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1 Introduction 1

1 Introduction

In this paper we investigate an eigenvalue problem, which has important applications
in optical telecommunications and in integrated optics. To present obtained results we
first introduce the mathematical statement of this problem. We shall use the physical
model and the variational formulation, which are described in detail in the paper [1].
The investigated eigenvalue problem has the following mathematical formulation: find
A= Ap) € A, ueV\ {0}, such that

c(R% u,v) = Md(R*; u,v) Yv eV, (1)

where V = (H'(R?))? is the Sobolev space equipped with the norm

1/2
mm:(/ﬂyMMHmﬁwQ |
RQ

R? is the coordinate plane Ox 2o, x = (71, 25)" € R?, A is an interval of the real axis, the
sesquilinear forms ¢ and d are defined by the formulae:

c(Gyu,v) = /{pRotﬁu'R0t5v+p2Div5uDngv} dx,
G

d(Gyu,v) = /u-@dm.
G

Here 3 is a given positive number, u = (uy, ug,uz) ", v = (vy,v2,v3) ",

ROtﬁ u = (82U3 -+ ’l'/BIU/Q, —’lﬁul — 81U3, 81UQ — 82U1)T,
DiV@ u = Glul + ﬁguz — iﬂu;»,,

0; = 0/0x;,i = 1,2, gradv = (grad vy, grad vy, grad v3) ", grad v; = (Oyvy, Oovy) T, i = 1,2, 3,
U T = uyl; + UsTs + uzl3, [v|*> = |v1]? + |va]? + |v3|?. Define the function p(x) = p(2, x) by
the formula:

| p, e,
s = {2 TSR ®)
where €2 is a given bounded plane domain with a Lipschitz-continuous boundary, €2 may
be disconnected, p; is a positive function from L>(2), ps is a given positive number. Set

pu = ess.inf pi(z), pi2 = ess.suppi(z), pi13(G) = ess.sup pi ().
z€QN €N zelG

Assuming that p;; < pa, p1 < po for almost all x € €, we put
A= (01,02), 01 = 52]911, 02 = 52192-

The guided wave problem (1) has been derived from Maxwell’s equations by eliminating
the electric field [1]. In this case, v = H is the magnetic field, 2 is the core region, the
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exterior domain R?\ Q is the cladding, 3 is the propagation constant, A = k2, k is the
wavenumber, p = 1/n?, n is the index profile, p; = 1/n? z € Q, ps = 1/n%, ny is the
refractive index of the cladding, p;; = 1/n%, ny = ess.sup,cq n(z).

Denote by Dir = {z : x € R? |z| < R} the open disk with center O and radius R.
Assume that ¢; and g9 are positive numbers such that ¢; < @2, q(z) = q(Dg, ) is the
function of the form (2). The guided modes for this case are well known. We can also
compute the eigenvalues \;(q), ¢ = 1,2,...,m, as roots of transcendental equations [17],
[18], [22]. In the general case, to compute eigenvalues of problem (1) we need to apply
numerical methods.

There exists a vast amount of literature on computational methods for solving waveg-
uide problems. Surveys of obtained experimental and theoretical results are contained in
9], [10], [21], [34]. But the existence of guided modes in waveguides of arbitrary cross-
section has been proved only recently in [1], [32].

Bamberger and Bonnet [1] have investigated eigenvalue problem (1) using the operator
formulation Csu = Au with an unbounded self-adjoint operator Cz. Urbach [32] has
analyzed the domain integral formulation with a symmetric bounded noncompact integral
operator in the case of guided electromagnetic waves in anisotropic inhomogeneous guides.
Authors of the papers [1], [32], have proved the existence of at least two linearly independent
guided modes. Bamberger and Bonnet [1] give also a complete description of the dispersion
curves. These questions are studied in Dautov and Karchevskii [5] by applying the spectral
theory of bounded operators.

In the present paper problem (1) is written in the form: find A € A, u € V'\ {0}, such
that

c(R?;u,v) — Nd(R*\ D;u,v) + aod(D;u,v) = (A + ag) d(D;u,v) Yo €V, (3)
where D is a given bounded plane domain with a Lipschitz-continuous boundary, €2 C D,

w={ 2T LG ()

€ =2p11 —po, € € (0,1). In Section 2, we prove the positive definiteness of the sesquilinear
form in the left hand side of equation (3). Then problem (3) is formulated as the eigenvalue
problem: find A € A, u € V' \ {0}, such that u = (A + ap)A(X)u, with the compact self-
adjoint positive definite operator pencil A(u) : V' — V| u € A. In Section 3, applying the
minimax principle for the compact operators in the Hilbert space we obtain a necessary
and sufficient condition for the existence of a preassigned number of linearly independent
guided modes. As a consequence of this result we derive results for comparing eigenvalues
A(p) for various functions p. For example, the following result is proved. Suppose that
Dr C Q, ¢1 = p13(Dg) and ¢o = po, q(z) = q(Dg, ) is the function of the form (2). If
there exist \;(q), @ = 1,2,...,m, then there exist at least m, m > 2, eigenvalues \;(p),
i=1,2,...,m, of problem (1) and \;(p) < Ai(¢), i = 1,2,...,m. In Section 4 we obtain
simple sufficient conditions, which can be easily applied in practice. In particular, we prove
the following result. Suppose that Sg C €2, where Sp is a square with the side length B,
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pl < pd < ... < b <...are numbers of the form 7+/2 + j2, 4,5 = 1,2, ..., enumerated

in ascending order,
1\ 2 1\ 2
2% 1 .
Ay = (E) . A= (E) . i=1,2,...

Define m = max{i : po\) < 09 — 00,4 > 1}, where o9 = (%*py, po = p13(Ss). Then
problem (1) has at least m, m > 2, real eigenvalues of finite multiplicity A\; = \;(p),
1 = 1,2,...,m, which are repeated according to their multiplicity: o1 < Ay < Ay <

. < A < 0y. Similar results have been established in [30] for the scalar equation of
the weak-guidance approximation. In this paper the analysis analogous to [26] is applied.
In Section 5 we propose the equivalent formulation in a bounded domain for problem (1)
and suggest an efficient method for solving the problem. Let us indicate that the proposed
approach uses an eigenvalue problem in a bounded domain, which is equivalent to the initial
eigenvalue problem (1). In contrast to our approach, previous papers (see review [10]) have
applied approaches when the initial eigenvalue problem (1) is reduced approximately to an
eigenvalue problem in a bounded domain. More precisely, we define a variational eigenvalue
problem in a bounded domain, which leads to the differential eigenvalue problem with the
exact boundary condition, and not with approximate one as in previous investigations of
problem (1).

2 Eigenvalue problem with compact operator pencil

By R and C denote the real axis and the complex plane, respectively. Let D be a given
bounded plane domain with a Lipschitz-continuous boundary, 2 C D. Assume that H =
(Ly(D))? is the Lebesgue space equipped with the norm

1/2
el = ([ 1P )
D

Let us define the mappings a : A XV xV — C, b: H x H — C, by the formulae:

a(p,u,v) = (R u,0) — pd(R*\ D;u,v),
b(u,v) = d(D;u,v).

Then problem (3) can be written in the form: find A € A, u € V' \ {0}, such that
a(A,u,v) + agb(u,v) = (A + ap) b(u,v) YveV. (5)

Introduce the following auxiliary linear eigenvalue problem: find y(u) € R, u € V' \ {0},
such that
a(ﬂa U, U) + Qo b(ua U) = (7(“) + aO) b(u> U) VoeV (6)

for fixed parameter p € A.
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It can be directly verified that

a(p,u,v) = {proturot v + pydivudivv + py grad us - grad 03} dx +
R2

+ / (p — p2) (grad ug + ifu)(grad v3 + ifv) dr + (7)
Q

+ ag/u-ﬁdx—l—(ag—u)/ u-vdr,
D R2\D

where u = (uy,uz)", v = (vi,12) ", divu = dyuy + Gaug, Totu = dyuy — Oouy, gradp =

(010, Ba0) T
Lemma 1 Forv eV, u € A, the following inequality holds:

a(p,v,0) 2 ar()|[olly — aollv]lE,

where ag is defined by (4),

ar(p) = min{(1 — €)pu, 01,02 — p}, <0,
s min{p1, &, 3%¢, 00,090 — u}, & >0,

€: 2pll — P2, € € (071)

Proof By (7) we have
a(p,v,v) = / {prot v|* + ps |div v|* + ps |grad vs|*} dz+
R2

eo(v,v) + 03 / of? d + (0 — ) / [of? da,
D

R2\D

where

co(v,v) = /Q (p — po) |grad vs + ipv|* dx.
For this term we obtain the following estimates:
co(v,v) > —2(p2 — p11) /Q {|grad vs|* + B*|v[*} da,
co(v,v) > —(p2 —pn) /Q {lerad vs|* + 3*|v|* + 28|grad vs| - |v|} dx >
> —(pg—pn)/ {|grad v3|* + B*|v[*} dx —

—5p11/|gradvg|2d:)3 p11 i /\v|2d$
ep1
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Substituting the previous estimates in (8), we derive the desired properties:
a(p,v,v) > pn | |gradv|*dx —i—pg/ |grad vs|* da +
R2 R2\Q
—|—§/ lgrad vs|* dz + £3° / |v|* dx +
Q Q

+02/ |lvs|? dx + 02/ Iv|* dz + (o9 — ,u)/ |v* do > (9)
D D\ R2\D

> miﬂ{p117§752§,U2702—M}/ {lerad v|* + [v|*} dz =
R2
= ai(wvlli, €>0,
a(p,v,v) > pu/ |gradv|2dx—|—p2/ |grad vs|? da +
R? R2\Q

+(1 — 5)p11/ lgrad vs)? dz + (07 — ag)/ lv|* dx +
Q Q
—l—ag/ lvs|? da + 02/ Iv|*dx + (o9 — ,u)/ |v]? dx > (10)
D D\ R2\D

min{(l—e)pu,al,ag—u}/ {|grad v|* + [v]*} dx—ozo/ lv]* dx =
R? D

= aa(Wllvlli —aollvll, € <0.

v

O

According to Lemma 1 we obtain the positive definiteness of the sesquilinear form in
the left hand side of equation (6), i.e.,

a(p,v,v) + agb(v,v) = en(p)|vlli; Vv eV
for fixed € A. Moreover, it is easy to get the boundedness property:
a(p, v,v) + agb(v,v) < agl|v|li; Yo eV

for fixed p € A, g = max{py, 09 + ap}. Therefore, one can define the self-adjoint positive
definite operator A(u) : V' — V by the following equality:

a(p, A(p)u,v) + agb(A(p)u,v) = blu,v) Yu,v €V

for fixed parameter u € A. Because H'(f2) is compactly embedded in Ly(2), the operator
A(p) : V — V is compact self-adjoint positive definite operator in the Hilbert space V.
Now we rewrite problems (5) and (6) in the following operator forms:
find A € A, uw € V' \ {0}, such that

u= (A4 ap) AN, (11)
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find v(p) € R, u € V'\ {0}, such that

u = (v(n) + o) A(p)u (12)

for fixed parameter p € A.

Using spectral theory of self-adjoint compact operators in the Hilbert space [2], we
obtain that problem (12) has a denumerable set of real eigenvalues of finite multiplicity
ve(w), k= 1,2,..., which are repeated according to their multiplicity, such that

—ao <m(p) <) <. <y(p) <oy limog(p) = oo
The following minimax principle holds:
Ye(p) = min  max alp, v,0) E=1,2,..., (13)

WiCV vew\{0} b(v,v) ’

where p € A, Wy is k-dimensional subspace of the space V., k =1,2,...
Now we can define eigenvalues of problem (11) or (5) as roots of the equations:

=) =0, k=12, (14)

Thus, the question on the existence of eigenvalues of problem (5) or (1) is the existence
question of roots of equations (14).

3 Existence of eigenvalues

First we shall study properties of the functions vx(u), k = 1,2, ...

Lemma 2 The functions yx(p), o € A, k = 1,2,..., are continuous nonincreasing func-
tions.
Proof The assertion of this lemma follows from minimax principle (13). O
We set
\01) = lim P y \O2) = lim i y Z:1,2,
vilo) = lm o qi(u), v(oz) = lim o yilp)

Lemma 3 The following inequalities hold: (o) > 01, k=1,2,. ..
Proof The desired inequalities follow from minimax principle (13) and the relations:

a(oy,v,v) =
= c¢(R*%v,v) — 01 d(R*\ D;v,v) >

> pu/ {|Rotg v|* 4+ B*|Divgv|*} dx — 01/ lv]? dx =
R2 R2\D

:pn/ {|grad v|* + B*v]*} dx—al/ lv]* dx =
R2 R2\D

= pn/ lgradv|* dx + o1b(v,v) >
R2

> 01b(v,v)
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for all v € V' \ {0}. O

Lemma 4 The following inequalities are valid: ~v(03) < y2(02) < 3.

Proof For D C D,, 0 <r < R, we introduce the function

1, x € D,,
log |z| — log R
=4 ——, x€ Dr\ D,
#r() logr — log R ’ 7\
0, r € R?\ Dg,

and define the subspace
Wa(pr) ={w:w = (5190R752S0R70)T7 (51752)T S (CQ}-

According to minimax principle (13), we obtain the relations

) . a(p, v,v)
= min max —————
T2 W2CV veW2\{0} b(v,v)

x
veWa(pr)\{0} b(v, )
< oy + #r(p)

with

) = (27Tp2 (16 2) 5 [ pre =) m«?) ,

where u € A, |D| denotes the area of the domain D. Consequently, by taking R large
enough and o9 — p small enough, we obtain sg(u) < 0 and, therefore, v;(02) < Y2(09) <

Y2(1) < 02 + s2p(p) < 0. =

Lemma 5 The following relations hold: ~(o2) — o0 as k — oo.

Proof The numbers v4(02), k = 1,2,..., are eigenvalues of the following problem: find
n € R, ue W\ {0}, such that

a(027 u, U) + Qo b(u7 U) = (77 + Oé()) b(“? U) Vv € VV:

where W denotes the Sobolev space equipped with the norm

1/2
lv|lw = (/ \gradv[2d$+/ |v[2dx> )
R2 D

Since 7, — 00 as k — 00, we obtain the assertion of the lemma. O

Now we formulate the main result of the paper.
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Theorem 6 Let m = max{i : v;(02) < 09,7 > 1}. Then
(a) Problem (1) has ezactly m, 2 < m < oo, real eigenvalues of finite multiplicity
Xi = XNi(p), i =1,2,...,m, which are repeated according to their multiplicity:

0—1<)\1§/\2§---§)\m<0—27
i.e., if for 1 <1 < m we have
Aic1 <A = Aig1 = o= A < Ay,

with \g = 01, Amy1 = 02, then dimU(N\;) = k + 1, where U(N;) is the eigensubspace
corresponding to the eigenvalue \;.

(b) Each eigenvalue X;, 1 < i < m, is a unique root of the equation p — (1) = 0,
1 <1< m. The following relations hold:

A
Ar = min  max w, k=1,2,...,m,
WiV veWi\{0}  b(v,v)
where Wy, is k-dimensional subspace of the space V, k=1,2,...,m.
(c) The corresponding eigenelements vV, i = 1,2,...,m, form a orthogonal system in

(Ly(R?))3 such that
/ u® D dy =65, i j=1,2,...,m.
R2

Proof By Lemmata 2 and 3 each equation of the set

M—’Yk(ﬂ)zoa MEAa k:1727"'7m7

has a unique solution. Denote these solutions by A;, i = 1,2,...,m, i.e., A\; — vi(N\;) = 0,
1 = 1,2,...,m. Applying Lemmata 4 and 5 we get 2 < m < oo. To check that the
numbers \;, 2 = 1,2,...,m, are put in a nondecreasing order, let us assume the opposite,

i.e., \; > A\jy1. Then, according to Lemma 2, we obtain a contradiction, namely
Ai = %(Ai) < 7i(Aiv1) < Yirr (A1) = Aiga,

As was noted in Section 2 the numbers \;, i = 1,2,...,m, are eigenvalues of problem (1).
Let us prove if A\;_1 < A\ = Nio1 = ... = Nk < Niwgy1, then dimU(\;) = k + 1. Since
N=7i(N), j=14,i+1,...,i+k, we have

Yie1(Ni1) < %(Ai) = -0 = Yigk (Nir) < Vighrr(Nigrs1)-
Now by Lemma 2 we get
Yie1(Ai) < Yi(Ni) = o = Yigr(Ai) < Yigrgr (M)

Hence 7;(\;) is the eigenvalue of problem (6) for y = \; and dim Uvi(\)) = k + 1,
where U(7;(\;)) is the eigensubspace corresponding to the eigenvalue v;(\;). Therefore, we
conclude that dim U (\;) = dim U (y;(\;)) = k + L.
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It is well known that the eigenelements u(® and u") of problem (1) corresponding to
the eigenvalues )\; and \; for \; # \; are orthogonal in (L(IR?))®. For each eigensubspace
UN), dmUN) = k+1, Aoy < N = Aiv1 = ... = Mgk < Aigrs1, one can define
orthogonal in (Ly(R?))? system of eigenelements ul ), j=id,i+1,...,i+ k. Thus we
have constructed the orthogonal in (Ly(R?))? system of eigenelements u(?, i = 1,2,...,m,
corresponding to the eigenvalues \;, t = 1,2,...,m. O

Theorem 6 states the necessary and sufficient conditions for the existence of a pre-
assigned number of eigenvalues of problem (1). These conditions contain the values
nY = (o), i = 1,2,..., which can be calculated by numerical methods (Remark 21).
Using minimax principle (13) we can construct more simple sufficient conditions formu-
lated in the following corollaries.

Corollary 7 Suppose that Qy C Qp, pM(2) = p(Qy, z) and p@(z) = p(Qy, z) are the
functions of the form (2), p® > pM) | there exist \i(p'?), i =1,2,...,m. Then there exist
at least m eigenvalues \i(p™"), i = 1,2,...,m, and the following inequalities hold:

X)) < N(p?), i=1,2,...,m. (15)

Proof Assume that Q; € D and consider problems (5) and (6). Denote by ~,;(p"), ),
i=1,2,..., the eigenvalues of problem (6) corresponding to the function p¥), j = 1,2. If
Ni(p?),i=1,2,..., m, exist, then the numbers \;(p?), i = 1,2,...,m, are the roots of the
equations p — v;(p®, 1) = 0, i = 1,2,...,m. Therefore, v;(p?,09) < 09,7 =1,2,...,m
By minimax principle (13) we obtain

Yi(pW, 02) < 7P, 00) <oy i=1,2,...,m.
Hence the equations pu — v;(p™™, u) = 0, i = 1,2,...,m, have the roots \;(pM), i =
1,2,...,m. O

Corollary 8 Suppose that Dr C Q, ¢ = p13(DR), g2 = p2, q(x) = q(Dg, ) is the function
of the form (2), there exist \i(q), i = 1,2,...,m. Then there ezist at least m eigenvalues
Ai(p), i =1,2,...,m, and the following inequalities hold:

Ailp) < Ni(q), i=1,2,...,m. (16)

Proof The assertion of the corollary is a consequence of Corollary 7. O

Note that Corollary 8 is very important for practice because we may calculate eigen-
values \;(q), i = 1,2, ..., m, by the analytical method [17], [18], [22].

Corollary 9 Suppose that Qg is a given bounded plane domain with a Lipschitz-continuous
boundary Ty, Qo C Q, pO(z) = pO(Qq,x) is the function of the form (2), p© > p,
N = m(p(o)), 1=1,2,..., are the eigenvalues of the following problem: findn = n(p(o)) €A,
u € Vo \ {0}, such that

c(Qo; u,v) = nd(Qo;u,v) Yo €V,
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where Vo = (H3(Q0))? = {v : v € (H ()3, v|r, = 0}, the sesquilinear forms ¢ and d
are defined in Section 1 by using the function p©. If n,, < 0., then there exist at least m
real eigenvalues of finite multiplicity \;(p), i = 1,2,...,m, which are repeated according to
their multiplicity, and the following inequalities hold:

Ailp) <mi, i=1,2,...,m.
Proof By minimax principle (13) we get
Yilp,oo) <my <oy i=1,2,...,m,

where 7;(p, i) is defined in the proof of Corollary 7. Hence the equations u — ~;(p, u) = 0,
i=1,2,...,m, have the roots \;(p), 1 = 1,2,...,m. a

Corollary 10 Let m = max{i : v;(0) < 09,1 > 1}, 0 € (01,02). Then problem (1) has
at least m, 2 < m < oo, real eigenvalues of finite multiplicity \; = N\i(p), i = 1,2,...,m,
which are repeated according to their multiplicity:

01<)\1§>\2§-"§)\m<6'

Proof By the definition of the number m and Lemma 2, we get the relations 7;(0g) <
7i(0) < 09,1 =1,2,...,m, which with Theorem 6 imply the desired result. O

4 Simple sufficient conditions

Let €y be a given bounded plane domain with a Lipschitz-continuous boundary I'y, 2y C €.
Assume that Vo = (H}(Q0))? = {v : v € (H'(Q0))?, v|r, = 0} and Hy = (L2(£y))?* are
the Sobolev and Lebesgue spaces equipped with the norms

1/2 1/2
||v||vo—( |gradv|2dx) , HvHHO—( |v|2dx) .
QQ QO

Let us define the mappings ag : Vo X Vo — C, by : Hy X Hy — C, by the formulae:
ap(u,v) = / gradu - grad v dz,
Qo
bo(u,v) = / u-vdz.
Qo

Here we denote v = (vi,v2)", gradv = (gradvy, gradvy)’, u -V = w0 + ug®y, |v[> =
|U1|2 + ’U2|2.
Let us introduce the following linear eigenvalue problem: find \° € R, u € Vg \ {0},
such that
ap(w, v) = \bo(u,v) Vv € V. (17)
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Problem (17) has a denumerable set of real positive eigenvalues of finite multiplicity AY,

k=1,2,...,[2], which are repeated according to their multiplicity, such that
D<A <A< ... <A< l}LIEOAg:oo.

The following relations hold:

A = min  max M, kE=1,2,...,
WCVoveW\{0} by(V, V)

where Wy, is k-dimensional subspace of the space Vo, k=1,2,...
Theorem 11 Let m = max{i : p\! < 09 — 09,1 > 1}, where o9 = %po, po = p13(Qo)-
Then problem (1) has at least m, 2 < m < oo, real eigenvalues of finite multiplicity
Ai = N(p), i =1,2,...,m, which are repeated according to their multiplicity:

o< A< <. . <\, <o

Moreover, assertions (b) and (c) of Theorem 6 are valid.

Proof Taking into account minimax principle (13) and representation (7), we obtain

( ) : a(u,v,v)
= min max B ———
TR WiCVveWi\{0} b(v,v) —

< min max “Ue0Y)

Wi, CVo veW,\{0} b<vv U)

. . ag(v,v)
o min max —————— =
0 P2 W CVo veW\{0} bO <V7 V)

IA

= 00+ P2}
where
Vo={v:v=(v,v,0)",v € V,u(x) =0,2 € R?\ Q}.
Hence the relations vy (02) < 0g + p2A) < 0y imply the condition po\? < 9 — 0¢. Thus by
Theorem 6 we get desired assertions. O

For z = (21,22)" € R? we set

Dr(z) = {z:2€R? |z —z| <R},
Sp(z) = {:r:x:(xl,xg)TGRZ,zi<xi<zi+B,i:1,2}.

The formulae for eigenvalues of the Laplace operator in a disk or square [33] are well
known. Using these formulae in Theorem 11 we can derive simple sufficient conditions for
the existence of eigenvalues of problem (1). Below we indicate examples of simple formulae
for eigenvalues of problem (17).
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Remark 12 Let Qy = Dg(z), Q C Q, R is a fixed positive number, z € R?, 1, k =
1,2, pd <pd < ... <ud < ... are the positive roots t,;, n = 0,1,..., 7= 1,2,...,
enumerated in ascending order, of the equations J,,(t) =0, t € (0,00), n = 0,1, ..., where
J,(t) is the Bessel functions of first kind of order n, n =0,1,... Then

A% A%
A;4:(é), A%:(é), i=1,2,...

Remark 13 Let Qy = Sp(z), Qo C Q, B is a fixed positive number, z € R? ul k =
1,2, < pd < ... < pup < ..., are numbers of the form m\/i® + 52, 4,5 = 1,2,...,
enumerated in ascending order. Then

Remark 14 Let

where

DRZ((Z(Z)) N DRj ((Z(])) = @
SBz(b(Z)>mSBJ<b(J)) = (2)7 Z#]a Z?j: 1727"-7n17
D (@) N 55 (00) = 0

i i:1,2,...,n0, j:1,2,...,n1,

Q0 CQ Ryi=1,2,...,n9 Bj, j =1,2,...,n, are fixed positive numbers, o € R?,
i=1,2,...,n, b9 € R?, j=1,2,...,ny. Here for a domain G with the boundary I" we
define G = G UT'. Denote

110 2 110 2
0,j i 0,j i - :
7722]—1:(?]) ) T]Qz]:(ﬁj) ) Z:1727"‘7 j:1727"'7n0a
1\ 2 1\ 2
1,j Hy 1, 125 . .
UQZ]—IZ(E> ) 7721]:(51) ) Z:1727"'7 ]:1727"'7n17
where p2, pi, k=1,2, ..., are defined in Remarks 12 and 13. Enumerating the numbers
e i=1,2,..., jr=1,2,...,n4, k=01,

in ascending order, we obtain the sequence \?, i = 1,2, ...
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5 Eigenvalue problem in a bounded domain

Assume that Q C Dp and put Vg = (H'(Dg))?, Hr = (L2(Dg))?. Let us denote by T’
the boundary of Dg and by 0, the outward normal derivative on I, i.e., 0, = grad ¢ - v,
where v = (v1,15)" is the unit outward normal to T.

Applying the following representation for the sesquilinear form c:

c(R*u,v) = c1(Dp;u,v) + co(R*\ Dg;u,v),
a(Gyu,v) = /(p — p2) Rotgu - Rotgvde + co(G;u, v),
G

o (Gyu,v) = pQ/{gradwgradE—FﬁQu-F} dx,
G

we write problem (3) for D = Dpg in the equivalent form: find A € A, u € V '\ {0}, such
that

c1(Dr;u,v) + c2(R?\ Dg;u,v) — Ad(R?*\ Dg;u,v) + apd(Dp;u,v) =

(18)
= (A4 ap) d(Dpg;u,v) YveV.
To transform equation (18) in the unbounded domain R? to an equation in the bounded
domain Dpg, let us note that the eigenelement u of problem (1) satisfies the following
equation [1]:
~Au+oc’u=0, z¢€R*\ Dg, (19)

where 0 = g(\) = /(02 — A)/pa, A € A. This equation is the consequence of equation
(18).
The solution of equation (19) is defined by the well known formulae [19]:

. - Kn<0'7”) inp
u(rcos @, rsinp) = nzz_oo K.(0R) an(u)e™?,
1 o
an,(u) = - /u(Rcoscp, Rsinp)e "™ dp, n=0,+1,42,...,
T
where K, (t) is the modified Bessel function of order n, n = 0,+1,£2,... Hence one can

obtain the explicit formula for the normal derivative d,u on I' of the eigenelement w:

1 < .
dyu|p = a—u(rcosgp,rsincp) =—— Z H,(o0R) a,(u) e™?,
r r R~
where
Ky -1 (t
Hn(t):|n|+tm n=0+1,42, ...

K (t)
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Then for the term from (18) containing the integral over R? \ Dy, we get the following
representation:

c(R*\ Dg;u,v) — Ad(R?\ Dg;u,v) =

:pg/ {gradu-grad@+ﬁ2u-6} d:):—)\/ u-vdr =
R2\Dp R2\Dpg

:pg/ {gradu-gradi—l—oQu-E} dx =
R2\Dp

_pQ/ (—Au+02u)-de—pgf&,u-ﬁdfy—
R2\DR T

= —pg/&,u-ﬁdvz
r

=2mpy Y Hu(oR)an(u) - an(v).

n=—0oo

Define the mapping s : A x Vg x Vg — C, by the formula:

s, 0) = 27py S Ha(0(1)R) an(u) - an(0),

where o(u) = /(092 — 1) /pa, p € A.

Now one can write the following equivalent formulation of problem (1) in the bounded
domain Dpg: find A € A, u € Vi \ {0}, such that

c1(Dr;u,v) + s(A, u,v) + agd(Dg;u,v) = (A + ap) d(Dgyu,v) Yo e Vg (20)

Note that similar approaches of obtaining problems in a bounded domain have been
applied in the papers [8], [7], [3], [16], [4], for the cases of scalar equations, and in the paper
[5] for the case of the vector equation. In the present paper, for problem (1) we propose
variational formulation (20), which leads to the differential eigenvalue problem with the
more simple boundary condition than in [5].

Introduce the mappings ar : A X Vg x Vg — C, br : Hr x Hr — C, by the formulae:

CLR(,LL,'LL,U) = Cl(DR;U,U)+S(M,U,U)7
br(u,v) = d(Dg;u,v).

Lemma 15 Forv € Vi, u € A, the following inequality is valid:
ar(p,v,v) = vy, — aollvllz,,
where ag is defined by (4),

. { min{ (1 — ¢)p11,01}, £ <0,
! min{p11>€aﬁ2€702}7 5 > 07

€: 2pll — P2, € € (071)
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Proof For fixed number p € A and for fixed function v € Vg, using 9, v|. we can construct
the function v € V, if we define v(z), z € R?\ Dg, as the solution of problem (19) for
= A. Then applying (9) and (10) we get

ar(p,v,v) = c1(Dg;v,v) + s(p,v,v) =

v

>

c1(Dpiv,v) + ¢2(R*\ D;v,v) — pd(R*\ Dpsv,v) =
c(R*v,v) — pd(R?\ Dg;v,v) =
a(p,v,v) >

p11/ |grad v|? dx +p2/ |grad vs|* d +

R2 R2\Q

+§/|gradv3|2dx—|—552/ Iv|*dx +
Q Q

+02/ \v3|2dx+02/ |v[2d$+(02—u)/ lv|* dx >
Dgr Dr\Q R2\Dg

min{p11,5,52§,02}/ {lgrad v|” + [v]*} dz =
Dgr

alolly,, €>0,

CLR(,LL, v, U) - a(lua v, U) >

>

v

pn/ |gradv\2da:—|—p2/ |grad vs|* dz +
R? R2\Q)
+(1 —¢e)pn / lgrad vs|* dz + (01 — ) / |v|? dx +
Q Q
+02/ \vg|2dac+02/ [v|? dx—l—(ag—,u)/ lv|* dx >
Dr Dr\Q R2\Dp
min{ (1 — e)pn,al}/ {lgrad v|* + [v]*} dz — ao/ lv]* dox =
DR DR

anllvlly, — aollvll,, € <0.

O

It is well known [14], [15], that for v € Vi we have v|p € W = (H?(T'))? and there
exists 0 > 0 such that

where

[vllwy, < dllvllv, Vo € Vg,

e}

olli, = D (I +1) laa(v)/*

n=—0oo

Lemma 16 Forv € Vg, u € A, the following inequality holds:

CLR(,U, v, U) < 542(1“)”1}“%/3’
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where

dn (1) = pamax{1, 5°} + 2mpo6”max{1, Ho(o () R)},
o(p) =/ (02 — 1) /p2,

Ho(t) = ¢ 28

Proof Using definitions of sesquilinear forms we get the desired relations:

CLR<,M, U?”) = CI(DR; U?”) + S(:uv v, U) =
— / (p — p2) |Rotg v|* dz —i—pg/ {lgradv|” + 8% |v|*} dx +
Dr Dpg

2mpy Y Hu(o(i)R) |an(v)]* <

+
< pemax{L, 3°}v|[¥;, + 2mpamax{1, Ho(o (k) R)}Hlv][y, <
< (pemax{L, 5"} + 2mpa0”max{1, Ho(o (1) R)}) vll¥;, =
= az(wvll,
O
Now problem (20) can be written in the form: find A € A, u € Vi \ {0}, such that
ar(A u,v) + apbr(u,v) = (A + o) br(u,v) Yo € Vg. (21)

According to Lemmata 15 and 16 we obtain the positive definiteness and boundedness of
the sesquilinear form in the left hand side of equation (21), i.e.,

arl|vly, < ar(p,v,v) + agbr(v,v) < (Gap) + ao)l|vlls, Vv € Vg (22)

for fixed p € A.
Define the sesquilinear forms a% : Vg x Vg — C, 51 : Vg x Vg — C, by the formulae:

agp(u,v) = ci(Dpiu,v) + s1(u,v),
Sl(U,U) = 27Tp2 Z ’n’an(u)an(v)

Lemma 17 The following relation holds: s(p,u,v) — s1(u,v) as p — o2, o € A, u,v €
Vk.

Proof For p € A we have

S(M,U,’l}) = 81(“7 U) + 32(#7“7”)7
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where
- Kipj-1(o(p)R)
So(p, u,v)| = 27mp o(p)R an(u) - ay(v)| <
< 2mpy Ho(o () R) ||ullwg l[v]lwy-
Since Hy(o(n)R) — 0 as pu — o9, so(p,u,v) — 0 as p — 0. O

Introduce the linear eigenvalue problem: find n° € R, u € Vx \ {0}, such that
a%(u, v) + ag br(u,v) = (0° + ag) br(u,v) Vv € V. (23)
It can be easily show that

al|[vlly,, < ag(v,v) + a0 br(v,v) < azllvlly, Vv € Vi, (24)

where of = a1, o = pomax{1, 3?} + 27psd2. Therefore, problem (23) has a denumerable
set of real eigenvalues of finite multiplicity 79, & = 1,2, ..., [2], which are repeated according

to their multiplicity, such that

—ap <l <y <. < <., lim gy = oo

k—oo

Lemma 18 The following relations hold: vi(j) — ) as p — o9, p € A, k=1,2,...

Proof The assertion of the lemma follows from minimax principles for eigenvalues 7 (1)
and ), k=1,2,... O

The following theorem states the necessary and sufficient condition for the existence of
eigensolutions of problem (1) in terms of eigenvalues of the linear eigenvalue problem (23)
in the bounded domain Dpg.

Theorem 19 Let m = max{i : 1) < 09,7 > 1}. Then the results of Theorem 6 are valid.

Proof By Lemma 18 we obtain that vx(02) = 1y, k¥ = 1,2, ... Therefore, the assertion of
the theorem follows from Theorem 6. O

Remark 20 To solve problem (21) one can use the finite element method in a bounded
domain. The abstract convergence results of the finite element method for problem (21)
are presented in the papers [23], [24], [25], [26]. The matrix nonlinear eigenvalue problem
of the finite element method [26] has the form: find A € A, y € RY \ {0}, such that

ANy = (A + ag) By (25)

with large sparse symmetric positive definite matrices A(A) and B of order N. Since the

functions f,, (1) = Hp(R\/(02 — p)/p2), n € A, n = 0,£1,+2, ..., are decreasing functions,
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the matrix function A(u), u € A, has the monotonicity property (A(u)y,y) > (A(n)y,y)
for <, p,m € A,y € RY. By (22) we get the inequalities:

a1(Cy,y) < (A(wy,y) < (Go(p) + ao)(Cy,y) Yy € RY, (26)

where p € A, the matrix C' is the finite element matrix for the differential operator L
defined by Lu = —Awu+u in the bounded domain Dg, u = (uy, ug, u3) ", Au = d3u+03u. It
follows from (26) that the matrices A(u) and C' are spectrally equivalent [6]. Therefore, the
matrix C can be chosen as the preconditioner for A(u). Efficient preconditioned iterative
methods for solving large monotone nonlinear eigenvalue problems of the form (25) have
been suggested in the papers [27], [28], [29], [30], [31].

Remark 21 The finite element method for linear eigenvalue problem (23) leads to the
matrix linear eigenvalue problem: find n € R, y € RY \ {0}, such that

Agy = (n+ ap)By

with large sparse symmetric positive definite matrices Ay and B of order N. This problem
can be solved by efficient preconditioned eigensolvers suggested and investigated in the
recent papers [20], [11], [12], [13]. Relations (24) imply the following properties:

a(Cy,y) < (Aoy,y) < a5(Cy,y) Yy € RY,

where the matrix C is defined in Remark 20. Hence the matrix C can be chosen as the
preconditioner.

6 Conclusion

This paper presents a theoretical investigation of an eigenvalue problem describing the
guided modes of an optical fiber. We consider the questions on the existence of eigenvalues
and eigenfunctions and study their properties. We propose the statement of the problem in
a bounded domain with the exact boundary condition and show that this problem belongs
to the class of monotone positive definite nonlinear eigenvalue problems. This allows to
apply the finite element method for solving the problem and to use the theoretical results
on the convergence and error estimates obtained by the author in the previous papers.
The finite element method leads to a monotone nonlinear matrix eigenvalue problem with
large sparse matrices. We show that for solving this matrix eigenvalue problem one can
apply efficient preconditioned iterative methods, which have been suggested in the previous
papers of the author.
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