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I Quantum well states in Bi films:
bandgap Eg measured
1/d-dependence found (d . . . film thickness)

• Typical models:
Square well potential: ∆E ∼ 1/d2

Quadratic potential: ∆E ∼ 1/d

• Simple model: truncated harmonic oscillator

V (x) = Eg

{
1 |x | ≥ d/2
(2x/d)2 |x | ≤ d/2

→ ∆E =
2 h̄
d

√
2Eg

m∗

• Example: Eg/m∗ = 8 eV/me , d = 16 nm (fig. below)
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Experimental results and harmonic oscillator model

Shift operator approach
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Approaches for calculating potentials with equidistant spectra

I Energy levels of thin films cannot
provide all information about the
underlying confinement
potentials

I Many different oscillating and
diverging potential shapes with
equidistant energy levels are
possible

I Different spectra are constructable
with factorization method choosing
appropriate εki

I Different potential shapes for given
spectrum are adjustable by
choosing appropriate Aki

Conclusion

• Solving [H,L] = L, L . . . shift operator (generalized creation operator)

• Expansion L =
K

∑
k=0

αk(ξ)(iP)k , P . . . momentum operator

• Solving k + 1 differential equations for unknowns αk(ξ) and unknown potential U(ξ)

• 1st order: L = α0(ξ) + α1(ξ)iP → creation operator → harmonic potential U(ξ) =
1
2

ξ2

• 2nd order: isotonic potential U(ξ) =
1
8

ξ2 +
A
ξ2

• 3rd order: Solving
3
2
[W (ξ)2]′′− 1

4
W ′′′′(ξ)− ξ2W ′′(ξ) + 3ξW ′(ξ) = 0 with U(ξ) =

1
2

ξ2 + W (ξ)

• Darboux transformation yields some solutions:

Um(ξ) = −
1
2

ξ2 +

(
P ′m(ξ)
Pm(ξ)

+ ξ

)2

, P2m+δ =
m

∑
k=0

4k

(m− k)!(2k + δ)!
ξ2k+δ , δ ∈ {0, 1}

Exemplary numeric solutions:
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Shift operator approach [3,4]

• Operator a† =
1√
2

[
− d

dξ
+ α(ξ)

]
transforms H1 into H2: H2a† = a†H1 with Hi = −

1
2

d2

dξ2 + Vi(ξ)

• V2(ξ) = V1(ξ)− α′(ξ) with α′(ξ) + α(ξ)2 = 2[V1(ξ)− ε]

• V2(ξ) has same spectrum as V1(ξ), except an additional energy level at ε

• Analytically solvable for V1(ξ) =
1
2

ξ2 for ε = −
(

k +
1
2

)
→ αk(ξ), Vk(ξ)

αk(ξ) = ξ +
d
dξ

log
{
[1 + Ak erf(ξ)]hk(ξ) + Ak

2√
π

e−ξ2
pk(ξ)

}
with hk(ξ) = (−i)kHk(ξ) ,

p2k+δ(ξ) =
k

∑
m=0

2m (2k −m− δ)!
(2k − 2m− δ)!

h2k−2m−δ(ξ) , δ ∈ {0, 1} , Ak . . . constant

• Multiple transformations with different εki : additional energy levels at every εki

Vk1...kn(ξ) = Vk1...kn−1(ξ)− α′k1...kn
(ξ) , αk1...kn(ξ) = −αk1...kn−1(ξ)− 2

kn− kn−1
αk1...kn−1(ξ)− αk1...kn−2kn(ξ)

Exemplary solutions:
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Factorization method [5,6]
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