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1. Introduction

The aim of the paper is to construct exact discretizations of two-point boundary
value problems

1 1
uel: /(ul v/—l—bw(:zj)ulv—l—cw(x)uv)d:z;:/fvdx, YoeV, (%)
0 0

where

U= {u(z) € WH0,1):  w(0) = o, u(l) =u}, V =1, (0,1),

with piecewise constant coefficients b, (), c,(x), c,(x) > 0, and piecewise con-

tinuous right-hand side functions f(x) on essentially arbitrary grids w = {&;}",

O=ap< 1 <2< ... <2y < Ty =1, hi =x; — ;-1 > 0.

To do this, the coarsest possible grid w must contain all points of the interval
(0,1) at which at least one of the functions b, (), ¢, () and f(x) is discontinuous.
Such grids, which can be refined arbitrary, are then called essentially arbitrary
grids w.

In our paper, we shall present the following results for essentially arbitrary grids.

(a) We generate a representation of the weak solution u(x) € W3(0,1) of Prob-
lem (*) by local Green’s functions.

(b) Making use of the representation of the W3(0,1)-solution u(x), we then
explicitly show that Problem (*) is a two-point boundary value problem of
inverse isotone type.

(c) We construct exact discretizations of Problem (*) on essentially arbitrary
grids w by Galerkin’s method approach. For this, the proper basis func-
tions are defined by the local Green’s functions, which yield completely
exponentially fitted discretizations. Furthermore, the tridiagonal system
matrices A of the resulting systems of linear equations Ay = r are in any
case irreducable M-matrices. In this way, the exact discretizations preserve
the inverse isotonicity of Problem (*).

(d) We show that ||u(z)—un(z)||cr1] < 7 max hi, where up(x) is the ansatz of
the Galerkin method. o

(e) We derive bounds for ||[(D™'A)™!||., independent of the grids w, which show
the stability of the derived exact discretizations. The positive diagonal
matrices D are defined by the basis functions.



The paper is organized as follows.

In Section 2 we derive a representation of the weak solution of the two-point
boundary value Problem (*) with piecewise constant coefficients b, (), ¢, (x) and
piecewise continuous functions f(x) on w by applying local Green’s functions.
We show that the weak solutions may exhibit interior layers at points where its
coefficient b, (x) of the first order derivative term is discontinuous, see [4], [6].
As a conclusion, we get that Problem (*) is boundary value problem of inverse
isotone type.

In Section 3 we generate exact discretizations on essentially arbitrary grids w
by Galerkin’s method approach using proper basis functions. The resulting dis-
cretizations are of completely exponentially fitted type. This approach is known
from discretization methods for singularly perturbed boundary value problems
to derive uniformly convergent discretization methods, see [9], [8].

In Section 4 we compare the weak solutions u(x) with the ansatz for the Galerkin
method up(x) to show that the ansatz converges to the weak solutions. In Section
5 we investigate the stability of the exact discretizations. It will be shown that
the row sum norm of the inverses of the tridiagonal system matrices D' A are
uniformly bounded.

We begin by reviewing some ideas of the application of Green’s functions G(x, £)
to represent the classical solution of two-point boundary value problems.

For b,c € R with ¢ > 0, f(x) € C[0,1] and ug,u; € R, consider the two-point
boundary value problem

Lu=—-u"4+bu+cu=f(z), 0<az<l, (1.1)

u(0) = ug, u(l) = uy. '
The characteristic equation —A%4-b A 4-¢ = 0 for the differential equation Lu = 0
has the real roots

)\2 — b—1/g2-|-4c S 0 S )\1 _ b_|_1/g2_|_4c‘

It is obvious that

k =max{|b,c} >0 <= Ay <)y,
(1.2)
k =max{|bl,c} =0 <= X=X =0.

Let wo(x),w1(x) be the solution of the two boundary value problems



Lwo = 0, wo(O) = 1, wo(l) = 0,

Lwi =0, w(0)=0, w(l)=1, (1.3)
respectively, which are explicitly given by
k> 0: wo(x) = %, wy () = ezle:?zma
(1.4)
k=0: wo(x) =1—z, wy(x) = .
Observe that for « > 0
(a) wo(l') > 07 wé(:z;) < 07 Vo € [07 1]7
wi(z) >0, w(z)>0, VYrel0,1],
(b) wy(0) 4w, (0) <0,
we(1) +w, (1) =0, (1.5)

A — o )e(A1+A2)z
{ QamRe 2222 5 0, k> 0,
1, =0,

where W (x) = wo(:zj)wll(x) — wé(:z;)wl(x) is the Wronskian of wo(x), wy(x).

Then, with the Green’s function

g wolw)wi(¢), €<,
G(z,€) = (2,6) €[0,1] x [0,1],  (1.6)

s wo(@un(a), € >

the unique solution of the boundary value problem (1.1) has the representation

w(z) = uowo(:zj)—l—ulwl(x)—l—/ Gle, &) f(€) de

] ] ] 1 ] (1.7)
= uo—|—/%@f§§)df wo(x) + |us —I—/%df wy (),
where _ _ _ _
u'(z) = uo—l—/%df wo(x) + |us —I—/%df w, (),
u”(:zj) = |ug+ / %df wg(:li) + |ug + / %dfl wlll(l’) — f(z).




Hence, u(z) € C*0,1] for Vf(z) € C[0,1].

We introduce the weak formulation of Problem (1.1). For this let
U = {ue) € WHO,1):  u(0) = o, u(l) = ur},

v :I/f/; 0.1) (1.8)

o1
where WJ(0,1), W, (0,1) are the Sobolev spaces
WH0,1) = {u(x) € Ly(0,1) with generalized u'(z) € Ly(0,1)},
o1
Wy (0,1) = {u(x) € W;(0,1) + u(0) =u(1) = 0}.

This is a proper pair of sufficiently general function spaces which imply unique
solvable weak formulations of second order boundary value problems, see [3].

Problem (1.1) then takes the form:  Find u € U such that

a(u,v) = (f,v), YveV, (1.9)
where
(ul v +bu v+ cuw)de,

(1.10)
fovdz.

O O

We remark that for b # 0 the bilinear form a(u,v) is not symmetric and not
coercive.

Problem (1.9) has a unique solution u(x) € U and a straightforward calculation
shows that u(x) is given by formula (1.7).

Because of

wo(x) >0, wi(x) >0, Veel0l],

G(x, &) >0, V(x,&) €][0,1] x[0,1],

the boundary value problem (1.1) is of inverse isotone type, see [2]. Its weak
formulation (1.9) thus also exhibits this important property.
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2. Representation of the weak solution of two-point boundary value
problems with piecewise constant coefficients

Using local Green’s functions, in the present section we shall derive a represen-
tation of the weak solution of two-point boundary value problems with piecewise
constant coefficients and for piecewise continuous right-hand side functions f(x).
The coarsest set of grid points w for the representation of the weak solution is
defined by the set of points {a;}, C (0,1) at which the coefficients b,(x), ¢, ()
and f(x) are discontinuous. From the construction it is clear then that this set
of grid points can be extended to an essentially arbitrary irregular grid w.

Let @ = {2;}"%) be an arbitrary grid, where

O=2p< <3< ... <ap<Tpy1 =1,

(2.1)
hi:l’i—l‘i_1>0, izl,...,n—l—l,
and
W= w\ {xovxn-l-l} = w\ {07 1}
For the piecewise constant coefficients b, (x), ¢, (), assume that
bw(x)|(l’i—17l’i) = b €R,
(2.2)
cw(x)|(l’i—171’i) = ¢ ER, ¢ 2 07

fore=1,....,n+1.
Furthermore, let

f($)|(l’i_17l’i) € C[l’i_l,l‘i], = 1,....,n+1.

Consider the following two-point boundary value problem with piecewise constant
coefficients, where U, V' are the function spaces introduced by (1.8).

Find v € U such that
ay(u,v)=(f,v), YoeV, (2.3)

where



(ul v+ by (x) u v+ co(x) uw) de,

fode.

O O

The assumptions imply that Problem (2.3) has an unique solution u € W3 (0, 1),
where W3(0,1) = {u(z) € L2(0,1) : with generalized u"(z) € L3(0,1)}, see [3].

Because the weak solution u(xz) € W3(0,1) of Problem (2.3) is a continuous

function on [0,1], let

u()

i1, = UZ(J?), 1= 1, o, + 1. (24)

In analogy to (1.7), we shall use the following ansatz

ui(w) = ulair) wole) + ule) wale) + [ Gile,€) £(6) de. (25)

Li—1

i = 1,...,n+ 1, where G;(x,€) for (x,£) € [xi-1,2;] X [x,-1, ;] are the local
Green’s functions.

We must determine the unknown values u(z;) for ¢ = 1,...,n, where u(zg) =
u(0) = ug, u(xp41) = u(l) = uy are the given boundary values.

Define
Liw=—w"+bw+c¢w, 1=1,....,n+1.

The functions w;o(x), w;1(x) are then the solutions of the two boundary value
problems

Liw;o =0, wio(xi-1) =

1
Lyw;y =0, wia (1) =0, wa(x;) =1, (26)

respectively, which are easily available and generate the local Green’s functions

Gi(x, ).

Under the assumptions (2.2), the characteristic equations
_()\i)2 + bZ )\Z + C; = 0, (27)

for the differential equations L;w = 0 has the real roots
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. bi— /b2 +4c; . b, b2 4c; .
Ny = IV g < p = 2V i=1,....n+1.

2 b
Let x; = max{|b;|, ¢;}, we have
£ >0 = A\ <\
kK, =0 <— )\22:)\21:0

For x € [x;_1, x;], we get

K > 0: wzo(l') = efzf;‘ff:ji‘zz : :if:ziiAév
emAi‘l'mi—l)‘; — emi_lkiﬁ-m)\;
wil(x) = ST T AL riq A a2 (2.8)
k; =0: wio(l') = %7
) = =g,

and remark that x; > 0 implies

For k; > 0,2 =1,...,n+ 1, it is then immediately verified that
(a) wio(x) 20, wyle) <0, Ve €[z,

wa(x) >0, wgl(:z;) >0, Vo€ lzi_1,z],

!

(b)  wiplwi—1) + w;1($i—1) <0,
wig(;) + wiy (27) > 0, (2.9)

(¢) Wilz) = wio(2)w (2) — wip(2)wa ()

(/\i_/\;)e(f—fi—ﬂ()\i-l')\;)

>0, k>0
hi AL Ry Al ’ g ’
= etilmete Va € [x;1, 2.

1
h_z‘>0’ /ii:(),

Now we define the local Green’s functions G;(x,&) by
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G, €) = { i (2.10)

We see that

Gi(z,6) >0 on [z 1,2 X [2i, 2],

Gz(l',f) = Gz(f,l‘) & b =0.

Thus, (2.5) becomes

ui(x) = {u(:pll) + / Wdf] wio(x) + |u(a;) + %dfl wa (),
) (2.11)

and, furthermore, we have

() = {u(:mw / w";(vfzgadf] wlo(e) + u(e) + w“;(vfzg@df] wiy(x),
(2.12)

() = { (i) + “)V(nggf)df] wly(e) + [ue) + %dfl wi(x)

_f(x) |[l’i—171’i]'

Our assumptions now imply for u(x) from (2.4), (2.5) that

u(z) € C[0,1],
() € C*ai_y, 4], i=1,...,n+1. (2.13)
(

o) = ulwim),  u(zy) = u(ay),

Uy

Uy

Substituting (2.5) in (2.3) gives for Yo € V
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n+1 T
ay(u,v) = Z / (u; v 4 b u; v+ ¢ u;pv) de

=lg_y

=1

n+1 Ti
= > / (—u; 4 b; u, + ¢; wi) v de + u,(z)v(z) 21)

(2.14)
n+1 Zy , ,
= 3| [ Fode i) — e ot
=1 i1
1 i3
= /f vdr+ ) (u;(:zjz) — U;+1($z)) v(a;),
0 =1
because of v(xg) = v(0) =0, v(a,41)=0v(l)=0.
Thus, (2.14) implies the system of linear equations
men —u;»_|_1(:1;¢) =0, t=1,...,n. (2.15)

according to the unknowns wu(z;).

It follows from the conditions (2.15) that u(x) € C*[0,1]. With u;(z) € C*[;_y, 2]
we finally get u(z) € W(0,1), see Lemma 4.2 from [4].

With (2.12) the i-th equation of (2.15) takes the form

!

wio(ar) w(wimy) + [wiy (21) = wiyy ()| wles) — wipy 4 (20) u(wiga) = i, (2.16)

where
[ winol@) £O),

Wiz () SR

N Ji wir(§) f(§) w .
”_1%@%4 et vl

T

The right-hand side expression of (2.17) is the reason for the definition of the
following set of functions for: =1,...,n

9



e (E=mi1) _ —A (=)

=2l hi __—Alh; s Ko > 07
€ —€
Ti—1 S 5 S Ti,
E—Ti1 _
By 0 Ri = 07
M -6 A (w41 —6)
Gi(§) = L HiTo ot ft >0 (2.18)
6)\§+1hi+1 _6>‘5+1hi+1 9 41 9
T <€ < Ty,
zi41—E o
lhz‘+1 9 Ri41 = 07
0, else.

Using (2.8), (2.9)(c), we obtain now from (2.17) that
Titl
# = /fqﬁidx, i=1,...,n (2.19)

Li—1

We introduce next a matrix form of the tridiagonal system of linear equations
(2.15) to go into details of its main qualitative properties.

Define

_ . . — _I_
A =tridiag(a; -1, a5 + aj, @i iv1)nxn,

u = (u(ay),u(xs),... ,u(:z;n))T,

r=(r1,72, .., Tn) L.

Then we identify (2.15) with
Au =r. (2.20)

Using (2.9), we get from (2.16) that

! .
aiic1 = wplz) <0, 1=2,...,n,

a; = w;l(l'i) >0, ¢=1,...,n,

(2.21)
az-'lz—' - _wi-l—l,O(xi) > 07 L= 17 5 10y
Qiip1 = _w;-l—l,l(xi) <0, ¢=1,...,n—1



Thus, under condition (2.2), the matrix A is an L-matrix, [12]. This means we
have a;; = a;; +af; >0fori=1,...,n and a;; <0 for i # j, see [12]. Moreover,
the tridiagonal matrix A is irreducible because all of its codiagonal entries a; ;4
and a; ;41 are nonzero, [12].

Furthermore, by (2.9)(b), it follows that

aiio1 + a; = wig(x) + wiy (i) >0,

, (2.22)
aj;» + iy = _(wi+1,0($i) + wi+1,1($i)) > 0,

and

aj; + ai"l + a3 > 0,
(2.23)
Upp—1 + Cl;n + a:n > 0.

Hence, by a usual diagonal dominance argument, the L-matrix A is an irreducible
M-matrix, see [12]. This implies that (2.20) is uniquely solvable and A~ > 0
entrywise.

The entries of the right-hand side vector r of the system (2.20) are given by

T = oo + 71,

r; = 722', ? :2,...,n, (224)
T'n = Qpp41U1 + rAnv
where ajp = —w;(0) > 0 and a, .41 = w;+17n(1) > 0.

The right-hand side vector r = r(ug, u1, f(x)) of the system of linear equations

(2.20) depends isotonically on its arguments. This means, if we replace uy by vy
with uy < vg, k=0,1, and f(x) by g(«) such that f(z) < g(x) on [0,1] then

r(ug, ur, f(x)) < r(ve,v1,9(x)).

Hence, by A= > 0, we conclude that

A_lr(uov Uy, f(l‘)) < A_lr(vov U1, g(l‘))
The latter inequality shows that the solution

u=(u(x),u(xa),...,ulz,))’ = A r(ug, uq, f(z))

of the system of linear equations (2.20) depends isotonically on the boundary
values g, u; and on the right-hand side function f(«) of Problem (2.3).
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The Hermite interpolation of the points (z;_1,u(2;-1)) and (x;, u(x;)) by w;(x)
fori =1,...,n + 1 generates the weak solution u(x) € C''[0,1]. By ansatz (2.5),
ui(x) depends isotonically on w(x;_1),u(z;) and on f(x)|f,_, - This proves the
fact that under condition (2.2) the weak solution u(x) of Problem (2.3) depends
isotonically on the boundary values ug,u; and on the right-hand side function
f(z). Thus, Problem (2.3) is of inverse isotone type, see also [3].

Next we derive explicit formulas for the entries of the matrix A on the basis of
the roots Ay of the characteristic equations (2.7). This means we assume that all
of the roots A, k=1,2, ¢ =1,....,n+ 1 are computed from {b;, c;}/*!.

For x; > 0, define the auxiliary values

p; = eMhi — eMhi 5, ¢ = e MM — e MR = = > 0,
o (2.25)
_ A=A
Pi = Feomi—nm—y > 0
Now (2.8), (2.21) imply
1] /\i _ /\i
i1 = wy(w;) = =5 —245 = —pipi <0,
e 2 — e P71
- (2.26)
_ f Al hi A Al hy AL Al — A Al — A )
a; = wy(r;) = 16h-€ Ei; - == 7 coth <%h2) + b? > 0.
e k2 — e k2
Clearly, for k; = 0 we have
Ai—1 = —h%., a; = hi (2.27)
Assuming k;41 > 0, we get
aiit1 = —w¢+1,1(l‘i) = —pit1¢i+1 < 0,
' /\i+1 _ /\i+1 /\i+1 _ /\i+1 b (228)
al = _wi-l-l,O(xi) = “L—"2—coth (*1 2 hi—l—l) — >0,
and for k;41 = 0 we get
_ +_ 1
G541 = _hi+17 Gy = Big1 " (229)
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Remark

We note that A = AT if and only if b,(x) = 0. To see this, let b; = 0 for

t = 1,....n+ 1. If ks, = 0, we have a;;_1 = a;_1; = —%. Otherwise, if
k; > 0 then a;;01 = —pipi, ai-1; = —piqi, and, p; = ¢;, see (2.25), implies that
a;ii—1 = a;—1,;. Conversely, A = AT means then aij—1 = aj_1; for o =2,....n,

which automatically holds it k; = 0. On the other hand, for k; > 0, we get
Qi i1 = —piPi = —piGi = ai—1,;. Thus, p; = ¢; implies b; = 0, see (2.25).

Much more general, b; = 0 implies a¢;;_1 = a;_1,; independend of the behaviour
of b,(x) at the other subintervals of the grid w.

Remark

The behaviour of some types of weak solutions for different piecewise constant
coefficients b, () and c,(x) is illustrated in Appendix 1 of the paper. The
examples demonstrate for which situations weak solutions exhibit boundary and
interior layers.

3. Exact discretization by Galerkins’s method approach

In this section, we shall apply Galerkin’s method to derive an exact discretization
of Problem (2.3). A discretization method on the grid w = {z;}"_, is said to be
“exact” if it generates a system of algebraic equations Ay = r whose solution is
{y; = u(x;)},, where u(x) is the solution of the problem under consideration.
For examples, see [4], [6], [11]. In our case u(x) is the weak solution of Problem
(2.3). This means, we shall show that Galerkin’s method with the set of basis
functions (2.18) is exact for Problem (2.3) on essentially arbitrary grids w.

To include the boundary conditions u(0) = wg, u(l) = uy in the ansatz for the
Galerkin’s method, we first supplement the set of functions (2.18) with

1 1
6>‘1(‘T1 _‘f)_eAQ(‘Tl —¢)
1 1 L]
6)\1 hq _6)\2 hq

k1 > 0,
Oéfgxlv

Po(§) = “_5, k1 =0,

0, else,

13



S_A;H-l(f—fn)_e_)‘;l-l-l(f—fn)
BV Py r A R I 0,
€ —€
r, <E<1
= —Tn —
¢n+1 (5) ghnT, Rnt1 = 07
0, else,

Define

Up = {un(z) = uggo(x) + i Yidi() + urPpga (), yi € R} C U,
=t (3.1)

Vi = 5}7@”{(/52'(95) i CV.

Applying now Galerkin’s method to solve Problem (2.3), we get the following
finite dimensional problem.

Find uy, € U}, such that
aw(uh,qﬁi) = (f, qﬁz), = 1,...,n. (32)

We shall show that the tridiagonal system of linear equations resulting from (3.2)
is identical with the system of linear equations (2.20). First of all, we have the
following theorem.

Theorem 1 Under assumptions (2.2) it follows that
A = tridiag(aw(¢i—l7 ¢2)7 aw(¢i7 ¢2)7 aw(¢i+17 ¢i))n><n7

where A is the system matrix of the linear system (2.20).

Proof. The proof of Theorem 1 is given in Appendix 2.

Remark The right-hand side vector of the system of linear equations (3.2) is
identical with the vector r = (ry,...,r,)T defined by (2.24).

We have thus proved the following theorem.

Theorem 2  The Galerkin method (3.2) yields an exact discretization of prob-
lem (2.3), i.e. it holds y; = u(a;), Va; € w.
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4. Comparison of the weak solution with the approximate solution

The results of Section 3 imply that the Galerkin method (3.2) is super convergent
because y; = u(x;), Va; € w, means that the order of convergence at the grid
points is infinity.

We thus consider next the behaviour of the difference
di(z) = |ui(x) —up(x)|, = € [wis1, 24, i=1,....n+1, (4.1)
where d;(x;_1) = d;(x;) = 0.

The restriction w;(x) = u(x)|[,_, ] of the weak solution of Problem (2.3) is given
by (2.11). For the restriction of the ansatz wy(x) we find from (3.1) with the basis
functions (2.18)

uh(x) [i1,2] — y¢_1¢¢_1(l‘) [7i1,m:] T quﬁz(l‘) [#i—1,2]
A (2i—a) _ Ab(2;—2) —A(a—i 1) _ =) (e—wiq) 4.2
e e*ihz‘_:*zhi v e_Aéii—Z_A;hi : , Ki>0, (+2)
e L ki = 0.
For k; > 0, we get from (2.8), (2.9), (2.25) that
A (=) _ Ay (@i —2) ' (wie (i1 )b

- eAihi_ZAZhi - lelv(fx)l)wlo(x) = e~ (b (x),

(4.3)

Y (z—z;1) Y (z—z;1) / . . .
e 2 ¢ —e 1 ? wzo(wl) — (l’z_l’)bz
- - = — wnlxr) =¢e€ wanla).
AR _ A Ry i(z) i(x) ()

Hence, for « € [2;_1, ;] holds that

i) = o) = ufin) [1 = = o) + i) [1 4+ 58] i)
+ /x Gi(x, &) f(£) d¢

= u(wizg) [ — e @m0 wg(2) 4 ulay) [1 — e w (2)

+ 7 Gi(x, &) f(£) d¢
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= u(:z;i_l)bie_e"o(%“—l)b"(:1; — ;1) wio(x) + u(:z;i)biee"l(x"_l’)b"(x — ;) )wi ()

+ [ Giw6) (e de. (4.4

where 0 < 0,0,0;; < 1 follow from the Taylor series expansion of the coefficients
[1 — e~(@=2i=1)b]) and [1 — e®i=®)%] at 2;_; and ;, respectively.

We remark that d;(z) = 0if b, = 0 and f(x)

[l’z‘—hl’i] = 0
It is immediate from (4.4) that

di(2) < Ju(wizy)[|bille — wima|e™ 0 Cmm=00 o fu(ay) |[bi] e — el

+ [ Gile.©) 1] de < Cih, (4.5)

where

Ci = (Ojolu(wi—)| + Opfu(x)])|bi| + Gs maxqy, .

[(@)],

1, b; > 0, €|bi|hi, b; > 0,
®i0 — ®i1 =

1, b; <0,

We have thus proved the following theorem.

Theorem 3  For the ansatz uy(x) of the exact discretization (3.2) of Problem
(2.3) there exists a constant v > 0 such that

_ — _ < .
[l = unllopay = max Ju(e) —wi(2)] <7 max hi.
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5. Stability

The next task is to proof that our exact discretization is stable for essentially
arbitrary grids w. In a fist step we change the system of linear equations Ay = r,
see (2.20), such that all of the components r; of the right-hand side vector r are
of order O(1). For this aim we multiply the i-th equation of Ay = r by the
reciprocial of d; > 0, where

d; = /01 6:(¢) dt = /+ 6i(€) dé > 0. (5.1)
Let D be the following diagonal matrix with all of its diagonal entries positive

D = diag(dy,ds,. ... d,), (5.2)
then, for stability properties consider

DAy = D71y (5.3)

To show that the row sum norm of the inverses (D7'A)™' > 0 are uniformly
bounded for essentially arbitrary grids w, we shall use the following Theorem.

Theorem ( see [1], [13])

Let B be a monotone matrix (det B # 0, B™' > 0 entrywise) and let v > 0 with
Bv > 0. Then

1B | < —llll=e 5.4
1r£z'lgnn(Bv)Z (5.4)

Letting now B be the M-matrix
B=D"A, (5.5)
To apply the estimate (5.4), we shall construct solutions v of (5.3) such that
Bv=D"1Av=(1,...,1)T.

Theorem 4  Let u(x) > 0, x € (0,1) be the nonnegative solution of Problem
(2.3) for f(x) =1, up = uy = 0. Putting

v = (u(x1),u(xq),...,u(x,))? >0, (5.6)
then there holds

17



(DT A) oo < ollee < Mu(2)llep,) = max u(z), (5.7)

z€[0,1]
for essentially arbitrary grids w.
Proof. The two-point boundary value problem
findueV: a,(u,v)=(1,v), VvelV, (5.8)

has a unique weak solution u(x) with u(x) > 0 for « € (0,1) by the maximum
principle, see [3], [7].

Thus, with f(2) =1, up = uy = 0, we get from (2.24)
D7ty =(1,..., ).

Hence, for an arbitrary grid w, our exact discretization implies now that
D' Av = ((1,..., )T for v = (u(x1),u(xs),...,u(z,))T >0,

which proves the theorem. a

Remarks

The bound of |[(D™'A)™! ||, given by (5.7), simplifies for constant coefficients
bo(x), c,(x) as follows.

a) b(x)=0, co(z)=0, 2 €[0,1]:

—u" =1, u(0)=u(l)=0, isequivalent to (5.8),
solution: wu(x) = tz2(1 — 2),
di ="t 500 =1,

D7YA = tridiag (—h,

2 2 2
(hithit1)? hihiz1”’ hi+1(hi+hi+1))n><n ’

1 1
[(D7'A)7Y ] < max 5:1;(1 —x) = o Y w.

z€[0,1]

18



b) bu(z)=0, co(x)=e>0, x €[0,1]:

—u"+cu=1, wu(0)=wu(l)=0, isequivalent to (5.8),

solution: wu(x) = 2sinhy(

sinh( X2 (hi+hit1))

d; =
¢ \/Ecosh(ghi) COSh(%/’LH_l)

>0, 2=1,...,n,

. o
D™ A = tridiag (a; -1, @i, @iiy1)

nxn’

c COSh(%/’LH_l)
2sinh( % 1;) sinh( % (hi+hig1))

U751 =

c COSh(% hit+hit1))

2sinh( X2 A, ) sinh( %2 hiy1)’

ai; =

_ Fh)
2sinh( XS hip1 ) sinh( % (hi+hip1))

¢ cosh(

G541 =

IS

(D71 4)7 | < max

28inh(§(1 — x))sinh(%x) < QSith(%
z€[0,1] c COSh(\/TE) B C COSh(%

¢ — +0 implies case a).

19
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¢) by(z)=b, c,(x)=c>0, z€[0,1]:
max{|b|,c} >0 implies Ay = b—\/m <A = @7

—u"+bu +cu=1, u(0)=u(l)=0, isequivalent to (5.8),

2sinh?(%%) 1
solution: w(x) >0, € (0,1), max u(x) < Lm —, VbeR,
z€[0,1] c cosh(%) 8’
di>0, 1=1,...,n,
pi =M — e >0, == >0, pi= 2(Cosh((/>\11://\\22)hi)—1) >0,

D7YA = tridiag ( £ily A12d52 [coth(Al A2 )+ COth(A1;A2 hi—l—l)] 7_Pi+1l?i+1

2 sinhZ( )

(D=1 A |e < max. u(z) < )

<
z€[0,1] ¢ cosh(

,  Vw.

iSRS
oo | =

¢>0, and b — 0 implies case b).

6. Final remarks

The presented exact discretization methods splits Problem (2.3) into n+1 separat
boundary value problems with constant coefficients as follows

Liv=—=v"4+bv+c¢v=f(x), x€ (vi_1,1,),
v(aimr) = u(ei—y), o(x;) = u(x), (6.1)
r=1,...,n+1,

where u(x,_1) = y;—1,u(x;) = y;. We can solve each of the boundary problems
(6.1) by exact discretizations indepentend of each other to get more information

on the behaviour of u;(x).
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Appendix 1

In the following figures we shall illustrate some typical behaviours of weak solu-
tions for special constellations of the coefficients b, (), ¢, (). In Examples 2 and
3 we focus attention on interior layers around grid points where b () changes
sign from plus to minus for growing values of x. For simplicity, we assume in each
of the examples an uniform grid w.

Data of the Examples

In all of the Examples we have chosen wo =1, w3 =2, f(z)=0,h=+.

10
Example 1:
. o . Cq = 50,
first: b,(x) =0, co(x) = {Ci —0, i44,
Cq = 50,
second: b,(x) =0, co(x) = { cg = 200,
C; = 0, 7 7£ 4, 6
Example 2:
b4 — —50,
first: bo(x) = { bs = 50, c,(x) =0,
bi=0, %45,
by = 50,
second: bo(x) = { bs = —50, c,(x) =0,
bi=0, %45,
Example 3:
first: bo(x): b =100(—1)", c,(x) =0,
second: bo(x): b =100(—1)", co(x) =1/5,
- 1. oL i = 507
third: bo(z): b= 100(—1), co(z) = {Ci To i

We illustrate the babaviour of the weak solutions in the following figures.
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Example 3: bo(x) with b =100(=1)}, i=1,...,10,
c,(x) =0,
bo(x): b =100(—1)", u(x)
u(z)
() = 1,

_{04:50,
Culr) = ¢ =0, i#A4,

bo(z): b =100(—1), Lm ﬁ

Example 2 shows that the weak solution u(x) exhibits a plateau at the grid point
;i b; < 0, bi_|_1 > 0 and |bz| = bi-|—1 > 1.

Conversely, the weak solution u(x) has an interior layer around a; if b; > 0,
bi-l—l < 0 with b; = |bi_|_1| > 1.

In the first situation of Example 3 the just described situations alter from one
grid point to the next. The weak solution shows this typical behaviour also for
certain ¢, #Z 0. An illustration is given in the last two situations of Example 3.
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Appendix 2

Proof of Theorem 1 in Section 3

From (2.25) we see that x; > 0 implies p; > 0, ¢; > 0, p; > 0. Furthermore,
define the auxiliary variable

(ALHADR; bih;
yo= RN A, (3.3)

Consider first

Ty

@b 6) = [ (6116 + bidl_, 6+ cinadn) dE. (3.4)
For k; =0 (& b, = ¢; = 0) we immediately get a,(¢i—1, ¢;) = —%. On the other
hand, if k; > 0 after several steps of elementary integrations we find

[ %A= A5) i i i
x/ Qi1 @y dE = W ()\2 sinh(A3h;) — A} smh()\lhi)) ,

[ iatn de =1, (smhmm + sinh(Aphi) +

—

NpeMhi 4 A e=Mhs N eAihi — )\iew”)
b

PUREDTA

%i(A; = A3)

S — (AL sinh(MA;) — AL sinh(ALhy))

7 Gi1¢; dE =

—

which simplifies to

aw(¢i—17 ¢2) = —pi pi < 0. (35)
Hence, a,(¢i—1, ;) = ai;—1 for Ve; > 0, see (2.26), (2.27).

It will be useful to split a, (i, ¢;) into the sum as follows
QW(@?@) = a;(¢ia¢i) +a$(¢i7¢i)7 (3'6)

where
(00,0 = [ (616, +bi00: + eidis) de,
- (3.7)
@ (0600) = [ (8100 + bisa6l0: + conndnor) de.
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If £; = 0 then we get a_(¢;, ¢;) = -=. Otherwise, for x; > 0 we derive from

that

Thus a(¢:, ¢;) = a;; for Vr; > 0, see (2.26), (2.27).
Next, if k;41 = 0 (& bip1 = ¢ip1 = 0) we find af (¢, ¢;)

)\ée(/\i_/\;)hi

A= (42

[ o = (A2 GRS

| 66 d = leosh((A; = Ny)hi) — 1),

A+ A 2008 4+ AY) 2 2
(AL — A 2eMiFADh (=M o= (A=A
20} 20 ’

b de =y [+ Y R—
Jﬁ¢5 VQH% N+ A)

02 (00, 60) = 5% coth (L) 4 & g,

we derive
i+1 i1 1 yetlyg
Flh AN — M A=A Dhiga bit1
0t (g, dr) = N coth( ; b g,
because of
Tit1 ; ;
i ’d 2/\§+1/\;+1 (/\§+1—/\;+1)25_(>\§+1+>‘;+1)hi+1
¢2¢2 f— 72+1(_/\§+1+/\;+1 - 2(VFILEATT
Ty
/\§+1e(*§+1_ké+1)hi+1 /\;+1e_(ki+1_>‘;+1)hi+1
—I_ 2 2
Tig1

[ 6161 de = a1 = o = X5 ),

Tig1

(N2 =0T T Dhi

[ 66 d = i~ -

Tq

i+1_ i+l i1y it1
6(>\§+ =2 hig 6—(>\§+ =2 hig

T 224+ 225t

27O

This shows that af(é;, ¢;) = af; for Vk; > 0, see (2.28), (2.29).

As a last one consider

Tig1

au(Giy1, ¢i) = / (14107 + bis1Grsq & + Cigrbis1di) dE.

T
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Tt and for k41 > 0

(3.9)

(3.10)
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If Kip1 =0 then ay,(Piy1, i) = _h‘IT and if k;41 > 0 we find by

Ti41

/ brpndy dE = 2T (A Ginh(X5H higr) — AT sinh(AiF A ) )

+1 +1
AT A

Tig1
/ Gi310s A€ = yipa(sinh(AT i) + sinh(Ay™ hip )

T

) i+1, ) i+1, . i+1, . i+1,
n R M S O M R Ve o hz+1)
T+1 T+1 ?
PUAREYS

Tig1

/ biprdi dE = st T M (N sinh(AF higy) — AT sinh(A5H R ))

AFOATFTOTFTAATT)

T

that

aw(¢i+17 QSZ) = —pi11 Git1 < 0.
Thus, aw(diz1,di) = aiip1 for Ve > 0, see (2.28), (2.29) and the proof is

complete. a
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