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• parQ is a transition matrix approach 
utilising an infinite temperature transition 
matrix

• it is independent of Monte Carlo scheme

• e. g. can use standard Metropolis, Wang-
Landau or even Threshold Accepting, as 
well as other methods

• uses all available data

parQ Method
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• Master equation of a random walker being 
in state Ej:

• Γ temperature dependent TM

• right eigenvector to eigenvalue 1 of the 
stationary solution p*(Ej) has to be the 
Boltzmann distribution

• for           we get:

p(Ej , t+ 1) =
N∑

i=1

Γji(T ) · p(Ei, t)

∑

k

Γki(T ) = 1 ∀i

p∗(Ej) =
1

Z(T )
Ω(Ej)e

−βEj

t → ∞

Ω(Ej)e
−βEj =

N∑

i=1

Γji(T )Ω(Ei)e
−βEi
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• taking the limit 

where Q is the infinite temperature 
transition matrix

T → ∞

Ω(Ej) =
∑

i

QjiΩ(Ei)
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• algorithm:

1. execute Monte Carlo step

2. count proposed transitions from       to             
            in a matrix

• accept according to underlying Monte 
Carlo scheme

3. go to 1. until abort condition

4. normalize the matrix

5. calculate eigenvector belonging to 
eigenvalue 1

Eold

Eproposed

Qji =
Q̃ji∑
k Q̃ki

Q̃ji = Q̃ji + 1
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Density of states of a simple systems

Comparison exact / parQ data 
of two particle LJ system
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Comparison parQ / Wang-Landau 
data from simulation of a single 
hexadecan molecule
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• two types of transitions:

• changes in energy
(e. g. molecule move or rotation)

• changes in particle number
(e. g. particle insertion or removal, 
changes energy as well)

• structure: three band block matrix

parQ in the
Grand Canonical Ensemble
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Q matrix of hexadecan
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Wang-Landau algorithm

• generalized ensemble Monte Carlo 
algorithm

• estimates the density of states without 
having an initial guess

• DoS is constantly modified during 
simulation while being used as control 
measure

• detailed balance is not satisfied, especially at 
beginning of simulation

F. Wang and D. P. Landau. Physical Review E, 64(5):056101, 2001.
F. Wang and D. P. Landau. Physical Review Letters, 86(10):2050-2053, 2001.
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• algorithm:

1. initialize 

2. execute Monte Carlo step

3. accept according to

4. if accepted: 
else:

5. check flatness of histogram H(E)

• if histogram is flat reset H and 

6. proceed with 2 until f is small enough 

pacc = min

[
1,

Ω(Eold)

Ω(Enew)

]

Ω(Enew) = Ω(Enew) · f

f :=
√

f

H(E) = 0,Ω(E) = 1 ∀E, f = e1

Ω(Eold) = Ω(Eold) · f
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• grand canonical enhancements:

• Ω is a function of energy E and particle 
number N

• two possible acceptance criterions for 
particle insertion / deletion moves:

Q.Yan et al. Physical Review Letters, 90(3):035701, 2003.

pacc(Eold, N → Enew, N + 1) = min

[
1,

V

(N + 1)Λ3

Ω(Eold, N)

Ω(Enew, N + 1)

]

pacc(Eold, N → Enew, N − 1) = min

[
1,

NΛ3

V

Ω(Eold, N)

Ω(Enew, N − 1)

]

pacc(Eold, N → Enew, N ± 1) = min

[
1,

Ω(Eold, N)

Ω(Enew, N ± 1)

]

M. S. Shell et al. Physical Review E, 66(5):056703, 2002.
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• different acceptance schemes correspond 
to difference between excess contribution 
and configurational density of states:

Ωex(N,V,E) ∝ N !

V N
Ωconfig(N,V,E)

M. S. Shell et al. Physical Review E, 66(5):056703, 2002.
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• Power iteration:

• pros:

• easy to implement

• stable

• easy to parallelize, 
even on GPU

• cons:

• slow if largest 
eigenvalues λ1 and 
λ2 are of same 
magnitude 

Eigenvector calculation

bk+1 =
Qbk

||Qbk||
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• other methods possible?:

• GTH method (M. Fenwick, J. Chem. Phys 125, 2006) 
pro: solves directly in one step
cons: does not work with sparse matrices, 
not always stable

• partial LU decomposition + invers iteration
con: gives very inaccurate results

• Arnoldi, Lanczos or Krylov-Schur methods:
tried methods available in SLEPc package
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Models

• Lennard-Jones system:

with cut-off at 2.5σ

• Hexadecan C16H34 system of 16 beads:

• TraPPE-UA (united atom) forcefield
(hydrogens are lumped into neighbouring 
carbon atoms)

V (r) = 4ε

{(σ
r

)12
−

(σ
r

)6
}
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Results
• Wang-Landau 

simulations typically 
exhibit saturation of 
error

• parQ can be achieve 
better results, 
especially in the 
beginning:
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Wang-Landau Results for LJ System3.2 Simulations in the grand canonical ensemble 3 Simulations and Results

Figure 3.7: Plot showing two (logarithmic) configurational densities of states
ln Ω(N,E), which are determined up to an additive constant. The sim-
ulation (green lines) was constrained to an energy range E ∈ [−690, 10]
and a particle number range N ∈ [0, 110] and was stopped after
1.641 · 1010 time-steps with a modification factor f̂ = 7.62939 · 10−6.
The black lines are the literature data from [5].

3.2 Simulations in the grand canonical ensemble

3.2.1 Wang-Landau algorithm

As we do not have an exact density of states for the grand canonical ensemble, it is
only possible to compare it and the resulting phase diagram with reference values.
Yan et al. [5] published good reference values for the truncated Lennard-Jones
potential. In figure 3.7 the joint density of states for this system, calculated by the
Wang-Landau algorithm after 1.641 · 1010 time-steps, is shown. This rather large
number of time-steps is the result of not constraining the energy range per particle
number by a pre-simulation, which results in a lot of states that have to be sampled
that only contribute a negligible part in eqn. 2.77. The shown density of states
has been subtracted by a constant so that its maximum value is zero in order to
ease the calculation of the coexistance curve and increase the comparability between

36

green - WL simulation
black - literature data (cf. Q. Yan et al. Physical Review Letters, 90(3):035701, 2003)
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• red - WL simulation with per-particle-
number constrained energy range

• green & black as before

3 Simulations and Results 3.2 Simulations in the grand canonical ensemble

Figure 3.8: Comparison of the joint density of states ln Ω(N,E) shown in figure 3.7
(green crosses and green lines) with a similar Wang-Landau simulation
with constrained energy range (red circles and red lines) and reference
values from [5] (black lines). Low (left-hand side) and high (right-hand
side) density parts of the different densities of states are shown for better
comparison. A very good agreement with the literature data can be seen.
Only in low energy region of the right plot a slight difference between the
black and the green lines can be seen due to insufficient sampling of this
region. The energy constrained WL algorithm (red lines) performs far
better, as it gives better accuracy in less time-steps (2.76 · 109 compared
to 1.641 · 1010).

different simulations.
A comparison of this result with the mentioned reference values can be found in

figure 3.8 together with data from an energy constrained Wang-Landau simulation.
Both simulations produce very good results, but the unconstrained simulation took
nearly five times longer than the simulation where the energy range per particle
number has been constrained. Slight deviations from the literature data in the
low-energy region are a result of insufficient sampling.

The development of the coexistance curve, calculated according to sec. 2.7, from
a Wang-Landau simulation can be found in figure 3.9. It shows the phase diagrams
computed from the densities of states after a selected set of refinements. One can
see that the accuracy increases very well over time and after 2.3 · 109 time-steps,

37
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• red - parQ
green - reference
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• Hexadecan
left parQ, right Wang-Landau
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Further development

• find optimal sampling scheme for parQ

• quality criterion for transition matrix

• faster eigenvector calculation

• direct exchange of data between WL 
algorithm and parQ data during simulation
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• parQ can be used to calculate the density 
of states

• delivers results equal to or even better 
than established Wang-Landau method

• easy to parallelize

• easy to adopt to other sampling schemes

Conclusion
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