (1,...,1,—1,...,—1,0,...,0) associated with the inertia

—_——— —— —— ——

p(A) n(A) z(A)
matrix of A. We will also use the same notation for skew Hermitian matrices, i.e., for
a skew Hermitian matrix A we denote by Ind(A) the tuple (i,...,7,—i,...,—7,0,...,0),
—_—— ——— —— ——
p(A) n(A) z(A)
where p(A),n(A), z(A) are the number of eigenvalues of A with positive, negative and zero
imaginary parts.



3 Technical lemmas for the Hamiltonian case

In this section we consider several technical results that are needed to derive the (Jordan)
canonical form of a given Hamiltonian matrix H under symplectic similarity transforma-
tions.

The goal is to determine a symplectic matrix ¢/, such that

A D
1 o
uHu_lO—AHl (2)
is Hamiltonian triangular, as condensed as possible, and displays all the invariants under
symplectic similarity transformation.

Lemma 4 Let H be symplectically similar to a Hamiltonian triangular matriz. Then there
exists a symplectic matriz U, such that

A D

U "HU = - 3

H [ 0 —AH l ’ ( )

where A = diag(Ry, ..., R, P,...,P,) and D = diag(0,...,0,Dy,...,D,) are partitioned
conformally. The blocks P; are associated with the pairwise different purely imaginary
etgenvalues and the blocks R; are associated with the pairwise different eigenvalues with
nonzero real part, i.e., each block P; has only one single purely imaginary eigenvalue ic;
and o # i, for j # k; analogously each block R; has only one eigenvalue \; and \j # A

for j # k.
Proof. By hypothesis there exists a symplectic matrix ¢/, such that

- A D
U HU, = l 0 _AHl
Using the Jordan canonical form of A, there exists a nonsingular matrix 7', such that
A:=T7'AT = diag(Ry,...,R,, Py,..., P,) as desired. Then

T-' 0 . T 0 A T'DT-H
. D . . . X;
Using a sequence of symplectic similarity transformations with matrices of the form 0 T

where X is Hermitian, we can bring 7-'DT# to the desired block diagonal form D, see
e.g., [18]. D

It follows that we can restrict the analysis of the Jordan and Schur forms for Hamilto-
nian matrices to matrices with one single eigenvalue. In this way, we immediately obtain
necessary conditions for the invariant subspaces. The following result appeared first in an
unpublished paper [17]. We will give a different proof.

8



Proposition 3 Let 'H be a Hamiltonian matriz, let iaq, ..., iq, be its pairwise different

purely imaginary eigenvalues and let Uy, k = 1,...,v be matrices whose columns span
the associated invariant subspaces. Analogously let Ay, ..., Ay, —A1,..., —A, be the pair-
wise different eigenvalues with nonzero real parts and let Vi, Vi, k = 1,..., u be matrices
whose columns span the associated invariant subspaces. If H is symplectically similar to a
Hamiltonian triangular matriz, then for all k =1, ..., u, we have

VEIV, =0, VEJV, =0, det(V;EIV,) # 0; (4)
and for all k =1,...,v, UZJU, is congruent to .J;, for some integer ly,.

Proof. By hypothesis we have (3). Partition the columns of ¢/ conformally with (3), i.e.,
- [‘/1 . -7VM7U1,17 ety Ul,uv‘?lv .. '7‘7;“ U2,17 .. '7U2,1/]-

Obviously the columns of Uy := [Uyx, U], & = 1,...,v span the invariant subspaces
corresponding to tay, K =1,...,v and the columns of V, Vi span the invariant subspaces
corresponding to A(Ry) and A(—R}), respectively. The assertion then follows since U is
symplectic. D

For the eigenvalues with nonzero real parts, as the following Lemma shows, the asso-
ciated invariant subspaces always satisfy the necessary condition (4). Recall that for a
Hamiltonian matrix H if A € A(H) and Re A # 0 then —\ € A(H) and clearly —\ # .

Lemma 5 Let A be an eigenvalue with nonzero real part of a Hamiltonian matriz H. Let
the columns of the full rank matrices V., V span the invariant subspaces corresponding to A

and —X, respectively, i.e., HV = VTy, HV = VT, and A(Ty) = {\}, A(Ty) = {-\}. Then
VIV =VIIV =0, det(VEJV) #0.
Moreover, V,V can be chosen such that
VIV, V] =0, HV,V] = [V,V]diag(T, -T"),
where A(T) = {\} and T is in Jordan canonical form.
Proof. Since H = —J"HH" J, we have
VAIH = -TFVH], VIJH = -T'V7 ],

and since A(=T}") = {=A}, A(=TJ") = {\}, it follows that the columns of J¥V, J¥V span
the left invariant subspaces correspondlng to —\ and A, respectively. Tt is also immediate
that the algebraic and geometric multiplicities of —\ and \ are equal. Employing Propo-
sition 2 we get that VZJV = VI JV =0, and det(V7JV) # 0. Since VI JH = —THVH ]
and HV = VT, it follows that —TH (VHJV) = VHJVT,. With V := V(VH V)1
then have HV = —VT{ and [V, V]"J[V,V]| = J, H[V,V] = [V, V] diag(T}, =T}7). Clearly
T, can be chosen to be in Jordan canonical form. 0O

For the invariant subspaces corresponding to the purely imaginary eigenvalues the situ-
ation is more complicated.



0

-1 0
The invariant subspaces associated with both eigenvalues have dimension one. Thus, by
Proposition 3, J; is not symplectically similar to a Hamiltonian triangular form.

Example 1 Consider the Hamiltonian matrix .J; = ] with eigenvalues 2, —i.

If a Hamiltonian matrix H € C?**2" has a purely imaginary eigenvalue ia, then there
exists a full rank matrix U € C?*™ whose columns span the corresponding invariant
subspace such that

HU =Uliad,, + M), (5)
where M is a nilpotent matrix in Jordan canonical form, i.e.,
M = diag(M,, ..., M,), (6)
with
My == Nipymy) := diag(N,, ..., Ny ), (7)
my
where
0 1
N,, = R € CrEXT, (8)
S
0

Since H is Hamiltonian, we have U” JH = (ial,, — M™)U" J and
U JHU = U" JU (iad,, + M) = (iad,, — M")U" JU,

which implies that
U JUM + MPU" JU = 0.

Since the columns of U and J7U span the right and left invariant subspaces of ‘H corre-
sponding to ia, respectively, Proposition 2 implies that K := U.JU is nonsingular. Thus,
we have that

KM+ MIK =0, K=-K" detK #0. (9)
These properties are preserved under similarity transformations to M, since for an arbitrary
nonsingular matrix X, (9) implies that

(XPKX)(XT'MX)+(X'"MX)"(X"KX)=0, X"KX=—(X"KX)".  (10)
For the original Hamiltonian matrix this means that
HUX = UX(X (ial,, + M)X). (11)

We will now use a sequence of such similarity transformations to condense K = U".JU
and H as much as possible. This condensation process consists of two parts. First we
will use similarity transformations that commute with M. This means that we re-arrange
the chains of principal vectors while keeping the relation (5). In the second step we then
transform U and M simultaneously to approach the maximally condensed forms. This
process is quite technical and uses a variety of technical lemmas that we present in the
following subsections.

10



3.1 Matrices that commute with nilpotent Jordan matrices

In this section we recall some well-known results on matrices that commute with nilpotent
matrices in Jordan canonical form. We also present some technical lemmas.

Denote the set of all matrices that commute with a given nilpotent matrix N by G(N).
This set is well studied, e.g., [12]. We recall a few results.

Proposition 4 Let N, be as in (8) and let
0 -1

Then
1. PT_1 = PTH = (—1)T_1PT,
2. Pr_lePT = —N,.

The similarity transformations that we consider are related to upper triangular Toeplitz
matrices of the form

T T1 cee Tpq
.. .. : r—1
T := ' o = ZTka. (13)
.oomn k=0
0 T0

The diagonal element of such a matrix is denoted by #(T) := 75. We have the following
well-known Lemma, see Lemma 4.4.11 in [12].

Lemma 6 Let N;, Ny be as in (8). A matriz E € C'** satisfies N;E = EN,, if and only
if E has the form

T j=k,
b [0 7] j<bk (14)

[T >

0 )

where T has the form (13).

For more complicated nilpotent matrices in Jordan form we have the following well-known
Lemma, see [10, 12]. In the following we denote the set of j x k rectangular upper triangular
Toeplitz matrices £ as in (14) by G7*,

Lemma 7 Let
N = diag(N,,,...N,,), (15)

where each N,, is of the form (8). A matriz E commutes with N if and only if E has the
block structure E = [E; ;]sxs, where each E;; € C"*"i is a rectangular upper triangular
Toeplitz matrixz of the form (14).

11



For the nilpotent matrix N, ., asin (7), it follows that £ € G(N,,»)) if and only if £ has
the block structure E = [Ej ;] xm, partitioned conformally with N, ), where E; ; € G™".
Collecting the diagonal elements of each of the blocks in one matrix we obtain an m x m
matrix

O(Er1) ... O(Ein)
O(E) == z : :
O(Em1) ... O(Epm)

which we call the main submatriz of E.

Lemma 8
]) [fEl,EQ € Gij, then E1 +E2 € Gij.

2) If By € GI** and Fy € GF*', then E\E, € G'*'. E\E, is of full rank if and only if
Ey, Ey both have full row rank (if j < 1) or full column rank (if j > 1). Moreover,
E1E5 is nonsingular if and only if E1 and Fy are square and nonsingular.

Proof. The first part is trivial. For the second part we only consider the case j > [. The
case 7 < [ can be obtained in a similar way.

We have three subcases. If j < k then F; = [ 0 T ], Ey, = l ik

0
T, € C™" are upper triangular Toeplitz matrices. If k > j + [, then we have E,E, = 0. If
E—j3 j+1—-k
, [T CjHl=E[ 0 Ty
k<]+lthenE1E2_lOl,whereTg—k_l l 0 0
triangular Toeplitz. Note that 6(T3) = 0(T1)0(T3).

If j >k > 1, then B, = [ I ]7 Ey = [ 7(;2 ], where Ty € CF** T, € C*! are upper

], where T}, € C/*¥J,

], and T is upper

0

triangular Toeplitz. We then have E\E, = [ 7[;3 ], where T3 € C! is upper triangular
TOQplitZ and 9(T3) = 9(T1)9(T2)

Ifk < [, then E;, = [ 7(;1 l,EQ = [ 0 Ty ] where Ty € C**¥ T, € Ck**_ We then obtain
l—k kK
E\E, = l 7(;3 ]7 where T3 = f_ 3 [ 8 7[;3], Ty € CH* is upper triangular Toeplitz

and 0(Ts) = 0(T1)0(T5). Hence in all subcases Ey Ey € G7*! and only in the second subcase
it is possible to have rank(E;Es) = [. So we need that j > &k > [ and 0(Ty),0(Ty) # 0.
Therefore, rank(E,) = k, rank(E,) = [. The reverse direction is obvious. 0O

Lemma 9 Let E € G(N) for N given in (15) and let P = diag(P,,, ..., P,,).
1. If F € G(N), then FE,EF € G(N).

12



2. If E is nonsingular, then E~1 € G(N).
3. P-'EHP € G(N).
Proof. By Lemma 7 we have EN = NE.

1. Since FN = NF, we have EFN = ENF = NEF and by Lemma 7, EF € G(N).
Similarly we obtain FE € G(N).

2. Since E is nonsingular, from EN = NE we have E'N = NE~! and thus E~! €
G(N).

3. By Proposition 4, P"'N¥ P = —N. Applying similarity transformations with P to
(EN)# = (NE)" we obtain (P~'E”P)N = N(P~'E"P) and hence P"'E¥ P ¢
G(N).

g
Defining

Q= [617 Crily ey E(m—1)r+1,€2,€r425 - - o, E(m—1)r425 - -+ €ry €2py o o emr]v

where e, is the k-th unit vector, we have for each £ € G(N(; )), that

OE) A ... A

w(E) = QTEQ = e (16)
A
0 O(E)

This transformation sets up a one-to-one relationship between G(N. ) and the set of
block upper triangular Toeplitz matrices.
We then have the following result.

Lemma 10 Let M be as in (5) with the block sizes arranged in decreasing order, vy >
...>1s. Let
Py = diag(Py,,..., Pr),...,P.,,..., P..), (17)
—_————
mi ms

with P.. defined as in (12). Let E € G(M) and partition E conformally with the block
structure of M in (6), i.e., E = [E; |sxs and Eyxy € G(N(ry,my)). Let O(Eyy) be the
main submatrices of the diagonal blocks Ey, k =1,...,s. Then E is nonsingular if and
only if det(©(Eyx)) # 0, for allk =1,...,s.

If E is nonsingular, then there erxists a matriz' Y € G(M), such that

By 0
* B
(PY"PEY = | . , (18)

13



where

@(EA’]“]C) = G(Ek,lc), k = 1, NENT (19)

and where for each k, ©(Ey, ) is the main submatriz of the diagonal block E,j, € G(N (rg, my)).
If E is a real matriz, then'Y can be chosen real as well.

Proof. First we prove the necessity. Since E is nonsingular, ©(E) ;) must be nonsingular.
Otherwise we would have that the matrix composed by the columns 1,7, +1,...,(m; —
1)r1+1 of E is rank deficient. By (16) we obtain that det ©(F; ;) # 0 implies det(F; 1) # 0.

SetY = JT— l I”Oml ] Efll [0, E15,..., F1,]. By Lemma 8 we can verify that Y, P,,)Y Py, €

G(M). Moreover, Y is block upper triangular and P,/'Y* Py is block lower triangular.
Thus, we have

vy = | P ]

where E®) € G(M®), M® = diag(M,,..., M,). Partition E® = [E{?](, 1)x(s 1 con-
formally with M. Then E{) = Eyi1p41 — Expri Bl Evgsr. So each sub-block of B}
is equal to the corresponding sub-block of Ej ;41 plus a sum of the m; matrices of the
form FFy, with F; € G+ F, € G" X"+ Since r; > rpyq forall k =1,...,s5 — 1,
by Lemma 8 the main elements of all such FiF, are zero. Note that F}F; is square upper
triangular Toeplitz. Tt follows that O(EyY) = O(Eyixs) for k=1,...,5 — 1.

Repeating the reductions on E®), after s — 1 steps we determine a matrix Y € G(M)
which satisfies (18) and ©(Ey ;) = ©(E} ) are nonsingular for all k =1,...,s.

For the sufficiency observe that for det ©(Ey ;) # 0, k =1, ..., s the factorization (18) ex-
ists. By (16) and the fact that ©(FE}) = ©(E}).), we obtain that each Fj, j is nonsingular,
hence E' is nonsingular.

For real E the reduction process immediately gives that Y can be chosen real. O

The final Lemma in this subsection discusses a special case.

Lemma 11 Let E € G(N.)), where Ny is as in (7) and let

P(T1m> = diag(PT, ceey PT). (20)

m

If Py E is a nonsingular skew Hermitian matriz, then there exists a matriz’Y” € G(N(nm))
such that
Y (PomyE)Y = diag(m Py, ... 70 Py), (21)

where (1, ...,m) = Ind(O(F)).
If E is real and if r is even then Y can be chosen real as well.

Proof. For simplicity in the proof we use P for P, ).
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Using the linear operator w in (16), we obtain that F = w(E) is block upper triangular
Toeplitz with diagonal block ©(FE). Moreover, we have

0 -1,

Since PFE is skew Hermitian, so is PE. Using the Kronecker product 4 ® B = la;; B], see
[14], E can be expressed as E = Y172 N¥ @ E, where Ey = O(E). By symmetry if r is
even, then Ey, Fs,..., E. 5 are Hermitian and FEy, Fs, ..., E,. | are skew Hermitian, and
if r is odd, then FEy, Fs, ..., F, 1 are skew Hermitian and Fy, Fs, ..., F, 5 are Hermitian.
Suppose that Y is a block upper triangular Toeplitz matrix with the same block structure
as F. Let Y = S 125 N¥ @Y}, Using properties of the Kronecker product [14], we obtain

r—1 r—1
P=YPp =N (P'NIP)Y oy =Y (-1)'Nf oV,
k=0 k=0

and hence .
. . A r—1 k —p
(PYTP)EY = 3 NF @ {3 (-1 (Y Bapeg¥o)}.
k=0 p=0 q=0

Here we have used that N* =0 for £ > r. Now choose Y such that

(PYHEPYEY =1, o 11, Tl =diag(m,...,mm). (22)
Then we have determined matrices Yy, ...,Y, 1, such that for k=1,...,r — 1,
VI EY, = I (23)
VI EYs + (—D)"YIEY, = —Ci, (24)
with Y
Yo E, Ey S O Yo
Vi —Eg —Eyo ... —Ep Y
Cy = : : : :
Vi1 (-D)*'Er (-1)"'E, 0 Vi1

Since Ey = ©(FE), there exists a nonsingular matrix Yy that satisfies (23). By the structure
of F}, in the case that r is even, we have that if £ is even then C} is Hermitian and if &
is odd then C' is skew Hermitian. In the case that r is odd, if k£ is even then C}, is skew
Hermitian and if % is odd then Cj is Hermitian. By (16), det E # 0 implies det Fjy # 0. So
in any case Y}, can be chosen subsequently as Y, = —3(Yy Ey) ™' C}, to satisfy (24). (Note
that the choice is not unique.)

Applying the inverse transform w! on (22) and setting ¥ = w (Y, we obtain from
(16) that Y € G(N(nm)) and

(P'YPP)EY = w™ (I, ® Il) = diag(m11,, ..., mml,).

15



Pre-multiplying by P we have (20).

If E is real and r is even, then since Fy = O(F) is real symmetric, Yy, Y3 be chosen real
in (23) and (24). Therefore ¥ and also Y can be chosen real. [

Note that O(F) is Hermitian if r is even and it is skew Hermitian if r is odd. Thus
Ind(©(F)) consists of elements +1,—1,0 if r is even and +i, —i,0 if 7 is odd.

3.2 The structure of K

In this subsection we analyze the structure of skew Hermitian matrices K that satisfy (9)
for a given nilpotent matrix M.

Lemma 12 Let M be a nilpotent matriz as in (6) and let K be as in (9). Then there
exists a matriv E € G(M) such that K = Py E with Py defined in (17).

Proof. By Proposition 4, Py, M" Py = —M. Thus KM + MP7K = 0 implies that
(Py,'K)M = M(P;;'K). By Lemma 7 we then obtain P;,'K € G(M). O

Lemma 13 Let M be a nilpotent matriz as in (6) and let K be as in (9). Let E =
[E; jlsxs € G(M) be such that K = Py E, where E is partitioned conformally with M =
diag(My, ..., My). If the index of ©(Exy) is (Tkiy- - Thm,) for k =1,...,s, then there
exists a nonsingular matric Y € G(M) such that

YAKY = diag(m11Prys -y Timy Pryy oo o Tsi Proy oo oy T, Pry).- (25)

If K is real and Y = [Y1,...,Y;] is partitioned in columns conformally with M, then Y
can be chosen to be real for all k corresponding to an even ry,.

Proof. Without loss of generality we may assume that ry > ... > r,.

Lemma 12 implies that there exists a matrix E € G(M), such that K = Py E and, since
K is nonsingular, so is E. Hence we can employ Lemma 10. Since K = —K¥ using (18),
there exists ) € G(M) so that

A

VIKY, = Py(P;'V"Py)EY, = Py diag(Ey ., ..., E.,)
— diag(P(rl,ml)El,la RN P(rs,ms)Es,s)a

where P, m,) is defined as in (20). Moveover, for all £ = 1,...,s the matrix P(rk,mk)Ek,k

is skew Hermitian. Applying Lemma 11, for each P(rk,meAk,k there exists a matrix Y}, €
G(N(rg, mg)), such that

%H(P(rk’meA’k,k)ffk = diag(wkijrk, Ce ,71'1C’mkPTk>7
where X
(7Tk,1, e aﬂ'k,mk) = Ind(@(Ehk)) = Ind(@(Ek,k))

The last equality follows from Lemma 10.

A~

Set Y, := diag(Y1,...,Y;) then Y; € G(M) and also Y := Y}V, € G(M). Furthermore
YH#KY has the form (25).
The real case follows from the corresponding real parts in Lemmas 10 and 11. O
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Remark 1 The matrices Y € G(M) constructed in the proof of Lemma 10 and 11 are in
general not unique.

Notice that (7 1,..., Tkm,) is the inertia index of ©(Ej ). But by Lemma 10, for all
k=1,...,s, O(Fyy) is invariant under congruence transformations with Y € G(M). So
all these indices are uniquely determined by the matrices K and M. Hence (25) can be
viewed as the canonical form of K under congruence transformations in G(M).

From the beginning of the construction we see that the matrices K, M contain the char-
acteristic quantities associated with the eigenvalues of iav of H, in particular the number
and sizes of Jordan blocks. Based on these quantities we set

3 (=1)= my, if 7y is even, (26)
pa= rp—1
o (=1)"7 imy,;, otherwise.

Note that by construction g ; € {1, —1}.
Definition 14 Let m; be as in (25) and By as in (26), then the tuple

IndS(ia) = (/81,17 ety /Bl,mm ety /Bs,la ey ﬁs,ms) (27)
18 called the structure inertia index of the eigenvalue ia.

It is not surprising that certain signs associated with Jordan blocks to purely imaginary
eigenvalues will be important. These signs obviously occur in the approaches to obtain
canonical forms for Hermitian pencils as studied in [7, 22] or in the analysis of Lagrangian
subspaces [9]. These signs are sometimes called sign characteristics and they play the key
role in determining the structure of the Hamiltonian Jordan canonical form and in the
solvability theory for algebraic Riccati equations [15].

By Lemma 13 we have obtained a partition of a matrix K as in (9) into m = Y_j_, my
submatrices of the form 7, P,,, where 7, € {1,—1} if 7 is even and 7;,, € {i, —i} if r is
odd. Each 7;.P,, corresponds to a nilpotent block N,, in the Jordan canonical form. In
other words, by the above construction we have obtained all chains of principal vectors U
of H corresponding to all the single Jordan blocks satisfying U#.JU = el

3.3 Combining Jordan blocks to Hamiltonian Jordan blocks

Since the matrix pair (K, M) from (9) can be decoupled in blocks (7;xP,,, N,,) associated
with Jordan blocks which are in general not Hamiltonian, we will now describe possibilities
to combine or split such Jordan blocks to Hamiltonian Jordan blocks.

Lemma 15

1. For a pair (7 Py, Ny,.), with # = (=1)"3 and § € {1, -1}, let Z. := diag(I,, 7P ").
Then

pe(ﬂ'P21”7N2r) = (fol(ﬂp?r)zeaZ;lN%Ze)
0 I N, Be.el
(S ey s e
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2. For a pair (7 Payy1, Nopy1), with m = (=1)"i3 and g € {1,—1}, let

Zo(r) = diag(Tos1, (xP)"Y). (29)
Then
po(ﬂ'P2r+17N2r+l) = (ZO(T>H(7TP2T+1>ZO(T>7Zo(r)_1N2r+1Zo(T))
0 0 I N, e, 0
= 0 i 0], 0 0 iBef |]. (30)
I, 0 0 0 0 —NH

Proof. We can rewrite the matrix pair (7 Py, No,) as

()3 )

Then we obtain (28) by Proposition 4.
Similarly we can rewrite (7 Py y1, Nopy1) as

0 0 7P, N, e 0

0 i 0 |, 0 0 eff
—-1)*txP. 0 0 0 0 N,
(

and with the given Z,(r) we obtain (30). O
For an even size matrix pair (7 P,, N,) the transformation p. yields a pair of the form
(J., T,) with a Hamiltonian triangular matrix T,.. For a single odd size matrix pair, however,
we cannot obtain such a form, since .J has even size. Thus, it is a natural idea to combine
two odd size pairs associated with (possibly different) purely imaginary eigenvalues iay, ics.
In the following we will use the notation Nj(\) := AT + Ny.

Lemma 16 Given two matriz pairs (7;Pyy, 1, Nor,11(iag)) for k = 1,2, with oy real,
T, = (=1)"™ify and By € {1, —1}. Let

(me:qmpw 0 ],[Nmﬂ(z’al) 0 D

0 T Paypyt1 0 N2r2+1(ia2)
vy v | | 1 i1
V= [UZ,l V22 ] R l -1 —if ] and
i I, 0 0 0 0 0
0 0 V1,1 0 0 V1,2
o Zo(rl) 0 0 0 0 I, 0 0
Ze = l 0 ZO(TQ) ] 0 I, O 0 0 0 (31)
0 0 V2.1 0 0 V2,2
| 0 0 0 0 I, 0 J




Then for

v (P.,N,) = (Z"P,Z.,Z7'N.Z.) (32)
we obtain i
0 0 0o I, O 0 W
0 0 0 0 I, O
0 0 w 0O 0 w
H _ 11 1,2
Ze PeZe = -1, 0 0 0 0 ’
0o —-I, O 0 0
L 0 0 1U2,1 0 0 w272 J
and
[ N, (i) 0 —?erl 0 0 i@ﬁlem 1
0 N,,(icvs) —?em 0 0 —i?ﬁlem
ZilNch — 0 0 21,1 —Z?ﬂleg —2%56265 21,2
‘ 0 0 0 —N,, (io)¥ 0 0 ’
0 0 0 0 —NTQ(iaQ)H 0
L 0 0 22,1 ?67{{ —\/75515261{1; 22,2 _
where
wig wip | _ LB+ B) 1=
Wy 1 W 2| Bife—1 (B4 p52) |7
211 21,2 1 i(lar + o) Bilon — )
= - . ) (33)
Zo1 %222 2| —filag — ) i(ag + ay)

Proof. The proof is clear by direct multiplication. O

Corollary 17 Let (P., N.) be as in Lemma 16. If 3y = —[>, then there exists a nonsin-
qular matriz Z, such that ZHP,Z = .J and Z~'N.Z is Hamiltonian triangular if and only
if oy = . If By = [P, then P, is not congruent to J.

Proof. Let [y = —f35. If oy = a, then the result follows immediately, since ZCHPCZC =
Jriirot1 and Z7'N,Z, is Hamiltonian triangular. The converse direction, i.e., that there
does not exist a further reduction to Hamiltonian triangular form can be easily observed
from the eigenvalue properties in Table 1, since the eigenvalues of Z7'N.Z. are ic; and
iCl(Q.

Since Ind(P,) = (i,...,4,if,i5, —i, ..., —i), P.is congruent to .J if and only if #; = — .

N —

r1+ra r1+r2

U
For two blocks associated with the same eigenvalue there is also another possibility to
transform to Hamiltonian triangular form.
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Lemma 18 Given two matriz pairs (7 P.,, N, ), k = 1,2, where ri,ry are either both
even or both odd. Let for k = 1,2, my € {1,—1} if both ry are even and my, € {i,—i} if both

ri are odd. Let
L 7TlPr1 0 er 0
(Pca Nc) T ([ 0 7T2P7‘2 ] ) l 0 ]\/*T2

and d = ‘”—;2‘ If 1 = (=1)%* 7y, dce., B1 = =P for the corresponding 31 and 3, then
we have the following transformations.

1. If ry > ry then with

I, 0 0 0
g |0 B, 0 —gmP

b 0 0 mPt 0
0 —21, 0 —25np!

we obtain for p(P,,N,) = (ZFP.Z,, Z,*N,Z,) that ZIP.Z, = Jr 4r, and
2

Ny Zegell 0 —2ryeqel!
_ 0 N,. _V2z e, el 0
ZiNz =] 0 R ; . (34)
0 0 e el —NH

2. If ri < rq, then with

2P, 0 20

g 0 mPy 00
T —L2np, 0 21, 0
0 o 0 I

we obtain for py(P,, N,) = (ZHP,Zy, Z;'N,Zy) that ZE P.Zy = Jry4r, and

—Ng 0 0 —?melef
V2, H _NH _\2-  H
Z7'NZy= | T2 NG mamad 00 (35)
0 0 N, e el
0 0 0 Ny

Proof. The proof follows directly by multiplying out the products. O

Remark 2 Tt is very difficult to compare the different possibilities to combine blocks to
Hamiltonian form. First of all the form (35) is not of the triangularity structure that
we want, while the from (34) is of the right triangularity structure and actually is more
condensed than the form obtained in Lemma 16.
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The invariant subspaces are also different, when using transformations p., p,, ©1, @2 or
.. This is demonstrated in the following simple example.

Let 'H be a nilpotent Hamiltonian matrix with two Jordan blocks N,,, and Ns,.,, and
r1 > 72. Then there exist corresponding matrices Vi = [V 1, Vi2, Vi3, Via], Vo = [V, Vasl,
where Vi 9, Vi3, Va1, Voo € CHritr2)xr2 and V; 1, V) 4 € CHridm2)x(ri=r2) 'gq that for k = 1, 2,

HVi = VilNosy, Vi JVi = 1 Pay,

Suppose that the structure inertia index associated with the eigenvalue 0 is Indg(0) =
R D

0 —R7 |~

First we use p, of Lemma 15. Then U := [Uy, Us] with Uy = [ Vii, Vil Vau ] and

U; = [ [V1,3,‘/1,4](7T1Pr1)71,Vz,z(ﬂzpm)fl ]

Note that U, which spans a Lagrangian invariant subspace of H, is composed from the
first halves of the chains of principal vectors corresponding to Ny, and Ns,, respectively.

Using ¢y we get Uy = [ Vi1 ?[VL2 — V21, Vig — Vap] ], which is composed from the
first 7 + o principal vectors corresponding to Ns,, and all principal vectors corresponding
to Ny.,. Using ¢, we get the same subspaces.

Clearly the two related Lagrangian invariant subspaces are different even for ry = ry. A
similar example can be easily constructed if ‘H has two odd size Jordan blocks.

(1, —1). Then we can determine different symplectic matrices ¢ such that HU = U [

We will now use the construction described in Lemma 15 to Corollary 17 to characterize
a condensed form that is near to a Hamiltonian triangular form, i.e., a matrix U so that
HU =UT in (5), with A(T) = {ia} and T is near to a Hamiltonian triangular form.

Lemma 19 Let ia be an eigenvalue of the Hamiltonian matrix H. Then there exists a
matriz U = [Uy, Uy, Us] of full column rank, such that HU = UT, where U, T satisfy

0 0 I 00 R 0 D 0 0
0 0 017 0 0 R, 0 Dy O
vlju=|-1 0 00 0 |,T=|0 0 —REf 0 0 |, (36)
0 -1 00 0 0o 0 o0 —RI o0
0 0 00 K 0O 0 0 0 Ry

with K = di&g(ﬁlpztlﬂ,---aﬂgpztzﬂ) and Ry = diag(Ny, y1(ia), ..., Nor.y1(ic)).  The
matrices Ry, Ry, D1, Dy are substructured further as

Ry = diag(Ny, (ia),..., N, (i), Dy =diag(B{eyef,. .., ﬂgelqe{j),

R2 = diag(Bl,...,Br), D2 zdiag(Cl,...,Cr),

where fork=1,...,r
N, (i) 0 —gemk
B, = N, (i) —?enk )
10"
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0 0 e

2 Mk
C. = gwg 0 0 —ep
—ell el 0

Furthermore the structure inertia index also consists of three parts,
Indgs(ia) = (Ind%(ia), Ind%(ia), Ind%(ia)),
where

1. Ind§(ia) := (B, ..., B5) corresponds to even size Jordan blocks Ny, (i), k =1,...,¢q

, | Ry Dy |,
which are contained in l 0 —RN ],
2. Ind§(iar) := (BY, ..., 05 =05, ..., —BS) corresponds to odd size Jordan blocks Nop, +1(ict),
ooy No, 11(icv), Nop, 11 (i), . .., Noy, 11 (iar), which are coupled as pairs
WkPka+1 0 Nka+1(iOé> 0
0 ((=1)me=msl ) Py 1) | 0 Nany+1(icv)
[ R Dy ]
and contained in l 0 —RI ],
3. Ind%(ia) == (BY,..., %) = (=)l ..., (=1)=ix?) with B¢ = ... = B This part

corresponds to the Jordan blocks in Rs.

Proof. Let the columns of X span the invariant subspace of H corresponding to i«
and suppose that X satisfies (5) - (8). Applying Lemma 13 to K := X7 JX we get a
transformation matrix Y, such that Y7 K'Y has the form (25). We then perform further
transformations as in Lemma 15—Corollary 17 to the pairs of the form (7 P,, N,) as they
arise in (25).

For even r we use p, defined in (28), which implies that there exists a matrix X, such
that

XPJX, =17, HX,=X.(Z 'N.(ia)Z,).

For odd r we combine together as many pairs as possible of the form (71 Py, 1, Nop, 41 (i0))
together with (73 Pay,i1, Nopyp1(icv)), so that the corresponding 5 and 3, satisfy f; = — .
Using ¢, in (32), there exists a matrix X,, ,, such that (note that the eigenvalues are same)

XH JXT1,7“2 = Jv HXT1,T2 = X?“M“z(Zc_l diag(NQM-l-l(ia)a N2T2+1(ia))ZC>'

71,72

Grouping the first half of the columns of all the X, and X,, ,, together in U; and the
second half of the columns in Us,, using the same order and forming U; by grouping all the
chains of principal vectors corresponding to the remaining odd size matrices (all having
the same sign [3) we can form U := [Uy, U,, U] and we can easily verify (36). 0O
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Remark 3 Note that the factorization (36) is in general not unique. If several structure
inertia indices for odd size Jordan blocks have opposite signs or if as in Lemma 18 two
matrix pairs with opposite signs of the indices are grouped then we may get a different
factorization.

The non-uniqueness implies that Ind%(ia) and Ind%(ia) can be selected in many ways in
the sense that the elements can correspond to different Jordan blocks with different sizes.
However, by our construction all odd size pairs of indices with opposite sign are grouped
in Ind%(ia) and all remaining indices in Ind%(iar). For a given ia, Ind§(iar) always contains
the same number of 1 and —1 and Ind%(ia) contains elements with all 1 or —1. So the
number of elements and the signs of Ind$(ie) and Ind%(ia) are uniquely determined.

4 Hamiltonian Jordan canonical forms
Using the technical results from the previous section, we are now ready to derive the
canonical forms for Hamiltonian matrices under symplectic similarity transformations.

Theorem 20 (Hamiltonian Jordan canonical form) Given a complex Hamiltonian ma-
trix 'H, there exists a complex symplectic matriz U such that

U"HU = (37)

i Ga —RY |

where the different blocks have the following structures.

1. The blocks with index r are associated with the pairwise distinct eigenvalues with
nonzero real part Ai, ..., A, = VI _Xu of H. The Jordan blocks associated with \j
(=) have the form

RT = dlag(R’i,,Rz), RZ = diag(Ndk,l()\k)"“7Ndk,pk ()\k)), k= 1,...,/1.

2. The blocks with indices e and c are associated with pairwise distinct purely imag-

mary eigenvalues oy, . .., tay, grouped together in such a way that the structure inertia
indices satisfy Indg (i) = (8L 4, - - -, Bt ), which are associated with even sized blocks and
Ind§(iow) = (Bias-- s Bives —Bins- s —Br,,) which are associated with paired odd sized

blocks. These blocks have the following substructures.

R. = diag(R{,.... R)), R} = diag(Ny,,(iag),..., Ny, (iag)),

D. = diag(D5,...,D;), D= diag(Gf e, e, - Big g, b, )
RC = dlag(Rﬁ, .y R,i), RZ = diag(Bk,l, ceey Bkﬂ‘k)7
D. = diag(D5,...,D:), Di=diag(Cy1,...,Crr,),
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where fork=1,...,v and j =1,...,1, we have

Npn, , (iov,) 0 —?emk,i
B; = 0 N, (iag) —?enkﬂ. .
0 0 iak
0 0 e
Ch.j 725/@,]' 0 0 Cny, ;
egk ; 6%], 0

3. The blocks with index d are associated with two disjoint sets of purely imaginary eigen-
values {iv1, ..., iv,}, {i61,...,10,} C{iay, ... iay,}, such that the corresponding structure
inertia indices are (B¢, .. .,ﬂf;), (—p¢,..., —ﬂg) with B = ... = ﬁ,‘f. The blocks have the
following substructures.

Ry=diag(R{,...,R}), Dy=diag(D{,...,D)), Gq=diag(G{,...,GY),

where fork=1,...,n

Nsk(i/yk) 0 _gesk
Rl = 0 N(io) —Ley |,
0 0 (e + 6k)
0 0 (%
D = ng 0 0 —eu, :
el el —iF 0 —b)
0 0 0
G¢Y = plloo 0
00 —5(v— 0k

Proof. Using Lemma 5, for each eigenvalue A\, with nonzero real part, we can determine
a matrix Qg = [Qk.1, Qk2), such that

where Rj is the Jordan canonical form associated with the eigenvalue A.
Using Lemma 19, for each purely imaginary eigenvalue iay, we can determine a matrix
Uk = [UkJ, Uk72, Uk73], such that

R; 0 Dy 0 0
0 I 0 0 Ry 0 D 0

Ulju,=| -1 0 0 |, HU,=U,| 0 0 —(Ry)" 0 0 |,
0 0 K 0 0 0 —(R&HT 0
0 0 0 0 Ris

has the structure as in (36). Moreover, in the structure inertia index Ind%(icy,) (corre-
sponding to K}) all elements (1, ..., Bk, have the same sign.
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Let X =[Q1,...,Qu Uy, ...,U,]. Since the columns of each of the blocks span invariant
subspaces of distinct eigenvalues, X is nonsingular, and hence Ind(X*#.JX) has the same
number of elements ¢ and —i.

By Lemmas 5, 15 and 16, each of the inertias Ind(Q¥ JQy.), Ind([Ug 1, Ug 2] J[Us.1, Uk 2])
contains the same numbers of elements 7 and —i. Also for each Uy 3, Ind(U,ngUk,g) contains
the same numbers of elements 7 and —¢ and the additional elements are i3 1,..., iFk¢,-
Note that

XTIX =diag(Tur, .oy Jurs sy Jus, Kiu ooy Ty Jus, ),
I3 1 1 v v
where nj = 305, dij, nf = 258, kg and nf = X0 (mgy + gy + 1), for kb =1,...,v.
Taking all the ify;, j =1,...,( k = 1,...,v together, there must be an equal number
of elements 7 and —i. This implies that we can group all the pairs (K' k, Ry 3) in couples of

two with opposite structure inertia indices. Applying ¢. as in Lemma 16 to these couples
we can determine matrices Wy, = [Wy 1, Wy o], such that

d d
WHEIW, = J, Hszwk[R’c Dy ]

Gy —(R)"

Partition Uy = [Vi1, Viz), Uka = [f/,ﬂ, f/“] in columns according to the block sizes of
R; and Ry, respectively and set

U= [Ql, 16, f;WhQ?a ;7 57)/\}2]7

where

Ql [Ql,la---aQu,l]a Vf — [%,17~~~,Vu,1]a
Vi = [Via,.. o Vial, W= [Wia, ..., W,4],
QQ = [Ql,Q,---aQu,Z], VQe:[‘/l,Za---,Vu,Z]a
Ve o= [Vig,- s Via], Wh=[Wig, ..., W]

Then by Proposition 2, i is symplectic and U~"HU has the form (37). O

For a real Hamiltonian matrix H, we would like to have a real canonical form. As for the
classical Jordan canonical form, we combine eigenvectors and principals vectors associated
with complex conjugate pairs. Introducing the matrices

\1121“ = [elaer+1762aer+27"'767'7627']7 @27' = diag(q)Zaq)Zv"'aq)Q)a (38)
—— —
where
_ V2T
9 )

02 = 1

we have the following trivial lemma.
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Lemma 21

1. Let A =[a;;| be a complex r x r matriz. Then

(s, Ds,)" [ Ig % ] (Wo @) = [B ],

18 a real block matriz with 2 x 2 blocks

B . [ Re az-]-, Im CLi,j

= ,]=1...,m1.
e —Ima;; Rea;; |’ "/ R
J J

2. If U is a complex n x v matriz, then [U, U]W,,®y, is real.

To simplify the notation in the real Jordan canonical form, we set in the following

AT 0
N (A) = c aE (39)
0 A

where either A is a real scalar and the identity matrices have size 1 x 1 or A = [ _ab 2 ]

with a, b real and the identity matrices have size 2 x 2.

Theorem 22 (Real Hamiltonian Jordan canonical form) Given a real Hamiltonian
matriz 'H, there exists a real symplectic matriz U such that

R, 0 W
Re D e
Rc D c
Ry Dy

Rd Dd

U "HU = (40)

G —RY |

where the different blocks have the following structures.
1. The blocks with index r are associated with the pairwise distinct eigenvalues with
nonzero real part. The diagonal blocks have the form Ay, where either Ay is a nonzero real

b
number, or A, = ag b ,ag, by real and nonzero. In the first case Ay, and —Ay; are
—0g
both nonzero real eigenvalues of H, with sizes of Jordan blocks dy 1, ..., dyp,. In the second
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case A\, = ay, + iy, together with Ny, —\p,— M\, are the eigenvalues of H and each has the
same sizes of Jordan blocks dy ., ..., dy,, . We have

R, = diag(Ry,..., RL),

R; = diag(Ndk,l (Ak), Ceey Ndk,pk (Ak>>, k= 1, ey M
2. The blocks with indices e, c,d are associated with the pairwise distinct, nonzero, purely

imaginary eigenvalues ioy, —iog, k = 1,...,v. For each k = 1,...,v the associated
structure inertia indices are

Ind§(iow) = (Bpys---, ﬂ;‘i,qk)v

Indg‘(“”é) = (ﬁg,lv R ﬂg,rkv _ﬂg,lv R _ﬁg,rk)v
InddS(Z&k) = (ﬁgaaﬁg)a
—_——
Sk
Ind§(—iar) = (Brir--+s Brg)s
Ind§(—iar) = (=Bras--s = Brwps Brtr- s Bkn)s
Indg‘(_l@k) = (_ﬂgaa_ﬁ;@i)a
—_———
Sk
and (with the notation ¥y = l (; Cgk ], ap #0,) for k=1,...,v the substructures are
— Qg

R, = diag(R:,...,R%), D, =diag(D¢,...,D"),
RZ = diag(le,l (Ek>, N Nl’“qu (E}C)),

. ..o o . o o
ch = dlag(ﬂk,l [ 0 12 ] IR ﬁk,qk [ 0 12 ] )7
2lk,1 ><2lk,1 2lk,qk><2lk,qk

R, = diag(RS,...,R;), D.=diag(D5,...,D;),

Z = dlag(Bk 1y - - Bk Tk) l)]cC = diag(C’k,l, ceey Ck,rk)a

R; = diag(R?,...,RY), D,=diag(D¢, ...,D%), Gy = diag(GY,...,G?%),

R = diag(Rk e Ry, DE=diag(Dyy, ..., Diy,), GE = diag(Gry, ..., Grs,),

where fork=1,...,vand j=1,...,1

0
N () ’ [ —21, l
2
B.. = 0 ,
k,j 0 Nn,”(zk> [ Vg ]
—¥2],
0 0 Yk
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and for g =1,..., s

> N, (Ek) —€2¢;, 1 ~ 0 —C2¢y 5
R = [N e | =Ly T
= 0 0

GZJ = ﬂglo _akz‘|'

3. The blocks with index 0 are associated with the eigenvalue zero, which has the structure
inertia indices Indg(0) = (B7,...,8;) and Ind§(0) = (55,.... 0, =B, -..,—0). The

o o
substructure of the blocks is

Ry = diag(R5, ), Do = diag(Dg, D),
Ry = diag(N,,(0),..., N, (0)), DS:diag(ﬂfeulea,...,ﬂ;oeuqoeT ),

) Ugqq Uqq
. . Ny, (03) —egy, - Ny, (02) —egy,
Ry = dlag([ 10( 2) 201 1],...,[ 00( 2) 200 1]),
Dy = —pidiag(| 5 0 ey |
0 — 0 g 6%‘;)1 0 g ooty e%”vro 0 .

Proof. For every eigenvalue A\, := a; + ib, with nonzero real part, by Lemma 5, there
exists a matrix Uy, = [Uy,1, Uy 2], such that

A A[R;; 0

HU, = U, N = U.R,., UZJU, =J.
k k 0 _(RDH] kL, k k

If by = 0, L.e., A is real, Lemma 5 yields that U, can be chosen real and we then set
U .= [Ug.1,Uka] :== [Ug1, Uga]. If by # 0, since H is real, we also have
HU, =U, Ry, UTJU, =J. (41)

Set ﬁk = [Uk,la ﬁk,la U]C’Q,[}]C’Q]. Then

- - IR 0 —(RDHE 0 -
HU, = U d LA k X =: UpRy.
o lag([ 0 Rrkl [ 0o () T

By Lemma 21, there exists Z = diag(V®, U®) of appropriate size, such that
Uy = [Up1, Ups] = UpZ
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R 0
0 —(Ry)"
in (40). Tt remains to prove that U JU, = .J. From (41) we get that the columns of JIU A,

JHUM form the left invariant subspaces corresponding to —\;, and Az, respectively. Since

and Ry, :— Z_lfsz = [ are both real and R, is in the block form described

the four eigenvalues A, A\g, —\; and —); are pairwise distinct, we get Ug:jJUk,l = 0 for
j.l=1,2 ie., U JU, = 0. Using this fact and that UF JU, = J, we obtain UZJU, = .J.
Note that Z is symplectic and since Uy, is real, we obtain UL JU, = J. Setting

U:= [UlvUZ]:[Ul,lv-"v ,u,lle,Zv-"aU,u,Q]a
. T R, 0
we have that U is real, U' JU = J and HU =U 0 _RT
Since ‘H is real, it follows for the blocks in l ]ge _%T and ](%)C _DRCT ] correspond-
ing to the nonzero purely imaginary eigenvalues iayq,...,7q, that also —iay, ..., —ia, are

eigenvalues of H. For any block associated with an eigenvalue iay, let Vj, be such that

VEIV, =J, HV. =V B DJ“H = ViR,
0 —Rf

where R contains the Jordan blocks corresponding to Ind%(icy,) and Ind(iay,). Conjugat-
ing this equation we obtain the analogous equation for —ia. Using again Lemma 21, as
before, we obtain a real matrix V = [V}, V5], such that VT JV = J and

The next step will be the construction of a real matrix W = [W;, W], such that
WTJW = J and HW = W [ gz _%ldT
strictions on how to group the matrix pairs, which affects the choice of the couples cor-
responding to Indg(iar). Note that since H is real, if (7 Py.11, Nopy1(i)) is a matrix pair
with the corresponding index (—1)"ir = # € Ind%(ia), then (7Py 41, Nopii(—ia)) is a
matrix pair with —3 € Ind%(—ia). Let X = [X;, X3, X3], where X, X5 have 7 columns
and X, is a vector, such that HX = X Ny, (iar) and X#JX = 7Py, Set X = [X, X],
P, := diag(n Py, 41, TPy, 41), N, := diag(Ny,y1(icv), Noyyq1(—ic)). Then by Lemma 16

Unlike the complex case we have some re-

¢(P.,N,) =: (Z"P.Z,,Z7'N.Z.)

c
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N, (ia) 0 —?er 0 0 i?ﬁer ]
0 Ni—ia) =%, 0 0 %2 Be,
— | Ty 0 0 0 Z?ﬂ@fl ZTQﬂefl fa
’ 0 0 0  —N.(ia)? 0 0 ’
0 0 0 0 N, (—ie)T 0
0 0 Ba ?eff el 0

and
XZ.=[Xy, X1, —V2Re X,, V3, V3, — /2 Tm X,],

where Y3 = X3(nP,)7". Let Z = diag(¥y, Py, 1, Uy, Py, 1) and T = l _0& g] By

Lemma 21 we have that ZHZfPCZcZ = J and

Nr(2> —€2r—1 0 _5627'

R _ 0 0 —fes, fa
Z " Z, "N .7 = 0 0 _N(S)T 0
0 —Ba er 0

is real. Furthermore X := X Z.Z is also real and XTJX = J. By properly arranging the
columns we obtain a real matrix W = [W;, Wy] such that WTJW = J and

_ Ry Dy,

v | B 2

Note that this construction is also valid for a = 0, since ZCHI-:’CZC = .J implies that the
columns of X and X are linearly independent, i.e., if H has a Jordan block Ny, 1(0) with a
chain of principal vectors given by the columns of the matrix X, it must have an additional
Jordan block of the same size with a chain of principal vectors given by the columns X.

For even size Jordan blocks corresponding to the eigenvalue 0 we still need to find a real

. . R§ D
matrix Vy with Vi/ JVy = J and HV, = Vj l 00 (Rg
—U1g
Lemma 13 and p, in Lemma 15 by initially choosing a real chains of principal vectors. Hence
. . Ry D
there also exists a matrix Vo = [V, VY], such that V" JVy = J and HV, =V} l 00 ]i?T l
—1ig

Setting U = [Uy, Vi, VL2, Wi, Uy, Vo, V), Ws], it follows by Proposition 2 that U is real
symplectic and we have obtained (40). 0O

Note that for a given Hamiltonian matrix not all types of blocks associated with a purely
imaginary have to appear in the forms (37) and (40). We clearly allow all the occurring
blocks to have dimension zero in which case the associated structure inertia index is void,
too.

)T ] . Such a matrix is obtained via

Remark 4 Usually the terminology canonical form refers to a form which displays all
the invariants of an equivalence relation, is essentially unique, and gives the most simple
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representative of every equivalence class. A typical example is the Jordan canonical form
which is the canonical form under similarity. If we use plain similarity then the classical
Jordan canonical form is also the canonical form for Hamiltonian matrices. But it usually
does not represent a Hamiltonian matrix again. Thus we have derived the forms (37) and
(40) which are condensed forms under symplectic similarity. They are more complicated
than the classical Jordan canonical forms and they are not really canonical in the usual
sense, since there is some nonuniqueness in the combination of blocks in the construction
of those parts with index ¢ and d. However, all the eigenvalues, the number of blocks and
the block sizes and also the structure inertia indices are displayed. But, since the matrix is
not block diagonal, not all eigenvectores and principal vectors are displayed directly. From
every classical Jordan block only half of the principal vectors can be obtained directly from
the transformation matrix, but the remaining ones are easily constructed. We nevertheless
call (37) and (40) Hamiltonian Jordan canonical forms.

Remark 5 The eigenvalue 0 leads to some further nonuniqueness for a real Hamiltonian
matrix. There are many different ways to couple the odd size Jordan blocks corresponding
to Indg(0). When coming from the complex case and treating 0 as a complex purely
imaginary eigenvalue, we have obtained the real form from a coupling of matrix pairs
(7 Pyyy1, Nopy1) and (—mwPapiq, Nopyq). But we can also use different combinations and
the transformations ¢; or s to get a real form. Using ¢; (or ¢,) for above coupled
matrix pairs the final Hamiltonian structure would be diag(Nay, 41, —Ny,, 1) which looks
somewhat simpler than what we have given in the Theorem.

As we have already discussed in the introduction we are interested in Hamiltonian trian-
gular forms under symplectic similarity transformations, since from these we can read off
the eigenvalues and the associated Lagrangian invariant subspaces. We will now present
necessary and sufficient conditions for the existence of Hamiltonian triangular forms. In
some situations, where such triangular forms do not exist, there exist Hamiltonian trian-
gular forms under nonsymplectic similarity transformations. We will also give necessary
and sufficient conditions for this case. Our first two results give necessary and sufficient
conditions for the existence of Hamiltonian triangular forms. The equivalence of parts ii)
and iii) in the following two theorems was first stated and proved in [17]. Here they are
obtained as simple corollaries of our canonical forms.

Theorem 23 (Hamiltonian triangular Jordan canonical form)

Let 'H be a complex Hamiltonian matriz, let ia, ..., 1qy, be its pairwise disjoint purely
imaginary eigenvalues and let the columns of Uy, k =1, ..., v, span the associated invariant
subspaces. Then the following are equivalent.

i) There erists a symplectic matriz U, such that U="HU is Hamiltonian triangular.

i) There exists a unitary symplectic matriz U, such that UTHU is Hamiltonian trian-
qular.

iii) UHJU, is congruent to J for allk =1,... v.
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w) Ind%(iog) is void for all k =1,... v.

Moreover, if any of the equivalent conditions holds, then the symplectic matriz U can be
chosen such that U=VHU is in Hamiltonian triangular Jordan canonical form

(R, 0 0 0 0 0 1

0 R. 0 0 D, 0

0 0 R0 0 D,

0 0 0 —RIF 0 0o |’ (42)
o 0 0 0 —RT 0

0 0 0 0 0 —RE J

where the blocks are defined as in (37).

Proof. 1) = ii) follows directly from Lemma 3. ii) = iii) follows from Proposition 3.
iii) = iv) follows from the relation between the inertia index of U7 JU; and the structure
inertia index Indg(iay) discussed in the proof of Theorem 20. iv) = i) follows directly
from Theorem 20. O

We also have the analogous result for the real case.

Theorem 24 (Real Hamiltonian triangular Jordan canonical form)

Let 'H be a real Hamiltonian matriz, let iaq, . . ., iay, be its pairwise distinct nonzero purely
imaginary eigenvalues and let Uy, k = 1,...,v, be the associated invariant subspaces. Then
the following are equivalent.

i) There erists a real symplectic matriz U such that U= HU is real Hamiltonian trian-
qular.

ii) There exists a real orthogonal symplectic matriz U such that UTHU is real Hamilto-
nian triangular.

i) U JU, is congruent to J for allk =1,... v.
w) Ind%(ioy) is void for allk =1,... v.

Moreover, if any of the equivalent conditions holds, then the real symplectic matriz U can
be chosen so that U=VHU is in real Hamiltonian triangular Jordan canonical form

R. 0 0 0 0 0 0 0
0O R 0 0 0 D, 0 0

0 0 R. 0 0 0 D. 0

0 0 0 Ry O 0 0 Dy

0 0 0 0 —-RT' 0 0 0o |’ (43)
o 0 0 0 0 —R' o0 0

0 0 0 0 0 0 —-RT 0
0 0 0 0 0 0 0 —RI]

where the blocks are defined as in (40).
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Proof. The proof is analogous to the proof Theorem 23, using Lemma 3, Proposition 3
and Theorem 22. For ii) = iii) we observe that H is orthogonal symplectically similar
to a real Hamiltonian triangular form hence it is also unitary symplectically similar to a
complex Hamiltonian triangular form. O

Remark 6 Using the properties of the inertia indices, conditions iii) and iv) in Theorem 23
can be relaxed to hold for v—1 purely imaginary eigenvalues. Using the fact that eigenvalues
appear in complex conjugate pairs conditions iii) and iv) in Theorem 24 can be relaxed to
hold only for half the number of the non-zero purely imaginary eigenvalues.

Similar remarks hold for Hamiltonian and symplectic pencils below.

We have shown that a Hamiltonian matrix is symplectically similar to Hamiltonian tri-
angular form if and only if Indds(ia) is void for all purely imaginary eigenvalues. But there
are Hamiltonian matrices for which this structure inertia index is not void and there exists
a nonsymplectic similarity transformations to Hamiltonian triangular form. A simple class
of such matrices are the matrices Jy,. Unitary symplectic similarity transformations do
not change these matrices. (Hence Jy, has no Hamiltonian triangular form under symplec-
tic similarity transformations.) But .Jy, is similar to a Hamiltonian triangular canonical
form under nonsymplectic transformations. As an example set V' = [ey, e3, 9, 4], then
vy —am| 0 3]0
In general we have the following necessary and sufficient condition.

]) is Hamiltonian triangular.

Theorem 25 A Hamiltonian matrix 'H is similar to a Hamiltonian triangular Jordan
canonical form if and only if the algebraic multiplicities of all purely imaginary eigenvalues
are even.

If H s real, then it is similar to a real Hamiltonian triangular Jordan canonical form
if and only if the algebraic multiplicities of all purely imaginary eigenvalues with positive
maginary parts are even.

Proof. We prove only the complex case. The real case can be obtained from the complex
case by using the same transformations as in the proof of Theorem 22.

The necessity follows directly from the eigenvalue properties of a Hamiltonian triangular
matrix listed in Table 1. So we only need to prove the sufficiency. An eigenvalue has even
algebraic multiplicity if and only if it has an even number of odd size Jordan blocks. So
for a purely imaginary eigenvalue i« its even size Jordan blocks can be transformed to
a Hamiltonian triangular forms with p., and its odd size Jordan blocks can be pairwise
coupled and then be transformed to Hamiltonian triangular forms with ¢, or ¢, @s. For the
eigenvalues with nonzero real part, by Lemma 5, we always have the Hamiltonian triangular
form. With an appropriate arrangement of columns as in the proof of Theorem 20 we obtain
the Hamiltonian triangular Jordan canonical form. 0O

Note that a similar trick was used in [17] to derive Hamiltonian triangular forms.
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5 Hamiltonian Kronecker canonical forms

In this section we generalize the results for Hamiltonian Jordan canonical forms to the
case of Hamiltonian pencils. We always assume that the pencils we consider are regu-
lar. A treatment of singular pencils is currently under investigation and is not possible in
this already very long paper. Since the pencils are assumed to be regular, the appropriate
canonical forms should be called Hamiltonian Weierstrafl canonical forms, since Weierstrafl
[24] was the first to derive the canonical forms for regular pencils. The form for general
pencils was developed first by Kronecker [13]. Nevertheless we will call our form Hamilto-
nian Kronecker canonical form in order to avoid confusion when generalizing these results
at a later stage to singular Hamiltonian pencils.

As shown in Table 2 for a regular Hamiltonian pencil M, — AL, we have similar sym-
metries in the finite spectrum. So most of the analysis in this section has to be devoted to
the part of the canonical form associated with infinite eigenvalues.

Let us first recall the Weierstra§ canonical form for regular pencils, e.g. [10]. For an
arbitrary regular matrix pencil M — AL, there exist nonsingular matrices X', ), such that

[10]
y(M—)\E)X:llg ?]—)\lé ]H

where H is in Jordan canonical form and is associated with the finite eigenvalues of M —\L.
N is a nilpotent matrix in Jordan canonical form and associated with the eigenvalue infinity.

If M — AL is Hamiltonian, i.e., MJL? = —LJ M then we obtain
H 0 I 0 I 0 HT 0
[0 I]’C[O NH]__[O N]IC[O Il’

where K = X ' JXH. If we partition K conformally as a block matrix [ 21’1 ?(1’2 ]
21 Kop

then we have
HEK  + K H" =0, HEK sN" +K;5,=0, KysN" +NK;,=0.

Since N is nilpotent, from the second equation we have K, = 0, see e.g., [5]. Since K
is skew Hermitian we obtain that it is block diagonal. If we partition A conformally as
X = [Xl,XQ] then

MXl = L:XlH, MXQN = [:XQ, (44)
i.e., range X; and range X, are the deflating subspaces corresponding to the finite and
infinite eigenvalues, respectively. Moreover, since X7 JX¥ = —K~! = — diag(K;, 11,1(2” 5),

we have
(X["IX)H + HY(X['JX)) =0, (X)/JX35)N + N"(X,)'JX,) =0.

These two equations have the same form as (9). It follows that for the eigenvalue infinity,
we also have a structure inertia index Indg(oco), which can be analogously divided into
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three parts

Ind§(o0) = (877, ..., 02°),

Ind§(oc0) = ( loo‘c,...,ﬂ;o’c;— fo’c,...,—ﬂ;o’c)7
di(oo) = (B4, B0, At =...= (= +1).

The analysis for the eigenvalue infinity can be carried out analogous to the analysis for the
purely imaginary finite eigenvalues. We can choose an appropriate matrix X5, such that
X1 JX, is block diagonal with diagonal blocks 7P, corresponding to a nilpotent matrix
N,., which is one of the blocks in N.

As in matrix case there is no problem to transform the matrix pairs (7 P,, N,) correspond-
ing to the indices in Ind§(oco) and Ind(oco) to appropriate Hamiltonian triangular forms.
The difficulty arises for the pairs associated with indices in Ind%(oco). In order to obtain
a Hamiltonian canonical form, these pairs have to be combined with pairs associated with
finite eigenvalues. Since Ind(X'#.J.X’) has the same number of elements i and —i and since
Ind(X*" JX) consists of the elements of Ind(X[7.JX,) followed by those of Ind(XJ JX,),
such a coupling is always possible.

For finite eigenvalues we do the reductions in the same way as in the matrix case. The de-
flating subspaces corresponding to the eigenvalues with nonzero real parts are still isotropic.
So the matrix pairs that we couple with the pairs associated with the eigenvalue infinity
must have purely imaginary eigenvalues.

It follows that we obtain the following Hamiltonian Kronecker canonical form for a regular
complex Hamiltonian pencil.

Theorem 26 (Hamiltonian Kronecker canonical form)
Given a reqular complex Hamiltonian pencil My — ALy. Then there exist a nonsingular
matriz Y and a symplectic matriz U such that

M11 M12 Lll L12
My, — ACy)U = )\ : 45
V(Mp = M) [Mm M22] [Lzl L22] (45)
with
"R, — A W
R, — M\
R, — M\
Mll - )\Lll = Rd -\ )
Ry — ARy,
| IRy |
[ 0
0 -‘
0
M — )\L — 9
21 21 Gd
G — MGy
_ 0 |
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My — ALy, = )

Dy
Dy — \Dy,
“AD,, |

—RI —\I
—RI —\I
—RE —\I
Hy — \Hp,
I+ ARZ J

M22 - )\L22 =

and where R,., R, D., R., D., Rq, Dy, G4 are as in (37). The other blocks have the
structures

RY,....R)), Dy =diag(D,...,D}"),
Hy = diag(H",... H)"), Gy =diag(G)",....G})),
R;, = diag(Ry,...,R}), Dp=diag(D7{,...,Dy)),
H, = diag(H{,...,H}), G =diag(GT,...,G}),

Ry = diag

where fork=1,...,9¢

[ N, (&) 0 —YLe, 00  —ey
RY — 2 Lo D;y:gif 0 0 0 ,
I (i + 1) el 0 (i, —1)
[ =Ny, (i&)" 00 0
HY = 0 L, , GY =i |0 0 1 0 ,
L Pl 0 g6+ 00 —5(i&—1)
(I, O 0 3 0 0 0
2.
Ré — va _gevk ) Dé/ZTZﬁd 0 0 evk )
: 0 —efl 2
L 2 Vk 2
[ 1y, 00 0
Hy = | 0 =Ny |, Gy=ifF |00 0
L0 el 3 00 —

The remaining blocks have the structure

Roo - diag(Roo,ea Roo,c)a Doo — diag(Doo,ea Doo,c);
diag(Ny,, ..., Noo), Do = diag(B7% s el ... 3%, el ),

r? Tr

Ry, = diag(B°,...,BY), D= diag(Cr,...,C5),

oy
8
I
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where fork=1,...,¢

N, 0 —%e, 3 0 0 e

B = N, —¥VZo |, CF=iLZgc 0 0 —e.
k 2 5 €z, k 5 1k 0 k
0 Cy 6z 0

We see that My — AL;, has T Kronecker blocks associated with the eigenvalue infinity cor-

responding to the structure inertia indices in Indg(oco) = (577, ..., 32°°). It has 2¢ Kro-

necker blocks corresponding to the indices in Indg(oo) = (8775, ..., 87, =67 ..., —=B57°);

and v blocks corresponding to the indices in Ind%(c0) = (B5°,...,55). The remaining
—_———

blocks are associated with ) purely imaginary eigenvalues i&y, ..., i€, € {iay,... i, }.

The associated matriz pair has the corresponding index in Ind%(i&,) and is the part that is

. D

left over after the coupling in R dH .

Proof. The analysis that we have given already covers most of the blocks. It remains to
show how we get the blocks in

RM DM S\ RL DL
GM HM GL HL '

Suppose that (7 Py, 1, Nayy1) is a matrix pair with the corresponding structure inertia index
3 € Ind%(00). By our analysis there exists a matrix pair (m; Payi1, Nows (ir)) associated
with an index of opposite sign. For an infinite eigenvalue in the pencil case the pairs
are actually (7P, 1,1 — ANayy1) and (71 Pyyy1, Nowy1 (i) — AI). A transformation on
the direct sum of these two pairs is equivalent to a congruence transformation on P, =
diag(my Poyy1, mPyy41) and an equivalence transformation on the pencil

Nc - )\Lc = diag<N2u+l<ia)a I) - )\dl&g(I, N2v+l>'

If we use the transformation ., then we get that Z" P,Z. = J, Z7'(N.— AL.)Z, is in the
desired form. O

Remark 7 As we see from Theorem 26 the canonical form has several parts, a Hamiltonian
triangular part associated with finite eigenvalues, a Hamiltonian part, also associated with
finite eigenvalues, that cannot be made triangular by transformations with symplectic i/
and nonsingular ), a Hamiltonian triangular part associated with the eigenvalue infinity
Ry Dy

0 —RY
and infinite eigenvalues.

and one part which results from a mixture of blocks associated with finite

For a real Hamiltonian pencil the real Hamiltonian Kronecker canonical form is simpler,
since there is no part resulting from mixing blocks to finite and infinite eigenvalues. The
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reason is that in the real case X, asin (44), the basis of the deflating subspace corresponding
to eigenvalue infinity can be chosen real, i.e., Ind(X¥ JX5) has an equal number of elements
t and —i. So we can use the same trick that we have used to deal with zero eigenvalues
in the matrix case in the proof of Theorem 22 to get the triangular block for the infinite
eigenvalue.

Theorem 27 (Real Hamiltonian Kronecker canonical form)
Given a real reqular Hamiltonian pencil My, — ALy,. Then there exist a real nonsingular
matriz Y and a real symplectic matriz U, such that

M11 M12 Lll L12
My — A\Ly)U = - A , 46
V(M = M) [Mm M22] [Lzl L22] (46)
with
[ R, — A\l
R, — M\
R, — \I
Mll - )\Lll = RO - )\I 9
Ry — M\
L I — AR
[0
; W
0
My — ALy = 0 )
Gy
_ 0 |
[0
D.
D,
My — ALy = D, )
Dy
i —AD
i —Rf —
—RZ i
—RT —\I
M22_)\L22 = ¢ —RT—)\I
0
—RdT — M
I I+ AR |

and where R,, R., D., R., D., Ry, Do, Rq, Dgq, Gy are as in (40). The blocks associated
with the eigenvalue infinity are

Roo = diag(Roo,ea Roo,c)a Doo = diag(Doo,ev Doo,c)a
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Ro. = diag(Ny,..., N, ), Dy .= diag( loo’eerleT .. .ﬁfo’eeITeT ),

r1? T,

Ry = diag(B°,...,B}), D= diag(Cr,...,C),
where fork=1,...,¢

0 0
0o _ Nyk([ ]) —C2y—1 0o __ 00 0 €2yy,
0 0 Yk
The subpencil I — A l 0 —RT ] 18 the canonical form corresponding to the eigenvalue
infinity. Ind§(oco) = (677°, ..., 32°°) is the structure inertia index for even size Kronecker
blocks and Indc( )= (B2, ..., B =5, ..., =), is the structure inertia index for odd

b b
size Kronecker blocks. The index Ind%(c0) is void.

Proof. The proof is obtained analogous to that of Theorem 22. O

Analogous to the matrix case we also have necessary and sufficient conditions for the
existence of a Hamiltonian triangular Kronecker canonical form. To obtain such a form we
need the following lemma.

Lemma 28 Given a reqular Hamiltonian pencil My, —ALy,. Let iay, . .., i, be its pairwise
distinct purely imaginary eigenvalues and let the columns of U, span the corresponding
deflating subspaces. Let furthermore the columns of Uss span the deflating subspace to the
etgenvalue 0o. Suppose there exists a nonsingular matric Y and a symplectic matrix U
such that y(/\/lh — )\ﬁh)Z/{ is Hamiltonian triangular. Then for allk = 1,...,v, UFJU is
congruent to J, and UZ JU,, is also congruent to J.

Proof. By hypothesis there is a nonsingular matrix Y and a symplectic matrix ¢ such
that

- ~ | My M, Ly Ls

V(M — ACp)U = l 0 M, ] —)\l 0 L,

is in Hamiltonian triangular form. Since M, — AL, is regular, M; — AL, and My — AL,
are both regular. For the first subpencil there exist nonsingular Y; and Z; so that

Yi(My = ML) Z) = [61?] )‘[ég]

is in Kronecker canonical form. Let X; be nonsingular, such that X;M,Z; % is lower
triangular, (this is a QL factorization, see [11]), and set }; = diag(Y, X1)Y, Uy =
U diag(Z,, Z7 ™). Then U, is symplectic and

A0 M1’3 M114 I 0 L13 L1,4

. 0 I M273 M2,4 . 0 B L2 3 L2,4
NM=ADZi=| Mss 0 Mo o L3z L3a
0 0 M43 M414 0 0 L43 L4,4
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Using the Hamiltonian property, we get

A 0 L3,3 L3,4 H+ I 0 M3,3 0 H_O
0 I L4,3 L4,4 0 B M4,3 M4,4 -

Comparing the blocks on both sides, we have L3, = 0, and
ALY+ M5 =0, L{,+BM] =0, AL{;+ M/ =0.
By the regularity of the pencil Lj 3, M, 4 must be nonsingular. Set

Ly, 0
= diag(1, s _ ,
Vo= dinallh | artniangh g )

then by (47) it follows that

A 0 Ml,g M1,4 I 0 L1,3 L1,4

. 0 I Mg,g M2,4 . 0 B L2,3 L2,4

V(M =A0h =1 o Moo I o
0 0 0 I 0 0 0 —BH

Since B is nilpotent A(B,I) N A(I, —Af) = (. So the matrix equation
BX +Y =Lys, X —-YA" =M,

has unique solutions Xy, Y5, see [5].

Set
I 0 0 AXIT-—M, I o o -Xx2
|0 T =Y, 0 _ 0 I —X, 0
Vs=1o 0 1 0 Yo U=U 0
00 O 1 00 O I
Then U, is symplectic and we can easily verify that
A0 Ms O I 0 Lz O
_ 0 I 0 M2,4 B 0 B 0 L2,4
VsM= AU =1 g _qm Moo o1 0
00 0 1 0 0 0 -—-Bf
Finally setting
I 0 —L1,3 0
_ 0 I 0 —M274
Y=lo o0 1 0 |7
00 0 I
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we obtain

A0 D4y 0 I 00 0

o T 0 o 0 B 0 Dg

VM =AU = 0 0 —A7 0 —A 00 I 0
00 0 I 0 0 0 —BH

and clearly D4, Dg are Hermitian.
Partition
U=[U1,Ui2,Us1,Uss|

conformally. Then Vi, = [U;1,Us ;] and Vy = [Uy9,Us 2] are the bases of the deflating
subspaces corresponding to the finite eigenvalues and eigenvalue infinity, respectively. Since
U is symplectic, V,7 JV, = J for k = 1,2. Moreover,

A D B D
MV =Ly [ 0 Al ] = LyViHa, MyVoHp = M,Vs [ 0 _gH ] = L},Vs.
Since H, is Hamiltonian triangular, by Proposition 3 and V/Z.JV; = J we have that
U JU, is congruent to .J for all k = 1,...,v. Since Hp is also Hamiltonian triangular and

nilpotent, by exchanging the roles of M, and L, in the pencil we get that UZ.JU_, is also
congruent to J. 0O

Theorem 29 (Hamiltonian triangular Kronecker canonical form)

Let My, — ALy, be a reqular complex Hamuiltonian pencil , let tay, ..., tay, be its pairwise
distinct purely imaginary eigenvalues and let the columns of U, span the corresponding
deflating subspaces. Let furthermore the columns of Uy, span the deflating subspace to the
eigenvalue 0o. Then the following are equivalent.

i) There exist a nonsingular matriz Y and a symplectic matric U such that Y (M, —
ALy)U is Hamiltonian triangular.

ii) There exist a unitary matriz Y and a unitary symplectic matriz U such that Y (M, —
ALy)U is Hamiltonian triangular.

i) For allk=1,...,v, ULJU, is congruent to J and UZ JU,, is also congruent to .J.

w) For all k =1,...,v the structure inertia indices Ind%(icy,) and Ind(co) are void.

Moreover, if any of the equivalent conditions holds, then the matrices Y, U can be chosen
so that Y(My, — A\Lp)U is in Hamiltonian triangular Kronecker canonical form

[ R, — A\ 0 1
R, — M1 D,
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where the blocks are as in (45).

Proof. i) = ii) follows directly from Lemma 3. ii) = iii) follows from Lemma 28. iii)
= iv) follows from the relation between the inertia index of U JU, and UZ JU,,, and the
associated structure inertia index. iv) = i) follows directly from Theorem 26. [

Theorem 30 (Real Hamiltonian triangular Kronecker canonical form)

Let My — ALy, be a reqular real Hamiltonian pencil, let ia, . . ., ic, be its pairwise distinct,
nonzero, purely imaginary eigenvalues and let the columns of Uy span the corresponding
deflating subspaces. Then the following are equivalent.

i) There exist a real nonsingular matriz Y and a real symplectic matriz U such that
Y(My, — ALp)U is Hamiltonian triangular.

it) There exist a real orthogonal matriz Y and a real orthogonal symplectic matriz U
such that Y(My, — ALp)U is Hamiltonian triangular.

i) For allk =1,...,v, ULJU, is congruent to J.
w) For all k =1,...,v the structure inertia indices Ind%(iay,) are void.

Moreover, if any of the equivalent conditions holds, then the matrices ), U can be chosen

so that
| My My, _ Ly Ly
y(/\/lh—)\ﬁh)bl—[ 0 M22] )\[ 0 Lﬂ],
with
[ R, — \I
R, — M\
M11 - )\Lll = Rc - )\I )
Ry — A\
I I — MR
[0
D.
M12 — )\LIQ - Dc ’
Dy
I —AD
i —Rf — A
—RT —\T
May — ALy = —RI' — AT ,
—ROT — A
I+ ART,

and where the blocks R, R, R., Ry, D., D., Dy are as in (42) and R and D are as
in (46).
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Proof. The proof is similar to the proof of Theorem 29, using Lemma 3, Lemma 28 and
Theorem 27. [

We also have the corresponding result on the Hamiltonian triangular Kronecker canonical
form under nonsymplectic transformations.

Theorem 31 A regular Hamiltonian pencil My, — ALy, has a Hamiltonian triangular Kro-
necker canonical form if and only if the algebraic multiplicities of all purely imaginary
eigenvalues are even.

If My, — ALy, s real it has a real Hamiltonian triangular Kronecker canonical form if
and only if the algebraic multiplicities of all purely imaginary eigenvalues with positive
maginary parts are even.

Proof. The proof is similar to the proof of Theorem 25. Note that the condition that all
finite eigenvalues have even algebraic multiplicities implies that the algebraic multiplicity
for the eigenvalue infinity is also even. The canonical form for the infinite eigenvalue can
be constructed in the same way as that for the eigenvalue zero by exchanging the roles of
Ly, and M,. O

In this section we have shown that there exist canonical forms analogous to the matrix
case for Hamiltonian pencils. In the next sections we will use the generalized Cayley
transformation, to obtain similar results also for symplectic matrices and pencils.

6 Technical lemmas for the symplectic case

In this section we now present some technical results that are needed to derive the canonical
forms for symplectic pencils. The first tool that we will make use of is a generalization of
the Cayley transformation, see [19].

Proposition 5 A matriz pencil My, — ALy, is Hamiltonian if and only if the pencil
X(Mh — /\[:h> = (Mh + ﬁh) — )\(Mh — f,h) = ./\/ls — /\[:s
is symplectic. My — ALy, is reqular if and only if My — AL, 1is reqular.

The generalized Cayley transformation relates the spectrum of a Hamiltonian pencil A(My,, L)
and the spectrum of the associated symplectic pencil M, — AL, as shown in Table 5. The
structure of the associated Jordan blocks and deflating subspaces, however, is not altered

by the generalized Cayley transformation, since for any matrix pencil A — AB we have
XY (A-AB)U) =Y (x(A—-\B))U.

We may apply the generalized Cayley transformation directly to the canonical forms (45)
and (46) and we will obtain an analogous block structure. Unfortunately the Cayley trans-
formation does not produce a form that is as condensed, so some further transformations
are needed. To do this construction we need some more technical lemmas.

43



Re)d <0 ReAd =0 ReA >0

ANA-1 | A#£0 £ 1
_ Atl o] =1 B B B B
o= 10<|ol<1 ct—1 I<|o|]<x|o==-1]0c=1] 6=0 |oc=0

Table 5: Eigenvalue relation under Cayley transformation

0 st oo Tpq

Lemma 32 Let T = R : be a strictly upper triangular Toeplitz matriz
1
0

and 7, # 0. Then there exists a nonsingular upper triangular matriz X such that XTX ! =

N,.

Proof. Tt is clear that rank T'= r—1 so T is similar to N, and X exists. Using XT = N, X
the assertion follows by induction. 0O

Lemma 33 Given N,.(\) with A # 1. Set 0 = % Then there exists a nonsingular upper
triangular matriz X,, such that

XN + DN = )7'X, = N, (o). (48)

r

Proof. With ¢ := ;1= = 1(6 — 1) we obtain that

N.(o) = (NT(A)+I)(NT(A)—I)*1:(oI+§NT)§(—§)ka

k=0

r—1
= ol =2 (—9)"'NE.
k=1

Thus Nr(a) — ol is a nilpotent upper triangular Toeplitz matrix, and since o # 0 by
Lemma 32 there exists a nonsingular upper triangular X,, such that X' N,(0)X, = N, (o).
U

Lemma 34 Given a vector v = [x1,...,2,]7 with x, # 0, there exists an upper triangular
Toeplitz matriz T such that T 'z = e,.

Typ Tp—1 ... T
Proof. Set T = h |, Since z, + 0, detT # 0. It is obvious that
e Tr—1

,
Te, = x. Therefore T"'x =e,. D
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We will use these lemmas now to transform the pencils that we obtain form the Cayley
transformation applied to the separate blocks in the Hamiltonian Kronecker canonical form.
In the following ¢ will be an eigenvalue of M, — AL,.

1. |o| # 0,1,00. By Table 5, o corresponds to an eigenvalue ¢ of the corresponding
Hamiltonian pencil M, — ALy, (= x~'(M;—AL,)) and we have § # 41, 00,0 and Re 6 # 0.
For such an eigenvalue from (45) the corresponding subblock in the Hamiltonian Kronecker
canonical form has the form

Ry 0

|-

where Ry = diag(N,,(f),..., N, (6)). The Cayley transformation leads to a block
M, — AL, = (Hy + 1) — \(Hy — 1)

in M, — \LC,.
If we multiply from the left by (Hy — I)~" (which exists by assumption) we get a block

. R 0
S, — M = R — A,

where R = (Ry + I)(Ry — I)~" = diag(N,,(0),..., N, (¢0)) and N, (o) = (N, (0) +
I)(N,,(8) — I)~'. Applying (48) to each of these blocks, we obtain a symplectic matrix
U = diag(X,,,... X,,, X" ..., X

Tp

and
R, 0

_ N S VA _
S, — A :=U"Y(S, )\I)U_l 0 RoH

|-

with R, = diag(N,,(0),..., N, (0)).
2. 0 = 0,00. The associated eigenvalues in M) — AL, are +1, and the corresponding
subpencil is

[R 0
HI—)\I_[ ) _R{,]—)\I,

where we may assume without loss of generality that Ry = diag(N,,(=1),..., N, (=1)).
Applying the generalized Cayley transformation the corresponding subpencil in M, — AL,
is

SN R +1 0 R — 1T 0
MI—ALIZ(HlJrI)—A(HI—I):l ! I)H]—)\l !

0 —(R - 0 —(Ry+D)H |

Multiplying from the left by diag((Ry — 1)~ !, —(R; — I)~) we obtain

. . Re 0 I 0
0
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Then let U = diag(X, X ) and X 'Ry X = Ry, where Ry = diag(N,,, ..., N,,). It follows
that U is symplectic and

1 . Ry 0 I 0
Ml—/\Ll::Ul(Ml—/\Ll)U:l 00 I]—)\[O RSI]'

3. |o| =1 and o # 1. In this case the corresponding eigenvalue in the Hamiltonian pencil
is i with a real. We will go back to the construction of the blocks in the Hamiltonian case.
Consider a pair associated with 7P, and the pencil N, (i) — AI. The corresponding pair
for the symplectic pencil is (7 P,, (N,(ia) +I) — A(N,.(iar) — I')). Multiplying the associated
subpencil from the left with (N,(ia) — I)~' (note that 7P, is not affected) we obtain an
associated pair (7 P,, N,(¢)), where

A

N,(o) = (N,(ia) + I)(N,(ia) = I)7".

We now use the transformations p, in (28) and p, in (30).
i) For an even size matrix pair the matrix Ny,.(0) can be rewritten as

~

Now(0) = [ Noo) 3T = No(@)erel (Vo) — ) ] |

A

0 N, (o)

Here we have used the fact that (N,(ia) — )" = %(Nr(a) — I), which follows from the

definition of N, (o). Then p.(7 Py, Noy) = (J, S), where
&_ [ Nelo) (I = No())ereS (No(o) T = 1)
0 N, (o)~ "
and = (—1)"7. By Lemma 33 there exists a nonsingular upper triangular matrix X, such

that X' N,(¢)X, = N,(o). Since I—N, (o) commutes with N,(c), with V = (I—N,(0)) X,
and U; = diag(V, V=) we obtain

N BytH —-H
U, ST, = [Nré‘” it Nolo) ]

where t = X 'e,. By the triangular structure of X, the last component of ¢ is nonzero
and by Lemma 34 there exists an upper triangular Toeplitz matrix T, such that T~'t = e¢,.
Set U = U, diag(T,T~") which is symplectic. Since N, (o) commutes with all triangular
Toeplitz matrices of the same size, we finally get

S =U"'8U = l Ny(0) geres Ny (o) " ] .

0 N, (o)™
In summary, we obtain a transformation p. similar to p. by replacing Z, by

Z, = diag(I, (P,)""U = diag(VT, (VT)" 7 P,)™"),
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which transforms (7 Py,, No,(0)) to (J,9). A
ii) For an odd sized pair (7Py,11, Nary1(0)), we set V = 52(I — N,(0)) X, T, where X,
and T are defined as in the even case and

Z, = diag(V, 1, (V" P,)™").
Then one can easily verify that

po(TPyri1, Novis(0)) = (ZX (7 Pari1) Zoy Zy ' Nops1 (0)Z,) =

0 0 I N.(o) oe, =Zife,el’ N, (o)~"
= 0 i3 0|, 0 o ifed N, (o)1 ,
-1 0 0 0 0 N, (o) "
where 3 = (—1)"ir.

4. 0 = 1. Then the corresponding eigenvalue in M), — AL, is infinity and the pair is
constructed from 7P, and I — AN, which leads to the pair 7P, and (I + N,) — A\(I — N,) in
M, —\L,. Tn matrix form the associated pair is (7P, N,(1)), where N, (1 ) == (I+N,)(I -
N,)~'. (Note that the form of N,(1) is slightly different from that of N,(o) for o # 1).
We stlll have a nonsingular upper triangular matrix X,, such that X 'N,(1)X, = N,(1).
Using this X, to replace X, above and changing T appropriately, we get for even size pairs

pelT Pay, Npy (1)) = <J= l Nro(l) gezevH(jlv)(l’}H D

which is the same as in the case ¢ # 1. For odd size pairs we obtain

) 0 0 I N.(1) e ZeeIN, (1) "
ﬁo(ﬂp2r+laN2r+l(1>) - 0 Zﬂ 0 ) 0 1 Zﬂ@gN( )
-7 0 0 0 0 N, (1) #

For even size matrix pairs the condensed form already is in symplectic triangular canon-
ical form. It remains to perform a coupling for the odd size pairs. Similar to the Hamil-
tonian case we construct a transformation ., just using Zg instead of Z,, and apply it to
(P., N.), where P. = diag(m Poy 11, T2 Pory+1), Ne = diag(Noy, 11(01), Nopyr1(02)) with the
corresponding [f; = — (3. Then

V2
— 3 01€p,
V2
0'2) - 02€p,

@C(PC) Nc) = Jr1+r2+17
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iﬂlf(o.l)emerl-{Nm (0'1)7H 0 ?iﬂlolen
0 —iﬂlf(@)eme,{ﬁNm(@)‘H —?iﬁmem
—?iﬁleZNm(al)_H ?iﬁleg]\fm(@)_}[ _7}%(0_1 - 0'2)
er (0’1)71—[ 0 0 ’
0 er(O'Q)iH 0
VZeIN, (o)~ V2l N, (o)1 5(01+03)
where )
flo)=—"—for|o| =Lo#1 f(1)=-. (49)
oc—1 2

7 Symplectic Kronecker canonical forms

Using these basic technical results and the obtained matrix block forms we can now as-
semble the symplectic Kronecker canonical form.

Theorem 35 (Symplectic Kronecker canonical form) Given a reqular complex sym-
plectic pencil My — ANL,. Then there exist a nonsingular matriz Y and a symplectic matrix

U such that

Mll M12 Lll L12
VM, = MU = l My My, ] A l Ly Lo ] ’ (50)
with
[ R, — M\
R, — A
M11 - /\L11 - Rc - )\I y
R;— M\
i Ry — Al
[0
0
M21 - )\LQI = 0 )
Gq
i 0
[0
De
M12 - A1/12 = Dc )
Dy
i 0
[ RH -\
R —\I
M22 - /\LQQ - RC_H - )\I y
Sq— M
I — ARl
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where the blocks are as follows.
1. The blocks with index r are associated with the pairwise distinct eigenvalues oy, ..., 0,,

art ., 5;1, such that |oy| # 1. The blocks have the structure

R, = diag(Ry,..., R)),
R; = diag(Ndk,l(O'k),...,Ndk,pk(dk)), k:l,...,,u.

2. The blocks with indices e and ¢ are associated with unimodular eigenvalues 0y, ... ,0,.
The associated parts of the structure inertia indices are Indg(6x) = (B4, .., BL,,), and
Ind$(0r) = (Bi1s- - By —Bias-- s —Bir, ). The structures of the blocks are

R. = diag(R:,...,R%), D.=diag(D,...,D5),
RZ = diag(le,l (Qk), ey le,qk (9k>>7

e 1 : e — e —
Df = 3 d1ag(ﬂkjlelk,le£,1]\flk,l(Hk) mo 5k,qk@lk,qk efzqu N, (0,)~ ),
R. = diag(RS,...,R), D.=diag(Dy5,...,D;),

RZ = diag(Bkjl, Ceey Bk’rk), D,cC = diag(C’k,l, Ceey Ck’rk),

where fork=1,...,v and j =1,...,1, we have
By; = No, (01) —L0ren,. |
Ok
f(ek)emkxjegk,j NMk](9k> H 0 ggkemk]
Crj = 10k, 0 —f(O)en, el No (00) 7 —LOien, |,
— e, N, (60) " el Ny, (017" 0

and f(0r) is as in (49).

3. The blocks with index d are associated with two disjoint sets of unimodular eigenvalues
{7, and {61, ...,6,} with the corresponding structure inertia indices (61, ..., 3%
and (—ﬂ{l,...,—ﬂg), respectively, where ¢ = ... = ﬁ#. The corresponding Kronecker
blocks have the following block structures.

Ry = diag(R{,...,R}), D,=diag(D{,...,Dy),
Ss = diag(S{,...,S)), Gq=diag(GY,.... Gy,

where for k =1,...,n we have
p Nsk (f}/k) 0 _gf)/kesk
Ry = N, (6) —?&mk )

5 (v + 6n)
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f(’)/k)eskeskN ( ) " 0 ?Fykesk

D{ = ipf 0 —f(B)enell Ny (86)™7 —Rérer, |
—L2eH N () V2N, (6) —5 (0 — &)
NSk(/Yk)iH
st = 0 Ny, (6)7 2 ,
L2l Ny (1)~ el Ny (61) 77 3 + )
0 0 0
GYo= il o 0 0

0 0 5(v— )

4. The blocks with index 0 are associated with zero and infinite eigenvalues and have the

structure
Ry = diag(Nzl, R NZT).

Proof. Using the above construction, the proof follows from the Hamiltonian case. 0O
Again analogous to the Hamiltonian case, we have a result for real symplectic pencils. We

use the following notation. Either ¥, = l J;‘l Zm ] , with o4 # 0 and 0} | + 07, # 1,
—0L2 k,1 ’ ’

or ¥ is a real number and ¥ # +1. Blocks A, have the form [ al;; Zk ], a:+0b2 =1
—0p ag

and a, # 1. Furthermore we have blocks F(A;) = % [ fkl ; ] with f, = lfkak, and
— k
F(IQ) - %Jl

Theorem 36 (Real symplectic Kronecker canonical form) Given a real reqular sym-
plectic pencil My— A Ls. Then there exist a real nonsingular matriz Y and a real symplectic
matriz U such that

Mll M12 Lll L12
M, = A\LHU = - A , 51
d = i) A o e oy
with
[ R, — M\ W
R. — \I
R.— M
Mll - Al/ll = R - )\I )
Ry — M
_ Ry — Al |
[0
0
0
M21 - )\L21 — 0 )
Ga
0
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0
D, W
D,
M12 - A1/12 — D )
Dy
0
RT—\I
R;T —\I
R-T —\I
Myy — /\L22 = ¢ R-T —\I )
Sq— M
I —)\RT |

and where we have the following structure for the different blocks.

1. If Sy is a nonzero real number, S and S, ' are both real eigenvalues of My — \LC,. If
o2 # 0, then oy, = o1 +10y 2, together with oy, 5,;1, and 0;1 are eigenvalues of My — AL,
and the associated blocks have the structure

R, = diag(Ry,..., ),
RZ = diag(Ndk,l (Ek>, N Ndk,pk (Ek»,

2. The blocks with indices ¢, e and d are associated with unimodular eigenvalues 0 =

b . .
Ak Ok l with 0, # +1. The associated structure

ay + by and ), contained in A; = l b o
—0r  ag

inertia indices are

Indg(a&:) = (ﬁz,la“'aﬂg,qk>a
Ind§(0r) = (Bias- o Bims —Fins - —Bin);
Inds(0) = (Bi,.... B5),

—_——

Sk

Ind%(?’C) = (ﬁlz,lv SRR 52,%)7
Indg(9k> = (_ﬂg,lv SRR _ﬁg,rkv ﬁg,lv SRR ﬂg,m)v

Indds(ik) = (_ﬂgva_ﬁ;ci)v
—_—

Sk

and the blocks have the following form.

R. = diag(RS,...,R%), D,=diag(D5,...,D5),
R. = diag(RS,...,R%), D.=diag(D5,...,D5),

where fork=1,...,v,

RZ = diag(le,l (Ak), Ceey le,qk (Ak)),
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e 1. . |0 0 _ . 0 0 B
Dy = 5dlag(ﬂk,l [ 0 I, ] N, (Ag) T,...,ﬁk,qk [ 0 I, ] Niy. ., (AT,

Ry = diag(Byu,..., Biy), Di=diag(Cra, ..., Crpy)s
and fork=1,...,v, 5 =1,...,1

0
Non, ; (D) 0 l —2A, ]
2
, N, (A
k,]( k) —?Ak
0 Ay,
0
s e ]
Ck,j — ﬁ]{; _ 0 0 -T 0
’ 0 0 F(Ay) | Vs (D) _ LA,
L [ 0 _\/T§J1 ]Nmk,j(Ak)iT [ 0 gjl ]Nnk,j(Ak)iT 0

The blocks with index d have the form
R, = diag(RY,...,RY), D,=diag(D{,..., DY),
S, = diag(S?,.... 8%, G4=diag(GY,...,G?),
R = diag(Tys,...,Trs,), Df=diag(Xea,..., Xea),
St = diag(Zia,- -, Zrs,), G =diag(YVid,---, Yes,),

where for k=0,1,....v, j=1,..., 8

- ’ 0 0 0
N (A — Ny (Ap)~T -}
Tk,] = tk,]( ]C) bzk , Xk,] = ﬂ;;l [ 0 F(Ak) l tk,]( k) _ai 7
L 0 ay, —e%;k’]_ Ny, (AT by
- Nt '(A)iT 0 d 0 0
Z . = k,j _ : Y o '
N L egtk,rthk,j (A) T ki = O 0 —b

3. The blocks with index u are associated with the eigenvalues £1. In particular the
blocks with index + are associated with the eigenvalue 1. Here Ind%(1) is void and the
other structure inertia indices are

Ind% (1) = (BT, . .., Sj:), Ind§(1) = (p’fr, B =B = 6).

~~

T4 T4

The blocks with index — are associated with the eigenvalue —1. Here Ind%(—1) is void and
the other structure inertia indices are

Ind(=1) = (B77,...,08;7), Indg(=1)=(B,...,05,=B,...,=B2).

rT— T
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The block structures are

De

diag(R-i-aR—)v D, :dia‘g(D-i-vD—)v

diag(RS$,R%), D, =diag(DS, DY),

diag(R¢,R%), D_ = diag(D, D¢ );

diag(N,, (1),. .., Nu,, (1)),

L. e — e —

b diag( 1+QU1651Nu1(1) T qj:@u“ 65q+Nuq+ (1))
: Nvl I —€20; — er (12) —€29,, 1

dlag([ 0(2) 21 1],...,[ 6 1+ ),

0 0 7
7 ding( [ 0 F(ly) ] NulB)70 e |
—6gle1(Ig)_T 0

0 0 .
L6 gy [ e
_egvr+ er+ (I2>_T 0
diag(Ny, (<1),..., Ny, (~1),

L. e— — e— —
3 diag (/] ewlelexl(—l) T, By eay efqi N, (1) ™,

i Nyy(=15)  eayi-1 Ny, (=) ey,
dlag([ 0 1 R, 0 " ),
0 0 o
(¢ diag( l 0 F(-1I) Ny1(—12> €2y, ,
_egmNm(_IZ)iT 0
0 0 L
) [ 0 F(_IQ) ] NQy.,‘_ (_12) 62y7'_ )
_egyr_ Nyr_ (_12)_T 0

4. The zero and infinite eigenvalues of My — AL are depicted in the block

Proof. The proof is similar to the proof of Theorem 22, observing that by Table 5 the
eigenvalues 1 and —1 of a symplectic pencil are related to the eigenvalues oo and 0 for the

Ro = diag(N.,, ..., N..).

corresponding Hamiltonian pencil. 0O

We also have necessary and sufficient conditions for the existence of a symplectic trian-
gular Kronecker canonical form and a generalized symplectic Schur form, etc. The results

are analogous to the Hamiltonian case and we list them without proof.
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Theorem 37 (Symplectic triangular Kronecker canonical form)

Let My— AL, be a reqular complex symplectic pencil, let 04, ..., 0, be its pairwise distinct
unimodular eigenvalues and let the columns of Uy span the deflating subspaces corresponding
to 0. Then the following are equivalent.

i) There exists a nonsingular matriz Y and a symplectic matriz U, such that Y (M, —
AL U is symplectic triangular.

ii) There exists a unitary matriz Y and a unitary symplectic matriz U, such that Y (M ,—
AL U is symplectic triangular.

i) For allk=1,...,v, ULJU, is congruent to J.
w) For all k =1,...,v, Ind&(6;) is void.

Moreover, if any of the equivalent conditions holds, then the matrices ), U can be chosen
so that Y(Ms — ALs)U is in symplectic triangular Kronecker canonical form

[ R, — A\ 0 1
R, — M1 D,
R.— M\ D.
Ry — M1 0
0 R —\I ’

r

0 R;H —\I

e

0 R —\I

c

0 I~ ARY |

where the blocks as in (50).

Theorem 38 (Real symplectic triangular Kronecker canonical form)

Let My — AL be a reqular real symplectic pencil and let 0y, ...,80, be its pairwise distinct
unimodular eigenvalues and let the columns of the matriz U, span the deflating subspaces
corresponding to 0. Then the following are equivalent.

i) There exist a real nonsingular matriz Y and a real symplectic matric U, such that
V(M — A\LU is symplectic triangular.

ii) There exist a real orthogonal matriz Y and a real orthogonal symplectic matriz U,
such that Y (Mg — AL U is symplectic triangular.

i) For allk=1,...,v, ULJU, is congruent to J.

w) For all k =1,...,v, Ind&(6;) is void.
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Moreover, the matrices Y, U can be chosen so that Y(M, — AL U is in real symplectic
triangular Kronecker canonical form

_ | M My Ly Ly
V(Mg — LU = [ 0 My ] —A [ 0 Lo ] (52)
with
[ R, — \I
R, —\I
Mll - )\LH == Rc — A ’
R, — M
I Ry — I
[0
D,
Mz — ALy = D, )
D,
I 0
R-T — \I
R;T —\I
My — ALyy = R.T—\I ,
R,T —\I
i I - AR}

and where the blocks are as in (51).

Our final result in this section is the symplectic triangular Kronecker form under non-
symplectic transformations.

Theorem 39 A regular symplectic pencil My— AL, has a symplectic triangular Kronecker
canonical form if and only if the algebraic multiplicities of all unimodular eigenvalues are
even.

If Ms— ALy is real it has the corresponding real symplectic triangular Kronecker canonical
form if and only if the algebraic multiplicities of all unimodular eigenvalues with positive
real parts are even.

Remark 8 We have seen that the symplectic canonical form is more complicated than
the Hamiltonian canonical form. One reason for this is that in the symplectic case inverses
occur in the canonical form. These can actually be moved to the other side of the pencil,
which would be the approach in numerical methods, see [18]. Another complication is that
the chains of principal vectors are difficult to retrieve. However as in Hamiltonian case for
each Kronecker block the first half chain of the corresponding principal vectors is explicitly
displayed in the canonical form. Also in the triangular canonical form under symplectic
similarity transformations we obtain Langrangian deflating subspaces.

In the next section we will discuss the case of symplectic matrices.
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8 Symplectic Jordan canonical forms

A symplectic matrix S is a special symplectic pencil S — AI. So the canonical forms are
already included in the previous section. The only thing we need to do is to leave out the
subblocks in the canonical forms corresponding to the zero and infinite eigenvalues. For
completeness we also display all these results without proof.

Theorem 40 (Symplectic Jordan canonical form) Given a complex symplectic ma-
triz S. Then there exists a symplectic matrix U such that

U'suU =

where the matriz blocks are as in (50).

In the real case we also have the corresponding canonical form.

Theorem 41 (Real symplectic Jordan canonical form) Given a real symplectic ma-
trix S. Then there exists a real symplectic matriz U such that

U'su =

where the blocks are as in (51).

Based on these two results we have the following necessary and sufficient conditions for
the existence of symplectic triangular Jordan canonical forms.

Theorem 42 (Symplectic triangular Jordan canonical form) Let S be a complex
symplectic matrix, let 04, ...,0, be its pairwise distinct unimodular eigenvalues and let the
columns of Uy span the associated invariant subspaces. Then the following are equivalent.
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i) There exists a symplectic matriz U, such that U=YHU is in symplectic triangular
form.

i) There exists a unitary symplectic matriz U, such that UTHU is symplectic triangular.
iii) UHJU, is congruent to J for allk =1,... v.
w) Ind%(0y) is void for allk =1,...,v.

Moreover, if any of the equivalent conditions holds, then the matrix U can be chosen so
that U='SU is in symplectic triangular Jordan canonical form

UTSU = (53)

where the blocks are as in (50).

Theorem 43 (Real symplectic triangular Jordan canonical form) Let S be a real
symplectic matrix, let 04,...,0, be its pairwise distinct unimodular eigenvalues and let the
columns of Uy span the associated invariant subspaces. Then the following are equivalent.

i) There exists a real symplectic matriz U, such that U="HU is in symplectic triangular
form.

i) There exists a real orthogonal symplectic matriz U, such that UTHU is symplectic
triangular.

iii) UHJU, is congruent to J for allk =1,... v.
w) Ind%(0y) is void for allk =1,...,v.

Moreover, if any of the equivalent conditions hold, then the matriz U can be chosen so
that U='SU is in real symplectic triangular Jordan canonical form

UTSU = (54)

where the blocks are defined in (51).
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The final result is again the existence of the symplectic triangular form under nonsym-
plectic transformations. Note that although the symplectic matrices form a group, there
exist nonsymplectic similarity transformations that map a symplectic matrix to another
symplectic matrix.

Theorem 44 Let S be a symplectic matriz. Then S has a symplectic triangular Jordan
canonical form if and only if the algebraic multiplicities of all its unimodular eigenvalues
are even.

If § is real it has the corresponding real symplectic triangular Jordan canonical form if
and only if the algebraic multiplicities of all unimodular eigenvalues with postive real parts
are even.

9 Conclusion

We have presented structured canonical forms for Hamiltonian and symplectic matrices
and pencils under structured similarity and equivalence transformations. These result give
a complete picture on the invariants and the structured forms and they give necessary
and sufficient conditions for the existence of triangular canonical forms. Although some
of these forms were partly known in the literature, we have provided simple proofs and
constructions, that are the first steps towards numerical methods for these problems.
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