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1 Introduction

For the efficient numerical treatment of boundary value problems (BVPs) in 3D, domain
decomposition methods as well as dimension decomposition methods are widely used in
science and engineering. Both type of methods are convenient for the parallelization of the
numerical solution of partial differential equations. In particular, nonconforming techniques
like mortar methods provide a flexible approach in the framework of domain decomposition,
see e.g. [1, 2, 3, 5, 11, 22].

In contrast to the domain decomposition, where a domain Qc R? (here d = 3) is subdi-
vided into a finite number of subdomains of the same dimension like @, the partial decom-
position of some differential operator in 3D employs the representation of this differential
operator by a family of differential operators in 2D. For the numerical approximation of the
BVP on Q C IR? only a finite set of problems in 2D is to be solved, cf. [4, 13, 14, 17, 18].
The combination of both methods would enable parallelization with respect to geometry
and dimension of the BVP at the same time.

In this paper, we shall present such a combination as an approach for numerically solving
the Dirichlet problem of the Poisson equation in some axisymmetric domain € in IR?. In
particular, we combine the Fourier-finite-element method with the Nitsche-finite-element
method (as a mortar method). The domain €2 is generated by rotation (¢: rotational angle,
¢ € (—m,7]) of some meridian domain €, about the rotational axis, the xz-axis. The data
and the solution u of the BVP in 3D are non-axisymmetric. As an important method for
the approximate solution of this BVP, we shall apply the so-called Fourier-finite-element
method (FFEM), see [4, 7, 13, 14, 17, 21]. This method combines the approximating
Fourier method (see, e.g. [6, 18]) with the finite-element method (FEM; cf. [8]). That is,
trigonometric polynomials of degree < N are used in one space direction, here with respect
to the rotational angle ¢. They yield an approximate splitting of the 3D-problem into a
finite set of 2D-problems. The solutions uy (k = 0,+1,...,£N) of the 2D-problems are the
first 2N + 1 Fourier coefficients of the solution u. For solving numerically the 2D-problems
on the plane meridian domain €, of 2, the FEM with piecewise polynomials (h-version of
the FEM) is employed over a triangulation of 2, with mesh size h.

In the second step, we employ the Nitsche-finite-element discretization as a mortar method
for solving numerically the 2D-problems on the meridian domain €, cf. [1, 11, 15, 16, 19].
For simplicity, the domain €, is subdivided into two subdomains 2! and Q2. Along the

interface I' := ﬁi N ﬁz of the domain decomposition, non-matching meshes as well as
discontinuities of the approximated solutions are admitted.

The aim of this paper is to present the combined method, which seems to be new, and
to give a rigorous justification of the approach. In particular, important properties of
the approximation scheme are derived and, the convergence u,y — wu with respect to
N — oo and h — 0 is proved. Here, N and h are independent from each other (anisotropic
discretization).

The paper is organized as follows. First we present a derivation of the FFEM with Nitsche-
mortaring for the Dirichlet problem of the Poisson equation. Some assumptions on the BVP
and on the triangulation of the meridian domain €2, are given. Since the BVP is treated
in cylindrical coordinates (7, ¢, z) (where r is the distance of a point to the z-axis), we
are also concerned with Hilbert spaces provided with power weights r* (« real) and with
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functions u(r, ¢, z) periodically with respect to the rotational angle ¢ € (—m,7]. Then,
some properties of the approximation schemes and a priori estimates are derived. Finally,
error estimates and convergence rates with respect to the discretization parameters N and
h are given (N: length of the Fourier sum, h: mesh size on €,). In some H'-like norm
|| - ||1no and for regular solutions u, the convergence rate is proved to be of the type
O(h+ N~1). The numerical example illustrates the approach and the rates of convergence.

2 Analytical preliminaries

Let Q C IR? be a bounded domain which is axisymmetric with respect to the xs-axis. The
part of the x3-axis contained in Q is denoted by I'y. Then the set 0 \ 'y is generated by
rotation of the corresponding plane meridian domain €2, about the xs-axis. The set I', is
defined by I', := 99, \ Ty, where 09, is the boundary of €2,. In the following we assume
that €0, is polygonally bounded. Further let R;, i = 1,...,n (n: the total number of corners
of Qa), denote the corners of the polygon €, such that Rl, R, € Ty N T, cf. Figure 1.
Then we require that for the interior angles ; at the corners R; (i = 1,...,n) holds:
Y1,V < 0.726167 (cf. [4]) and ; < w for i = 2,...,n — 1. These assumptions are used to
guarantee the regularity of the solution of the BVP considered subsequently. For functions
defined on X, let H*(X) (s > 0, s real, H° = L,) denote the usual Sobolev-Slobodetskii
space. Introduce cylindrical coordinates 7, p, z (r7 = rcosp,ry = rsinp,r3 = z), with
¢ € (—m, . Then we get one-to-one mappings: O\ Ty — Q := Q, x (—, 7] and 9Q\ Ty —
[, x (==, w]. Consequently, for each function v(x) with x € Q \ I, some function v on
is defined by

v(r, p, z) == 0(rcos g, rsinp, z). (1)
Using this, we can define spaces X! /2( ) of Sobolev-type of functions periodic with respect
to ¢ € (—, 7] as follows: H'(Q\ Ty) — X{/Q(Q) (l=0,1,2). Since Iy is one-dimensional,

H l(ﬁ \Iy) and H l(@) can be identified. These spaces are equipped with the natural norms
and seminorms given by the relations

‘U‘Xim

= ltlm@),  lulx @ = lullme)y, 1=0,1,2, (2)
with wu, 4 according to (1). In [12, 17, 21] the spaces XI/Q(Q) are described in more detail.

z

Ry
Ry
R3
o Q,
R f
6 \
Rs T,
-
Figure 1

2



Further we shall need some spaces of functions defined on the meridian domain €2, and
provided with power weights r* (a real):

H! (Q,) = {w=w(rz2): r*DPw € Ly(92,), 0 < |B] <1} for 1 €{0,1,2}; (3)

— A 3.0 a0 ﬁ = (ﬁlaﬁQ)a |ﬁ| - /81 + /827 Hg(Qa) = LQ,OJ(Q(I) .
The canonical scalar product in Ly ,(£2,) is given by
(v, W)a,0, = /vw 2 drdz (4)
Qa
and the norms in the spaces H'(Q,) are defined as follows

1/2 1/2
fwllsaian = { [ 1wl ardz} " olay = {3 "D ulia,}

Q 18]=l

o (5)
lolion = {Iwl g, + By, for L€ {12},

Subsequently, these spaces, scalar products, and norms will also be used with Q& (i = 1,2)
instead of §2,, where Q¢ are subdomains of Q.

For f € Lg(@), let us consider the Dirichlet problem for the Poisson equation on Q:
=f inQ, a4=0 on 9. (6)

According to (1), we can write this problem in terms of cylindrical coordinates and obtain

10/ ou 1 0%u  O%u .
—Dy U= {r6r< E> +§a—<ﬁ2+@} =finQ, wu=0onT,x(—mmr|(7)

where u is periodic with respect to ¢. The variational formulation of (6) in cylindrical
coordinates is given as follows. Find u € V4(Q) := {u € Xll/z(Q) S Ulpyx(—mx = 0} such
that

b(u,v) = f(v) Vo e V() (8)
ou 61} 1 Oudv Oudv _
with  b(u,v) : {67“ o ﬁ%% + 5 R az}rdrdgodz f(v) = /fvrdrdgpdz.
Q

For u(r, ¢, 2), u € Xl/z(Q), (and for f(r,p,2), f € X?/Q(Q), resp.) we employ partial
Fourier analysis with respect to the rotational angle ¢:

1] A
u(r, @, 2 Zuk r, z) e, ug(r, z) == Py /u(r,gp,z) e *dyp for ke Z 9)

™
keZ

—Tr



(Z = {0,+1,42,...}; i* = —1). Using the functionals

. 8uk 8—% 6uk 8—% k2 _ o _
b (ug, vg) = /{Wﬁ + 5 9 + ﬁukvk} rdrdz,  fr(vg) = /fkvk rdrdz (k € Z),
Qa

Qa

the decomposition of the BVP (8) in the variational form can be written as follows:

k=0:finduy € Vj:={v e H%/Q(Qa): vlr, =0} bo(ug, w) = fo(w) Yw € Vg,
(10)
ke Z\{0}: find up € Wg:={v € Vi1 v € Ly _1/2(Q0)}: bp(ug, w) = fu(w) Yw € Wy.

It is well-known (see e.g. [12, 17]) that the solutions uy (k € Z) of (10) are the Fourier coef-
ficients of u according to (9). If uy (k € Z) is sufficiently regular, the following differential
equations and boundary conditions for the Fourier coefficients u; can be derived

82uk 62uk 1 6uk k32 .
_{8r2+822+;8r}+r_2uk_fk in

up = 0 on 'y VkeZ (11)
up = 0 on I'y Vk € Z\{0}.

The boundary condition for ug on I'y is formulated in the context of the variational problem.

Because of the assumptions on the geometry of €,, the domain Q has neither sharp conical
vertices nor reentrant edges. Consequently, the solution of the 3D-BVP (8) has the regu-
larity u € X12/2(Q), and its Fourier coefficients uy from (10) belong to the space le/Q(Qa),
cf. [4, 12, 17].

For the Nitsche-finite-element discretization we shall need a subdivision of €2, into subdo-
mains. Throughout this paper we restrict ourselves to the case of two subdomains Q}, 2
with

0, =0.U0, QnM=0, I=0.n0.

Moreover, assume that the subdomains are polygonally bounded. There are different cases
for the position of the two subdomains: Figure 2 shows the case 9Q) NT, # () for i = 1,2,
and in Figure 3 we have 902 NI, = 0, ' = 902. Obviously, the decomposition of
Q, C IR? implies a decomposition of the three-dimensional domain €2 into two subdomains
Q' =Q x (—m,7],i=1,2.

In view of the subdivision of €, we introduce the restrictions v* := v|g; of some function
v on €2 as well as the vectorized form v = (v!',v?), i.e. v'(z) = v(z) holds for x € Q},
(1 =1,2). It should be noted that for simplicity we use here the same symbol v for denoting
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the function on €, as well as the vector (v!,v?).

z z
al r 1
r \ Qa
\ \ 2
To To Q
Q2
I, r,

Figure 2 Figure 3

Using this notation we obtain that for each k € Z the solution of the BVP (11) is equivalent
to the solution of the following problem: Find (uj,u}) such that

82u§€ 82u2 18u§€ L2 i ' i |
_{67‘2+822+;8T}+T_2uk:fk in Q. i=1,2

up = 0 on 00 NT, (12)
up = 0 on 0Q' NTy (only for k € Z\{0})

ouj  Ou}

8—uk+a—uk:0 on I, w=u, onT

(s Mo

are satisfied, where n; (i = 1,2) denotes the outward normal to Q% NT. Introduce the
spaces

Vi={we Hll/Q(QZ)  Wlogiar, =0}, Wi={weV}: we Ly _1(Q)} fori=12,
Vo= V>Eix V2 W, =W x W2 (13)

Clearly, the BVPs (12) can be written in a variational form, where also the boundary
condition of uf on 99 N Ty is specified. Then, for the Fourier coefficients u} (in ) we
have ujy € V!, ul € Wi for k € Z\{0} as well as uyg = (up,ud) € Va, up = (up,ui) € W,

for k € Z\{0}. The continuity of the solution wu; and its normal derivative on I' is to
1/2
1/2,%

its dual space [Hll//s*(F)]', resp. Let the space Hll//g(ﬁﬂz \ I'g) be defined as the range
of the trace operator: v — v|gi\r, for v € H%/Q(Qa) (cf. [4, Section II.1.]). Then we
use Hll//g*(agz; \ [y = H11//22(892 \ Ty) for 9Q) NT, = 0. In the case I, NT, # 0
we identify Hll//;*(agz; \ I'p) with the space H11//22,oo(892 \ 09,) consisting of functions

vE 1’-[11//22 (0 \ 99Q,) for which the trivial extension ¢ by zero belongs to Hll//zz(ﬁQz \ To).

be required in the sense of the space H,’, (I') (the definition is given afterwards) and

3 The discretization method

The solutions uy = (uy, ui) (k € Z) of the 2D-BVP’s (12) will be approximated by the
Nitsche-finite-element method, cf. also [1, 11, 15, 16, 19].
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First we describe the finite-element discretization with non-matching meshes. We cover O,
(i = 1,2) by a triangulation 7,' (i = 1,2) consisting of triangles T (T = T), where 7!
and 7;? are independent of each other. Moreover, compatibility of the nodes of 7;! and
7,2 along the mortar interface I' = 9QL N 9Q2 is not required, i.e., non-matching meshes
on I' are admitted. Let h denote the mesh parameter of the triangulation 75, := 7,} U 7,2,
with 0 < h < hy and sufficiently small hy. Take e.g. h = max{hy : T € T}, where hp
denotes the diameter of the triangle 7". In the sequel, positive constants C' occuring in the
inequalities are generic constants.

Since the solutions of the 2D-BVP’s do not have any singularities, it suffices to consider
only quasi-uniform meshes in Q¢ (i = 1,2). Throughout this paper we suppose that the
following assumption on the triangulations 7,/ (i = 1,2) is fulfilled.

Assumption 1

(i) Fori = 1,2, it holds Q; = Urer: T, and two arbitrary triangles T,T" € T (T#T)
are either disjoint or have a common vertex, or a common edge.

(i) The mesh in ﬁi (i =1,2) is quasi-uniform, i.e. the relation

maXpeg hr

<C (i=1,2) (14)

Wity pr
holds for h € (0, ho|, where pr denotes the diameter of the largest inscribed sphere
of T, and C' s independent of h.

For i = 1,2 and according to V;/, W from (13) introduce finite element spaces V,, W, of
functions vi on Q. by

do={v, €C[@Q): v e PY(T)VT € T, vjloairr, =01, (15)

o= {v, eVl and vjloiar, =01,

i.e. employ linear finite elements. It should be noted that w € W} implies w)g0inr, = 0
(cf. [17]) so that we require this also for the finite-element subspace. The finite element
spaces V,;, and Wy, of vectorized functions v, with components U}1 on Q; are given by

‘/ah = ‘/alh X th = {'Uh = (vflwvf%) : 'Ulll € ‘/alhvvf% € ‘/;,zh}
1 2 1 2 1 1 .2 2 (16)
Weap = Wy, x Wo = {vy, = (v, v;) = v, € Wy, v € Wi b

It should be pointed out that the functions vy, in V,; and in W, are in general not contin-
uous across I'.

Further we introduce some triangulation &, of the mortar interface I' by intervals F
(E = E), ie, I' = Ugeg, E, where hg denotes the diameter of E. We suppose that
two segments F, E' are either disjoint or have a common endpoint. A natural choice for
the triangulation &, is &, := &} or &, := &7 (cf. Figure 4), where &£ and £ denote the
triangulations of I' defined by the traces of 7;! and 7,7 on T, resp.:

E ={E:E=0TNT,if Eisasegment, T € 7'} fori=1,2



al r r r Q02
Figure 4

Subsequently we use real parameters oy, ap with
Ogalgl (Z:1,2>, Oél—i-OéQIl. (17)

The asymptotic behaviour of the triangulations 7;!, 7,7 and of &, should be consistent on T’
in the sense of the following assumption.

Assumption 2

1. ForE €&, andT € T;) withOTNE # (0, i =1 and i = 2, there are positive constants
Cy and Cy independent of hr, hg and h (0 < h < hg) such that the following condition

18 satisfied
Cihr < hg < Cohr. (18)

2. In the special case &, =& and o; :=1 (cf. (17)), where i =1 ori =2, for E € &,
and T € T,>"" with 9T N E # 0, instead of relation (18) the following condition is
required.:

Cihr < hg. (19)

Relation (18) means that the diameter hy of the triangle T" touching the interface I" at F
is asymptotically equivalent to the diameter of the segment E., i.e. the equivalence of hy,
hg is required only locally. In contrast, condition (19) is weaker and admits even locally
at T different asymptotics of triangles T} € T;!, Ty € T;%: Ty N'Ty # 0.

In order to define the Nitsche-finite-element approximation of the solutions of the BVP’s
(12), we now introduce bilinear forms By, x(+,-) and linear forms Fj x(-), k € Z. We follow
the ideas as given e.g. in [1, 11, 15, 16, 19] which are here to be adapted to the situation
of weighted spaces. Moreover, a new term containing the parameter k € Z occurs now in
the bilinear form.

For k € Z\{0} and uy, vy, € Wy, as well as for £ = 0 and up, v, € Vap, resp., Bpi(-, ) and
Frx(+) are defined as follows:

2

i i i aui 6u%
Bratun,vn) = 3V, Ty + K00y } = (G — et of =),

i=1

o} o} _
—<Ot1a—n1 - OZQa—Maullz - “i>1/27p +7 Z hip' (ug, — ujy, v, — ,U}QL)l/Q,E (20)



2
Fhp(vn) = Z(f;iavi)l/mg-
i=1

Here, (-,-) denotes the [Hll//g*(l")]/ X Hll//;*(l")-duality pairing and (-, -)1/2,r the weighted
Ly1/2(E) scalar product which is defined by analogy to (4). Moreover, v is a sufficiently
large positive constant (the restriction of v will be given subsequently) and oy as well as
g are taken from (17). For vy, = (v}, v?) € Vi, we have Z%%\p € Ly o(I"). This will be
used subsequently for evaluating (-,-) by the Ly /o(I")-scalar product.

The Nitsche-finite-element approximations uo, = (uy,, ug,) € Van and ug, = (upy,, ui,) €
Wan, k € Z\{0}, of the functions uy = (uj,u;) are defined to be the solutions of the
equations

Bho(uon, vn) = Fno(vn) Vup € Vap
Bh,k(ukh,vh) = ]:hk(vh) Vvh € Wah7 ke Z\{O}

In order to define the combined Fourier-Nitsche-finite-element approximation wu,y of u, we
choose some N > 0 and carry out the Fourier synthesis of the functions uy, = (ug,, us,)
for |[k| < N:

upy = (up, uiy)  with ul = Z ul, (r,z)e*? for j=1,2. (22)
[k|<N

(21)

Clearly, the approximation wu,y of u depends on the two discretization parameters h and N.

4 Properties of the bilinear forms By, (-, )

The following lemma states the consistency of the solutions uy (k € Z) from (10) with the
variational equations (21).

Lemma 1 Let uy (k € Z) be the solution of the BVPs (10). Then uy = (uj,u?) satisfies:
Bho(uo,vn) = Fnolvn) Yop € Vap (23)
Bmk(uk,vh) = fh,k(vh) Y, € Wan, k e Z\{O}

Proof: Obviously, for any v, indicated at (23), By, x(ux, v) are well defined for k € Z. Since

0?2 uz 02u 1 (911;'€

A, ul = {W + azj“ + =) } € Ly12(S2,) as well as uj,vj, € Hj () hold (i = 1,2,

k € Z), the generalized version of Green’s formula with the weight r

— / A, ulvh rdrdz = /Vu}C Vi rdrdz — / Ouj vp rds
Qi Qi poiNre
(see e.g. [9, Theorem 3.1]) may be applied with ¢ = 1,2. Using the properties uj|r = ui|p
and Z—Z’} = —g—zg - (see (12)), we get (23). [

For the proof of the boundedness and ellipticity of the bilinear forms By, (-, -) we shall need

an estimate of the term > hg ||g%’ll||%2 2(B) for i € {1,2} where a; # 0.
Eegy, ‘ ’



Lemma 2 Let Assumptions 1 and 2 be satisfied. Furthermore, let F € &, denote the side
of a triangle Ty € T' touching T by F (TpNT = F). Then the inequalities

o’ ; .
Z I H 8nh < C§) Z ”vvh”%zlm(TF) (24)

Fegl
hold for i € {1,2} : 0 < oy < 1 and vy, € Vg, where the constants C}i) are independent
of h, hr, and hg.

Lo 1/2(E

Proof: By means of the Cauchy-Schwarz inequality we get

— / |(ns, Vv )|?rds < /(ni,ni)(sz,VvZ)rds = ||VU;AL||%2’1/2(E). (25)
E

E

S) 1 2
nz

La1/2(E)

Moreover, using Assumption 2 we can state the inequality

Z hEHVU;;H%QJ/Q(E) <C Z hF||sz||%2’1/2(F) (26)

Ee€&y Feg}

where F € & is the side of a triangle Tr € 7;' touching I' by F and hr denotes the length

of F. In the following, we shall estimate the norm ||val||%2’1/2(F).

The vertices of T and their coordinates are denoted by P; = (7}, 2;), j = 1,2,3, and P,
P, are the end points of F € & (i = 1 or i = 2). Since the functions from V}, are linear
on each triangle, we can use the representation v}|r, = ag + a;r + ayz for any v} € V!
(¢ = 1 or i = 2) where the coefficients a; (j = 0, 1,2) depend on the triangle " = T. Some

obvious calculations yield

i hr
”V%”%Q,UQ(F) = 7(@% + a3)(r1 + 79). (27)
Now, the norm square from (27) has to be bounded by [|[Vvj |7, a(Tr). We get by means
of some cubature formula being exact for linear functions
P2 (A2 2 _ he hf 2 2
||V'Uh||L2’1/2(TF) = (a1 +a3) [ rdrdz = 6 (ay +a3)(r1 + 12 +13), (28)
Tr
where hf is the height of the triangle Tr over the side F. The estimates r3 > 0 and
hr < Chy yield together with (27) and (28):

hFHVU;L”%m/Q(F) < CHVU;LH%M/Q(TF) VE €& (29)

Summing up (29) for all F' € £ and using (25) as well as (26) we obtain the estimate (24).
|

Taking (24) we can easily derive the inequalities

avh 2
P _ gy 2tk <
];hE ) o 6712 Lo /a(E) C1 Zl Za vahHLz 172(TF)
h t FeSz
2
< Cr Y A} IVuilli,, h@i): (30)
i=1



with Cf = 211’1&X{C§1),C§2)}, or O :=CW for a; = 1,4 € {1,2}.
In special cases, we can easily give an estimate for the constant C;. For instance, choosing
En =&} and a; = 1, we get by means of the relations (27) and (28)

Cr =00 = sup max(?)h—F).

h<he FEEL\ I

For deriving the boundedness and ellipticity of the bilinear forms By, (-, -) we introduce
the weighted discrete norms || - ||1,x (kK € Z) as follows:

2
ol e = D {IVURIZ, i + RIS, o } + D0 b5t ok = 03 I3, ey (BD)

=1 Eegh

For mortar methods, norms || - ||1 5 are employed (see e.g. [1, 5, 11, 15, 16, 19]) which are

similar to (31). But the norm given by (31) involves a new term depending on k and norm

terms provided with the weight r*, o € {—%, % .

Now we are ready to prove the following theorem.

Theorem 1 Let Assumptions 1 and 2 for T,' (i = 1,2) and for &), be satisfied. Then there
exists a constant py > 0 such that the following estimate holds,

|\ Bk (wp, vp)| < pallwn|linel|valline Ywn, v € Wan, k € Z\{0} (wp, vy, € Vap, k = 0, resp.).

If the constant v in (20) is independent of h and k and fulfills v > Cy (Cy from (30)), then
the 1nequality

Bhe(vn,vn) > piallvnll3 e Yon € Wan, k € Z\{0} (vn € Van, k = 0, resp.)
holds with a positive constant ps. Both constants iy, e are independent of h and k.

Proof: In order to prove the boundedness of By, (-, -), the integrals on I' arising from (20)
are represented as sums of integrals on E € &,. Moreover, we employ the triangle inequality
as well as the Cauchy-Schwarz inequality and obtain

2

Buk(wnwn)l < 3 LIVwhl,, 00

VO a0y + K008 s i) 19 2y

i=1

ow} ow3 L
— e —= — 32

+ Zthal 8711 Q2 8712 ) L2’1/2(E)||,Uh vh||L2,1/2(E) ( )
ov} ov?

+ZHa—h—a—h wy — w?

= 18711 28712 LQ’I/Q(E)H h h||L2,1/2(E)
+7 Z h]_51||w111 - w/21||L2,1/2(E) Hvilz - vf21||L2,1/2(E)'
Ee&),
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Using Holder’s inequality and introducing the term hp'hg in the third and fourth terms
on the right-hand side of (32) we get

2 2 1/2
Bustwn )l < (3 ||sz||%2,1/2(%)) (Z V1, 0
=1

i=1

2 2 1/2
e RS Il ) (30 W)
: Rl Ly _1/2(%) Un Lo _1/2(92%)

8w 1/2 1/2
3 ’oz gwy, ) < Bl ol — 2|2 )
(Z E10n, ~ 2 0ny ) Ez&;h el = Ul o
v} o} V2 i
n ’a——a—h ) < B w! — w22 )
(Z BT Oy 1Ly a(m) ];h g o =l

1/2 1/2
i (VZhilllwi—willimﬂ(m) (vzh;||v,a—vz||ig,l/2w>) .

Ee&;, Ee&;,

For bounding the terms containing normal derivatives we apply inequality (30) and again
Holder’s inequality. This leads to

2 1/2
Buwon, o)l < {32 (I96hll3, iy + Rkl i)+ D bl = wi I, acer }

i=1 Ecé&y,
2 1/2
X{Z(vah”LQ 1/2(9%) + kQH“h”LQ _1/2(Q% ) Z h ||vn — UhHL2 l/Q(E)}
i=1 Ecéy,

= M1||wh||1,h,k||vh||1,h,k

where py := max(1 + Cr, 1+ 7).
It remains to prove the ellipticity of By x(+, ). For v, € W, k € Z\ {0}, and for v, € V,p,,
k =0, resp., we get

2
i, i vy, ow?

B (v, vp) = Z{(Vvh, Vo). + K (v}, Uh)—l/z,gg} - 2<a18—n]1 - O‘2a—n};> Uh — v,%>1/2$

+7 > b (op =0, v — V)1 (33)

Eeéy,

By means of Young’s inequality, the second term on the right-hand side of (33) can be
estimated as follows:

1 2
5 vy, dv;, 9
—2( =L — ag—=, v, — v,
1/2,0

8n1 anZ
1 ovt ov?
h Ovy, -1 1 2112
DL L Tter MWWt DL ERr WEs
Ee&;, ! 2 e Eeéy
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This, together with inequality (30) and relation (33) leads to
2

2
i i 1 ;
By i (vn, vp) > Z{HV%H%Q,W(QQ) + kQH”hH%Q’_I/Q(Qg)} - Cr Z ||vvh||%2’1/2(§23)

i=1 =1
+ =) S hlel 2l e
Ee&),
2
> MZ{Z(HV%H%Q,W(QQ) + k2||%||%2’_1/2(93)) + Z hi' oy — UfZLH%Q’I/Q(E)}
i=1 Eeéy
= M2||Uh||ih,k>
where ¢ is chosen such that v > ¢ > (] is satisfied. Then we have p5 := min{l — %, v—e}.

5 Error estimates

For the error analysis of the Fourier-FEM, we have to study the approximation properties
of the interpolation operator and the projection-interpolation operator, see e.g. [17, 14, 21].
Since we now consider the FEM with mortaring, these operators have to be slightly adapted.
The interpolation operator II, which will be employed for estimating the approximation
error for the Fourier coefficients uy with |k| < 1 is now defined as follows:

Hhuk = (Hhu,lg, Hhuz), (34)
where IT,u} (i = 1,2) denotes the usual Lagrange interpolant of u} in the space V.
The use of Ijuy for |k| > 2 does not lead to optimal error estimates with respect to the
discretization parameters h and N~1, cf. [17]. Therefore, for |k| > 2 we shall apply some
projection-interpolation operator P,. In order to define P, some notations are introduced.
For any node Q € 7! (i = 1,2), let Ség be the polygon consisting of all triangles T' € 7
having @ as vertex. B) denotes the interior of the union of all triangles T € 7;, with
TNTy#0. Fori € {1,2} define F?m = Fg NQ, (see Figure 5) and let By, ; be the interior
of the union of all triangles T € 7, with T'N F;i # 0. The set of all nodes of 7, (i = 1,2)

is called ¥}, and the set X" consists of all nodes Q € ¥ with Q € BY and Q ¢ (99, NT,).

z

To

Figure 5
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=1

Introduce Courant’s basis function ®f, € C(€2,) associated with the node @ € Xj:
1 for Q' =Q
0 for Q #Q, Q €.

Define the orthogonal projection operator Pj: Ly(Sg) — P1(Sh) by v — Phv (Q € Xj,,
i =1,2) via the relation

O, eP(T)VT €Ty, P,H(Q) = { (35)

(0= PYu.p)iys) =0 Vp € Pi(Sp).

Taking ®f, from (35) and v, := (Pyv)(Q) we define the projection-interpolation opera-
tor P, as follows,

Pyuy == (Pluy, P2ui)  with Pjv = Z vy, i=1,2. (36)

Qexi*
For P, we can easily verify that P,u; = 0 on Fz and Pyu, € Wy, hold for |k| > 2.

In addition to || - [}, x at (31), we introduce the weighted mesh-dependent norm | - |[4.,0,:

2 .
. 3 avz 2
2 R 112 211,,4112 )
ol k0 = ;_1:{HW I iy + KN iy + 3 e o5 /E}
- h

+ Z hy' vt — U2”%Q,1/2(E)
Ee&y

(37)

for functions v satisfying v € V,, for k = 0, v € W, for k € Z \ {0}, and g—f;

€ LoaT)
(1 = 1,2). Because of the regularity up € Hf/z(Qa) (see Section 2), we have %, %
Hll/Q(Qa) and, consequently, Z%’:\FE Ly1/2(T) (i = 1,2) is satisfied for all uy, k € Z (cf. [4,

Section II.1.]).

The norms of the approximation errors u, — ugp, k € Z, can be bounded by means of the
norms of uy — Il,uy, and ug — Pyuy, resp. This is stated in the following lemma.

Lemma 3 Let Assumptions 1 and 2 for T;' (i = 1,2) and for &, be satisfied, moreover,
v > Cy. Then for the error uy — ugp (ug, ugn from (11), (21)), the following estimates
hold,

luk — ugnllipe < Cllug — Hpugllpro, for |k <1 (3%)
lue — ugnllipe < Cllug — Prugllnra, for |kl > 2.

Proof: Using Lemma 1 and Theorem 1, the proof can be carried out by analogy to the
proof of Lemma 3 in [15]. [

In order to derive bounds of the norms on the right-hand sides of (38), we need a refined
trace theorem in weighted norms. In [20], a refined trace theorem involving the Ly-norm of
some function v and its gradient is given. Now, the occurrence of norms with the weight r
requires new techniques for the proof if the triangle T is situated near the z-axis.

13



Theorem 2 Let T € T (i € {1,2}) be a triangle with TNTy = 0 or TNTy = { P}, where
P denotes a vertex of T. Let I be a side of this triangle, then the following inequality is
valid,

102, ) < C (B 1013, ity + 1002 o0y 0Ny ) W0 € HYo(T). (39)

Proof: We distinguish two cases concerning the position of the triangle T'.

Case 1: We suppose that TNTy = () holds, then we employ the refined trace theorem from
20, p. 645] and obtain

01, ey < P70l < Csupr {hz el + Mol o) [ V0llcacr §
(40)
< ngpr (iglﬂfr)il {h;l”UH%ZI/Q(T) + HU”L2,1/2(T) ”vv”L2,1/2(T)}'

Setting 7o := inf7 r and using the inequality ro > C'hy which is a consequence of Assump-
tion 1, the factor supy r (infrr)~! in (40) can be bounded as follows:

h
supr (infr) "' < (ro+hy)rgt <14+ —— < C. (41)
T T Chy

This, together with (40) proves inequality (39).

Case 2: Assuming TNTy = {P} we perform the proof by means of an affin-linear trans-
formation of the reference triangle 7' to the triangle T'.
Let P; = (r},2;), j = 1,2, 3, denote the vertices of T'. Without loss of generality we suppose

that P, is the vertex lying on I'y, i.e., r; = 0. Then the mapping T — T can be described

as follows:
()= (D)o=(Lmn L m ) ()+(2) @

Taking into account Assumption 1 and the fact that the triangle 7" has only one common
point with I'g, we easily show that the inequality

W 3
W

chp(F+ 2) < r < hyp(F + %) (43)

is valid for all » with (r,z) € T" and (7, 2) related to (r, z) by (42).
The next step is the proof of the following inequality on the reference triangle:

1+ 202012 oy < CLIG + 22812, gy + 1+ 220 yy G+ 2)V2 Vil }- (44)

It should be noted that in [16, Proof of Theorem 5.4], a similar inequality is given. But
there the variable 7 has another meaning: it denotes the distance of a point of the reference
triangle to the origin. Therefore, for proving (44) we follow the ideas of [16], but with some
essential modifications.

We use the following decomposition of the function ¢ on F: o= v1 + vg, Where v; = \;0,
i=1,2and A; (resp. \2) is the barycentric coordinate associated with (0,0) (resp. (1,0)).

14



Without loss of generality we assume that the end points of F are (0,0) and (1,0). By
using the relation vy (7,1 — 7) = 0 V7 € [0, 1] we obtain for 7 € (0, 1):

Flor(7,0)]2 = #(Jvr(7,0)]2 = vy (7,1 —7)?) = —f/ Os|vy (7, 2)|?d2

1-7

= —f/ 21)1(73, 2’)&31}1(?, ZA’)dZA’
0
Integration of this equality on 7 € (0, 1) yields
1

/f|v1(f,0)|2df = —Z/fvl(f,2)82v1(f,2)dfd73,

0 T
and by means the Cauchy-Schwarz inequality as well as relations Z = 0 on F,2>0onT
we get

1/2 )1/2

|7 < 211201y 172V 01 1y )

UIHL (F) — H( UIHLQ(ﬁ)

(45)
< 217+ 2)P0u| iy 1P+ 2) 2V 0|y -

Concerning the function vy we utilize v3(0,2) = 0 Vz € [0, 1] (here, we temporarily use
the variables z, y because a transformation of the coordinates will be performed later) and
obtain

z|vy (2, 0)]* = z(|va(z,0)]* — |12(0,2)|*) = l’/8t|1)2(tl’, (1 —t)z|*dt

1

= 23:/112(15:1:, (1 —t)x){0ve(tx, (1 — t)x) — Oyva(te, (1 — t)x) }adt.

0
Integration on = € (0,1) leads to

1

/x\vg(a: 0)] 2//:1:1)2 (tz, (1 — t)z){0,va(tx, (1 — t)z) — Oyua(tx, (1 — t)x) bodadt.

0

For the integral on the right-hand side of this equality we perform the transformation 7 =
tx, 2= (1 —t)z. This allows us to use the relation = = 7 + 2, such that we get

1

/fll)g(’f’, 0)|2dTA' <2 /(TA' + 2)|1)2(’f', 2’)||&:v2(f, 2) - 82’02(7@, 2)|d’f’d£’,

0 T
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and by means of the Cauchy-Schwarz inequality we have
174207 5y = 7+ 2) 20213 ) < AN+ 2) 202 oy 1P+ 2) 2V 02y (46)
By analogy to the inequalities (5.12) in [16] we get for v; = A0 (i = 1,2):

1+ ) 0ill ) < NG+ 2)20l )
(47)
17+ 2)' 2V 0ill iy < 20(F + 2) 200,y + (P A+ 2)2V0 o,

and inequality (44) can be concluded from (45)-(47).
Using estimate (43), the properties of transformation (42) as well as inequality (44) we
arrive at

20l p < CRE NP+ 2)207, 4

B2 (I + )21 ) + 17 + 220 Ly | G+ 2) 2900 )

IN

(48)
< O (g B2l 2ol oy + b R 120 aryhr 290 )

< C (B ol ey + 1002y IVl )

which completes the proof of Theorem 2. [ |

Local interpolation error estimates in the Ly _;/p-norm and in the H h /2—seminorm are given
e.g. in [14, 17, 21]. Nevertheless, for further error estimates by means of the inequalities
given in Lemma 3 and Theorem 2 we also need an estimate for the local interpolation error
in the Ly 1/p-norm.

For each triangle T' € 7, we introduce the local interpolation operator by Ily : C(T) —
Py(T) and (II79)(Q;) = ¥(Q;) (Qj, j = 1,2,3: the vertices of T'). Further, let Qo € I'y
be a node of the triangulation 7,/ (i = 1 or i = 2), then for ¢ € C(Sp,) the function
H%Ow € C(Sp,) is defined such that H%me = Iz, holds VT € S, 1 < j < jo (Jo:
number of triangles with vertex at Qo).

The following lemma gives estimates for the local interpolation error in the Lj ;/3-norm.

Lemma 4 Let Assumptions 1 and 2 for T;' (i = 1,2) be satisfied. If Qo € Ty is a node of
the triangulation T;' (i =1 ori = 2), the following inequality is valid

v — H%OUHLQJ/Q(SZ < Ch? ‘U|H2 2(55,) Vo € H1/2(Ségo)- (49)
If T € T} is a triangle with T N Ty = ), the estimate
v —=Hrv|lL,, W1 < Ch2T|U|H12/2(T) (50)
holds for all v € H} ,(T).

Proof: For (49), we will only give a sketch of the proof, because it is very similar to the proof
of Lemma 6.1 in [17]. The transformation of the reference element S to the polygon Sp, as
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well as the operator IT can be chosen by analogy to [17, pp. 434-437]. Using relation (6.6)
from [17] we get

o =T, vl s ) < CdlSh,) suwp |det Byl o —TIo2, o

1<j<jo

. (51)
where B;, 1 < j < jo, is the matrix of the transformation Tj — Tj (T] € s, T; € Ségo).
Applying Corollary 4.2 (with X := Ly, 5(S)) and inequality (6.11) from [17] we obtain

2

< A P
o =101, ) < Clilig, 6 < O grg ol s

(52)

This, together with (51) and with the inequalities |det B;| < Ch? (1 < j < jo), yields
estimate (49). Finally, in order to prove (50), we can use the classical interpolation error
estimates (see e.g. [8]) and inequality (41). [
For simplicity of further presentations, we impose an additional condition on the triangu-
lations.

Assumption 3 For each F € &, i = 1,2, the triangle T with TN F = F has at most one
common point with I'y.

Now we have the following error estimate for the operator IIj.

Theorem 3 Under the Assumptions 1-3, for the Fourier coefficients uy, of u, with |k| < 1,
the following error estimate holds:

| — Hpug||pro, < ChHUkHH2/2(Q )- (53)

Proof: For the sake of brevity we set wy := w, — Hyuy and wj, = u} — Myul. Then,
according to (37), we have

2

; i owt (12
lonlso, = o {IVORE, iy + RN, op + 3 e 4
i=1 Eee), i 2,1/2
2
+ > hgtlw = willz,, L = Y ST+ S5+ Si} + Sy, (54)

Eegh =1

where Si, Si, Si and S, are abbreviations for the corresponding norm terms on the left-
hand side, with S = 0 for ¥ = 0. In order to estimate Si and Si, i = 1,2, we employ
Proposition 6.1 from [17] and obtain

2 2
Z;Si < ChZ; ||U2||§{f/2(ﬂg) = ChZHUkH?{f/Q(Qa) for [k] <1, (55)
2 2
> < CnY Nkl oy = CR¥lulie (q,) for [kl =1. (56)
=1 1=1
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Moreover, the summation over £ € &, in S5 and Sy (i =1 or i = 2) can be replaced by a
summation over F' € & (cf. [15], Proof of Theorem 2), and ”%”LQJ/Q(E) can be bounded
by [[VwilL,, (). This leads to

Si<CY hel Vol e o7
Fegl
9 2
S, < 22 Z hiﬂl”wllc”%g,uz(E) < CZ Z hg'luwli,‘”%z,l/Q(F)’ (58)
‘o1 bee, i=1 Fegl

where inequality (57) is only considered for i € {1,2} : a; > 0.
Owing to Assumption 3, we may apply Theorem 2 for the estimation of the terms on the
right-hand sides of (57) and (58). Hence we obtain for each F € &}

valic”%g,l/g(F) < C{h;l\w};\fq%pm + |wlic|H11/2(T) ‘wlic‘Hf/Q(T)} (59)

We first consider the case that F N Ty = () holds. Then we can employ inequality (50)
and [17, Lemma 6.2], which leads to the inequalities

”VIU/iH%Q’I/Q(F) <C {hFh?rWZﬁ{f/Q(T) + hT|UZ|§{12/2(T)} < ChT|U§c|§{§/Q(T) (61)

lwill?, . < C {h51h4T|UZ|fH§/2(T) + hzT|U2|H12/2(T)hT|UZ|H§/2(T)} < Ch?ﬂuiﬁzfmm- (62)
In the case F'N Ty # () we utilize inequality (49) as well as [17, estimate (6.1)], and get

V0, ey < Chluils s (63)

lwill Ly, o) < CRJuils (64)

12(55,)"

Using hz' < Ch™! and summing up inequalities (61) and (62) for all FF : FN Ty = 0
(resp. (63), (64) for all F': FN Ty # 0), together with (54)-(58), we are led to the desired
estimate (53). [

Theorem 4 Let Assumptions 1-3 be satisfied. Then, for P, from (36) and the Fourier
coefficients uy, |k| > 2, the following inequality is fulfilled:

1/2
i = Prtellnno, < CR{RNunly o)+ lunliie o} (65)
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Proof: With the abbreviations wy, := u — Pyuy, and wj, := u}, — Pju},, we obtain by analogy
to (54), (57) and (58):

2
il o, < €SIV, L@ + B eIE, ) (66)
=1

2
oo > b Vbl g e+ D0 b, b= €D LS+ Sh+ S+ i),

Fegl Fegl i=1

where Si, S%, Si, and S} are now abbreviations for the corresponding norm terms in (66).
If ; =0 for i =1 or i = 2, the term S% in (66) vanishes for this i.

Applying Theorems 7.1 and 7.2 of [17], we get for i = 1,2 the inequalities

si < On{luiln, o+ ke o ) (67)

For the terms Si and Si we can use the refined trace theorem again, e.g. inequalities (60)
and (59) hold, but now the functions wj, contain the operator P} instead of IIj,. The terms
occurring in this relations will now be estimated. For this purpose we distinguish three
cases concerning the position of the triangle T having F' as a side.

Case 1: Let T' C Ez,z with ¢ = 1 or ¢ = 2 be satisfied, with E?w. introduced at the beginning

of this Section. Because Piuj = 0 holds on Ez’i, we only need estimates for the norms of
the functions u! themselves. Using the relation sup;r < hy which holds for all triangles
considered in this case we get

||UZ||L2,1/2(T) < SI%P 7°||UZ||L2,_1/2(T) < hT||UZ||L2,_1/2(T)-

This, together with ||Vuj ||z, , .cr) = ‘Ui:‘Hll/Q(T) and estimate (39) yields

Il ey < Chr{ I,y + Nkl ikl ) (69)

1/2

< Chr{ kI3, -, uiry + bl o i

where FF € & (i=1ori=2)is aside of T.
Case 2: We consider the triangles T" with T' C F;m \ Bg,i, i = 1or¢ = 2 For these
triangles, at least one vertex belongs to ESM. Without loss of generality we suppose that

Q€ FZJ holds (Q;, 7 = 1,2,3: the local numbers of the vertices of 7). Then, following
the ideas of [17, Proof of Theorem 7.1}, we obtain the inequalities

||w1ig||%2’1/2(T) < (Sng)QHMIiH%Q,,W(T) < Ch2||w,i||%2,,1/2(T)
3
< ORI, e + Y Nkl o)} (71)
J

—1/2

Jj=2

19



3
i i 02 2 i2
||vwk||%2,l/2(T) = |wk|§{11/2(T) < C{|uk|H11/2(T) +h Z |Uk|H11/2(Sg)J_)}- (72)
j=2

Combining relations (71) and (72) with the refined trace theorem, we are led to the estimate
02, ey < CR{IkIR, iy + Pkl ) + 2 Z A S )

Case 3: Let T ¢ By, (i = 1,2) be satisfied. The local numbering of the vertices of T
is again: @), j = 1,2,3. Then, using Theorem 1 and inequality (7) from [10] as well as
estimate (41) we get

JwillZ, L1 S SUP"’”wk”LQ(T < Ch*supr \Uk‘Hz sh,
1/ T (
7j=1

< Ch* supr 1nfr Z|uk|H2 e <Ch4Z|uk|H2 (Sh,

||vw/ic||%27l/2(T) < SUPT|wk|H1(T < Cn? SUPTZ|Uk|H2 Sb, ) < Ch22|uk|]{ 2(55.)"
Jj=1 j=1 J

Therefore, the estimate

||wk||L21/2(F < Ch’ Z|%|H2 2(55,)

7j=1
holds, where F' € & (i =1 or i = 2) is a side of T' C Ségj.

Now, after discussing these three cases, we additionally need the following estimates
(cf. [17], Lemma 7.2 and relations (7.26), (7.27)):

||UZ||L27,1/2(B) < Ch|uk|H1 o (B, (n))
(74)
|u k|H1 B < Ch’|uk|H1 2 (Biy(n)? Be {B’g’i’Bh’i}’ i=12

1/2

where By, := {(r,2) € Qq : 0 <7 <;(h)}, li(h) = supp, , 7
Now, summmg up the estimates for all F € & (i = 1,2) and using hz' < Ch™! as well as
inequalities (74), we arrive at

2 2
Z S: < Ch? Z{\UZ@L/Q(QQ) + ‘UZ@;/Q(Q@)} = Ch2{|uk|§{i1/2(na) + |Uk|12r{12/2(ﬂa)}- (75)
=1 i=1

The estimate of S§ (i = 1,2) can be performed by analogy to that of S% given above, and
we obtain

2 2
7 7 7 2
Z;S:s < Ch? Z;{Wkﬁ{lm(ﬂg) + |Uk|§{§/2(ﬂg)} = Ch2{|uk|§{il/2(na) + |Uk|Hf/2(Qa)}- (76)
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Collecting the inequalities (66)-(68), (75), and (76) completes the proof. |

Now it remains to state an estimate for the error u—uyy, where u is the solution of (8) and
upy the approximate solution defined by (22). For this purpose we introduce a suitable
norm in 3D:

o1 5. —Z|v B o+ R~ e e (7
Eeé&y,
where | - |X11/2(Qj), with Q7 := QJ x (—m, 7| (j = 1,2), is defined by analogy to | - |X11/2(Q)
at (2), and the norm || - || X0, (Ex(~m)) is determined by the completeness relation
keZ

It should be noted that we have in general upy & X (), but only upy € X (),
=12

The final result of this paper is given in the next theorem.

Theorem 5 Let u be the solution of the BVP (8) and uyy its approximation given by (21),
(22). Then the following error estimate holds,

|u —unnllne < C(h+N- )||f||X0/2(Q (79)

Clearly, relation (79) states also the convergence u,y — uas h — 0, N — oo. In particular,
h and N can be chosen independently from each other.

Proof: By means of the auxiliary function uy = (ul;, u%) defined by

wly = Z wl(r,z) e j=1,2, (80)
[k|<N
we easily get
|u = unnll1n0 < |Ju—unlline + [Juv — unn|1p0 = St + Se, (81)

where S; and S5 denote the corresponding norm terms. We shall now find estimates of S,
and Sy in terms of powers of h and N. According to (77) we have

ZWJ UN|X1 @ T Z hillu' = upy — (v _uN>HX0 (Ex(—m,m])" (82)

1/2
Ee&y,

The first term on the right-hand side of (82) is equal to |u —un|3. (o Since uy, € Hll/z(Qa)
1/2
(k € Z) and, therefore, u — uy € XII/Q(Q) holds. Further we have the estimate

lu— UN|§<11 @ SN 2||u||X2/2(Q (83)

(for the proof we refer to [17, Proof of Theorem 8.1]). The second term on the right-hand
side of (82) vanishes. This is clear by u!|px(rx = U?|px(—r.q; the same holds for u}, u%.
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This, together with (82) and (83) as well as with the estimate ||U||Xf y < Ol flixo, @

1/2

yields
Si < ON ' llxe, 0 (84)

Applying completeness relations (cf. [12, Lemma 3.2] and (78)) we obtain for S, the relation

Eegy,
= QWZ Z {Hv(ui‘ - uih)”i&lm(gﬁ) + k‘ZHUi - uihnig,ﬂ/z(gg)} (85)
J=1 |k|<N
2w 3 b Y Mk — s — (= wB)IE,, )
Ecé&, k| <N

Changing the sequence of summation and employing (31) as well as (38) we are led to

3 =2m Y lu = wiall s < C{ Y e — Wl g, + 3 e — Praell s, |-

Ikl <N kl<1 2<|K<N

At the right-hand side of this estimate, we may apply Theorems 3 and 4 and get

<O Nl o+ 0 Bl )

[k|<N 2<|k|<N

By means of completeness relations (see [12, Lemma 3.2]), the terms on the right-hand
side of this inequality can be bounded by |lu||3- (- This yields
1/2

S < Chllullxz ) < CPIfllxg ) (86)

The assertion of Theorem 5 is a consequence of (81), (84), (86). |

6 Numerical example

For verifying the convergence rate of the Fourier-finite-element method with Nitsche mor-
taring, we consider some BVP of type (6), (7). The meridian domain €2, which generates (2,
is a rectangle with two subdomains Q! = (0,1) x (1,2) and Q2 = (0,1) x (0, 1), cf. also Fig-
ure 6. The right-hand is chosen such that the solution of the BVP (7) is
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u(r, ¢, z) = Zuk(r, z) sinkp, with ug(r,2) = k:_%(r% — 7“%)(22 —22). (87)
k=1

We easily check that u = 0|r, x(—x,» and u € XI/Q(Q) holds.
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For the experiments, the initial mesh shown in Fig- z
ure 6 is used. This mesh is refined globally by divid-
ing each triangle into four equal triangles such that
the mesh parameters form a sequence {hi,ho,...}
given by h;y1 = 0.5 h;, here with six levels. The ra-
tio of the number of mesh segments on the mortar
interface is given by 2 : 3. The mortar parame-
ters (cf. Section 3) are chosen as follows: a3 = 1,
as = 0, and v = 4. The trace &} of the triangu-
lation 7;' of Q! on the interface T is taken to form
the partition &,. Furthermore, for the discretization
with respect to N (the number of Fourier modes for
the approximate solution), we employ five levels N;,
where Ny = 4 and N;y; = 2N, for ¢ = 1,2,3,4
holds.

For the approximate measuring of the convergence rate stated in (79), the hypothesis for
the tests is

Figure 6

lu — upyl|1n.0 = C1h® + CyN~F, (88)

with u from (87) and wuy,y as its approximate solution according to (22). The parameters C}
and C5 are assumed to be approximately constant for two consecutive levels of h and N.
First we investigate the convergence order with respect to the discretization parameter h.
Table 1 shows the approximation error norms e, and e, as well as the observed values
aeps Of the convergence order o on the levels hq,..., hg, all with N = 64. Here, e¢yta
denotes the norm of the total error, that is ||u — upn|l1,n.0 = €total, and ey, is the norm
of the error with respect to h (for fixed N = 64). The latter is used to compute the
values .. We can state that the obtained values of the convergence order are very close
to the theoretically expected value c,, = 1 (cf. Theorem 5).

level Etotal en Qops
hy 1.97376e-1 | 1.97351e-1 -
ho ] 9.96031e-2 | 9.95527e-2 | 0.987
hs | 4.96306e-2 | 4.95293e-2 | 1.007
hy | 2.48453e-2 | 2.46422e-2 | 1.007
hs 1.26857¢-2 | 1.22833e-2 | 1.004
he | 6.90228e-3 | 6.13132e-3 | 1.002

Table 1: Error norms and convergence orders for h = hy,...hg and N = 64

In order to observe the convergence order with respect to N, some computations on the
mesh with the mesh parameter hs; and N varying from N; to Nj are carried out. The
Nnorms ey, and ex as well as the observed values [, of the convergence order 3 are
represented in Table 2 (ey: the error norm with respect to N for fixed h = hs). The
convergence orders [, are computed by means of ey. According to Theorem 5, the
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level Etotal EN Bobs
Ny | 5.62542e-2 | 5.48976e-2 -
Ny | 3.06833e-2 | 2.81175e-2 | 0.965
N3 | 1.88183e-2 | 1.42566e-2 | 0.980
Ny | 1.41588e-2 | 7.04220e-3 | 1.018
N5 | 1.26857e-2 | 3.16992¢-3 | 1.152

Table 2: Error norms and convergence orders for h = hs and N = Ny,..., N5

expected convergence order is (3.,, = 1, and the observed rates are approximately equal
to ﬁexp-

This numerical example illustrates that the Fourier-finite-element method with Nitsche
mortaring is a suitable approach for the numerical treatment of the Poisson equation
in three-dimensional axisymmetric domains where the exact solution is supposed to be
regular, i.e. u € X12/2(Q).
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