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Abstract

We consider a posteriori error estimators that can be applied to anisotropic tetra-
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derived which are both based on some recovered gradient. Two different, rigorous
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1 Introduction

Several classes of boundary value problems intrinsically give rise to solutions that exhibit
lower dimensional, anisotropic behaviour. Such anisotropic solutions show little variation
in certain space directions but much variation otherwise. For example, singularly per-
turbed problems often result in solutions with boundary layers. Even the solution of the
Poisson problem in three space dimensions is generically anisotropic along some concave
edge, see also the numerical experiments of section 5. Within the finite element method,
such anisotropic solutions can be favourably resolved with anisotropic meshes. By this
we understand meshes with stretched elements which are characterized by an unbounded
aspect ratio, i.e. the ratio of the diameters of the circumscribed and inscribed sphere can
be arbitrarily large.

Our emphasis is on error estimators which form a basis of any adaptive solution al-
gorithm. The theory of error estimation in nowadays well established for conventional,
isotropic meshes (i.e. where the aspect ratio of the elements is bounded). The books
[ , | provide a comprehensive and useful overview of the state of the art.

On anisotropic meshes the error estimation theory is much less developed. Recently
the intensive research has led to several estimators that can be applied to different bound-
ary value problems as well as norms, see | , , , , , ,

|. Exemplarily we mention residual error estimators and local problem error estima-
tors for the Poisson problem or a singularly perturbed problem; the error can be estimates
in the energy norm or in the Ly norm.

There is one popular estimator for isotropic meshes that did not have yet a counterpart
for anisotropic meshes. This so—called Zienkiewicz-Zhu (ZZ) estimator has been invented
in | ] and later been improved in [ |; many more variants have been developed
since. The basic idea consists in computing an improvement of the gradient of the nu-
merical solution by some post—processing procedure. The difference between this so—called
recovered gradient and the original gradient serves as error estimator. This idea of ZZ error
estimation has been very appealing and popular in the finite element community since

e the estimator is comparatively cheap because a recovered gradient is often computed
anyway,

e the estimator is astonishingly robust (in numerical experiments) for a wide range of
problems, see e.g. | : ].

Our work here is devoted to the extension of the ZZ estimator to anisotropic meshes.
We start with a recapitulation of the existing isotropic analysis and discuss their suitability
for anisotropic meshes. The theoretical approaches to ZZ error estimators (on isotropic
meshes) can be divided roughly into three classes:

e proving equivalence to residual error estimators,
e utilizing superconvergence properties,
e minimization approach.



2 1 INTRODUCTION

Each of these approaches will now be discussed briefly.

FEquivalence to residual error estimator: Here the ZZ error estimator is proven to be equiv-
alent to a residual error estimator, thus transferring reliability and efficiency to the first
estimator. This approach goes back to | | and is repeated in | , section 1.5].

In our paper these ideas will be generalized to anisotropic meshes. Of course several
modifications and extensions are necessary:

e Although some recovered gradient is still applied, it is now scaled with weights that
depend on the stretching directions (i.e. the alignment) of the anisotropic elements.

e The anisotropic meshes have to meet additional requirements which are due to the
anisotropy. These requirements roughly mean that the anisotropic meshes should not
be totally unstructured but instead obey some ‘sensible’ geometrical principles. These
demands also seem reasonable in the light of superconvergence properties discussed
below.

Superconvergence approach: It forms the basis of most proofs concerning ZZ estimators.
Exemplarily we refer to | | and the citations therein. In suitable, specialized settings
even asymptotic exactness of the (global) ZZ estimator can be shown. This requires

e comsistence, localization, boundedness and linearity of the recovery operator and
e a superconvergence property of the finite element scheme.

Unfortunately the superconvergence approach inherits two drawbacks. Firstly, the theo-
retical analysis requires very specialized meshes which are rarely found in practice (e.g. in
adaptive refinement procedures). Secondly local equivalences cannot be proven.

The application of such a superconvergence analysis to anisotropic meshes is unclear
up to now. Superconvergence results are not known for general meshes but only for special
Shishkin or Shishkin—type meshes, see | , ]. For example, | ] prove a certain
kind of superconvergence for 2D Shishkin—type meshes consisting of axiparallel rectangles,
bilinear finite elements, and a singularly perturbed reaction—convection—diffusion problem
in the unit square. Most likely the results can be employed to define a ZZ estimator, even
if this is not presented in the aforementioned work.

Summarizing, we do not pursue the superconvergence approach because of the high
demands on the meshes which are hardly consistent with anisotropic solutions.

Minimization approach: A third kind of analysis utilizes a close relation between the
77 estimator and a minimum formulation, cf. | , |. It allows to investigate
general averaging operators which define the estimator, and it avoids superconvergence
assumptions. The resulting error bounds involve so—called ‘higher order terms’ that contain
the unknown solution. Hence these bounds can only be interpreted in an asymptotic sense.
Moreover the constants in the reliability result depend on the shape of the finite elements.

After presenting different techniques to analyse ZZ estimators, we will consider from
now on exclusively the first approach, namely the equivalence to a residual error estimator.
As it has been explained, this analysis seems most promising for anisotropic meshes.



The outline of this paper is as follows. The model problem, some main notation as well
as the assumptions on the mesh are introduced in section 2. In section 3 we first recall
a known residual error estimator that is required for the subsequent analysis. Afterwards
two kinds of ZZ error estimators are derived and rigorously analysed. The first estimator
is based on a global projection property which corresponds to a particular choice of the
underlying recovered gradient. The second ZZ estimator is an improvement because the
recovered gradient can be defined with arbitrary weights. Our novel analysis additionally
yields local element—wise estimates. Section 4 is devoted to a detailed examination of the
mesh assumptions. The numerical examples of section 5 complement and confirm the
theoretical analysis.

2 Model problem and notation

2.1 Model problem

Consider a Poisson model problem with homogeneous Dirichlet boundary conditions in a
polyhedral domain Q ¢ R?, d = 2, 3:

—Au = f in (1)
u = 0 on I'p := 00.

Our analysis is presented for three dimensional domains (d = 3); the application to two
dimensional domains (d = 2) is readily possible. The corresponding variational formulation
reads

; 1 . _ 1
Find u € H,(Q) : /QVUVU = /va Yve H)(Q) (2)

where H!(2) denotes the usual Sobolev space of functions that vanish on I'p. For f €
Ly (£2) problem (2) admits a unique solution due to the Lax—Milgram lemma.

In order to discretize (2), let F = {7},} be a family of triangulations 7, of 2. We assume
a conforming triangulation (cf. | , Chapter 2|) that consists of tetrahedra (d = 3) or
triangles (d = 2). Let V, C H}(Q) be the finite element space of piecewise affine linear
functions on 7;, that vanish on I'p. The finite element solution u; is uniquely obtained via

Find Uup € Vh : / Vuh VU}L = / f’l)h V"Uh € Vh . (3)
Q Q

2.2 Notation

The following paragraphs now introduce most of the notation required. For some domain
wC R*orw CR*let || ||y := |||z, be the usual Ly(w) norm. The space of polynomials
of order at most k is denoted by P*(w). For some (column) vectors v, w let (v, w) be the
Euclidean scalar product and |v| := (v,v)/? be the Euclidean length. Instead of x < c-y
or 1y < = < ¢y (with positive constants independent of x,y or 7;,) we use the shorthand
notation z < y or x ~ y, respectively.



4 2 MODEL PROBLEM AND NOTATION

The next paragraph presents notation that is related to the triangulation 7; and its
elements. Tetrahedra are denoted by T,T” or T;, faces are denoted by E, and nodes of
75, are denoted by z. Next, define nodal sets Ny, N, Ny that contain all nodes of a
tetrahedron T, a face F, or of Q (i.e. including boundary nodes), respectively. Let £q be
the set of all interior edges (2D) or faces (3D) of Q. For a node x we introduce a local
neighbourhood patch wy = Uy, Ny I C R?® which is the union of all tetrahedra having
this node. Similarly for some face E let wy C R? be the union of both tetrahedra having
this face (with obvious boundary modifications). For a tetrahedron T', a face F or a patch
w; set |T'| = measz(T), |E| = measy(F) or |w,| = meassz(w,), respectively (the distinction
from the Euclidean vector length is obvious from the context).

The four vertices of an arbitrary but fixed tetrahedron T' € 7}, are temporarily denoted
by P, ..., Pssuch that PyP; is the longest edge of T', measy (A Py Py Py) > measy(APy Py Ps),
and meas; (P Py) > meas;(PyP;). Additionally define three pairwise orthogonal vectors P,
with lengths h; p := |]_7iT|, see figure 1. Observe hyp > hor > hsp and set 7

hmin,T = 'min hi,T = h37T
1=1...3
The matrix Cp € R is defined as

Cr = (BI,T’]_)Q,T’Z_)&T) '

and describes (roughly speaking) the anisotropic orientations of the tetrahedron 7.

Figure 1: Notation of tetrahedron T

For a face E of a tetrahedron T let
hE,T = 3‘T|/’E‘

be the length of the height over £/ in T'. Note that hg r is not the diameter of E, as in the
usual convention.

The quantities A, r and hgr are associated with a tetrahedron T'. Often it is more
convenient to utilize equivalent data that are related to a face E or node x. To this end



2.3 Mesh requirements )

define averaged terms by

hE = (hE7T1 +hE,T2)/2 for E:TlﬂTg
hing = (hming, + Rmint,)/2 for £ =T, N7
1 1
hi,x = ﬁ Z hi,T hmin,a: = E Z hmin,T s
TCwg TCwy

where n is the number of elements 7" in w,. Note that h,, g is not the minimal dimension
of the face E. For boundary faces £ C 092 modify hg := hgr and Apin g := Rumin,r, Where
JT O E.

Next consider an arbitrary interior face . Let ny be any of the two unit normal vectors
for E, and keep it fixed from here on. For a piecewise continuous (scalar or vector valued)
function v denote by [v] 5 the jump of v across E in the direction ng. Let 0,,,v := ng- Vv
be the (unitary) directional derivative. Note that the orientation of ny influences terms
like [v] ; but not [0,,v] 5.

2.3 Mesh requirements

In addition to the usual conformity conditions of the mesh (see Ciarlet | , Chapter 2])
we demand the following assumptions.

(A1) The number of tetrahedra containing a node z is bounded uniformly.

(A2) The dimensions of adjacent tetrahedra must not change rapidly, i.e.

hi,T’Nhi,T \V/T,T/WIthTﬂT/%w,lzld

(A3) For each node z there exists a matrix C, € R**? such that

Co | ~ |C7'| Vo e REVT C w,

(A4) An assumption on the shape of each element:
ICrlng| ~ hgly  VECOT
(A5) The L, projection is stable in the sense of | , Section 4]. For self-containment

we repeat the definition given there. Start with two (distinct) elements T4, T, € 7,
and define their (topological) edge distance by

[(T1,T,) := 1+ minimal number of edges of any edge path connecting 7} and T5.

Set I(T,T) := 0. Note that in both the 2D and 3D case the edges count. Next, for a
given element T introduce neighbourhood (ring) patches by

Rp(T) :={T": (T, T) = k}, keN
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Then assumption (A5) is satisfied if there exist positive constants ¢y, ¢, , 3,7 such

that
hminy [ Pmint, < €1 - 1) V1, T, € Ty
card(Rp(T)) < ¢y- k" gk VT €Ty, Vk € Ny (4)
0B < {\/§+\/§ ~ 3.146 if d =2
(3++5)/2 ~ 2618 if d=3.
The mesh assumptions (A1) and (A2) imply several convenient equivalences.
(A2) = hi,m ~ hi,T VT Cuw,
(A2) = hmin,x ~ hmin,T VT Cw,
(A2) = hmin,:c ~ hmin,E VE:x € NE (5)
(A1)+(A2) = 7| ~ |wgl VT Cw,

Furthermore, with the help of (A2) and (A3) we can rewrite assumption (A4) as
|IC g ~ hy' VE:zeNg : (6)

Remark 2.1 The mesh assumptions are scrutinized in detail in section 4. Here some
remarks may facilitate the understanding.

Assumption (A3) roughly means that there exists a transformation C; ' which maps the
patch w, onto an isotropic patch of size O(1).

Assumption (A4) roughly demands for an anisotropic tetrahedron that small faces are
almost perpendicular to long edges, depending on the aspect ratio.

Finally the stability assumption (A5) is only a sufficient condition to derive the residual
error estimation. Recent research [ , , | suggests that the restrictions of
(A5) can be weakened; some results of the aforementioned work already apply to our setting
here.

2.4 Matching function

Reliability and efficiency are highly desirable properties in a posterior:i error estimation.
They basically mean that the error ||u — wuyl|+« (in some suitable norm) can be bounded
from above and below, respectively, with constants independent of u, uy or 7j,.

Most standard error estimators on isotropic finite element meshes are reliable and effi-
cient at the same time, cf. | ) |. Unfortunately the situation is much less obvious
on anisotropic meshes. The analysis as well as numerical experiments strongly suggest
that reliability and efficiency cannot be achieved simultaneously on arbitrary anisotropic
meshes. However if the anisotropy of the solution is sufficiently well aligned with the
anisotropy of the mesh then one can expect both properties at the same time. Intuitively
all applications of anisotropic finite elements follow this concept: an element should be
stretched in that direction where the function (or more precisely, its derivative) exhibit
little variation.



In order to measure the alignment of an anisotropic mesh 7;, with an anisotropic func-
tion v, a so—called matching function has been proposed by Kunert | , ).

Definition 2.2 (Matching function) Let v € H'(Q), and T, € F be a triangulation of
Q. Define the matching function my : H'(Q) x F — R by

m@.B) = (X bk 1CEOelR) /19l ™)

TeT,

The vital importance of the matching function for anisotropic error estimation can be seen
in the error bounds (9), (10) and (14), (15) below.

The matching function is not central to our analysis here. Hence we refer to | ]
for a comprehensive discussion, and restrict ourselves to a brief discussion of basic features.
Firstly the definition immediately implies m4(v,Z;) > 1. On isotropic meshes one obtains
easily my (v, 7y,) ~ 1; then the matching function merges with other constants and becomes
invisible. In contrast to this more care is necessary for anisotropic meshes. If the mesh
is suitably aligned with the anisotropic solution one still achieves m;(v,7;) ~ 1 and thus
reliable and efficient error estimation. If however the anisotropic mesh is not aligned with
the solution then m;(v,7,) can be arbitrarily large (cf. | , Numerical experiment 2]
or | , Remark 3.3]). Hence upper and lower error bounds may differ by an arbitrarily
large factor; thus rendering the error estimation useless.

3 Error estimators

Here we start by presenting the residual error estimator of | | which forms the basis of
the subsequent analysis. Afterwards two kinds of ZZ error estimators are presented. The
first kind follows the lines of | | (also described in | , section 1.5]). Tt is based on

a recovered gradient V® which satisfies a global projection property. Next, we improve
this first approach by employing a much more flexible recovered gradient V#2 to define the
second ZZ error estimator. Accordingly a novel analysis is required (cf. lemma 3.12 and
theorem 3.13) which is based on different techniques than for the first estimator.

Note that all estimators are given in several forms. The first representation is the one
used in practice, and is related either to a face E or an element 1. The other, equivalent
representation is related to a node z, and is required for analytical purposes.

3.1 Residual error estimator

In | | a face residual based error estimator is introduced for interior faces by

e = hminehs”  [Opunlglle, E€&a . 8)
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The corresponding lower and upper error bounds are given in | , theorem 5.1].
Provided that mesh assumptions (A1), (A2) and (A5) are satisfied, one has

nre S V(= up)los + 0f hpins |f = fille  VE €& (9)
fh€Vh

1/2
IV@=w)lo S ml(u—uh,Th)<Zné,E + nf thnm,Tuf—fhu%) (10)

Ee&q ' TeT,

Clearly ng g is associated with a face E/. For our purposes, however, node related quantities
are much better suited. Therefore we fix a patch w, and combine all its (interior) faces.
The first expression below introduces the local, node related error estimator. The second
definition introduces the global error estimator whereas the remaining definition facilitate
our exposition later on.

Definition 3.1 (Residual error estimators) The local and global residual error esti-
mators are given by

— 2
Mia = hoinalwsl D HE [On (11)
E:xeNg
Mho= ) M (12)
z€Ng
Moo = Ponaloal > G [Vurlgl® (13)
E:zeNg

Lemma 3.2 Let the mesh assumptions (A1), (A2) be satisfied. Then

2 2
MR ™ E R.E

E::I:ENE

Proof: Recall that the dimensions of neighbouring elements must not change rapidly,
cf. (5), which implies in particular

=
Bl hp = d-(Ta| + T)/2 2 |ws|  with B = TN T, ¥a € N

Combining now the error estimators ng g for all the interior faces of w, yields

Z 7712%,E = Z h’?nin,E'hEl'H[[a”Euh]]EH%

E:xcNg E:xeNg
©) 2 h? - |E|hg - [0npun]’ 2
~ min,z Z E ° | ’ E" [[ nEuh]]E ~ MRy
E:zeNg
which proves the assertion. [ ]

The error estimation by means of the node related error estimator ng, can now be
derived easily.
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Lemma 3.3 (Residual error estimation) Assume that mesh assumptions (A1), (A2)
and (A5) are satisfied. The error is bounded locally from below and globally from above.

MR S IV(u—up)le, + inf Pomin,s \f = fallws Ve Ng (14)
fh€VR

1/2
IVu—w)lle < mi(u—un,Tp) <mzq + jnf Zh%u'n,THf_th%> - (15)

hEVH
' LTGTh

Proof: The inequalities follow immediately from (9), (10) and lemma 3.2. u

The next lemma presents a sufficient condition for the equivalence of ng, and np,.
This lemma will be essential for further analysis.

Lemma 3.4 Let the mesh assumption (A2)—(A4) be satisfied, i.e. in particular (6) holds:
|Ctng| ~ hy' for all faces E with x € N. Then the following equivalence holds:

NRa ~ Nhe - (16)

Proof: Consider an arbitrary face E, © € N, and any one of its two unit normal vec-
tors ng. Then there exist two further unit vectors 7,7, such that (ng,7,,7,) forms an
orthonormal vector system (note that F C span{r;,7,}). Hence

T T T
npnp + 7,77 + ToTy = I3x3

giving  ngp-Ongun + Ty Or up 4+ Ty Orun = Vuy
Both terms 0, uj, are continuous across E; only d,,,u; jumps. Thus we conclude
[Onpunlp - np = [Vun]g

Together with assumptions (A2)—(A4) which imply (6) one obtains

Z |C;v_1[[vuh]]E|2 = Z |Ca:_1[[anEuh]]E'@E|2 =

E:xeNg E:xeNE
_ 2 (6) _ 2
SRD D T L OIS P SR =y A
E:xeNg E:xeNg
which proves the assertion. [ ]

3.2 First ZZ error estimator

Let us first define the recovered gradient V' by means of a projection with respect to
a particular scalar product. For a precise definition of this inner product, let W, be the
space of piecewise linear vector fields on the triangulation, and set Vj, := W, N C (Q,]Rd),
cf. also [ ]. In order to shorten the notation we temporarily introduce the matrices

Bw = hmin,a} Ox_l and BT = hmin,T C«;l
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On W), we introduce the mesh dependent inner product (-, -); by

(v, w)p = Z |T| Z (Brvp(x), By wip(r)), (17)
TeT, TENT
where
vr(z) = lim u(y).

Yy—x
yeT

From mesh assumptions (A2), (A3) we have concluded (5), i.e. hpming ~ PminT,
|IClu| ~ |C;1Q| for all T C w, and thus also |B,v| ~ |Bry| for all T C w, and all
vectors v € R?. For an arbitrary but fixed tetrahedron T' and for any piecewise linear
function v € W), we can further conclude

1S 1Boe@)P X T S 1Brug @) ~ [1Brull

xENT z€NT
Therefore the mesh assumptions (A2), (A3) imply
(wv)n~ > |Brolf (18)
TeT,

This last result also shows that (-,-), is a scalar product indeed since all By are regular
matrices. Now the recovered gradient can be defined.

Definition 3.5 (First recovered gradient) The recovered gradient V® : W), — V}, is
defined as the projection of Vuy, onto Vi, with respect to the inner product (-, ), i.e. V¥, €
Vi is uniquely determined by the condition

(VRluh — Vuh,yh)h =0 Vyh eV, . (19)

The recovered gradient VFiu, is piecewise linear and continuous. Its nodal values
can be computed locally and coincide with the usual recovered gradient as presented, for
example, in | , equality (1.80)]. Detail are given in the next lemma.

Lemma 3.6 The value of the recovered gradient at a node x can be determined locally by

T

(VR (z) = Z per Vg with weight — pup = 7] eR,T C w, ) (20)
TCqu ‘wwl

Proof: The proof utilizes standard ideas as presented e.g. in | |. Fix the node z and

apply the definition of the recovered gradient with v, := ¢, - ¢;, where ¢, is the standard
(piecewise linear) basis function of V;, for node z, and ¢; € R? is the 4 th unit vector. Then

0 = (VRluh —Vun , ¢z €)n
= ST Y (BEB (VR = Vunr() , pr()e)

TeT, x GNT

= 171 (BEB (VM (e) — Vue(a) . c,)

TC(.U(E
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holds for i = 1...d. Furthermore B B, is regular, and hence

0 = > IT|- (VMup(z) = Vupr(x))
= Jwo| VVup(z) — Y |T| Vuppr(z)

TC(—U(E

which proves the assertion.
Note that the choice of the regular matrix B, in the definition of the scalar product
(+,)n has no influence on the nodal value of the recovered gradient. |

Now we are ready to define our anisotropic version of the first ZZ estimator. Again,
the first two terms are given in a form that can be used in practice. The third quantity is
a node related term which can be utilized in further analysis.

Definition 3.7 (First anisotropic ZZ estimators) The local and global ZZ estimators
are given by

Nzr = hpinr Ot (VR — V) |7 (21)
7721 = Z n%l,T (22)
TeTy,
T T| 2
TCuwe TCwy ' °

Similar to the residual error estimator we first establish a relation between the global
estimator 7z, and the node related quantity 7, ,. To achieve this, assume that mesh
assumptions (A2) and (A3) hold which imply (18). Furthermore utilize the projection
property (19), recall the definition of the matrices B,, Br and of the scalar product to
obtain

77%1 = Z hmmT HC leuh - VU}L)H%
TeT,
(18) R R
~ (V 1uh — Vuh, \V4 1uh — Vuh)h

(19)

(Vuh, Vuh)h — (VRluh, VRluh)h
17
W Sy S w2 (165 Vel — 165 Vo))

TeT;, zENT

Insert now the nodal value of V®u;, and change the summation order from > 3 to

TeT, IENT
> > to conclude
€N TCws

77%1 ~ Z hmzna} Z ’T| ’ (’090_1 vuh|T‘2 - ‘Ccc_l VRluh(z)yz)

z€Ng TCwy
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2)
Hence the following relation between the global estimator 7, and the node related esti-
mator 7z, , is obtained provided that the mesh assumptions (A2) and (A3) hold:

n%l ~ Z n%l,x ° (24)

IE./\/Q

T
Z | | Cz_l VUMT
W

TCLL)z ’ x’

D s A(Z oot Gy —

NG TC | Wa

Let us start the analysis of the estimator with a general equivalence lemma which is
already known from isotropic investigations.

Lemma 3.8 Let mesh assumption (A1) be satisfied, and consider an arbitrary node x and
the associated patch w,. Let v be a (scalar or vector valued) function defined on w, such
that v € IP’O(T), i.e. v is piecewise constant. Let further pr, T C w, be arbitrary positive
weights such that all pr are uniformly bounded away from zero, ur > ¢ > 0, and that
satisfy > pr = 1. Define the ZZ averaged value by vy, == »_ prv. Then

TCwy TCwy
Dol ~ D prlo = lugaf (25)
Proof: For two dimensional domains (d = 2) this lemma has been proven in | ]; the
proof is also repeated in | , section 1.5]. An extension to three dimensional domains
(d = 3) is readily possible with the ideas from the proof of lemma 3.12. n

The main result follows now.

Theorem 3.9 (Equivalences with first ZZ estimator) Let mesh assumptions (A1)-
(A4) be satisfied. Then the residual error estimator and the first ZZ error estimator are
equivalent:

NRz ~ NZia (26)
N~ Mz - (27)

Proof: We apply the previous lemma 3.8 with v := C,'Vuy, and pr = |T|/|w.| as well as
lemma 3.4 to derive

(16) _
n?{,m ~ n?{x = hgnm;t|w$| Z |Cx1[[vuh]]E|2

E'Z‘ENE

(25) T

2

T
E | ‘Cx Vuh|T
w

TCUJI | IE|

= 2
- 7721,9:
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Hence

Note that this is only an equivalence between the global estimators. An equivalence
involving the local estimator 1z, 7 cannot be proven in this way since the projection prop-
erty (19) is given globally. The procedure of the second ZZ error estimator avoids this
drawback.

3.3 Second ZZ error estimator

A different approach to describe a ZZ error estimator is given now. It avoids the global
projection property (19) at the cost of a refined analysis. As a consequence local element—
wise relations can be derived. We start with the definition of an arbitrary recovered
gradient.

Definition 3.10 (Arbitrary recovered gradient)
The arbitrary recovered gradient V®2 : W), — V}, is defined by the nodal values

(V2uy) (z Z W1z VUp|T (28)

TCwy

where the non-negative weights pr, can be chosen arbitrarily such that _ pr, = 1.
TCwg

The corresponding second ZZ estimator is given next. Again the first two definitions
describe the local (element related) estimator and its global counterpart. The third term
is a node related quantity required for the subsequent analysis.

Definition 3.11 (Second anisotropic ZZ estimator) The local and global ZZ estima-
tors are given by

Nzr = hming |CF1 (V20 — V)7 (29)
77%2 = Z U%Q,T (30)
TeTy
Ngpw = Niinalwel Z |CH (V2w (x) — Vur (@) (31)
TCUJ:E

In order to establish a relation between the node related term 7z, , and the element related
estimator 71z, 7, recall that VR2y, — Vuy, is linear on 7. Together with mesh assumptions
(A1)-(A3) we conclude

Bz~ BT S 1O (V) — Ve ()
CEGNT
5),(A3
LA S~ h2 il 05 (V™) — Vg ()2

.TENT
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Note that equivalences (5),(A3) have been applied to switch from element related data
hnin1, C1 ! to node related data homin,gz, Cy L This yields immediately the desired inequal-
ities

/’722@ 5 Z n%Q,T (32)
TCwy

U%Q,T 5 Z 77%2,33 (33)
wENT

provided that the mesh assumptions (A1)—(A3) are satisfied. Note that the sums on the
right-hand side of (32), (33) are necessary because 7z, , depends on uy,, whereas 7z,

depends on u, on |J w,.
:DGNT
The next lemma states a novel equivalence which is similar to the one of lemma 3.8.

The main difference is that now the weights pr do not have to be bounded away from 0.
The technique to prove this lemma seems to be new.

Lemma 3.12 Let mesh assumption (A1) be satisfied, and consider an arbitrary node x
and the associated patch w,. Let v be a (scalar or vector valued) function defined on w,
such that vy € PO(T), i.e. v is piecewise constant. Let further up, T C w,, be arbitrary

non—negative weights such that >, ur =1. Define vy, as in lemma 3.8. Then
TCLUI

Z |[[Q]]E|2 ~ Z ‘QZZ_Q\T‘2 : (34)
E:xeNg TCwy

Proof: Note first that it suffices to prove (34) component wise, i.e. assume that v = v is a
scalar, piecewise constant function on w,. For simplicity of notation denote the elements
of w, temporarily by T;...T,. Accordingly set p; := ur and v' := vir,.  The mesh
assumptions state that n is bounded from above uniformly on 7.

We start the proof for an interior node z. Consider first the left hand side of (34) which

now reads ' ‘
Sl = Y. =P

E:xeNg 2%
eeNg, E=T;NT;

i.e. we sum over all elements 7; and 7; that share a common face E (in 3D) or a common
edge (in 2D). The last sum can be written in matrix notation as

0< Y - = (Aww) (35)

%]
z€ENg,E=T;NT}

with
d ifi=j
a,; = -1 if T; and 7} share a common face (3D) or edge (2D)
0 otherwise

w o= (01,02, . ,v”)T
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Obviously A = AT is positively semidefinite and weakly diagonally dominant. From (35)
we further conclude that A has exactly one eigenvalue 0 corresponding to the eigenvector
w=1:=(1,1,...,1)T € R™; all other eigenvalues are positive. The matrix A depends
solely on the topology of the patch w, but not on its geometry. Since the number of such
topologies is finite (n is bounded because of mesh assumption (A1)), there is only a finite
number of possibilities for the corresponding matrices A. Hence all positive eigenvalues of
A are bounded from above and below (and away from 0). Note that in 2D the matrix A
simplifies to a circulant tridiagonal matrix consisting of (—1,2, —1).

Consider next the right hand side of (34) which can be rewritten as

n n 2
2 : i
S sl = S|(Twwt) -] = Guw
TCwe i=1 j=1
{1—2,ui+nuz2 fori=j
bi,j — . .
NG — [l — [ for i # j

= Oij T YLty — i =
Introducing p:= (1, ..., 1n)" € R™ one derives

B = I+nup' —pd" — 1
n n T
Bt = () ()
2H p +p QE =
_ ZHT‘FEZT
with v o= (gﬁ_l>

Since B — [ is symmetric, it has a full system of eigenvectors. Because B — [ is of rank
2, it has n — 2 eigenvalues 0. For every other eigenvalue A of B — I the corresponding
eigenvector is a linear combination of p and v. A simple calculation reveals that then A is
also an eigenvalue of the matrix B

T, T n Ty — 1 T
pr R 2&23 KR c R2X2 ’
viv. vy EVOV TR T e
ie. \y = —1and \y = ”HTH — 1. Hence the eigenvalues of B are
0 single eigenvalue
ANB) = nHTH single eigenvalue
1,...,1 n — 2 times

The arithmetic quadratic mean inequality gives

1§nETu:nZ,u§§n ,
i=1
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hence all positive eigenvalues of B lie in the range [1,n]. The eigenvalue 0 is associated
with the eigenvector 1.

Summarizing, A and B both have a single eigenvalue 0 corresponding to the same
eigenvector 1. All other eigenvalues are positive and bounded from above and below. This
implies

A~ B and (Aw,w) ~ (Bw,w) VweR"
which proves the lemma for an interior node x.

For a boundary node x we can proceed in almost the same way. The only difference
consists in a slight modification of the matrix A, namely, a;; = d —k where k is the number
of boundary faces (of the element T;) that contain the node x. The properties of A and
the remainder of the proof stay exactly the same as before. [ ]

Now we are able to prove equivalences with the second ZZ estimator (involving the
arbitrary recovered gradient V£2).

Theorem 3.13 (Equivalences with second ZZ estimator) Let the mesh assumptions
(A1)-(A4) be satisfied. Then the following local and global relations hold (for all x € Ng
orT €7Ty).

MRz ™~ Nzyx (36)

MR~ 1z, (37)

77?%@ 5 Z n%Q,T (38)
TCwy

H%Q,T S Z 77]2%,1‘ : (39)
CEENT

Proof: To prove (36), fix an arbitrary node x € Ng and consider v := C, 'Vu;, on the
patch w,. Since v is piecewise constant on w,, lemma 3.12 can be applied which implies

Vzz = Z MT,sz_lvumT = CQC_IVRQUh(x)

TCwy

In conjunction with lemma 3.4 this yields

(16) .
Mhe ~ M = Bhaalesl Y 107 Vil
E:xeNg
34
B k2wl 3 10V (a) — O Ve = 2,
TCwy

Next, (38) is a direct consequence of (36) and (32):

2)

(36) (3

77]2%@' = n?%,x ~ 77%2@ S Z W%Q,T
TCwq
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The converse relation (39) can be concluded similarly:

(33) -
Moor S Ma (36) S e = D Mhe

zeNT TENT zENT

Finally the global equivalence (37) can be proven via (38) and (39).

Moo= D he

z€NG
(38) 2 2 2
S Z Z Nz,r = (d+1) Z Nzr = (d+ 1)z,
NG TCwy TeT),
(39) 2 2 2
SO 0k S DL ke = Tk
TeT;, xeNT zeNG

Note that the sums in (38) and (39) appear because 7g, is a node related term whereas
Nz, r is an element related quantity.

Theorem 3.14 (ZZ error estimation) Assume that mesh assumptions (A1)-(A5) are
satisfied. Then the error is bounded locally from below and globally from above.

Nz x S HV(U - uh)sz + inf hpine ”f - thwz Ve Ny (40)
fn€VR

1/2
IV(u—w)lla < mi(u—un Tp) (7722 + nf Zhim,ﬂf—th%) . (41)

" TeTy,

Proof: These are immediate consequences of lemma 3.3 and theorem 3.13. |

Corollary 3.15 (ZZ error estimation on isotropic meshes) Assume that an isotro-
pic mesh satisfies mesh assumption (A5). Then the ZZ error estimator 1z, . is reliable and
efficient.

This holds even when the corresponding recovered gradient V2 is defined with arbitrary
weights (non—negative with sum 1).

As far as we know this result is new even for isotropic meshes. So far special weights had
to be chosen for the recovered gradient in order to prove equivalence with the residual error
estimator and, in turn, reliability and local efficiency of the ZZ error estimator, cf. | ,
Section 1.5]. Now there is the freedom to choose arbitrary weights.

Note that reliability alone for an arbitrary recovered gradient has been shown in | ].
Global efficiency (up to higher order terms) is obtained in the sequel | .
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4 The mesh assumptions revisited

As we have seen, the analysis of the ZZ error estimators required several mesh assumptions
that were introduced in section 2.3. These assumptions are now discussed in more detail.

In section 4.1 it is shown that there exist meshes which satisfy all assumptions. Sec-
tions 4.2 and 4.3 are devoted to mesh assumption (A3) while section 4.4 investigates mesh
assumption (A4). With that help we can prove in section 4.5 that the mesh assumptions
are satisfied for another class of meshes.

In section 4.6 the role of the mesh assumptions is examined by showing that assump-
tion (A4) is a necessary condition for error estimation. Finally section 4.7 summarizes the
occurrences of the mesh assumptions in a compact way.

4.1 Rectangular tensor product type meshes satisfy the mesh
assumptions

In this section we prove that the mesh assumptions (A1)—(A5) can be satisfied. To this end
we consider rectangular tensor product type tetrahedral meshes. By this we understand
that the tetrahedra of 7; can be grouped such that a set of six of them forms a rectangular
hexahedron, cf. also figure 2. Assumption (A1) then clearly holds.

At this stage of generality, assumption (A2) obviously can be satisfied, so we assume
that it holds. It states that the dimension of the tetrahedra (in each of the three anisotropic
directions) must not change rapidly across neighbouring elements. This assumption is quite
weak. It allows, for example, meshes that resolve boundary layers, see e.g. figure 2.

Figure 2: Anisotropic tensor product type mesh

For rectangular tensor product type meshes we now prove that (A1) and (A2) imply
(A3)—(A5). Let us start with (A3), i.e. we construct a matrix C, and show the correspond-
ing properties. Our exposition describes the 3D case; the 2D analogies are straightforward.
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Proof of assumption (A3)

Start with a node = of 7;, and an arbitrary tetrahedron T C w,. For this tetrahedron
recall the definition of the matrix Cr, of the orthogonal vectors j. and their length h; p,
1=1,2,3, cf. section 2. 7

Since we consider tensor product type meshes there exists a circumscribing rectangular
brick (i.e. hexahedron) B D T. The three edge lengths of this brick B are denoted by

hip > haop > hsp

Choose corresponding edge vectors p. ., i = 1,2,3, i.e. such that |]—9iB| = h;p. The
orientation of these orthogonal vectors does not matter. The notation is visualized in
figure 3.

Figure 3: Tetrahedron T" and vectors p_ . (top)

Box B and vectors p, , (bottom)

Define next the matrix Cz € R**® whose columns are formed by the vectors P, 5

Cp = (81,B7£27B’£37B)
Finally recall the node related, averaged lengths h;,. Define three orthogonal vectors

D L hi,ax D — h, Bi,B
_.7 . — ] * —‘,B — 1,2 ‘
i,z hz,B i |BZ‘7B’

i=1,2,3
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which are oriented along the edges vectors P 5 of B but which have a different length
p, | = hiz. Define the matrix C, € R3*3 by
C$ = (El,x’£2,z’]—93,x)

This immediately implies C} C, = diag(hi,, h3,,h3,). Furthermore the geometric prop-

erties as well as relations (5) yield the equivalences
hirt ~ hip ~ hi, 1=1,2,3 . (42)
Now we are ready to prove assumption (A3) which reads
C;ul ~ |Cr'e]  VueR?

Let us start with investigations of the linear transformations associated with C'z and
Cfl. Recall first that e, € R? is the 7 th unit vector. Because of Cpe;, = P g€ R3, the

transformation via Cz maps the unit cube [0, 1] onto the brick B (or more precisely onto
the corresponding brick at the origin of the coordinate system). Since the four vertices of
T C B are also vertices of B, the transformation via C'g thus maps

Cg:T—T ,

where T C [0,1] is a tetrahedron whose four vertices are also vertices of the unit cube
0,1]3. Therefore the diameter o(7T') of the inscribed sphere of T' is of order O(1),

o(T) ~ 1
Similarly the second transformation via C.' is examined. It maps
Cl:T — T ,

where the tetrahedron 7' has vertices (0,0,0)7, (1,0,0)7, (x2,1,0)" and (z3,y3,1)7, with
0 < xg,73 < 1 and [y3| < 1, cf. the definition of Cr or | , Section 1.2]. Thus the
diameter diam(7") of the tetrahedron 7" satisfies

1 < diam(7T) < V6
The combined transformation via C»'Cz now maps
Cr 10 : T — T
Hence the spectral norm of this matrix can be bounded from above by

Ity < ST <y
o(T)
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This inequality can be used to derive the matrix bound

ICr'CCaCrtll = 167 Cr - Cp' ol Ot - Ol || < IO Call” - O Cip?
2
< ] <
S XY b
since C5'C, = diag(h1./h.B, hox/hoB, hse/hsp), and because of (42). The first matrix
M = C;'C,CTCLT is symmetric and positive definite. For such matrices the largest

eigenvalue is A\pq. (M) = || M]| and hence
Amaz(Cr' CoCy C7T) £ 1
In a completely analogous fashion one treats M~ = CEC;7C'Cr to obtain
Amar(M_1> = HCII:Cm_TCx_ICTH Sl

This implies Apin (M) = (Anae(M™1))71 2 1, i.e. all eigenvalues of M are of order O(1).
Since the eigenvalues of M = C;'C,CTCLT and of (C;TC;1)1CLTCL! are the same, one

further concludes
QTC;Tox_lQ ~ QTC/;TC;TQ \V/y c RS

This finally gives |C;'v| ~ |Cp'v| for all v € R which proves the remaining equivalence
of (A3).

Proof of assumption (A4)

We now prove that (A2) also yields (A4). Thus let 7" be an arbitrary tetrahedron and
E be any face thereof. Employ the notation of the previous paragraphs and consider the
brick B that circumscribes T. Then C'z' maps T onto T' (see above). Next we consider
the vector hgrny in a geometric way. If the unit vector ny points inward (with respect
to T') then hp rny points from the face E of T' (or its plane) to the opposite vertex of 7.
If ng is the outward vector then consider —hg rny instead.

Therefore CglhE,T ng is a vector that points from the face E = C;E of T to the
opposite vertex of T. This results in

1~ o(T) < |Cgthprng <V3  ie. O gl ~ hi'y

Next recall that C'Cp is a diagonal matrix. Apply the equivalence hip ~ hi, from above
to conclude
h;

. hip —1 —1 —1 -1 B -1
m =, n < = . n < max —=.
i:l}g?w hz’,m |CB _E‘ - |Cx QE’ |C‘r s CB _E| - i:l?é,?) hm |CB EE|

In conjunction with (A3) one finally arrives at the desired equivalence

(A3)

h]_E,IT ~ |CJ§IEE| ~ |Cm_lﬁE| ~ |CEIEE|
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Proof of assumption (A5)

For (A5) to hold we have to specify assumption (A2) slightly more precisely, namely we
demand
hunin, V2+V3 & 3146 if d = 2
— < ag = VT1NT
A {(3+\/5)/2 ~ 2.618 if d =3 N 70
This slightly more restrictive assumption on the change of Ry, across neighbouring
elements immediately implies the first inequality of (4) in (A5).

In order to investigate the neighbourhood patches Ry (T") observe first that Uf:o R(T)
contains O(k?) elements. Hence Ry(T') contains O(k?~!) elements, and the second inequal-
ity of (4) in (A5) holds with r =d — 1,5 = 1.

With these values of ay and 3 the third inequality of (4) in (A5) is satisfied as well.

hmin,TQ

4.2 Assumption (A3) implies (A1) and (A2)

In this section it is proven that assumptions (A1) and (A2) are already consequences of
assumption (A3).

First we show that (A3) implies a bounded number of elements in each patch w, (uni-
formly over 7). To this end consider a patch w, and an arbitrary element 7" thereof. In
both the 2D and 3D case take an arbitrary edge of T and denote the corresponding edge
vector by v. Assumption (A3) yields for some matrix C,

1C | ~ |Crlo)

Next consider the inverse mapping C.' which maps T onto T (for simplicity we omit the
transitional part of the mapping; see also section 2.2). Thus v := C’;ly is an edge of T.
Hence this mapped edge has a length |8| = |C'v| ~ diam(T) ~ 1 which gives

Co ] ~ 1

Since this holds for all edges of w,, the transformation via C;' maps w, onto a patch
C;'w, whose edges all have a length of O(1). Therefore C'w, is a patch consisting of
1sotropic elements. Clearly the number of elements in such a patch is bounded, and so is
the number of elements in the original patch w,. Thus (A1) holds uniformly over 7j,.

Next we prove that assumption (A3) also implies (A2). Consider again a patch w,
and two arbitrary elements T}, T, thereof. Apply the transformation via C;! to the patch
w, which results in the transformed patch C 1w, having the transformed elements ﬁ =
C'T;,i = 1,2, cf. figure 4. Above we have proved that T, are isotropic elements of size
O(1). Therefore we can scale T with some factor @ ~ 1 such that

Oé'TQCTl

In figure 4, Ty and « - T are depicted by the shaded triangles (the necessary translation is
again omitted for ease of notation).
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Figure 4: Patches w, (left) and C'w, (right)

The transformation via C, back to the original domain yields

a-Ty C Ty
and thus
a- ] < [T
- hl,T2 S dlam(Tl) ~ hl,Tl
Q(aTZ) ~ - hmin,Tg S hm'm,Tl

Since T, T are completely arbitrary and thus interchangeable, and because of a scaling
factor a ~ 1, one obtains

Ty| ~ |13
hir, ~ himn

hmin,T1 ~ hmin,TQ

In the 2D case this already constitutes the desired assumption (A2). For the 3D case
recall additionally that 6 |T'| = hyr - her - hs which results in the remaining equivalence

hary ~ har,.

Remark 4.1 Assumption (A3) implies (A1) and (A2) but not vice versa, as a compara-
tively simple counterexample can show. Thus (A3) is a stronger assumption.

4.3 Necessary and sufficient condition for mesh assumption (A3)

Here we state a geometrical condition which is necessary and sufficient for assumption
(A3) on unstructured tetrahedral meshes. Recall that p. . are the three main anisotropic
direction vectors of an element 7', and that h;, are the averaged lengths of a patch w,,
i =1...d, cf. section 2.2. The space dimension is either d = 3 or d = 2. We start with
some technical equivalences.
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Lemma 4.2 The assumption (A3) is equivalent to the condition
[|CotCr]| ~ 1 and [|CH1 O] ~ 1 VT C w, and all nodes x . (43)

Proof: =: Starting from (A3) and taking v := Crw, we get

G5 Crul = 16| ) 0 ] = [w]  Vw eRLYT Cu,

This yields
I Crl| = fngr)glC;lle ~ 1.

We obtain similarly the second bound by taking v := C,w.
«: Define the symmetric, positive definite matrix M := C;'C,CTC;*. Completely
analogous to section 4.1 one concludes

Amaz (M) = |C7 CLCTCHT|| < [|CFMCo? ~ 1

and
Amin(M) = (Amaz(M 1) = |C2CTC Cr|| 7 2 |G Cr|| 72 ~ 1

Hence all eigenvalues of M are of order O(1). Following once more the arguments of
section 4.1 yields
Crlo] ~ |CFl] VueR!

which is nothing else than (A3). u

Corollary 4.3 The assumption (A3) is equivalent to the condition

|C O] S 1 V11, Ty C w, and all nodes x. (44)
Proof: For the necessity of the condition (44) apply lemma 4.2 and write

103 Ol = |07 CoC O || S IO Col| - ICT'Crll ~ 1 VT, Tp C wy

The sufficiency of (44) follows directly by the choice C, := C7 for an arbitrary element
T C w,. n
Theorem 4.4 (Equivalent formulation of (A3)) Assume that for all patches w, and
any two elements Ty, Ty C w, the inequality

h:
| <2 vi<ij<d (45)

cos <| S
7542

P 1 Py,

is satisfied. Then we can fiz an arbitrary element T' C w, and set C, := Cpr. This choice
implies assumption (A3), i.e.

ICo | ~ |C7'| Vo e REVT C w,

Conversely the assumption (A3) implies that (45) holds for all Ty, Ty C w, and all nodes x.
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Proof: Let us first derive an equivalent formulation of inequality (45). Fix an arbitrary

patch w, and two arbitrary elements T},7T, C w,. Since the vectors P,

orthogonal, there exists a unique decomposition

d
]_9},12:2041-]--&77,1 Vi=1...d
i=1

The real coefficients a;; satisfy

2

(Bj,Tz’—i,Tl) = %y - (Ei,T1>_i,Tl) = ag; - hip

Utilizing the definition of h; 1, one obtains

him iz, - cos <Pz g ) by,

Qi = = - COS <I[p, p. ]
2 LR PRE R p
hi,Tl h’Z}Tl LAl =42

Condition (45) of the theorem is thus equivalent to
Recall next that the matrices Cp,, Cp, are formed by

Cr,

e = Py g Pyg o Pg)

cf. section 2.2, which results in

d d
CHt = C'_lg s = g Qi
T Bj T T v Bi,Tl 1) =i
i=1 i=1

_ d
CTll Cn, = (Qij)i,j:1
|CF O ~  max o]

are mutually

Hence ||C1'Crp|| S 1 is equivalent to |ay;] < 1V4,j and to (45). From here we conclude

the desired result thanks to Corollary 4.3.

Remark 4.5 The previous theorem provides the means for practical tests whether assump-
tion (A8) is satisfied on a real mesh. For neighbouring elements one has to compute the
angle between the main anisotropic direction vectors P, and P; 1, and compare its cosine

with the stretching ratio h;ry /h;r,.
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4.4 Necessary and sufficient condition for mesh assumption (A4)

In this section we give equivalent formulations of mesh assumption (A4), both of which
are geometrically characterized.

Theorem 4.6 (Equivalent formulation of (A4)) The assumption (A4) holds if and
only if for all elements T and all faces E C T one has

|cos<lp, .. ngl|
ig%-,d hzT S hE,lT . (46)

Proof: Fix an element T and a face E C 0T. As before we may write in a unique way

d
Rp = Z @ Pir
=1

with
cos <I[gi’T, ngl

hir

(ﬂEJ_?i’T) = 0y - h?,T and o; =

Since C' 1& ;= € we obtain Cr "ng = (a1, a, a3)”. From the equivalence of norms in R?

we conclude
| cos <[p, ;. |

hir
which finishes the proof. [ ]

107 npll ~ max

Next we derive a purely geometrical characterization of (A4). This assumption states
|Cr1_wlhE7TﬂE| ~ 1 V E C 8T

Thus fix an arbitrary element 7. Given a face £ C 97, denote temporarily its opposite
vertex by V. Let Ug be the orthogonal projection of Vi onto E (or the plane that contains

E). Hence UgVg is the height of Vg onto the plane of E.

Next we have to define an appropriate neighbourhood of E. To this end denote by E“
the face E scaled by the real factor a with respect to the midpoint Mg of E. In vector
notation this can be written as E* := {Mg + o - (y — Mg) : y € E}. In other words, E is
contained in the plane of E, and E' = E. B B

With that definition we can reformulate (A4) as an equivalent geometrical condition.

Theorem 4.7 (Equivalent formulation of (A4))
(A4) holds if and only if Ug € E* is satisfied for all E C 0T with some o < 1.

Proof: Obviously the vector UgVEg equals

UgVe= ihE,TﬂE



4.5 Prismatic tensor product type meshes satisfy the mesh assumptions 27

—

Since C' maps T onto T, the vector UgVg is mapped onto a vector from the point
Ugp := C7'(Ug) of the the face £ := C;'(E) of T to the opposite vertex Vg := Cr'(Vg).

Utilizing +C; ' hprng = O (UpVi) =UgpVp, assumption (A4) can be rewritten as

—

| UgVp | ~ 1

Because T’ is an isotropic tetrahedron of size O(1) and Vg is a vertex thereof, this is
equivalent to Ug € E* and Ug € E*, with a < 1. [

4.5 Prismatic tensor product type meshes satisfy the mesh as-
sumptions

In section 4.1 we have shown that the mesh assumptions are satisfied for tetrahedral meshes
which are the tensor product of three 1D meshes. In this section we prove that the as-
sumptions (A3)—(Ab) hold also for anisotropic tensor product meshes of a prismatic domain
Q=G x (a,b) with a < b, obtained using a 2D refined isotropic mesh of Raugel’s type in
G and a uniform mesh in the third direction. Examples of such meshes are given in the
right part of figure 7 and in | .

We define families of meshes 7, of 2 by introducing in G the standard mesh grading
for two-dimensional corner problems, see for example | : |. Let 7g = {K} be a
regular isotropic triangulation of G; the elements K are triangles. Let rx be the distance
of K to the corner, )

— 2 2\1/2

ri = (xl’lgggel((xl + x5)=,
(note that € is scaled such that rx < 1). With h being a global mesh parameter and
w € (0,1] being a grading parameter, we assume that the element size hy = diam K

satisfies
h h'/# for rig =0,
K hra* for rg > 0.

This graded two-dimensional mesh is now extended in the third dimension using the uni-
form mesh size h. In this way we obtain a pentahedral (i.e. prismatic) triangulation and, by
dividing each pentahedron into three tetrahedra, we further get a tetrahedral triangulation
Ty, of Q, see the right part of figure 7 for an illustration.

Proof of assumption (A3)

Each tetrahedron T is included in a prism ) = K x I, where K is an isotropic element in
G of diameter hx < h and [ is a real interval of length h; ~ h (this notation will be used
in the rest of the section). We now define the matrix

0
B
Co=| 0o 7% ,

hy 0 0
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where B is a 2 X 2 matrix which maps the usual reference element K of R? onto K. Then
||Bk|| ~ hx. Since C’él maps T into an element 7" such that p(7') ~ 1 as well as diam T" ~ 1

and C' maps T into a reference element T such that p(T) ~ 1 and diam 7" ~ 1, we get

B diam T’
IC7'Col] < —=— ~ 1,
p(T)

and similarly
_ diam T
163 Crll € — =~
p(T)

By lemma 4.2, we obtain
C7lol ~ [Coly] YueR?

For a node £ we now define

0 hyy O
Cx = 0 0 h2:v
hiz O 0

For any prism () = K x I that has x as a node, the construction of the mesh implies
h1,q; ~ hr and h2,ac ~ h3,a: ~ hg
Subsequently one obtains
1651 Coll ~ 1€ Cll ~ 1
Applying lemma 4.2 one more, this yields for the node x of the prism @)
Co'vl ~ |C7'w] VueR?

In combination with |C7'v| ~ [Cq | from above one ends up with the desired equivalence
(A3).

Proof of assumption (A4)

To check this assumption we use the equivalent formulation given by theorem 4.6. Thus
consider a tetrahedron 7' lying inside the prism @) = K x [.

If hy < hg then T is an ‘outer’ tetrahedron (ry ~ 1), and one even has h; ~ hg. Hence
T is an isotropic element for which assumption (A4) always holds.

For all other tetrahedra 7" one has hy > hx and hyr ~ hy, hop ~ h3p ~ hg. For such
anisotropic elements we need to distinguish between ‘large’ faces and ‘small’ faces of T
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a) For a large face E, we have |E| ~ hy rhsr and therefore hgr ~ hs . Consequently for
such a face the condition (46) always holds, i.e.

| cos <I[]31.7T, ngl| o1
igll%~,d h@T ~ TET

b) For small faces the situation is more delicate since |E| ~ h3; and therefore hpp ~
hir ~ hy. This situation only occurs for a tetrahedron 7' having a face parallel to the
x1, xo-plane. Then the small face E is such that ny = £e;. From

(p, )3
cos <[B1,T’EE] = iZiT )
2y

where (p; r)r means the k' component of the vector p; r, we see that

cos <I[Bi,T’ ng) ’(Bz‘,T)3| 47
hi’T B hzZ,T . ( )

This directly yields (46) for i = 1 because |(p, ,.)3| < |p, ;| = hir-
For i = 2 or 3, we need to estimate |(p, ,)s|. The orthogonality relation (p;r,pir) =0

for i = 2 or 3 yields
2

<Bi,T)3(Z_)1,T)3 - Z(E’,T)k(&j)k

k=1
The assumption h; > hx implies that p . is an edge common to two large faces of T" and

consequently
|<—1,T>3| ~ h’l,T
’(_1’7’)]?‘ S h3,T Vk = 1, 2
as Weu as ‘(Z_?z,T)k‘ S |Bi,T’ ~ h3,T VZ = 2’ 37Vk' e 17 2, 3

Combining these inequalities and equivalences yields immediately

hsr
, S = Vi=2,3
|(EZ7T)3’ ~ g ( )
Inserting this bound into (47) proves that (46) holds also for ¢ = 2, 3; hence (A4) follows
from theorem 4.6.

Proof of assumption (A5)

This assumption holds under exactly the same conditions as described for the rectangular
tensor product type meshes of section 4.1. The completely analogous reasoning is thus
omitted.
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4.6 Mesh assumption (A4) is necessary for error estimation

In the previous sections we investigated what meshes satisfy the mesh assumptions. In
contrast, this section sheds light on the role that the mesh assumptions play in error
estimation.

Our main theorem 3.13 states that mesh assumptions (A1)—(A4) are sufficient to prove
equivalences between the residual error estimator and the ZZ error estimator. Here we
prove that mesh assumption (A4) is also a necessary condition. To this end we present a
2D counterexample where (A4) is violated and consequently the desired equivalences no
longer hold.

Consider a criss—cross type mesh with nodal points located at

o ihiF+k-he 1 1 .
$ik—< k- hy )—z-h1(0)+k-h2(1) 1, keZ ,

where 0 < hy < h; are fixed parameters, cf. figure 5.

Zoo Z10 IhQ

Figure 5: Mesh for the counterexample

This mesh clearly satisfies assumptions (A1) and (A2). It can be verified easily that
assumption (A3) holds as well for the choice C, := diag(hy, ho) for all nodes = of 7;,. Mesh
assumption (A4) however is violated:

ICrlng| ~ hgy  VECOT

does not hold anymore. This is mainly due to the fact that the triangles are not rectangular
(or at least close to that).

We now prescribe a finite element solution uj, := max{0,y — x,z — y — hy} which has
in particular the nodal values

() = 0 fori=0ori=1
Un\tik) = Yy fori=2o0ri=—-1

see figure 6. In the next paragraphs we compute the residual error estimator ng, for the
nodes xq, 10, o1 as well as the ZZ error estimator 7z, r for the triangle 7" that corresponds
to the three aforementioned nodes. It will turn out that the desired equivalence of both
error estimators does not hold anymore due to the violation of assumption (A4).
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Figure 6: Finite element solution w; for the counterexample

Residual error estimator g,

A straightforward computation of the required terms results in

Nomin ~  ha VT €T,
Poming ~  ha Ve Ny
2hy1hy for i + k even
[eal = { 4hyhy for i + k odd
[Onpun]y = { V2 ‘v’edges.Eon the lines y =x or y = v — hy
0 otherwise

hg = hy V edges E parallel to the line y =

S

Altogether one obtains

1, 1

2 2 (11> 2
2”R,1‘10 - 27]R,x01 = nR,l‘OO = h

min,Too |w3300 | Z hE? [[aTLE uh]]2E

E:xg0eENE

1 2
~ h§~2h1h2~2-(ﬁh1> V2

~  hy'hy

and eventually

2 -1;3
Z Nra ~ hi By
$€NT
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ZZ error estimator 7z, r

Here we utilize a recovered gradient with weights

T 1/4 for 1 + k even
KTz, = = 1/8 for i 4k odd |

cf. (28). The terms that are required to compute the ZZ error estimator 7z, v then become

1

1
Vi (w00) = V¥up(z01) = =V ™up(r10) = 2 ( -1 >

Ro B x—y_l ‘ 1

VP2upr = ( I 2> (_1>
0

Vuh‘T = (O)

CT = diag(hl,hg)

hmin,T - h2
The Z7Z error estimator now evaluates to
29) - h? + h3
n%z T (: h72’mnT HCTl (VRzuh - vuh)”’_zl“ = h’g - 2 ~ hlhg
’ ’ 24h1 ho

In conjunction with the results from above one concludes

h2
2 1 2
Nz, o ™ 12 Z R
2 acENT

Moor & D Mke

:CE/\/T

i.e. relation (39) of theorem 3.13 does not hold anymore. Consequently the local equivalence
(36) is violated at certain nodes x of 7;,. This proves the necessity of the mesh assumption

(A4).

4.7 Short summary of the Assumptions

The table below summarizes main ingredients and results together with the mesh assump-
tions required for corresponding proof.
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Lemma Requires assumption

Thm  Eqn Formula (A1) (A2) | (A3)(A4) | (A5)

o) Cotng| ~ b7 x| x ox

’ E:Z‘ENE '

3.3 (14), (15) || Residual error estimation X X X
3.4 (16) MRz ~ TMha X X X

- (18) (v, v)n ~ > [Brol7 X |ox

TET,
3.6 (20) (VRu)(z) = Y pr Vugr
TCwg
- (29 M~ 2 Mo X |x
mEN@

3.8 (25) Auxiliary lemma for 7z, X

3.9 (26), (27) || NRx ~ N2y 2 X X X X

- (32 Moo S 22 Moot x x| x

TCwg
- (33) W%Q,T S X 77%2,95 X X X
ZGNT

3.12 (34) Auxiliary lemma for 7z, , X
3.13  (36)-(39) || NRrw ~ Nz, €te. X X X X
3.14  (40), (41) || ZZ error estimation with 7z, X X X X X

33
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5 Numerical experiments

The aims of the numerical experiments are threefold. Firstly we investigate the mesh
assumptions. Secondly the main theoretical predictions are to be verified. Lastly the
constants that are involved in most inequalities/equivalences are examined numerically,
and the asymptotic behaviour is observed.

To this end we present three experiments. The first one features an isotropic solution on
an isotropic mesh, and thus tells what can reasonably be expected. The second experiments
exhibits an anisotropic solution on tensor product type, rectangular anisotropic mesh. We
believe such structured meshes to be best suited for ZZ error estimation. Finally the third
experiment involves an anisotropic solution on a more irregular anisotropic mesh (which is
unstructured in the xy directions, cf. also section 4.5).

In section 5.1 we present the details of each experiment. Section 5.2 is devoted to the
mesh assumptions (A3) and (A4). Finally in section 5.3 the main theoretical results are
tested numerically. We restrict ourselves to the second ZZ error estimator 7z, because it
is more general than the first ZZ estimator 7y, , and since the second estimator allows local
equivalences/estimates.

The results are given both numerically in tables and graphically as figures. FExperi-
ment 1 is represented in all figures by the symbols —=#— experiment 2 by ~C @ - and
experiment 3 by -4-4-

5.1 Description of the experiments

Experiment 1: Isotropic solution 4+ uniform mesh

This experiment utilizes the most favourite settings; thus one can observe which results
reasonably can be expected. Here we solve the Poisson problem

~Au=f inQ:=(0,1)% u=up on Jf)
The exact isotropic solution u is prescribed to be
u=e*"4+eV+e*

and the data f,up are chosen accordingly. We employ isotropic, uniform tetrahedral
meshes 7;, [ = 1...5, which are the tensor product of three uniform 1D meshes of mesh

size h = 27!, The table below displays some interesting information about mesh and
solution.
Level [ || Elements ||V (u — up)||q max hir/hsr | mi(u—up, 7))
€7,

1 48 1.61F —1 2.45 1.71

2 384 8.16FK — 2 2.45 1.71

3 3072 4.10E — 2 2.45 1.71

4 24 576 2.06F — 2 2.45 1.71

5 196 508 1.03F — 2 2.45 1.71
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Experiment 2: Anisotropic solution + structured anisotropic mesh

Here again the Poisson problem with inhomogeneous Dirichlet boundary conditions is
solved in Q := (0,1)3. The exact anisotropic solution u is here prescribed to be

u = e 4 eV 470, £:=10"2,
and thus exhibits sharp boundary layers along the planes x = 0, y = 0 and z = 0.
The data f,up are chosen accordingly. We employ structured anisotropic meshes 7,
Il =1...5, cf left part of figure 7. These meshes are formed by the tensor product of three

1D Bakhvalov type meshes with transition point at 7 = 2¢|In¢|, see also | ] for a
comprehensive description.

\\\\\

i
{

NSNS

g

ANV |

AR .
e e e )
NN ———F—————F——7—

PSR
DA R RN

Figure 7: Meshes 73 of experiment 2 (left) and 3 (right)

In a similar fashion as before we present details of mesh and solution.

Level [ || Elements ||V (u — up)||q r%lea%( hir/hsr | mi(u—up, 7))
1 48 991FE +0 14.1 1.61
2 384 8.82E +0 14.3 1.71
3 3072 6.28E +0 14.4 1.70
4 24 576 3.67E+0 14.5 1.67
5 196 508 1.94FE +0 14.5 1.62

Note first that the problem is comparatively poorly resolved. This is mainly due to the
right hand side f = —Awu = e 'u which has large and steep boundary layers (although still
f € Ly(R)). Secondly, the maximum aspect ratio of the anisotropic meshes is about 1:15.
These meshes are well suited to the anisotropic solution, as the small matching number
my(u — up, 7;) =~ 1.7 confirms (cf. also exp. 1).
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Experiment 3: Anisotropic solution + semi—structured anisotropic mesh

The domain (2 here consists of 3/4 of a cylinder of height and radius 1, cf. the right part
of figure 7. The exact anisotropic solution u is prescribed to be

1+22(22—-1 for z € (0,1/2
u(r, p, 2) = r* - sin(\g) - ( ) (0.1/2) : A=1/3.
1+ (3—-42)(22—1) forze (1/2,1)

This function behaves anisotropically along the concave edge, and is piecewise quadratic
in z direction. The data f,up are chosen accordingly.

The sequence of meshes 7;, [ = 1...5, is constructed by first generating an isotropic,
uniform mesh in the domain 2. The subsequent nodal coordinate transformation

(z,y,2)" == (p-&,p- 9,2 with p = {2 + 2} p=0.4,

yields the final, anisotropic mesh, see right part of figure 7. Hence the semi—structured
meshes 7; are the tensor product of an unstructured, graded 2D mesh in the zy plane, and
a uniform 1D mesh in the z direction, as in section 4.5.

The details of the meshes and the solution are displayed below. The problem is well
resolved, and all anisotropic meshes are well adapted to the solution, i.e. m; < 2.

Level [ || Elements ||V (u — up)|la s hir/hsr | mi(u— up, 7;)
1 96 1.59FE +0 5.4 1.91
2 768 8.60L — 1 9.7 1.86
3 6 144 4.50F — 1 27.3 1.83
4 49 152 2.33E — 1 77.0 1.83
) 393 216 1.21F —1 217.7 1.83

5.2 Mesh Assumptions (A3) and (A4)

Here the mesh assumptions are investigated numerically.

Mesh Assumption (A3)

This assumption can be reformulated as

1+ |CoM| < [CFlul < e - |CF My

Vv e Rd,VT C Wy

In order to investigate this condition numerically we have to specify the matrix C', for a
given node z. In view of theorem 4.4 choose that element 7" C w, that has the smallest
aspect ratio hy r/hsr, and set C, := Cr.
Table 1 gives the corresponding values of c¢y,co for all three experiments, and all
meshes 7;. Figure 8 presents the same results graphically (note the logarithmic y scale).
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Experiment 1 Experiment 2 Experiment 3

Level c1 Co ‘ c1 Co ‘ c Co
1 0.500 1.856 | 0.082 11.908 | 0.451 6.169
2 0.500 1.856 | 0.078 11.730 | 0.323 7.328
3 0.500 1.856 | 0.078 11.640 | 0.379 8.178
4 0.500 1.856 | 0.078 13.444 | 0.372 8.336
) 0.500 1.856 | 0.078 13.419 | 0.353 8.357

Table 1: Values of ¢;, ¢y for assumption (A3); all experiments

' cl: Exp.ll% c2: Iéxp.l —i—
cl:Exp.2 — ©— - C2:Exp.2 — -
CLLExp.3 --4--- C2Exp.3 ---4---
10‘_ ****** o — - ¢ - & - _‘
R A A
) A A
<
c
=
8
£ N u u n |
P :
ﬁ K- H H H =l
E - - A - - - S e A e /N
01 4
e e O R O - == === G --=---- 9
1 2 3 4 5

Level of Refinement

Figure 8: Values of ¢, ¢y for assumption (A3); all experiments
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On isotropic meshes (experiment 1) one always has ¢; ~ ¢y ~ 1 which is confirmed
by the moderate values. For the anisotropic mesh of experiment 2, the theoretical con-
siderations of section 4.1 reveal that (A3) holds as well. The values of ¢y, ce, however,
are less favourable than in the isotropic case. This mainly seems to be due to relatively
large changes of the element sizes h;  across neighbouring elements. This observation is
strengthened by the results of experiment 3 which features a more steady change of the
element sizes, and where the values of ¢q, ¢y are more moderate.

Summarizing, a suitably graded mesh will be advantageous for (A3) to hold.
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Mesh Assumption (A4)

The assumption (A4) on the shape of the elements can be rewritten as
ng ’C;lﬂE"thgC;l VTEIZE, VECOT

Utilizing the theory of section 4.4, we can apply theorem 4.7 to all three experiments which
yields ¢ ~ ¢4 ~ 1 (alternatively employ the results of section 4.1 for experiments 1 and 2,
as well as the results of section 4.5 for experiment 3). This is verified impressively by the
numerical results presented in table 2 and graphically in figure 9. Summarizing, (A4) does
not cause problems for well shaped elements.

Experiment 1 Experiment 2 Experiment 3
Level 3 Cy ’ 3 Cy ’ 3 Cyq

1 0.754 1.202 | 0.901 1.492 | 0.760 1.415
0.754 1.202 | 0.754 1.497 | 0.723 1.564
0.754 1.202 | 0.754 1.500 | 0.714 1.690
0.754 1.202 | 0.754 1.501 | 0.714 1.714
0.754 1.202 | 0.754 1.502 | 0.712 1.717

U= W N

Table 2: Values of c3, ¢4 for assumption (A4); all experiments

c3: Exp. 1 —5— c4: I'Exp.l ——
Cc3: Exp.2 — ©— 4 Exp.2 — @ -
2 C3: Exp.3 --4&--- 4 Exp.3 - A
A - -~ A A
< A )
< 15 — ————~ - - — - o - - - - - ®
c
S
8 u u u |
IS
g 1f _
i F -
= 7 \\\\m ~ ~ a3
075 | >;<7>"‘*>-ﬁ 777777777 7777_% 7777777777777 x 7777777777777 ik
05 L L 1
1 2 3 4 5

Level of refinement

Figure 9: Values of c3, ¢4 for assumption (A4); all examples
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5.3 Main numerical results

In this section the main theoretical results for the second ZZ error estimator are tested
numerically. First we investigate relations (36), (37) of theorem 3.13 which state a local
and global equivalence between the residual error estimator and the ZZ error estimator,
respectively. Afterwards the results of the actual ZZ error estimation of theorem 3.14 are
presented.
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Results for theorem 3.13
The local equivalence (36) can be rewritten as
Cs5 " Nzyx S "R,z S C6 * Nz x Ve NQ

The values of c¢s5, ¢ are given in table 3 and graphically in figure 10. One observes that
the equivalence between both error estimators diminishes for anisotropic meshes but is
still acceptable (note that cs,cg describe only the worst cases over all x € Ng). The
comparatively large values of ¢g in experiment 2 seem to be caused by (A3), see above,which
underlines the importance of that mesh assumption.

Experiment 1 Experiment 2 Experiment 3
Level Cs Ce ‘ Cs Ce ‘ Cs Ce

1 0.855 1.309 | 0.197  3.420 | 0.844 4.354
0.826 1.309 | 0.843 14.854 | 0.848 5.512
0.817 1.309 | 0.562 15.576 | 0.859 5.607
0.815 1.309 | 0.541 14.546 | 0.797 5.500
0.815 1.309 | 0.598 13.833 | 0.725 5.440

T~ W N

Table 3: Values of ¢z, ¢g for equivalence (36); all experiments

' B Exp.l —=— 6 Exp.l —m—
CS Exp.2 —©—- C6Exp.2 — @-—
CoExp.3 -4  CBEXp.3 -4
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H“ e
g 10 ¢ P ]
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\Hﬂ 5L //_ - Ao A A A
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= °
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o
)
Y0}
= [ u u u |
w1 2 A 3
o - - i J
- SEE—T = S —
05 | 7 R < il
CJ/ 1 1 |
1 2 3 4 5

Level of Refinement

Figure 10: Values of ¢5, ¢g for equivalence (36); all experiments
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The global equivalence (37) between the residual estimator and the ZZ estimator reads

Thus we present g /12, for all meshes and experiments. The results of table 4 and figure 11
confirm the theoretically proven equivalence. Note that the comparatively large values of
Nr/Nz, are mainly due to the different range of the sums, cf. (12) and (30). Furthermore

MR ~ 1z,

the summand ng, is contains the factor |w,| while 7z, r is related to |T].

MR / Nz,

TIR/ Nz,
Level || Experiment 1 Experiment 2 Experiment 3
1 25.1 39.9 43.7
2 28.7 35.1 36.7
3 31.2 28.2 39.5
4 32.8 30.5 43.0
5 33.8 33.6 45.8

Table 4: Equivalence (37); all experiments
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o
T

'Equivalence Residual Est. - ZZ est. : 'Exp. 1 -—m—

Exp.2 — ® -
Exp.3 A
A

_ A

20

2 3 4 5
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Figure 11: Equivalence (37); all experiments
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Results for theorem 3.14

In order to present the results of the ZZ error estimation clearly, let us denote the data
approximation term of theorem 3.14 by

CQT = hm’in,x Hf — thsz <2 = Z hfnzn,T“f - th”?p ~ Z CQQS )

TeTy, x€Ng

with Lj being the linear Lagrange interpolation operator. Then inequalities (40), (41) of
theorem 3.14 can be reformulated as

1122, < 1 Vo e Ng
IV —up)llo, + ¢~ “
IV (u —up)lla

ma (g, + )2

i.e. both ratios have to be bounded from above. These theoretical predictions are confirmed
by the numerical results presented in table 5 and figures 12 and 13. We note that the global
27 error estimator 7, is fairly close to the true error as soon as the solution features are
well resolved.

Lastly, the comparatively poor results in experiment 2 on the coarse meshes (level 1-3)
are mainly due to the poor resolution of the problem. There the data approximation terms
(> and ¢ dominate the error terms by far.

Lower error bound Upper error bound
e [V (u—u)lle
v 2 2\1/2
&N [|[V(u = up) |, + G ma(nz, +¢?)
Level Exp. 1 Exp. 2 Exp. 3 ‘ Exp. 1 Exp. 2 Exp. 3
1 7.094 0.379 2.990 1.819 0.015 0.110

7.968 4.180 6.567 1.935 0.048 0.167
8.235 5.462 7.866 1.864 0.180 0.246
8.302 10.744 8.265 1.834 0.678 0.356
8.319 8.201 8.382 1.823 1.479 0.505

U= W N

Table 5: Lower and upper ZZ error bounds of theorem 3.14; all experiments
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Figure 12: Lower ZZ error bound (40); all experiments
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Figure 13: Upper ZZ error bound (41); all experiments
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6 Summary

Zienkiewicz—Zhu error estimators are popular because of their cheap implementation and
their astonishing robustness. We have proposed and rigorously analysed two kinds of ZZ
error estimators that can be applied to anisotropic tetrahedral finite element meshes. Both
estimators have been defined by scaling the components of the original gradient Vu,, and
some recovered gradient VRuy.

While our first ZZ estimator is related to a particular choice of the recovered gradient,
our second ZZ estimator is much more flexible because arbitrary weights can be employed
to define the recovered gradient. Hence our novel analysis proves that each averaging
technique yields reliable and efficient error control.

Further emphasis has been given to the requirements on the anisotropic mesh. The
analysis has been complemented and confirmed by several numerical examples.
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