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Motivation, goals and strategy

Motivation

1 Dynamic simulations of fiber-reinforced materials in light-weight structures

2 Variational design of energy-momentum schemes on arbitrary coupled fields

Goal 1: energy-momentum
schemes for coupled fields

Mechanical fields

Thermal fields Mixed fields

Coupling

CouplingCoupling q, v,p,F,C ,S Cv

T ,B,R A0,κM

θ, η,∇θ
R,Q, h, λ κT

C̃ , C̃F local in space

ϑ̃, S̃ space-time

Goal 2: energy-momentum
schemes based on variation

1 Statics: Multifield principles of

virtual work (mixed finite elem.)

2 Dynamics: Multifield principles of

least action (Hamilton’s principle)

; momentum-consistent (VI)

3 Dynamics: Multifield principles of

virtual power (energy-momentum

schemes for coupled fields)

Strategy (cf. Miehe & Schröder [2001], Armero [2008], Betsch & Janz [2016], Schlögl & Leyendecker [2016])

1 Energy-momentum schemes arise as discrete Euler-Lagrange equations
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Continuum model of a fiber-reinforced body I

Transversely isotropic material in motion (cf. Schröder, Neff & Balzani [2005])

TXB0

TxBt

V

X x

B0 Bt

∂B0 ∂Bt

A0

a0

At

a

T̄

B

N

ϕ

Fv Fe

ρt

pt

p = J (ρtvt) ◦ϕ
= ρ0v

F = ∇ϕ

C = FT F

Cv = F
T
v Fv

ρ0 = Jρt◦ϕ

Q̄

ηt
r

η = Jηt ◦ϕ

Θ = θ ◦ϕ θ

R = Jr ◦ϕ

Θ∞

Deformation of fibers and matrix (cf. Klinkel, Sansour & Wagner [2005])

1 Deformation gradients

FF := a ⊗ a0 = FA0 a = Fa0 A0 := a0 ⊗ a0

2 Right Cauchy-Green tensors

CF := F
T
F FF := CFA0 CF := C : A0 ≡ I C

4 C := F
T

F

3 Isotropic viscoelastic matrix

F = FvFe Cv = F
T
v Fv ; symmetric internal variable
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Continuum model of a fiber-reinforced body II

Total free energy

1 Elastic free energy

Ψela(C ,CF ; A0) = Ψ̂ela
M (I C

1 , I
C
2 , I

C
3 , I

C
4 ) + Ψ̂ela

F (CF)

2 Thermoelastic free energy

Ψthe(Θ,C ,CF) = Ψ̂cap(Θ)− ndim βM (Θ−Θ∞) Ψ̂vol
M (I C

3 )

−2
√

CFβF (Θ −Θ∞) Ψ̂ela
F (CF)

3 Viscoelastic free energy

Ψvis
M (Λ) = Ψ̂ela

M (I Λ
1 , I

Λ
2 , I

Λ
3 ) Λ = CC−1

v Ce = FT
e Fe

Total equilibrium and non-equilibrium stress

1 Total second Piola-Kirchhoff stress tensor

S := 2
∂Ψ̂

∂C
= Sela

M + Sthe
M + Svis

M + SF(Θ,CF) A0

2 Viscous evolution equation and non-equilibrium stress tensor

Y = V(Cv) : Ċv Y := −∂Ψ
vis
M

∂Cv

Dint := Y : Ċv ≥ 0

V(Cv) =
1

4

(

Vvol −
Vdev

ndim

)

C−1
v ⊗C−1

v +
Vdev

4
I

sym : C−1
v (pos.-def.)
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Basis of the principle of virtual power I

Total energy balance in functional form

Ṫ (ϕ̇, v̇, ṗ) + Π̇ext(ϕ̇, Ċv, Θ̇, Θ̃,R, h, λ) + Π̇int(ϕ̇, Ċv,
˙̃

C , ˙̃CF ,S,SF , Θ̇, η̇, Θ̃; S̃ , S̃F) = 0

Kinetic energy

T =
ρ0
2

v · v T :=

∫

B0

T dV −
∫

B0

[v − ϕ̇] · p dV

Kinetic power functional

Ṫ (ϕ̇, v̇, ṗ) :=

∫

B0

[
∂T

∂v
− p

]

· v̇ dV −
∫

B0

ṗ · [v − ϕ̇] dV +

∫

B0

p · ϕ̈ dV

External power functional (cf. Romero [2010])

Π̇ext := −
∫

B0

ρ0B · ϕ̇ dV −
∫

∂T B0

T̄ · ϕ̇ dA−
∫

∂ϕB0

R ·
(
ϕ̇− ˙̄ϕ

)
dA

+

∫

B0

1

Θ
∇Θ̃ ·Q dV +

∫

B0

Θ̃

Θ

[
R + Dtot

]
dV +

∫

∂QB0

Θ̃

Θ
Q̄ dA

+

∫

∂ΘB0

λ
(
Θ̃− Θ̄

)
dA−

∫

∂Θ̇B0

h
(

Θ̇− ˙̄Θ
)

dA +
1

2

∫

B0

Ċv : V(Cv) : Ċv dV

with Dtot := Dint + Dcdu = Dint − 1

Θ
∇Θ ·Q
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Basis of the principle of virtual power II

Fourier’s law of transversely isotropic heat conduction Al-Kinani [2014]

q := −κF−T∇Θ κ := k I +
kF − k

‖a‖2 a ⊗ a Q := −
[

kF − k

CF

A0 + k0 C−1

]

∇Θ

Internal energy

Πint :=

∫

B0

[
ΨM(Θ, C̃ ,Cv; A0) + ΨF(Θ, C̃F ; A0)

]
dV −

∫

B0

η
[
Θ̃−Θ

]
dV

− 1

2

∫

B0

SM :
[
C̃ −C(ϕ)

]
dV −

∫

B0

SF :
[
C̃F −C(ϕ) : A0

]
dV

+
1

2

∫

B0

S̃ : C̃ dV +
1

2

∫

B0

S̃F C̃F dV

Internal power functional

Π̇int :=
1

2

∫

B0

{[

2
∂Ψ

∂C̃
+ S̃ − S

]

: ˙̃
C +

[

2
∂Ψ

∂C̃F

+ S̃F − SF : A0

]

: ˙̃CF

}

dV

− 1

2

∫

B0

Ṡ :
[
C̃ −C(ϕ)

]
dV +

1

2

∫

B0

S : Ċ(ϕ̇) dV +

∫

B0

∂Ψ

∂Cv

: Ċv dV

− 1

2

∫

B0

ṠF :
[
C̃F A0 −CF(ϕ)

]
dV +

1

2

∫

B0

SF : ĊF(ϕ̇) dV

+

∫

B0

η̇
(
Θ̃−Θ

)
dV +

∫

B0

Θ̇

[

η +
∂Ψ

∂Θ

]

dV +

∫

B0

η ˙̃Θ dV
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Principle of virtual power (cf. Schröder & Kuhl [2015], Klinkel & Wagner [1997], Hackl [1997])

Mixed principle of virtual power δ∗Ḣ = 0

δ∗Ṫ (ϕ̇, v̇, ṗ) + δ∗Π̇
ext(ϕ̇, Ċv, Θ̇, Θ̃,R, h, λ) + δ∗Π̇

int(ϕ̇, Ċv,
˙̃
C , ˙̃CF , Θ̇, η̇, Θ̃,S ,SF ; S̃, S̃F) = 0

Virtual kinetic power

δ∗Ṫ (u̇, v̇, ṗ) :=

∫

B0

[
∂T

∂v
− p

]

· δ∗v̇ dV −
∫

B0

δ∗ṗ · [v − ϕ̇] dV +

∫

B0

ṗ · δ∗ϕ̇dV

Virtual external power

δ∗Π̇
ext := −

∫

B0

ρ0B · δ∗ϕ̇dV −
∫

∂T B0

T · δ∗ϕ̇ dA−
∫

∂ϕB0

δ∗R ·
[
ϕ̇− ˙̄ϕ

]
dA−

∫

∂ϕB0

R · δ∗ϕ̇

+

∫

B0

δ∗Ċv : V(Cv) : Ċv dV +

∫

B0

δ∗Θ̃
R + Dtot

Θ
dV +

∫

B0

1

Θ
∇
(
δ∗Θ̃
)
·Q dV +

∫

∂ΘB0

λ δ∗Θ̃ dA

+

∫

∂QB0

δ∗Θ̃

Θ
Q̄ dA +

∫

∂ΘB0

δ∗λ
[
Θ̃− Θ̄

]
dA−

∫

∂Θ̇B0

δ∗h
[

Θ̇− ˙̄Θ
]

dA−
∫

∂Θ̇B0

δ∗Θ̇ h dA

Virtual internal power

δ∗Π̇
int :=

1

2

∫

B0

{[

2
∂ΨM

∂C̃
+ S̃ − S

]

: δ∗
˙̃
C +

[

2
∂ΨF

∂C̃F

+ S̃F − SF

]

: δ∗
˙̃CF − η̇ δ∗Θ̃

}

dV

−1

2

∫

B0

δ∗S :
[

˙̃
C − Ċ(ϕ̇)

]

dV +

∫

B0

{

∇(δ∗ϕ̇) : F [S + SF A0] + δ∗Ċv :
∂Ψ

∂Cv

}

dV

−1

2

∫

B0

δ∗SF :
[

˙̃CF − Ċ(ϕ̇) : A0

]

dV +

∫

B0

{

δ∗Θ̇

[
∂Ψ

∂Θ
+ η

]

− δ∗η̇
[
Θ̃−Θ

]
}

dV
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Euler-Lagrange equations

Constitutive equations

∂T

∂v
= p ∀t > t0 η = −∂Ψ

∂Θ

2
∂ΨM

∂C̃
+ S̃ = S ∀t > t0 SF =

[

2
∂ΨF

∂C̃F

+ S̃F

]

A0

Ċ(ϕ̇) = ˙̃
C with C̃(t0) = C(ϕ0) − ∂ΨM

∂Cv

= V(Cv) Ċv

ĊF(ϕ̇) : A0 = ˙̃CF with C̃F(t0) = CF(ϕ0) : A0 Θ̃ = Θ

Neumann and Dirichlet boundary conditions

F [S + SFA0] N = T̄ ∀t > t0 on ∂TB0

F [S + SFA0] N = R ϕ̇ = ˙̄ϕ with ϕ(t0) = ϕ̄(t0) on ∂ϕB0

−Q ·N = Q̄ ∀t > t0 on ∂QB0

−Q ·N
Θ

= λ Θ̃ = Θ̄ ∀t > t0 on ∂ΘB0

0 = h Θ̇ = ˙̄Θ with Θ(t0) = Θ̄(t0) on ∂Θ̇B0

Time evolution equations in first order form (cf. Romero [2010])

v = u̇ with ϕ(t0) = ϕ0

Div[FS + FFSF ] + ρ0B = ṗ with p(t0) = p0 ≡ ∂T(v0)
∂v

−Div[Q]

Θ
+

R + Dint

Θ
= η̇ with η(t0) = η0 ≡ −∂Ψ(ϕ0,Θ0)

∂Θ
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Discrete variational principle

Discrete principle of virtual power

N−1∑

n=0

kmec,kthe,kvis∑

l,j,i=1

δ∗Ḣ(zn
h (ξl,j,i),w

n
h (ξl,j); S̃

n

h (ξl), S̃
n
Fh

(ξl)) wl,j,i hn = 0 with
z = (ϕ̇, v̇, ṗ, Ċv,

˙̃
C , ˙̃CF , Θ̇, η̇)

w = (Θ̃,S,SF ,R, h, λ)

N−1∑

n=0

δ∗Ḣd(q, v,p,Cv ,C,CF , o, s, õ,R,h,λ, S̃, S̃F ; S̃
n

h (ξi), S̃
n
Fh

(ξi)) hn = 0 with
q = (ϕ2, . . . ,ϕkmec+1)

õ = (Θ̃1, . . . , Θ̃kthe
)

Galerkin time approximation with Lagrange polynomials

ϕn
h (α) :=

kmec+1∑

j=1

Mj(α)ϕn
j δ∗ϕ̇

n
h (α) :=

1

hn

kmec∑

i=1

M̃j(α) ϕ̃n
i δ∗Θ̃

n
h (α) :=

kthe∑

i=1

M̃i(α) Θ̃n
i Θ̃n

h (α) :=

kthe∑

i=1

M̃i(α) Θ̃n
i

Discrete Euler-Lagrange equations with space-time finite elements

Momentum equation:
[
B̃⊗Hq ⊗ I

]
[ρ0v− p] + b̃⊗ [Hq ⊗ I ] [ρ0v1 − p1] = 0

Velocity equation:
[
B̃⊗Hq ⊗ I

]
v + b̃⊗ [Hq ⊗ I ] v1 =

[
1

hn

Ã⊗Hq ⊗ I

]

q +
1

hn

ã⊗ [Hq ⊗ I ] q1

Positions on ∂ϕB0:
[
Ã⊗ H̄q ⊗ I

]
q̄ + ã⊗

[
H̄q ⊗ I

]
q̄1 = ˙̄q

momentum balance:

[
1

hn

Ã⊗Hq ⊗ I

]

p +
1

hn

ã⊗ [Hq ⊗ I ] p1 − Fint − Fext − F̄
ext

=
[
C̃⊗ H̄q ⊗ I

]
R

Temperature | Entropy equation:
[
C̃⊗Ho

]
õ =
[
B̃⊗Ho

]
o + b̃⊗Ho o1 Φ +

[
B̃⊗Ho

]
s + b̃⊗Ho s1 =

[
C̃⊗ H̄o

]
h̄

Temperatures on ∂Θ̇B0|∂ΘB0:
[
Ã⊗ H̄o

]
ō + ã⊗

[
H̄o

]
ō1 = ˙̄o ¯̃o = ek ⊗ ō

Entropy balance:

[
1

hn

Ã⊗Ho

]

s +
1

hn

ã⊗Ho s1 − Scon − Scdu − Sint − S̄
ext

=
[
C̃⊗ H̄o

]
λ
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Local discrete Euler-Lagrange equations

Stress equations at the Gauss points in space and time

S(ξi , χI) = 2
∂ΨM(ξi , χI )

∂C̃
+ S̃

n

h (ξi , χI ) SF(ξi , χI ) = 2
∂ΨF(ξi , χI )

∂C̃F

+ S̃n
Fh

(ξi , χI ) (ξi = 1, . . . , kmec)

Viscous time evolution equations at the Gauss points in space

Y(Cv(χI )) =
1

hn

V(Cv(χI ))→ local level Newton-Raphson method ; Cv(χI ) ∈ R
6 kvis

Discrete weak assumed strain equations on the element
kmec∑

i=1

δ∗S
n,e
h (ξi , χI ) :

[

dC̃
n,e

h (ξi , χI )

dα
−
◦

C (
◦

ϕ
n,e

h (ξi , χI ))

]

wi = 0 (i = 1, . . . , kmec)

Discrete assumed strain equations at the Gauss points in space

dC̃
n

h (ξl , χI )

dα
=
◦

C (
◦

ϕ
n

h (ξl , χI )) l = 1, . . . , kmec
dC̃

n

h (ξl , χI)

dα
=

kmec+1∑

j=1

◦

M j (ξl) Cn
j (χI ) ≡

kmec∑

i=1

M̃i(ξl) C̃
n

i (χI )

Assumed strains at the time nodes Cn
l (χI ), l = 2, . . . , kmec

Cn
l (χI ) :=

kmec∑

i=1

mli

◦

C (
◦

ϕ
n

h (ξi , χI )) + Cn
1 (χI ) with m =







◦

M 2 (ξ1) . . .
◦

M k+1 (ξ1)
... · · ·

...
◦

M 2 (ξk) . . .
◦

M k+1 (ξk)







−1
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Discrete mechanical energy balance

Discrete kinetic energy balance (cf. G. & Betsch [2011]

Tn+1 − Tn

hn

=
1

2 hn

{
vT

kmec+1 [M⊗ I ] vkmec+1 − vT
1 [M⊗ I ] v1

}

=
1

2 hn

[
v1

v

]T

[2Jsym ⊗M⊗ I ]

[
v1

v

]

with 2Jsym := diag

kmec
︷ ︸︸ ︷

(−1, 0, . . . , 0, 1)

=

[
p1

p

]T [
1

hn

JT ⊗Hq ⊗ I

] [
v1

v

]

with momentum equation and aAa = aATa

=

[
p1

p

]T [
1

(hn)2

[
ã|Ã
]T

C̃
−T [

ã|Ã
]
⊗Hq ⊗ I

] [
q1

q

]

with velocity equation

=

[
q1

q

]T [
1

(hn)2
T̃

T

1

[
ã|Ã
]
⊗Hq ⊗ I

] [
p1

p

]

with T̃1 := C̃
−1 [

ã|Ã
]

and aAb = bA
T
a

Tn+1 − Tn

hn

=
1

hn

[
q1

q

]T[

T̃
T

1 ⊗ Iq ⊗ I
]{

Fint + Fext + F̄
ext
}

with momentum balance

+
1

hn

[
q1

q

]T[

T̃
T

1 ⊗ Iq ⊗ I
]

��������:0 (⊥)
[
C̃⊗ H̄q ⊗ I

]
R

[
q1

q

]T[

T̃
T

1 ⊗ Iq ⊗ I
]

≡ ◦q
T

Discrete potential energy balance with dead loads Fext

Nq∑

I=1

[Ψn+1(χI )−Ψn(χI )] WI = − ◦q
T[

Fint + Fext
]
−
[
Πext

n+1 −Πext
n

]

+

kvis∑

i=1

Nq∑

I=1

[
∂ΨM

∂Cv

:
◦

Cv

]

(ξi , χI )WI wi +

kthe∑

j=1

Nq∑

I=1

[
∂Ψ

∂Θ

◦

Θ

]

(ξj , χI)WI wj

Πpot
n+1 −Πpot

n −
∑

i,j,l

∑

I

[
∂ΨM

∂C̃
:
◦

C̃ +
∂ΨF

∂C̃F

◦

C̃F +
∂ΨM

∂Cv

:
◦

Cv +
∂Ψ

∂Θ

◦

Θ

]

(ξi,j,l , χI ) WI wi,j,l

=

kmec∑

l=1

Nq∑

I=1

1

2

[

S̃ :
◦

C̃ +S̃F

◦

C̃ F

]

(ξl , χI) WI wl with stress equations
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Discrete superimposed fiber stress (kmec = kthe = kvis = 1)

Discrete claim for the fiber stress at the Gauss points in space
[

∂ΨF(C̃F ,Θ)n+ 1
2

∂C̃F

+
1

2
S̃F

n+ 1
2

]

A0 : [Cn+1 −Cn]
︸ ︷︷ ︸

CFn+1
−CFn

+
∂ΨF(C̃F ,Θ)n+ 1

2

∂Θ
[Θn+1 −Θn]

= ΨF(C̃F ,Θ)n+1 −ΨF(C̃F ,Θ)n

Variational problem (cf. Gauss’s principle in Ramm [2011])

L(µ, S̃F
n+ 1

2

) :=
1

2

(

S̃F
n+ 1

2

)2

+ µG(S̃F
n+ 1

2

) δ∗L(µ, S̃F
n+ 1

2

) = 0

Discrete claim as constraint (cf. Hesch & Betsch [2011], G. & Betsch [2011])

G(S̃F
n+ 1

2

) := ΨF(C̃F ,Θ)n+1 −ΨF(C̃F ,Θ)n −
[
∂ΨF(C̃F ,Θ)n+ 1

2

∂C̃F

+
1

2
S̃F

n+ 1
2

]

[
CFn+1

− CFn

]

−
∂ΨF(C̃F ,Θ)n+ 1

2

∂Θ
[Θn+1 −Θn] = 0

Discrete Euler-Lagrange equations

∂L
∂S̃F

n+ 1
2

≡ S̃F
n+ 1

2

− µ
2

[
CFn+1

− CFn

]
= 0

∂L
∂µ

≡ G(S̃F
n+ 1

2

) = 0

Discrete superimposed fiber stress (cf. Gonzalez [2000], Hesch & Betsch [2011])

S̃F
n+ 1

2

= 2
G(O)

[
CFn+1

− CFn

]

((((((([
CFn+1

− CFn

]((((((([
CFn+1

− CFn

]
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Discrete superimposed stress tensor (kmec = kthe = kvis = 1)

Discrete claim for the matrix stress tensor (one equation for 6 unknowns)

[
∂ΨM(C̃ ,Cv ,Θ)n+ 1

2

∂C̃
+

1

2
S̃n+ 1

2

]

: [Cn+1 −Cn ] +
∂ΨM(C̃ ,Cv,Θ)n+ 1

2

∂Cv

+
∂ΨM(C̃ ,Cv,Θ)n+ 1

2

∂Θ

= ΨM(C̃ ,Cv,Θ)n+1 −ΨM(C̃ ,Cv,Θ)n

Constrained variational problem with the Mandel stress tensor

L(µ, S̃n+ 1
2
) :=

1

2
C̃n+ 1

2
S̃n+ 1

2
: S̃n+ 1

2
C̃n+ 1

2
+ µG(S̃n+ 1

2
) δ∗L(µ, S̃n+ 1

2
) = 0

Discrete claim as constraint (cf. Hesch & Betsch [2011], G. & Betsch [2011])

G(S̃n+ 1
2
) := ΨM(C̃ ,Cv,Θ)n+1 −ΨM(C̃ ,Cv,Θ)n −

[
∂ΨM(C̃ ,Cv ,Θ)n+ 1

2

∂C̃
+

1

2
S̃n+ 1

2

]

: [Cn+1 −Cn]

−
∂ΨM(C̃ ,Cv,Θ)n+ 1

2

∂Cv

−
∂ΨM(C̃ ,Cv,Θ)n+ 1

2

∂Θ

Discrete Euler-Lagrange equations

∂L
∂S̃n+ 1

2

≡ C̃n+ 1
2

S̃n+ 1
2

C̃n+ 1
2
− µ

2
[Cn+1 −Cn] = O

∂L
∂µ

≡ G(S̃n+ 1
2
) = 0

Discrete superimposed stress tensor (cf. Armero & Zambrana-Rojas [2007])

S̃n+ 1
2

= 2
G(O)

C̃
−1

n+ 1
2

[Cn+1 −Cn] : [Cn+1 −Cn] C̃
−1

n+ 1
2

C̃
−1

n+ 1
2

[Cn+1 −Cn] C̃
−1

n+ 1
2
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Higher-order variational vs. Galerkin schemes

Galerkin scheme (kmec = 2)

Cn ≡ C
n
1 := (Fn

1 )T F
n
1

Cn
2 := (Fn

2 )
T

Fn
2

Cn+1 ≡ Cn
3 := (Fn

3 )T Fn
3

Variational scheme for kmec = 2

Cn ≡ C
n
1 := (Fn

1 )T F
n
1

Cn
2 :=

1

3

[
Fn

1 + Fn
3

2
− Fn

2

]T [
Fn

1 + Fn
3

2
− Fn

2

]

+ (Fn
2 )T Fn

2

Cn+1 ≡ Cn
3 := (Fn

3 )T Fn
3

Superimposed stress tensor of Galerkin schemes (cf. Mohr, Menzel, Steinmann [2008])

S̃
n

h (ξi) := 2
G(O)

kmec∑

l=1

◦

C̃
n

h (ξl) :
◦

C (
◦

ϕ
n

h )(ξl) wl

◦

C̃
n

h (ξi)
(energy consistent, but not varia-
tionally consistent approximation)

with

C̃
n

h (α) =

kmec+1∑

j=1

Mj+1(α) [Fn
j ]TF

n
j (i = 1, . . . , kmec)

Superimposed stress tensor of variational schemes (cf. G. & Dietzsch [2017])

S̃
n

h (ξi) := 2
G(O)

kmec∑

l=1

[C̃
n

h (ξl)]
−1

◦

C̃
n

h (ξl) :

◦

C̃
n

h (ξl) [C̃
n

h (ξl)]
−1 wl

[C̃
n

h (ξi)]
−1

◦

C̃
n

h (ξi) [C̃
n

h (ξi)]
−1

with

C̃
n

h (α) =

kmec+1∑

j=1

Mj+1(α) C n
j (i = 1, . . . , kmec)
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Discrete balances of thermal and total energy

Discrete thermal energy balance

Πthe
n+1 −Πthe

n

hn

=
1

hn

{
oT

kthe+1 Ho skthe+1 − oT
1 Ho s1

}
with Πthe

α :=

Nq∑

I=1

Θ(χI , α) η(χI , α) WI

=

[
o1

o

]T [
2

hn

Jsym ⊗Ho

] [
s1

s

]

with 2Jsym := diag

kthe
︷ ︸︸ ︷

(−1, 0, . . . , 0, 1)

=

[
o1

o

]T [
1

hn

(

J + JT
)

⊗Ho

] [
s1

s

]

with JT ≡
[
ã|Ã
]T

T̃2
︷ ︸︸ ︷

C̃
−T [

b̃|B̃
]
≡ T̃

T

1

[
b̃|B̃
]

=

[
o1

o

]T[

T̃
T

2 ⊗ Io

]

︸ ︷︷ ︸

Θ̃
T

1

hn

[[
ã|Ã
]
⊗Ho

]
[

s1

s

]

︸ ︷︷ ︸

entropy balance

+
1

hn

[
o1

o

]T[

T̃
T

1 ⊗ Io

]

︸ ︷︷ ︸

◦

Θ

T

[[
b̃|B̃
]
⊗Ho

]
[

s1

s

]

︸ ︷︷ ︸

entropy equation

Πthe
n+1 −Πthe

n

hn

= Θ̃
T

�������[

Scon + Scdu
]

+ Θ̃
T
{

Sint + S̄
ext

+
[
C̃⊗ H̄o

]
λ
}

− 1

hn

◦

Θ

T{
Φ−
[
C̃⊗ H̄o

]
h̄
}

Discrete total energy balance

Hn+1 −Hn

hn

=
Tn+1 − Tn

hn

+
Πpot

n+1 −Πpot
n

hn

+
Πext

n+1 −Πext
n

hn

+
Πthe

n+1 −Πthe
n

hn

=
1

hn

◦

q
T{

�����
Fint + Fext + F̄

ext
}

− 1

hn

◦

q
T{

�����
Fint + Fext

}

+

Nq∑

I=1

{XXXXXXXXXXXX

kvis∑

i=1

[
∂ΨM

∂Cv

:
◦

Cv

]

(ξi , χI )
wi

hn

+
����������XXXXXXXXXX

kthe∑

j=1

[
∂Ψ

∂Θ

◦

Θ

]

(ξj , χI )
wj

hn

}

WI

− 1

hn

◦

Θ

T{

��@@Φ−
[
C̃⊗Ho

]
h̄
}

+ Θ̃
T
{
HHSint + S̄

ext
+
[
C̃⊗ H̄o

]
λ
}

Hn+1 −Hn

hn

=
1

hn

◦

q
T

F̄
ext

+ Θ̃
T
{

S̄
ext

+
[
C̃⊗ H̄o

]
λ
}

+
1

hn

◦

Θ

T[
C̃⊗Ho

]
h̄
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Discrete balances of total momenta

Discrete balance of total angular momentum (cf. G. & Betsch [2011])

Jn+1 − Jn

hn

=
1

hn

{

qT
kmec+1

[

M⊗WT
ξ0

]

vkmec+1 − qT
1

[

M⊗WT
ξ0

]

v1

}

with Wξ0 := spin[ξ0]

=

[
q1

q

]T [
2

hn

Jsym ⊗M⊗WT
ξ0

] [
v1

v

]

with 2Jsym := diag

kthe
︷ ︸︸ ︷

(−1, 0, . . . , 0, 1)

=

[
q1

q

]T [
1

hn

(

J + JT
)

⊗Hq ⊗WT
ξ0

] [
p1

p

]

with momentum equation

=

[
q1

q

]T[

T̃
T

2 ⊗ Iq ⊗WT
ξ0

]{ 1

hn

[[
ã|Ã
]
⊗Hq ⊗ I

]
[

p1

p

]}

momentum balance

+
1

hn

[
q1

q

]T[

T̃
T

1 ⊗ ρ0 Iq ⊗WT
ξ0

]{[[
b̃|B̃
]
⊗Hq ⊗ I

]
[

v1

v

]}

velocity equation

Jn+1 − Jn

hn

=

[
q1

q

]T[

T̃
T

2 ⊗ Iq ⊗WT
ξ0

]{
HHFint + Fext + F̄

ext
+
[
C̃⊗ H̄q ⊗ I

]
R
}

with S = S
T

+
1

(hn)2

(((((((((((((((((((((
[

q1

q

]T[[
ã|Ã
]T

C̃
−T [

ã|Ã
]
⊗M⊗WT

ξ0

] [
q1

q

]

with M = MT

Discrete balance of total linear momentum (cf. G. & Betsch [2011])

Pn+1 − Pn

hn

=
1

hn

cT
{

[Hq ⊗ I ] pkmec+1 − [Hq ⊗ I ] p1

}
with cT :=

[

ξT
0 , . . . , ξ

T
0

]

∈ R
1×ndof

= [ekmec
⊗ c]T

{
1

hn

[[
ã|Ã
]
⊗Hq ⊗ I

]
[

p1

p

]}

momentum balance

= [e⊗ c]T
{
HHFint + Fext + F̄

ext
+
[
C̃⊗ H̄q ⊗ I

]
R
}

with

Nq∑

I=1

∇NI = 0

Pn+1 − Pn

hn

= [e⊗ c]
T
{

Fext + F̄
ext

+
[
C̃⊗ H̄q ⊗ I

]
R
}

eT
kmec

:= [1, . . . , 1] ∈ R
1×kmec
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Discrete balance of total entropy

Discrete balance of total entropy or thermal momentum

Sn+1 − Sn

hn

=
1

hn

eT
Θ {[Hq] skthe+1 − [Hq] s1} with eT

Θ := [1, . . . , 1] ∈ R
1×nnode

= [ekthe
⊗ eΘ]

T 1

hn

[[
ã|Ã
]
⊗Hq

]
[

s1

s

]

︸ ︷︷ ︸

momentum balance

with eT
kthe

:= [1, . . . , 1] ∈ R
1×kthe

Sn+1 − Sn

hn

= [ekthe
⊗ eΘ]

T
{

���Scon+ Scdu+ Sint + S̄
ext

+
[
C̃⊗ H̄o

]
λ
}

with

Nq∑

I=1

∇NI = 0

In the case without transient Dirichlet and Neumann boundary conditions, we obtain at ∂ΘB0

[ekthe
⊗ ēΘ]T

{

(((((((((((((([
1

hn

Ã⊗ H̄o

]

s +
1

hn

ã⊗ H̄o s1 −HHHS̄
con− S̄

cdu− S̄
int −�

�Z
ZS̄

ext
}

= [ekthe
⊗ ēΘ]T

[
C̃⊗ H̄o

]
λ ≤ 0

Discrete balance of Lyapunov function

Fn+1 −Fn

hn

=
Hn+1 −Hn

hn

−Θ∞
Sn+1 − Sn

hn

with Θ
T
∞

:= Θ∞ [ekthe
⊗ eΘ]

T

=
1

hn

◦

q
T{

F̄
ext

+
[
C̃⊗ H̄q ⊗ I

]
R
}

+
[
Θ̃−Θ∞

]T
{

S̄
ext

+������[
C̃⊗ H̄o

]
λ
}

− Θ
T
∞

{

Scdu + Sint
}

+
1

hn

◦

Θ

T[
C̃⊗Ho

]
h̄

In the case without transient Dirichlet and Neumann boundary conditions, we arrive at

Fn+1 −Fn

hn

=
1

hn

◦

q
T

(((((((((((({

F̄
ext

+
[
C̃⊗ H̄q ⊗ I

]
R
}

+
[
Θ̃−Θ∞

]TZ
ZS̄

ext

− Θ
T
∞

{

Scdu + Sint
}

+
1

hn

◦

Θ

T

�����XXXXX
[
C̃⊗Ho

]
h̄

Fn+1 −Fn

hn

= −Θ
T
∞

{

Scdu + Sint
}

≤ 0
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Dynamic Taylor impact test with a tetrahedron
(’Decreasing’-Test of balance laws; kmec = 2, kthe = 2, kvis = 1)

Characteristics Θ∞ = 298.15 K

Geometry

Edge length ledge = 1

Mesh

Element: 10-node
Element number: nel = 20
Node number: nno = 59

Boundary conditions

Red face: x-dof fixed
Green face: y-dof fixed
Blue face: z-dof fixed

ΘA = Θ∞
Yellow face: ΘA = Θ∞

Initial conditions

Initial velocity: vA
0 = −10 ez

Initial angular velocity: ωA
0 = 0

Initial temperature: ΘA
0 = 308.15

Dirichlet loads

Displacement profile: no
Temperature profile: no

Neumann loads

Traction load: no
Pressure load: no
Heat flux load: no

Volume loads

Standard gravity g = 9.81

Time evolutions of node 23 (bottom)
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Dynamic Taylor impact test with a tetrahedron
(’Decreasing’-Test of balance laws; kmec = 2, kthe = 2, kvis = 1)

Characteristics Θ∞ = 298.15 K

Geometry

Edge length ledge = 1

Mesh

Element: 10-node
Element number: nel = 20
Node number: nno = 59

Boundary conditions

Red face: x-dof fixed
Green face: y-dof fixed
Blue face: z-dof fixed

ΘA = Θ∞
Yellow face: ΘA = Θ∞

Initial conditions

Initial velocity: vA
0 = −10 ez

Initial angular velocity: ωA
0 = 0

Initial temperature: ΘA
0 = 308.15

Dirichlet loads

Displacement profile: no
Temperature profile: no

Neumann loads

Traction load: no
Pressure load: no
Heat flux load: no

Volume loads

Standard gravity g = 9.81

Balance properties tol = 10−2 J/tolevo = 10−10 J
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Technische
Mechanik/Dynamik

Dynamic Taylor impact test with a tetrahedron
(’Decreasing’-Test of balance laws; kmec = 2, kthe = 2, kvis = 1)

Characteristics Θ∞ = 298.15 K

Geometry

Edge length ledge = 1

Mesh

Element: 10-node
Element number: nel = 20
Node number: nno = 59

Boundary conditions

Red face: x-dof fixed
Green face: y-dof fixed
Blue face: z-dof fixed

ΘA = Θ∞
Yellow face: ΘA = Θ∞

Initial conditions

Initial velocity: vA
0 = −10 ez

Initial angular velocity: ωA
0 = 0

Initial temperature: ΘA
0 = 308.15

Dirichlet loads

Displacement profile: no
Temperature profile: no

Neumann loads

Traction load: no
Pressure load: no
Heat flux load: no

Volume loads

Standard gravity g = 9.81

Snapshots of the motion with reactions
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Technische
Mechanik/Dynamik

Dynamic Taylor impact test with a tetrahedron
(’Decreasing’-Test of balance laws; kmec = 2, kthe = 2, kvis = 1)

Characteristics Θ∞ = 298.15 K

Geometry

Edge length ledge = 1

Mesh

Element: 10-node
Element number: nel = 20
Node number: nno = 59

Boundary conditions

Red face: x-dof fixed
Green face: y-dof fixed
Blue face: z-dof fixed

ΘA = Θ∞
Yellow face: ΘA = Θ∞

Initial conditions

Initial velocity: vA
0 = −10 ez

Initial angular velocity: ωA
0 = 0

Initial temperature: ΘA
0 = 308.15

Dirichlet loads

Displacement profile: no
Temperature profile: no

Neumann loads

Traction load: no
Pressure load: no
Heat flux load: no

Volume loads

Standard gravity g = 9.81

Time evolutions of node 37 (right)
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Technische
Mechanik/Dynamik

Dynamic Taylor impact test with a tetrahedron
(’Decreasing’-Test of balance laws; kmec = 2, kthe = 2, kvis = 1)

Characteristics Θ∞ = 298.15 K

Geometry

Edge length ledge = 1

Mesh

Element: 10-node
Element number: nel = 20
Node number: nno = 59

Boundary conditions

Red face: x-dof fixed
Green face: y-dof fixed
Blue face: z-dof fixed

ΘA = Θ∞
Yellow face: ΘA = Θ∞

Initial conditions

Initial velocity: vA
0 = −10 ez

Initial angular velocity: ωA
0 = 0

Initial temperature: ΘA
0 = 308.15

Dirichlet loads

Displacement profile: no
Temperature profile: no

Neumann loads

Traction load: no
Pressure load: no
Heat flux load: no

Volume loads

Standard gravity g = 9.81

Time steps and CPU time hmin
n = 10−6 s
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Technische
Mechanik/Dynamik

Dynamic Taylor impact test with a tetrahedron
(’Decreasing’-Test of balance laws; kmec = 1, kthe = 1, kvis = 1)

Characteristics Θ∞ = 298.15 K

Geometry

Edge length ledge = 1

Mesh

Element: 10-node
Element number: nel = 20
Node number: nno = 59

Boundary conditions

Red face: x-dof fixed
Green face: y-dof fixed
Blue face: z-dof fixed

ΘA = Θ∞
Yellow face: ΘA = Θ∞

Initial conditions

Initial velocity: vA
0 = −10 ez

Initial angular velocity: ωA
0 = 0

Initial temperature: ΘA
0 = 308.15

Dirichlet loads

Displacement profile: no
Temperature profile: no

Neumann loads

Traction load: no
Pressure load: no
Heat flux load: no

Volume loads

Standard gravity g = 9.81

Time steps and CPU time hmin
n = 10−6 s
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Technische
Mechanik/Dynamik

Dynamic Taylor impact test with a tetrahedron
(’Decreasing’-Test of balance laws; kmec = 2, kthe = 2, kvis = 1)

Characteristics Θ∞ = 298.15 K

Geometry

Edge length ledge = 1

Mesh

Element: 10-node
Element number: nel = 20
Node number: nno = 59

Boundary conditions

Red face: x-dof fixed
Green face: y-dof fixed
Blue face: z-dof fixed

ΘA = Θ∞
Yellow face: ΘA = Θ∞

Initial conditions

Initial velocity: vA
0 = −10 ez

Initial angular velocity: ωA
0 = 0

Initial temperature: ΘA
0 = 308.15

Dirichlet loads

Displacement profile: no
Temperature profile: no

Neumann loads

Traction load: no
Pressure load: no
Heat flux load: no

Volume loads

Standard gravity g = 9.81

Mechanical balance errors tol = 10−2 J
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Technische
Mechanik/Dynamik

Dynamic Taylor impact test with a tetrahedron
(’Decreasing’-Test of balance laws; kmec = 2, kthe = 2, kvis = 1)

Characteristics Θ∞ = 298.15 K

Geometry

Edge length ledge = 1

Mesh

Element: 10-node
Element number: nel = 20
Node number: nno = 59

Boundary conditions

Red face: x-dof fixed
Green face: y-dof fixed
Blue face: z-dof fixed

ΘA = Θ∞
Yellow face: ΘA = Θ∞

Initial conditions

Initial velocity: vA
0 = −10 ez

Initial angular velocity: ωA
0 = 0

Initial temperature: ΘA
0 = 308.15

Dirichlet loads

Displacement profile: no
Temperature profile: no

Neumann loads

Traction load: no
Pressure load: no
Heat flux load: no

Volume loads

Standard gravity g = 9.81

Thermal balance errors tol = 10−2 J
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Technische
Mechanik/Dynamik

Pressure and temperature load on a tetrahedron
(Mechanical Neumann/Thermal Dirichlet load; kmec = 2, kthe = 2, kvis = 1)

Characteristics Θ∞ = 298.15 K

Geometry

Edge length ledge = 1

Mesh

Element: 10-node
Element number: nel = 65
Node number: nno = 158

Boundary conditions

Red face: x-dof fixed
Green face: y-dof fixed
Blue face: z-dof fixed

ΘA = Θ∞
Yellow face: Tload = 0.5

ωload = 10π

Initial conditions

Initial velocity: vA
0 = 0

Initial angular velocity: ωA
0 = 0

Initial temperature: ΘA
0 = 308.15

Dirichlet loads

Displacement profile: no

Temperature profile: Θ̂ = 10

Neumann loads

Traction load: no
Pressure load: p̂ = 4 · 104

Heat flux load: no

Volume loads

Standard gravity g = 9.81

Time evolutions of node 120 (front)
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Technische
Mechanik/Dynamik

Pressure and temperature load on a tetrahedron
(Mechanical Neumann/Thermal Dirichlet load; kmec = 2, kthe = 2, kvis = 1)

Characteristics Θ∞ = 298.15 K

Geometry

Edge length ledge = 1

Mesh

Element: 10-node
Element number: nel = 65
Node number: nno = 158

Boundary conditions

Red face: x-dof fixed
Green face: y-dof fixed
Blue face: z-dof fixed

ΘA = Θ∞
Yellow face: Tload = 0.5

ωload = 10π

Initial conditions

Initial velocity: vA
0 = 0

Initial angular velocity: ωA
0 = 0

Initial temperature: ΘA
0 = 308.15

Dirichlet loads

Displacement profile: no

Temperature profile: Θ̂ = 10

Neumann loads

Traction load: no
Pressure load: p̂ = 4 · 104

Heat flux load: no

Volume loads

Standard gravity g = 9.81

Time evolutions of loads and reactions
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Technische
Mechanik/Dynamik

Pressure and temperature load on a tetrahedron
(Mechanical Neumann/Thermal Dirichlet load; kmec = 2, kthe = 2, kvis = 1)

Characteristics Θ∞ = 298.15 K

Geometry

Edge length ledge = 1

Mesh

Element: 10-node
Element number: nel = 65
Node number: nno = 158

Boundary conditions

Red face: x-dof fixed
Green face: y-dof fixed
Blue face: z-dof fixed

ΘA = Θ∞
Yellow face: Tload = 0.5

ωload = 10π

Initial conditions

Initial velocity: vA
0 = 0

Initial angular velocity: ωA
0 = 0

Initial temperature: ΘA
0 = 308.15

Dirichlet loads

Displacement profile: no

Temperature profile: Θ̂ = 10

Neumann loads

Traction load: no
Pressure load: p̂ = 4 · 104

Heat flux load: no

Volume loads

Standard gravity g = 9.81

Balance properties
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Technische
Mechanik/Dynamik

Compression test with heating on a cube
(Mechanical Dirichlet/Thermal Dirichlet load; kmec = 1, kthe = 2, kvis = 2)

Characteristics Θ∞ = 298.15 K

Geometry

Edge length ledge = 2

Mesh

Element: 27-node
Element number: nel = 8
Node number: nno = 125

Boundary conditions

Green yz-face: x-dof fixed
Green xz-face: y-dof fixed
Yellow xy-face: z-dof fixed

ΘA = 10 f (t)
Red xy-face: ΘA = 10 f (t)
Blue yz-face ΘA = Θ∞

uA
x = −0.3 f (t)

Blue xz-face ΘA = Θ∞
uA

y = −0.3 f (t)

Initial conditions

Initial velocities: vA
0 = 0 = ωA

0

Initial temperature: ΘA
0 = 308.15

Dirichlet loads

Displacements with f (t): Tload = 0.5
Temperatures with f (t): ωload = 10π

Neumann loads

Traction load: no
Pressure load: no
Heat flux load: no

Volume loads

Standard gravity g = 9.81

Time evolutions of node 7 (corner)
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Technische
Mechanik/Dynamik

Compression test with heating on a cube
(Mechanical Dirichlet/Thermal Dirichlet load; kmec = 1, kthe = 2, kvis = 2)

Characteristics Θ∞ = 298.15 K

Geometry

Edge length ledge = 2

Mesh

Element: 27-node
Element number: nel = 8
Node number: nno = 125

Boundary conditions

Green yz-face: x-dof fixed
Green xz-face: y-dof fixed
Yellow xy-face: z-dof fixed

ΘA = 10 f (t)
Red xy-face: ΘA = 10 f (t)
Blue yz-face ΘA = Θ∞

uA
x = −0.3 f (t)

Blue xz-face ΘA = Θ∞
uA

y = −0.3 f (t)

Initial conditions

Initial velocities: vA
0 = 0 = ωA

0

Initial temperature: ΘA
0 = 308.15

Dirichlet loads

Displacements with f (t): Tload = 0.5
Temperatures with f (t): ωload = 10π

Neumann loads

Traction load: no
Pressure load: no
Heat flux load: no

Volume loads

Standard gravity g = 9.81

Time evolutions of loads and reactions
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Technische
Mechanik/Dynamik

Compression test with heating on a cube
(Mechanical Dirichlet/Thermal Dirichlet load; kmec = 1, kthe = 2, kvis = 2)

Characteristics Θ∞ = 298.15 K

Geometry

Edge length ledge = 2

Mesh

Element: 27-node
Element number: nel = 8
Node number: nno = 125

Boundary conditions

Green yz-face: x-dof fixed
Green xz-face: y-dof fixed
Yellow xy-face: z-dof fixed

ΘA = 10 f (t)
Red xy-face: ΘA = 10 f (t)
Blue yz-face ΘA = Θ∞

uA
x = −0.3 f (t)

Blue xz-face ΘA = Θ∞
uA

y = −0.3 f (t)

Initial conditions

Initial velocities: vA
0 = 0 = ωA

0

Initial temperature: ΘA
0 = 308.15

Dirichlet loads

Displacements with f (t): Tload = 0.5
Temperatures with f (t): ωload = 10π

Neumann loads

Traction load: no
Pressure load: no
Heat flux load: no

Volume loads

Standard gravity g = 9.81

Snapshots of the motion with reactions
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Technische
Mechanik/Dynamik

Compression test with heating on a cube
(Mechanical Dirichlet/Thermal Dirichlet load; kmec = 1, kthe = 2, kvis = 2)

Characteristics Θ∞ = 298.15 K

Geometry

Edge length ledge = 2

Mesh

Element: 27-node
Element number: nel = 8
Node number: nno = 125

Boundary conditions

Green yz-face: x-dof fixed
Green xz-face: y-dof fixed
Yellow xy-face: z-dof fixed

ΘA = 10 f (t)
Red xy-face: ΘA = 10 f (t)
Blue yz-face ΘA = Θ∞

uA
x = −0.3 f (t)

Blue xz-face ΘA = Θ∞
uA

y = −0.3 f (t)

Initial conditions

Initial velocities: vA
0 = 0 = ωA

0

Initial temperature: ΘA
0 = 308.15

Dirichlet loads

Displacements with f (t): Tload = 0.5
Temperatures with f (t): ωload = 10π

Neumann loads

Traction load: no
Pressure load: no
Heat flux load: no

Volume loads

Standard gravity g = 9.81

Time evolutions of node 42 (corner)
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Technische
Mechanik/Dynamik

Compression test with heating on a cube
(Mechanical Dirichlet/Thermal Dirichlet load; nel = 8)

Characteristics Θ∞ = 298.15 K

Geometry

Edge length ledge = 2

Mesh

Element: 8/20/27-node
Element number: nel = 8
Node number: nno = 27/81/125

Boundary conditions

Green yz-face: x-dof fixed
Green xz-face: y-dof fixed
Yellow xy-face: z-dof fixed

ΘA = 10 f (t)
Red xy-face: ΘA = 10 f (t)
Blue yz-face ΘA = Θ∞

uA
x = −0.3 f (t)

Blue xz-face ΘA = Θ∞
uA

y = −0.3 f (t)

Initial conditions

Initial velocities: vA
0 = 0 = ωA

0

Initial temperature: ΘA
0 = 308.15

Dirichlet loads

Displacements [f (t)]: Tload = 0.5
Temperatures [f (t)]: ωload = 10π

Neumann loads

Traction load: no
Pressure load: no
Heat flux load: no

Volume loads

Standard gravity g = 9.81

Time steps and CPU time hmin
n = 10−6 s
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Compression test with heating on a cube
(Mechanical Dirichlet/Thermal Dirichlet load; nel = 64)

Characteristics Θ∞ = 298.15 K

Geometry

Edge length ledge = 2

Mesh

Element: 8/20/27-node
Element number: nel = 64
Node number: nno = 125/425/729

Boundary conditions

Green yz-face: x-dof fixed
Green xz-face: y-dof fixed
Yellow xy-face: z-dof fixed

ΘA = 10 f (t)
Red xy-face: ΘA = 10 f (t)
Blue yz-face ΘA = Θ∞

uA
x = −0.3 f (t)

Blue xz-face ΘA = Θ∞
uA

y = −0.3 f (t)

Initial conditions

Initial velocities: vA
0 = 0 = ωA

0

Initial temperature: ΘA
0 = 308.15

Dirichlet loads

Displacements [f (t)]: Tload = 0.5
Temperatures [f (t)]: ωload = 10π

Neumann loads

Traction load: no
Pressure load: no
Heat flux load: no

Volume loads

Standard gravity g = 9.81

Time steps and CPU time hmin
n = 10−6 s
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Compression with cooling on a ’Cook-like’ cube
(Mechanical Neumann/Thermal Neumann load; kmec = 1, kthe = 2, kvis = 1)

Characteristics Θ∞ = 298.15 K

Geometry

Edge lengths ledge1
= 1.5

ledge2
= 2

ledge3
= 2.5

Mesh

Element: 10-node
Element number: nel = 46
Node number: nno = 121

Boundary conditions

Green yz-face: x-dof fixed
Green xz-face: y-dof fixed
Yellow xy-face: z-dof fixed
Red faces: QA = −2000 f (t)
Blue face ΘA = Θ∞

TA
z = −400000 f (t)

Initial conditions

Initial velocities: vA
0 = 0 = ωA

0

Initial temperature: ΘA
0 = 308.15

Dirichlet loads

Displacement profile: no
Temperature profile: no

Neumann loads

Heat flux load [f (t)]: Tload = 2
Traction load [f (t)]: ωload = 2.5π
Pressure load: no

Volume loads

Standard gravity g = 9.81

Time evolutions of node 36 (long edge)
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Compression with cooling on a ’Cook-like’ cube
(Mechanical Neumann/Thermal Neumann load; kmec = 1, kthe = 2, kvis = 1)

Characteristics Θ∞ = 298.15 K

Geometry

Edge lengths ledge1
= 1.5

ledge2
= 2

ledge3
= 2.5

Mesh

Element: 10-node
Element number: nel = 46
Node number: nno = 121

Boundary conditions

Green yz-face: x-dof fixed
Green xz-face: y-dof fixed
Yellow xy-face: z-dof fixed
Red faces: QA = −2000 f (t)
Blue face ΘA = Θ∞

TA
z = −400000 f (t)

Initial conditions

Initial velocities: vA
0 = 0 = ωA

0

Initial temperature: ΘA
0 = 308.15

Dirichlet loads

Displacement profile: no
Temperature profile: no

Neumann loads

Heat flux load [f (t)]: Tload = 2
Traction load [f (t)]: ωload = 2.5π
Pressure load: no

Volume loads

Standard gravity g = 9.81

Time evolutions of loads and reactions
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Compression with cooling on a ’Cook-like’ cube
(Mechanical Neumann/Thermal Neumann load; kmec = 1, kthe = 2, kvis = 1)

Characteristics Θ∞ = 298.15 K

Geometry

Edge lengths ledge1
= 1.5

ledge2
= 2

ledge3
= 2.5

Mesh

Element: 10-node
Element number: nel = 46
Node number: nno = 121

Boundary conditions

Green yz-face: x-dof fixed
Green xz-face: y-dof fixed
Yellow xy-face: z-dof fixed
Red faces: QA = −2000 f (t)
Blue face ΘA = Θ∞

TA
z = −400000 f (t)

Initial conditions

Initial velocities: vA
0 = 0 = ωA

0

Initial temperature: ΘA
0 = 308.15

Dirichlet loads

Displacement profile: no
Temperature profile: no

Neumann loads

Heat flux load [f (t)]: Tload = 2
Traction load [f (t)]: ωload = 2.5π
Pressure load: no

Volume loads

Standard gravity g = 9.81

Snapshots of the motion with reactions
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Compression with cooling on a ’Cook-like’ cube
(Mechanical Neumann/Thermal Neumann load; kmec = 1, kthe = 2, kvis = 1)

Characteristics Θ∞ = 298.15 K

Geometry

Edge lengths ledge1
= 1.5

ledge2
= 2

ledge3
= 2.5

Mesh

Element: 10-node
Element number: nel = 46
Node number: nno = 121

Boundary conditions

Green yz-face: x-dof fixed
Green xz-face: y-dof fixed
Yellow xy-face: z-dof fixed
Red faces: QA = −2000 f (t)
Blue face ΘA = Θ∞

TA
z = −400000 f (t)

Initial conditions

Initial velocities: vA
0 = 0 = ωA

0

Initial temperature: ΘA
0 = 308.15

Dirichlet loads

Displacement profile: no
Temperature profile: no

Neumann loads

Heat flux load [f (t)]: Tload = 2
Traction load [f (t)]: ωload = 2.5π
Pressure load: no

Volume loads

Standard gravity g = 9.81

Balance properties
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Summary and Outlook

Higher-order accurate variational
energy-momentum scheme

Discrete energy consistency Discrete momentum consistency
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Discrete total energy balance
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Discrete Lyapunov func. balance

Discrete Variation
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Higher-order schemes are more efficient with a time step size control

Outlook: Mixed finite element stress fields
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