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Abstract

A new backward stable, structure preserving method of complexity O(n?) is presented
for computing the stable invariant subspace of a real Hamiltonian matrix and the stabiliz-
ing solution of the continuous-time algebraic Riccati equation. The new method is based
on the relationship between the invariant subspaces of the Hamiltonian matrix H and
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H O
that was recently introduced by the authors.

the extended matrix and makes use of the symplectic URV-like decomposition
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1 Introduction

It is a well accepted fact in numerical analysis that a numerical algorithm should reflect as
many of the structural properties of the physical problem or the resulting mathematical model.
For the solution of eigenvalue problems this means that use of the symmetry structures of
the matrix or the spectrum is made. While for symmetric matrices this is relatively straight
forward and well established [25], for other structures this is not the case. In the last ten
years Bill Gragg and his co-workers (see, e.g., [3, 13, 14]) have made large contributions to
the much more complicated orthogonal and unitary eigenvalue problems.

In this paper we now discuss another structured eigenvalue problem, the one for Hamilto-
nian matrices. It is a long-standing open problem [24] to compute the eigenvalues and the
Lagrangian invariant subspaces (in particular the stable one) of Hamiltonian matrices via a
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method that is of complexity O(n®) and numerically strongly backward stable (in the sense
of [6]), i.e., it is not only backward stable but the computed eigenvalues (subspaces) are the
exact eigenvalues (subspaces) of a nearby Hamiltonian matrix. For completeness we recall
the following definition.

0 I,

Definition 1.1 Let J := [ 10

], where I, is the n x n identity matriz.

a) A matrizv H € R**?" s called Hamiltonian iff (HJ)T = HJ. The Lie algebra of
Hamiltonian matrices in R*"*** s denoted by Hayn. We denote the subset of Hy,
consisting of Hamiltonian matrices that have no eigenvalues on the imaginary axis by

3n and by HS, the set of Hamiltonian matrices, for which all the eigenvalues on
the imaginary axis have even algebraic multiplicity. Matrices H € Hay have the form
F
[ I —?WT ], where F,G,H ¢ R, G =GT, and H = HT.

b) A matriz S € R¥*?" s called symplectic iff SJST = J. The Lie group of symplectic

matrices in R**?" is denoted by Sa,.

c) The group of orthogonal matrices in R™*™ is denoted by Uy,.

d) A matriz U € R?"%2" s called orthogonal symplectic iff Y € Sy, N Uy,. The
Lie group of orthogonal symplectic matrices in R***?" is denoted by USqy,. Matrices
Uy U,

U € USsy, have the form U = [ U, U

], where Uy, Uy € R,

The reason for the large interest in the solution of the Hamiltonian eigenvalue problem is
its intimate relationship to the solution of the continuous-time algebraic Riccati equation

0=F'X+XF+H-XGX, (1)
where F, G, H are the blocks in ‘H and X is a real n X n symmetric matrix. It is well-known,

. . . . 1, . .
that if X is symmetric and the columns of the matrix [ _3( ] span an invariant subspace of

H then X solves (1), e.g., [19, 24, 20, 23, 18].
Paige/Van Loan [24] showed that if H € H3, , then it has a Hamiltonian Schur-form, i.e.
there exist a matrix ¢) € US,, such that
T N
T —

where T is quasi upper triangular and N = NT. The first n columns of @ then span the
desired Lagrangian subspace.

Lin and Ho [21] extended this result to the case that H has eigenvalues on the imaginary axis.
In this case it is necessary but not sufficient for the existence of a Lagrangian subspace that
the eigenvalues with zero real part have even algebraic multiplicity. But even if a Lagrangian
subspace exists it is not always the case that it is spanned by the columns of a matrix of the

form [ _IS( ], see [18] for details.



Example 1.2 If H = J € US4 N Hy then there does not exist a matrix ¢) € USy, such that

T N
T _
Q HQ - l 0 _TT ] 9
1 0 00
. T . . . . oA 0 010
since @*JG = J. But using a non-symplectic permutation matrix ¢ = 010 0
0 0 0 1
0 1 0 0
. AT 1A -1 0 0 0. . . .
we obtain that Q*J@Q = 000 0 1 is in Hamiltonian Schur-form. Note that there
0 0 -1 0
exists no symmetric solution to (1).

Remark 1.3 Example 1.2 shows that Hamiltonian Schur-forms may exist, even if the trans-
formation matrices are not symplectic. This does not contradict the result, that the only set
of similarity transformations that leave Hay, invariant is Say (e.g. [7]), since in this case and
also in the case that we study later in this paper, the Hamiltonian matrix has a special struc-
ture, in particular the diagonal blocks are 0. We will, therefore, in contrast to the existing
literature require for a Hamiltonian Schur form only the existence of U € Uy, such that

(3)

UTHU:[T N ]

0o -77

i.e., U need not be symplectic.

Unfortunately, the numerical computation of the Hamiltonian Schur form via a strongly
backward stable O(n®) method has been an open problem since its introduction. Many
attempts have been made to solve this problem, see [8, 20, 23] and the references therein,
but only in special cases a satisfactory solution has been obtained [9, 10]. Furthermore it has
been shown in [1] that a modification of standard QR-like methods is in general hopeless, due
to the missing reduction to a Hessenberg—like form. For this reason other methods like the
multishift-method of [2] were developed that do not follow the direct line of a standard QR-
like method. The multishift method is in principle a satisfactory solution, but unfortunately
it sometimes has convergence problems, in particular for large n.

Recently the authors have proposed a method to compute the eigenvalues (but not the
invariant subspaces) of Hamiltonian matrices using a new approach via non-similarity trans-
formations. This new method is based on the following symplectic URV-like decomposition:

Lemma 1.4 (Symplectic URV Decomposition) Let H € Hay, then there exist Uy, Uy €
USon such that

H o,
HIUzlot _HbT‘|U1Tv (4)

where Hy, H,, H, € R"*™  H, is upper triangular and Hy is quasi upper triangular (diagonal
blocks of sizes 1 x 1 or 2 x 2). Moreover,

T
H=JH'J =1, [ Iéb _I%tT ] vl (5)



and the positive and negative square roots of the eigenvalues of HHy, are the eigenvalues of

H.

Proof. See [5]. O

Using this URV-like decomposition the authors presented in [5] a new method to compute
the eigenvalues of a Hamiltonian matrix. This is a generalization of the square-reduced
method of Van Loan [28] but in contrast to that method it achieves the full possible accuracy.
There have also been several attempts to build a method for the computation of invariant
subspaces on the square reduced approach [30, 31], but so far none of these approaches lead
to a numerically stable procedure.

In this paper we now present a new idea that is based on the new eigenvalue method of [5]
and yields a new method that is not only backward stable, and of complexity O(n?), but also
structure preserving.

The key idea for this new method is to employ the relationship between the eigenvalues

and invariant subspaces of H and the extended matrix . In principle it can be

0

H 0
applied also to arbitrary matrices and it gives a new way to determine the sign function of
A or the positive square root of A2, [26, 16], but for general matrices it will not be efficient.
For Hamiltonian matrices, however, the new idea can significantly exploit the structure to be
efficient.

The paper is organized as follows: In Section 2 we develop the general theoretical back-
ground for the new algorithm and in Section 3 we then specialize these results to the Hamil-
tonian case and describe the new procedure. An error analysis is given in Section 4 and
numerical examples are presented in Section 5. Some algorithmic details for the new proce-
dure are given in the appendix.

We use the following notation: The spectrum (including multiple eigenvalues) of a matrix
A € R is denoted by A(A). The subsets of A(A) of eigenvalues with positive, zero, and
negative real parts, respectively, are denoted by Ay(A), Ao(A), and A_(A), respectively. The
associated invariant subspaces of A corresponding to these subsets of eigenvalues are denoted
by Invy(A), Invg(A), Inv_(A), respectively. Finally |-| refers to the spectral norm.

2 Theoretical Background

In this section we give the theoretical background for our new method. This approach can also
be applied to general matrices, so we present it in general and then show how it specializes
for Hamiltonian matrices in the next section. Let A € R™*" and consider the eigenstructure
of the extended matrix

0 A
p=10 ] (o
Letf:%[? }IH]EU82nvthen
e [ A0
T —
IBI_lO _A]. (7)

This implies the following relationship between the spectra of A and B.



MB) = AA)UA=A),

Mo(B) = Ao(A)Ug(A),

Ar(B) = A(A)UAL(=4) = A(A)U(=A-(4)),

A(B) = A(AUA(=A) = (=M (A)UA(A) = — A (B).

(Note that in the spectra we count eigenvalues with their algebraic multiplicities.) We obtain

the following relations for the invariant subspaces of A and B.

Theorem 2.1 Let A € R™™" and B € R**?" be related as in (6) and let [

@1,Q2 € R"™ ™, have orthonormal columns, such that
1 Q1

B = R,
[ Q2 Q2

Ap(B) € AR) C Ap(B) U Ao(B).

where

Then

range{Q1 + Q2} = Invy(A)+ Ny, where N; CInvg(A),
range{@Q1 — Q2} = Inv_(A)+ N,, where N3 C Invg(A).

Moreover, if we partition R as

| R R
R_l 0 Roa

] , where A(R11) = A4(B),

and, accordingly, Q1 = [ Q11 Q12 ]; Q2 = [ Q21 Q22 ], then

Qu | | Qn
o252

and there exists an orthogonal matriz Z such that

V2

2

where Py, P_ are orthogonal bases of Inv,(A), Inv_(A), respectively.

Proof. Identity (9) implies that AQ; = Q1R and AQ; = Q2R. Hence

A(Q1+Q2) = (@1 + Q2)R, A(Q1 — Q2) = (Q1— Q2)(—R).

By (10) we have
range{@Q1 + 2} € Invy(A) + Invo(A),

range{Q1 — Q2} C Inv_(A) + Invg(A).

(Q11‘|‘Q21):[0 P+]Z7 £(Qn—Qzl)I[P— O]Zv

) ] c RQan’

(9)

(14)

(15)



Since Ay(B) C A(R), we may assume w.l.o.g. that R is in the form (13) and that we have
(14). With the same argumentation used to derive (16) and (17) we get

range{Q11 + @21} C Invi(A), range{Q11 — Q21} C Inv_(A).

If Ryq € RP*P, then dim Invy (A)+ dim Inv_(A) = p. Hence,

rank(Q11 + Q21) + rank(Q11 — Q21) < p.

On the other hand, with
ﬂ[@n-l—@n]:f[@n]’ (18)

7 Qll - Q21 Q21

Q11

and using that I and
21

] are orthogonal, we obtain that

rank(Q11 + Q21) + rank(Q11 — Q1) > rank l Q11+ @ ] =p

Qll - Q21

Hence, rank(Q11 + @21) + rank(Q11 — Q21) = p and since it is clear that range{Q11 + @21} N
range{Q11 — Q21} = {0}, it follows that

range{Q11 + @21} = Inv(A4), range{Q11 — Q21} = Inv_(A). (19)

Combining this with (16), (17) we obtain (11) and (12).
Now let Z € Up such that

V2

(Qu-QuzT =[P 0],

and P_ has full column rank, i.e., the columns of P_ form a basis of Inv_(A). Define

._@ Q11+ Qo T | Pu Pt
= 2 l@ll—Qm]Z Tl PO ’

then from (18), C' is orthonormal, so Py must be orthonormal, i.e., P_|:_FP_|_ = I. It is obvious
that rank Py = p—rank P_ = p—dim Inv_(A) = dim Inv;(A). Thus, the columns of P} form
an orthogonal basis of Invy(A). With (19) we get

Invi(A) = range{P;} = range{[ Py Py ]}

Thus, there must exist a matrix Z, such that Py = P+Z. Again, since (' is orthonormal,
we have P[P, = 0, which implies 0 = ZTP_li_FP_|_ = 7T, ie., P;y = 0. Therefore P_ is also
orthonormal and we have (15). 0O

Remark 2.2

1
Q2

assuming full column rank, then we still obtain results analogous to (12)-(14).

a) If in Theorem 2.1, the assumption of ] having orthonormal columns is relaxed to



Q1
Q2
[p,2n — p|, where p = dim Invy(A) + dim Inv_(A), i.e., the spectrum of R may contain
any number of eigenvalues from Ag(B) as long as these admit a real invariant subspace

of B.

b) The number of columns of (or the size of R) can be chosen in the interval

¢) If we just assume that A_(R) = 0 instead of (10), we only obtain (16) and (17). If
A(R) C Ay (B), then range{Q1 + @2} C Inv;(A) and range{Q)1 — Q2} C Inv_(A).

If A has no purely imaginary eigenvalues then we have the following corollary as a direct
consequence of Theorem 2.1.

Corollary 2.3 Under the hypotheses of Theorem 2.1 and assuming further that A\o(A) = 0,
there exists Z € Uy such that

V2

2

V2

(Q1+Q2)=[0 P—I—]Zv 7(@1-@2):[13— O]Zv (20)

where Py, P_ are orthogonal bases of Inv,(A) and Inv_(A), respectively.

The above results give a direct relationship between a matrix, its sign function, and the
square root of its square. To see this, assume that Ag(A) = (). Then there exists a nonsingular
matrix X such that )
T 0
0 T

where T} is a k x k matrix, A(77) = A4 (A) and A(T3) = A_(A). The matrix

A:X[ Xt

th 0 X1
0 —dn—fk

is the sign function matriz of A, denoted by Sign(A), (e.g. [26, 16] ), and the matrix
X [ 1(;1 (; ] XL is the positive square root of A%, denoted by Sqrt(A?), see e.g., [17].
)
The matrices A, Sign(A), Sqrt(A?) commute, and

Sign(A)? = I,,, (21)
ASign(A) = Sqrt(A?), A = Sign(A) Sqrt(A?), (22)
see [16]. Also we have [26, 30, 31]
range{Sign(A) + I,,} = range{A 4 Sqrt(A4%)} = Tnv(A), (23)
range{Sign(A) — I,,} = range{A — Sqrt(4%)} = Inv_(A). (24)

Theorem 2.4 Let A, B, Q1, Q2, R be as in Theorem 2.1. If A\g(A) = 0, then Q1 and Q)

are nonsingular, and

Sign(A4) = Q1Q3;' = Q2Q7",

Sart(A?) = QiRQT' = Q2RQ7". 2)



Proof. We can rewrite the equations of (22) as

I, I,
B [ Sign(A) ] [ Sign(A) ] Sqrt(4%).

Then
A(Sart(A%)) = A (B) = MR),

Sign(

Since Invy(B) is unique, there must be a nonsingular matrix Z such that

and hence both [ @ ] [ L A) ] span Invy(B).

By (21), Sign(A) is nonsingular. Thus @; and @ are nonsingular and Sign(A4) = Q.Q7".
Using Sign(A) = Sign(4)~! we also get Sign(4) = Q1Q; "
From (9) we obtain AQy = Q1R and AQ; = Q2R and applying (22)

Sqrt(A%) = ASign(4) = AQ:Q7" = Q1RQT’
= AQ1Q;' =@Q:RQ;'. O

Remark 2.5 If A\o(A) # 0, then Sign(A) and Sqrt(A?) are not defined, but @1, @2 and R
always exist. These matrices can be considered as generalizations of Sign(A) and Sqrt(A?).
Note further that the results in Theorem 2.1 generalize the formulas (23) and (24).

The results in this section indicate how to obtain a numerical method for the computation
of the invariant subspaces Invy(A) and Inv_(A) via the Schur form of B. In general, this is
not a suitable method, because we can easily compute invariant subspaces by first forming
the Schur form of A and then reordering the eigenvalues. However, when this approach is
applied to real Hamiltonian matrices, then it turns out to be very useful as we will show in
the following sections.

3 Application to Hamiltonian Matrices

In this section we discuss how the general ideas of the previous section specialize to the case of
Hamiltonian matrices. We will in general assume that W € H3, and we will point out where
the results hold in a more general situation like H € HY,. We consider the block matrix

0 H
e8] o

Observe that B := diag(lz,, J~")Bdiag(l2,, J) € Hiy,, since H € Hj, implies that H.J and
J~VH = JTH are symmetric and by (8) it follows that Ao(B) = 0.

We have the following main result which we prove constructively.



Theorem 3.1 Let H € HY, and B as in (26). Then there exists U € Uy, such that
T _ R L —.
UBU—[O _RT]—.R, (27)

is in Hamiltonian Schur form and \_(R) = 0. Furthermore, if H € H3,, then R has only
eigenvalues with positive real part. Moreover, U = UPU with U € US,,,

SMo oo

and U = diag(Uy, Uy), where Uy, Uy € US,,.

Proof. We will make use of the symplectic URV decompositions of H. By Lemma 1.4 there
exist Uy, Uy € USay,, such that

_ Ht HT T

wn] o o
o, HT

HzUll 0 _H;]UE, (29)

where H; is upper triangular and Hy is quasi-upper triangular. Taking U= diag(Uy, Usy), we

have
0 o |H, HT
Ty |0 0 0 -t
Bi:=U"BU = o, I, 0 0 (30)
0 -HI| o 0
Using the block form of P,
0 Hy,| 0 ar
H 0 H 0
L T _ 13 r
0 0 |-HI 0
. . . . . U11 U12
is Hamiltonian and block upper triangular. Let Us = U U € Uy, be such that
21 Uz
| 0 Hy X T
U3 [ Ht 0 U3 — 0 —A ’ (31)
is in real Schur form with ¥, A € R"*" quasi upper triangular and
M) = AA), A () =0. (32)
Then
DI & 11 11,
v o', (s o 0 -A| 1l [
_ 3 3 _ - 2 3
33_[0 U3]B2[0 Ug,] 0 0 [-xT 0 (33)
0 o | -1 AT



Note that Bj is already in Hamiltonian Schur form. The order of the eigenvalues on the block

diagonal may, however, be not as we require. But using the reordering procedure of Byers
I, 0 ‘ 0 0

9, 10], there exists an orthogonal symplectic matrix V := 0 Vi 0 Vo € US4n
0o -0 W
such that ~ ~
¥ T ‘ I, I
0 A| 0¥ 1
R=VIBY = |~ (34)
0 0 ‘ 7T —AT

is in Hamiltonian Schur form with the required eigenvalue reordering and U:= diag(Us, Us)V €
USy,. O

Remark 3.2 The transformation matrix Us in the proof of Theorem 3.1 can be obtained in

H,
H: 0
upper triangular and H; is upper triangular. For details of this reduction see the appendix.

an efficient way by exploiting the structure of ] , recalling that Hy is already quasi-

ull u12
u21 u22

U, P, Us and V we obtain

If we partition U := [ ], U;j € R 2 then using the structures of the matrices

(35)

o U UWh o Uyn  UxpWi
Uy = U, [ 0 —U,V, ] ) Uy = Uy [ 0 —UynV, ] .

By Theorem 2.1 we have
range{lys — Uy } = Inv_(H) + N, range{lys + Uz } = Invy (H) + Nz, (36)

where Ny, Ny C Invg(H). Clearly, if H € Hj,, then, since Invo(H) = 0, we have computed
the required subspace.

The construction in the proof of Theorem 3.1 leads to the following algorithm for computing
the desired (stable) invariant subspace of a Hamiltonian matrix H € H3,. The computation
of the unstable invariant subspace can be done simultaneously.

Algorithm 1 This algorithm computes the Lagrangian invariant subspace of a Hamiltonian
matric H € H3,,, corresponding to the eigenvalues in the left half plane.

Input: A Hamiltonian matriz H € H .
Output: Y € R¥™" with YTY = I,,, range{Y} = Inv_(H).
Step 1 Apply Algorithm 2 of [5] to H and compute the symplectic URV decomposition,

H, H,

H::UQ[O —HbT

] vl Uy, Uy € US,,.

Step 2 Determine Us, A as in (31). Compute 13 as in (33).

10



Step 3 Compute V from the orthogonal symplectic reordering scheme of Byers [10].

Step 4 Form Uyr, Uz as in (35). Set Y = @(UH — Uz ). Compute Y, an orthogonal
basis of range{ff}, using any numerically stable orthogonalization scheme, for example
a rank-revealing QQR-decomposition; see, e.g., [11].

End

Remark 3.3 In the last step of Algorithm 1, a QR factorization is usually sufflicient to
determine the required invariant subspace because of (20). But in general it is more reliable
to use a rank-revealing QR-decomposition, see e.g. [11].

We have estimated the computational cost for this algorithm under the following assump-
tions. We assume that the periodic QR-iteration needs an average of two iterations per
eigenvalue, that the diagonal blocks in Hj are all 2 x 2, that we used a rank-revealing QR
decomposition in Step 4 and the method described in the appendix in Step 2. The flop counts
for the four steps are given in Table 1.

Step 1 2 3 4 total
flops | 103 n° [ 9n® | 9n° | 42 07 || 163 n°

Table 1: Flop counts for Algorithm 1

These numbers compare with 203n° flops for the computation of the same invariant subspace
via the standard QR-algorithm as suggested in [19].
The storage requirement for this algorithm is about 972, a little more than for the standard

QR algorithm.

Remark 3.4 Up to now we have discussed only the computation of the stable invariant
subspace of the Hamiltonian matrix and not the solution of algebraic Riccati equation (1),
since the invariant subspace computation is more general and can also be used in other
applications. Clearly we can obtain the stabilizing solution of the Riccati equation from the
invariant subspace but it is also possible to get it directly from Y. As both, range(f/) and

range ([ _IX ]) form a basis of I'nv_(H) and moreover, Inv_(H) is isotropic with respect

0

I o (see, e.g., [18]), we have

to the inner product defined by J =

l ! ]TJY = | X L |V=0

Let Y = ? ], Yy, Y, € R"%2" then XY; = —Y,. The solution X can thus be computed

2
directly by solving this overdetermined, consistent set of linear equations. In this case it is

not necessary to explicitly form an orthogonal basis for range(Y) as in Step 4 of Algorithm 1.

11



Remark 3.5 By Remark 2.2 ¢), as long as A(R) C Ay(B), range{@1 — @2} C Inv_(A)
regardless of the size of R. So in Algorithm 1 we can easily check whether

range{Us l Uél ] - Uy l U51 ]} =Inv_(H)
after we have finished Step 2. If the subspace is satisfactory, then we may stop the algorithm
after Step 2, otherwise we continue the process. In general, however, it may happen that
rank(Q1 — Q2) < dim Inv_(A4), i.e., some basis vectors of the invariant subspace are missing,
or the computed bases are not accurate. We will demonstrate this phenomenon in some
examples in Section 5. If we stop after Step 2 then the computational cost reduces to 118n3
flops and the storage requirement reduces to 8n?.

Remark 3.6 Algorithm 1 can also be applied to matrices with eigenvalues on the imaginary
axis. But in this case it is not clear which invariant subspace we wish to compute, i.e., which of
the eigenvectors and principal vectors corresponding to purely imaginary eigenvalues should
be contained in the desired subspace. In this case it is also sometimes difficult to decide in
finite precision arithmetic whether a Lagrangian subspace exists, because this depends on
the partial multiplicities of the eigenvalues, see [18, 21]. These questions are currently under
investigation.

4 Error Analysis

In this section we present an error analysis for Algorithm 1 applied to matrices in H5,,. We
show that the method computes the Hamiltonian Schur form of a (typically) non-Hamiltonian
matrix close to B. This is not quite what we would like to have. It would be better if the
matrix for which we obtain the Hamiltonian Schur form is Hamiltonian itself and it would be
ideal to compute the Hamiltonian Schur form of H directly, without having to use B or B.
How to get these better methods is still an open ﬁ)roblem.

In the following we use Sep(A, B) := minxxg AX"%?B", where | . | is the spectral norm,

and by € we denote the machine precision. We first introduce several lemmata.

Lemma 4.1 Suppose that H € HY, has the Hamiltonian Schur form

T N
QTHQ: [ 0 _TT]
: PP
with N(T') = A_(H). Let P = € USyy, be such that
-P P
-7 0 -TT N
T _
with N(T) = MT) = A_(H). Let
L, 0| 0 L, 0 ‘0 0
2 —_
Q:i Q 0 0 I,|0 -1, 0 P |0 P 7 (37)
2 10 @ I, 0|1, © 0 P |0 P
0 I,|0 I 0o 0 |, 0




then

-T 0 N 0
0"50 = | — gTTOT . —:Hf ]SWT]GHZH (38)
o 0 |0 T
Proof. The proof follows by direct calculation. 0O
Lemma 4.2 Let M be as in (38) then
§:=Sep(MT, —M) = min{Sep(TT, =T), Sep(T', =T7)}. (39)

Proof. Since A(M) = A (M), applying the results in [15], we have Sep(MT,-M) = 1/ |X]|,
where X is the solution of the Lyapunov equation M7 X +X M = Iy,. Since M = diag(—T, —TT)
and MT) = MT) = A_(H), it follows that X = diag(Xy, Xy), where X;, j = 1,2, are the
solutions of the Lyapunov equations T7Xy + X7 = —1I,, TXQ + XQTT = —1,. Then,
again from [15], we have Sep(TT,—T) = 1/|Xy| and Sep(T,-T7T) = 1/|X,|. Hence,
IX| = max{|Xa], | Xa]} implies (39). O

Our next result gives a structured forward error analysis for the computation of the Hamil-
tonian Schur form of 5.

Lemma 4.3 If R, U are the computed factors in the Hamiltonian Schur form (27) of B
determined by Algorithm 1, then
UTBU =R + &, (40)

where

€€ Han,  |E] < celH], (41)

and ¢ 1s some constant.

Proof. Using standard backward error analysis [29], since Uy, Uy € Uy, there exists

P [ Fiu P

€R2n><2n, F <C€H,
o IF1 < crcll

such that (rewritten in a forward way)

H, H, H, HT
UQTHU1:[ 0 _HbT]JrF, UlTHUQ:[ 0 _HtT]—I-JFTJ
So with ¢/, P as in Theorem 3.1,
A a T
PTUTBUP = PT(B, + [ g ‘”B 4 ])79 =: By + &1,
where By € Hj, and
0 —-FrL| 0 I
_ | fn 0 Fig 0
gl — 0 ngi 0 _Flji € H4n
Fa 0 Iy 0

13



satisfies |&1] = |F| < c1€|H|. Note that the matrix F' in general is not Hamiltonian and
note further that we cannot guarantee that By € HJ, , since perturbations may have moved
eigenvalues on the imaginary axis.

Steps 2 and 3 of Algorithm 1 only use 4nx4n orthogonal symplectic transformation matrices
to transform By to R. Thus, these steps satisfy a strong backward error analysis in the sense
of Bunch [6], i.e., there exists & € Hy,, such that

UTBU =R+ &, [€af < cac|Ba] < ea(l+ cre)e[H].
Hence UTBU = R + € with £ = & + Z/N{T&Z;{ € Hy,, and
€] < 1&0 + 1] < ce[H],
where ¢ = c(14 c1€) +¢;. D

Lemma 4.4 Consider the matriz R + & € Hyy as in (40), (41), and let Q be as in (37).
Then there exists G € USy,, and Zy, Zy € Uy, such that

u = Qdiag(Zl,Zg)g, (42)
where G is such that
GR+&GT = [ ]g —gT ] =R, AR) = A (B), (43)
and Zy, Z9 satisfy
T
Z1 0 A Zl 0 _ M S R
[0 ZQ]R[O Zz] —[0 _MT]._M (44)

with M, S defined by (38).

Proof. Since H € H, we have B € Hj, . By (40) we have R + £ € H},,, so the Hamiltonian
Schur form in (43) and hence the transformation matrix G exist.

Zn Zaz
Zn Za
with M as in (44). By comparing the (2,1) blocks on both sides and recognizing that

A(R) = MM) = A (B), it follows that Z3; = 0 and hence the orthogonality implies that
Z = diag(Zy, Z3) and thus the result follows. [

Let Z2 = = QTUGT, then (38), (40), and (43) imply that ZR = MZ

Now we have prepared the ground for analysing the errors in the matrix ¥ computed by
Algorithm 1. In order to simplify the presentation, in the following we do omit the analysis for
Step 4 of Algorithm 1, since this analysis is well-known [12] and we assume that the columns
of Y form an orthogonal basis of the left singular vector subspace of ¥, associated with the
n largest singular values.

M S

0 -M7T
B asin (38), let § = Sep(MT,—M) be as in (39), and let € be the forward error matriz as in
(40), (41). Furthermore, let Y be the exact output of Algorithm 1 andY, the computed output

Theorem 4.5 Let M = QTBQ = [ ] € Hj, be the Hamiltonian Schur form of

14



in finite arithmetic. Denote by © € R™ "™ the diagonal matriz of canonical angles between

range{Y } and range{Y.}. If

S1EN(8 +151) < &, (45)
then ¢ "
Jsin O] < 05”67” < 6566”6—”, (46)
with ¢, = 8 M ~ 11.1.
V10 42

Proof. Recognizing the block structures of R and M, (44) implies
Rz =M,  Z,RzY =M, 2Dzl =5,
Since Zy, Zo are orthogonal, it follows that
Sep(R",~R) =4, |D| =]9]. (47)

If we rewrite (43) as GT(R 4+ £)G = R, where £ = —GEGT, then |€] = |€]. Partition
S R O
S O
from (45) that

€ Hy, comformally to R. Then applying [27, Theorem V.2.5] it follows

Sep((R+ £, —(R + 1)) > Sep(RT, —R) — 2 ”El H >§—2]€] > 36/4.

Inequality (45) implies that |£] | 9] < % — 6]€]. Adding |€]* on both sides we obtain

el 11 + e < E=21E

which implies that

(Sep(RT, —R) — 2| E4])”
4

Applying [27, Theorem V.2.7], there exists a symmetric matrix W € R?"*?" satisfying the

algebraic Riccati equation

IZ31(1D] + | E2]) < (48)

(R+ ED)TW + W(R+ E) + W(D + E))W — B =0, (49)
and .
8|ks] 1
3 6 3

where the last inequality follows from (45). (Note that in [27], Sep is defined using the
Frobenius norm, the proof there is identical in spectral norm.) If we form

Goo | Bn W (I + W2)2 0
W I, 0 (Iyn + W2~z |

W < 20 E/(6 = 2| £4]) < (50)

then G € US4, and



with
R=(T+W2[R+ Ey+ (D + Ey)W)(I+W?) 5. (51)
We will prove that G and G are essentially equal (up to a block orthogonal matrix which can
be incorporated into diag(Z;, Z3) and will not affect the results). Since R is similar to R and
A_(R) =0 (R is the upper left block of R), it suffices to prove that A(R) = A, (R), i.e., the
spectrum of R remains in the right half complex plane.
Let t € [0,1] and &£(t) = t&, then clearly £(t) satifies (45). So from [27, Theorem V.2.11] for
every matrix R + £(t), there exist a W(t), the unique minimal norm solution of the Riccati

equation analogous to (49), satisfying
W) <2t)e] /(6 —2t]€]) < 1/3.

Hence, constructing G(t) analogously it follows that R 4 £(¢) is similar to a block upper
triangular Hamiltonian matrix R(t) = [ R(()t) ?{EgT ] , with R(t) = (I+ W(t)Q)%RS(t)(I-I-
W(t)Q)_%, and Ry(t) := R+tEy + (D +tEo)W(t). Condition (45) implies the bound (50) for
|[W(t)| and then by elementary calculations it follows that for all ¢ € [0, 1],
gle+2]5) o

Sep(R,(1)T, —Ry(t >6—2"— - > 0. 52
The solutions W (t) of the algebraic Riccati equation analogous to (49) with parameters de-
pending on ¢ is continuous in the coefficents, e.g., [18, Theorem 11.2.1] and also the eigenvalues
of Rs(t) and R(t) are continuous in ¢.

Now suppose that some eigenvalues of R = R(1) are in the closed left half complex plane.
Then, by continuity, there must exist to € [0,1] such that Ag(R(tp)) # 0. But this implies
Sep(Rs(t0)T, —Rs(t0)) = 0, which contradicts (52).

Thus it follows that G = diag(V, V)G for some V € Ugy, aAnd by incorporating this block
diagonal matrix into diag(Z, Z2), we may assume that G = G.

Recall the block forms of Q, @, U and the relations (37), (42). If we partition @ =

[ @1 Q2] with Q1.Q2 € R then it follows that

Y = UZI_UIIIQ([% glzl_[f?z S]ZQW)(IZn+W2)_%
= ([Q 0]zi-]Q 0] 2W)(L+ W72,
= [ o]zt 0] (Al W - L)
~[ Q2 0] ZW (L +W?)E

= [Q1 0]21+Ey.

1
1

Performing some elementary calculations and using (50) we obtain

1 W
] < 1- ML
VIFIWE i)
3v10 + 12 V10 + 4
VTS = W < =
310 + 10 310 + 10
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This means that ¥ can be considered as [ @1 0 ] 7y perturbed by Fy. Let the singular

values of Y be given by o1 > --+ > 09, > 0. Since the singular values of [ Q1 0 ] Z1 are 1
and 0 both with multiplicity n, we have

min o > 1 — |Ey|, max o < |Ey]|.
1<k<n n+1<k<2n
So
v10+2
n:= min o — max o >1-2|FEy|> 7+
1<k<n n+1<k<2n 3+v/10 + 10

Using the assumptions on Y and inequality (50), it follows by a result of Wedin (e.g., [27,
Theorem V.4.4]) that
|Ey | 1€]

sin 0] < =X < 2wy < ¢, 151
n n 0

which is the first inequality of (46). The second inequality follows then from (41). O

Remark 4.6 Assumption (45) usually is needed with a factor 4 instead of 8 in the literature.
The factor 8 here is artificial, any other factor > 4 that guarantees that n > 0 in the proof of
Theorem 4.5 is sufficient.

Remark 4.7 Sep(TT, —~T) can be considered as a condition number for Inv_(H). It is not
difficult to see that Sep(7, —T7) can be viewed as a condition number for Inv, (H).

If Sepo(T7T, =T) ~ Sepy(T,—T7), then the bound (46) is similar to the bound obtained
when the ideal strongly backwards stable algorithm would be used to compute the Hamilto-
nian Schur form. However, in general these two separations may be quite different. Consider
the following example. Let

Then
R N —2a
— V1+4a?

If o is sufficiently small then Sep(T7, -T) ~ 4a®, while Sep(T, —TT) /2 2a. On the other
hand, our algorithm computes both, Inv_(H) and Inv;(H), simultaneously. In this sense we
conclude that our bound is essentially optimal, since both bounds are available.

5 Numerical Examples

In this section we present the numerical results obtained by applying Algorithm 1 to the
problems of the benchmark collection for continuous-time algebraic Riccati equations [4] using
the default parameters given there. The solutions of the algebraic Riccati equations are
computed by solving the linear system XUy = —Uyy, where Uy, Uz are the (1,1), (2,1)
blocks of U as returned from our new algorithm.

All examples were computed using MATLAB version 4.2¢ on a PC Pentium-s with [EEE
standard double precision arithmetic and machine precision € ~ 2.22 x 1076, (Note that
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[ 71 PR R[] B 73
110 2.1x 1071 [ 0 23x 1071 [ 22x 10716 | 7.1 x 107°
2 [47x107 [ 1.6x 107 [ 3.0x 10713 [ 1.9x 1013 | 8.9 x 10716 | 2.4 x 10~1°
3 14x 107 [ 85x 107 [ 2.9 x 10~1° | 9.5 x 10~ 1°
4 9.0x 107 [ 2.6 x 1071 | 3.6 x 1071 | 4.4 x 10~1°
5 73x 1071 [ 71 x 107 [ 3.7 x 10713 | 6.4 x 10~14
6 1.3x107* [9.1x1077 || 1.6 x 107® [ 5.2x 10710
7 1 83x107° | 5.3x107* || 3.3 x 108 2.1 x 107 6.7 x 1071% | 1.0 x 10Y
8 1.5x 107 [4.1x107% || 6.1x 1072 | 9.7x107°
9 || 4.1x107™ [41x107™ [ 82x107% [ 82x107% | 1.4x 107" | 1.4 x 10~
10 1.6 x 10710 | 7.2x 1072 | 1.8 x 10~ | 1.0 x 10Y 27x 10717 [ 1.5 x 1072
11 21x107% [ 21x107% {[25x 1077 [ 6.0x 1071 || 4.0 x 10719 | 4.9 x 1071
12 | 5.7 x 107 | 1.2 x 10Y 2.0 x 10% | 5.9 x 10'® 7.0x 10719 1 6.1 x 1072
13 29x107% [24x107* [ 1.7x107% [1.2x107°
14 3.8x 1071 [ 1.7 x 1071 || 4.5 x 10716 | 4.5 x 1071
15 9.7x 107 [ 1.1 x 10713 | 4.7 x 107" | 4.7 x 1071°
16 73x 107 28 x 107 | 1.3 x 107 | 1.3 x 10714
17 83x1077 [ 6.6x 1077 | 2.1 x 10° 1.8 x 10° 1.6 x 107 | 1.6 x 1071
18 71x1071% [ 7.1x1071% || 4.9 x 107" | 4.9 x 10712
19 88 x 1071 [ 1.1x 1072 | 3.0 x 107" [ 3.0 x 10~1°

Table 2: Errors and Residuals of the Benchmark Examples

Example 20 from the benchmark collection is missing, since it requires more memory than
available in the used computing environment.)

The results are shown in Table 2. There, X denotes the exact solution (if known) and X
X-Xx
the solution computed with our new method. Furthermore, Fyx := ” ”

<] 2 provided X is
2

known; in Example 17, we use Ex = |&,,1 — n1|/|25 1] as it is the only available information
about the exact solution. The 2-norm of the residual of the continuous-time algbraic Riccati
equation (1) is denoted by R. Let Y be an orthogonal basis for Y computed by Algorithm 1
(determined via a rank revealing QR decomposition of Y). If E) is the maximum eigenvalue
error in YTHY, compared to A_(H) computed by the symplectic URV method of [5], then
FE, can be viewed as a measure of the accuracy of the computed invariant subspace.

For each of the benchmark examples we ran the method twice, once the whole Algorithm 1
(superscript ‘17) and in the other case we stopped the algorithm after Step 2 (superscript ‘27)
as discussed in Remark 3.5.

We compared the results with the result obtained using the Schur vector method as proposed
in [19] and implemented in the MATLAB function are [22] and the multishift method as
described in [2]. We refrain from reproducing all the data here. In general, Algorithm 1
produces errors of the same order as the other two methods. For the problems of larger
dimension (Examples 15, 16, 18, 19), the new method produced the best results while the
multishift method suffers from convergence problems and looses 1 to 3 orders of magnitude
compared to Algorithm 1. Note that in Examples 6 and 11, the residual increases if the new
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method is not stopped after Step 2 while the residual after Step 2 is again of the same order
as for the other two methods.

The large residuals in Examples 7, 12 and 17 are due to badly scaled algebraic Riccati
equations. The relative errors obtained in these examples are in accordance with the condition
of the matrix U717 which has to be factored in order to solve for X.

In Example 14, the solutions computed by Algorithm 1 and the Schur vector method are
both nonsymmetric and the eigenvalues of X appear in complex conjugate pairs, while the
multishift method yields the required symmetric solution. However, the symmetric parts
(XT + X)/Q of the approximate solutions are also good approximations to X in this example,
in the sense that the residuals are still of the same order.

Also note that in Example 11 the Hamiltonian matrix has eigenvalues on the imaginary axis
causing the new method and the Schur vector method to loose half the number of significant
digits while the multishift method computes the solution to full accuracy. From the other
examples with eigenvalues close to the imaginary axis it seems that the multishift algorithm
can handle this problem a little better (which can be explained by the fact that it is not
affected by the conditioning of Invy(H), i.e., Sep(T, —TT)). On the other hand, the new
method overcomes the problems of the multishift method for growing dimensions while still
being substantially faster than the Schur vector method.

The method to stop after Step 2 of Algorithm 1 breaks down in Example 10. In this case,
one computes a basis of an invariant subspace of dimension one (while the desired subspace
has dimension two).

6 Conclusion

We have presented a new method for the computation of Lagrangian invariant subspaces of
real Hamiltonian matrices. By embedding the matrix into a specially structured Hamiltonian
matrix of double size, we can compute the desired subspace via a method that is not only
backward stable, but has a forward error of Hamiltonian structure and thus reflects the
structure of the problem in a sufficient way.

The complexity of the method is less than that of the standard QR-algorithm with eigen-
value reordering. It works very well for problems in Hj, and it can in principle also be
applied to problems with eigenvalues on the imaginary axis, but currently it is not clear
which subspace one should compute then.

19



Appendix

In this Appendix we give an alternative method for the computation of Us in Step 2 of
Algorithm 1. This method makes use of the special structure of Hy and H;. The symplectic
URV decomposition yields block-matrices H; = [Hfj]SXS,Hb = [H%]SXS € R™ " partitioned

w H, 0
to quasi upper triangular form using a finite sequence of orthogonal tranformations. As in
the common reordering of the real Schur form using the Bartels-Stewart algorithm, e.g., [12],
we need to distinguish different cases depending on the size (1 x 1 or 2 x 2) of the blocks we
treat. We have to solve the following elementary problems:

. 0 H
analogously, where HY, H? are n; x n;, i = 1,2,...,s. We want to transform b ]

1. For nonnegative scalars K, L or 2 X 2 matrices K, I such that K L has a pair of complex
conjugate eigenvalues find an orthogonal matrix Z such that

| 0 L | T
4 [ K 0 Z = 0 =15 |’ (53)
with A(Tl) = A(Tg) and A_(Tl) = @
In the 1 x 1 case let
;_ l c s ] 7
-5 ¢
with
. L . K

NIy TT VNI rK

then

~

K 0 0 —v KL 0 T

For the 2 x 2 case we first determine the eigenvalues with positive real parts of the

e L

matrix [ ](3 g ] They are a + b, a > 0, with

a= %\/2\/det(KL) + trace( K L),
b= %\/2\/det(KL) — trace( K L).

K 0
Since the matrix size is 4 X 4 and since the shifts are very close to the accurate ones,
usually one or two iterations are sufficient to get (53).

We then apply the QR algorithm with double shifts a £+ ib (e.g. [12]) to [ 0 L ]

2. For a given matrix ? (; , where T} and T are either 1 X 1 or 2 X 2, determine
3 —d3
an orthogonal matrix Z such that
T 0 T, T
77 Z=|"1 72 54
[Tg, _TQ] [0 Ty |’ (54)
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where A(T}) = A(Ty) and A(Ty) = MTy). If both Ty, Ty are 1 x 1, then we form

with
Ty + 17 o 135

c:= , §:i1= — .
VIZ + (I + Ty)? VI3 + (T + Tp)?

T 0 T, -T
FIEN IS
If at least one of Ty or T3 is 2 x 2, then we obtain (54) by applying the QR algorithm
with the eigenvalue(s) of —T% as the shift(s). Again one or two iterations are usually

sufficient.

Then

Algorithm 2
Input: Real n X n matrices Hy, H, with H; upper triangular and Hy, quasi upper triangular.

Output: Us € Uy, A asin (31) and 13 as in (33).
% Initialize Us.

Uy Upy ]

Set U = IQn = [ U21 U22

FORt=1,....s
Set C(i:s)=0, D(i:s)=Hy(i,i:5), Hp(i,i:s)=0.
% Store A in Hy.

FORj=i,i—1,...,1
IF j =i THEN

% Annihilate Hy(j, 7).
Take Hy(j,j), D(i) as K, L of (53). Determine the orthogonal matriz

Z Zag
Z = ,
l ZTRAY) ]

such that
0 L T T

T . 1 3

71 r]e=% 5

o

FLSE

% Annihilate Hy(j,1).
Take H(j,1), C(t), Hp(j,j) as T3, Ty, Ty in (54). Determine the orthogonal

matriz
Z11 Zia
7 =
[ Zo1 Lo ]
such that

T 0 noT
T 1 . 1 3
Z[Tg —TQ]Z_'[O —TQ]'
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Set
ci) = Ty, D(j):=1Ts,
Hi(joi) == 0,  Hy(jj) =T
Cli+1:s) ZLCG+1:8)+ 2L H(G,i+1:s),
Hy(j,i4+1:8) ZLCG+1:8)+ ZLH (G, i+ 1:5),
D(j+1:5) ZLDG+1:s)— 2L Hy (5,5 +1:5),
Hy(j,j+1:5) — 71D+ 12 8) + Zp Hy(j,j + 1+ 9),
Hy(1:j—1,i) Hol:j— 1,020 — Hy(1:j—1,§)Za1,
Hy(1:5-1,7) —H(1:5—=1,0)Z124+ Hy(1:5 —1,7)Z23;
Uri(g :4,17) Un(j 4,0) 201 + Ura(j 14, 5) Zaa,
Ura(j 21, 5) Uni(j 1 4,0) Z1a + Ura(j 14, 5) Zaa,
Uai(j :4,1) Usi(j +4,0) 211 + Usa(j 14, 5) Zaa,
Uga(j:1,5) = Unl(j:i,i)Z1o+ Usa(j 1 2, 5) Za
END FOR j
END FOR

% Form Ilz as in (33) and store it in H,.

H,:=ULH Uy, H, .= H, + H'.

END
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