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B Motivation, goals and strategy
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Motivation: New simulation methods for fiber-reinforced materials

A mixed assumed
strain FE
(Epmul Rt (7 0 Energy-momentum schemes and locking-free FE methods are well-known algorithms
variational-based
energy-momentum
time integrations
in thermodynamics
of fiber-reinforced
continua

Q Usually developed separately; without a ‘smart algorithmic interface’ between both

e Idea: appropriate discrete variational principles can serve as such a ‘smart interface’

Goal 2: volumetric locking in
matrix & line locking in fibers

Goal 1: Locking-free FE methods

Michael G
Juli

within energy-momentum schemes

Introduction Locking in volume elements Energy-momentum schemes
Simo, Taylor, Pister [1985] Simo, Tarnow [1992] .
Weiss, Govindjee et al.[1996] Betsch, Steinmann [2000] X
Schréder et al. [2011,2016] Noels, Stainier et al. [2004] J =det F
Bonet, Gil et al. [2015] Romero [2010] AVi= JdVo = TdVe
ith =1 ith ||| = 1
Locking-free energy-momentum schemes ag with [lao] Fove a with [1a|
T e
Kuhl, Ramm [2000] Miehe, Schréder [2001] ... / 5
Sansour et al. [2002] Armero [2008] Betsch et al. [2018] X 0t =X ao

a;=Apay=:Aa; with Ap=+\aF Fay

Strategy: Hu-Washizu functionals in the principle of virtual power

e We design mixed variational principles which avoid static E.-L. equations

Q We derive energy-momentum schemes as discrete Euler-Lagrange equations
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Introduction

Hu-Washizu method and virtual power principle

Principle of virtual work / Hamilton's principle  (Simo, Taylor, Pister [1985])

0 Internal energy functional

e, 7,0) = [ 0=()av + [ w@yav~ [ p[7 - dex(e)] av
Bo Bo PBo

Q Euler-Lagrange equations for J and ¢

J=det(Vep)  po¢ = Div [2 Ve %LC + pcof(ch)] with C=F'F

Energy—momentum time integration (cf. Betsch & Steinmann [2002], Armero [2008])

@ Preservation of balance law of total energy H := T(¢p) + ¥°(¢) + w¥ol(])

tot1 OH OH OH -
Hy o —Hy, = et —=J|dVdt
L /t /B [&P ¥ YT 07 ]

©@ Time evolution of volume dilatation J

rtnt1 ) " _
/ opGdt=0 with G(p,J):=J —det(Vep)
tn By

Virtual power principle (cf. Schréder & Kuhl [2015])

tnt1

0 2 1 ~
BH T At =0 with K= [ me-pdV+ Hewee,T,0)
Bo

tn




w22 Continuum model of a fiber-reinforced body |
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A rfhc) s Transversely isotropic material in motion  (cf. Schroder, Neff & Balzani [2005])
strain FE
formulation for
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energy-momentum
time integrations
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n = Jnop TxBo

B
po = Jpiowp

Continuum model

Deformation of fibers and matrix (cf. Klinkel, Sansour & Wagner [2005])

@ Deformation of the fibers
Fr:=a;®a9=FA a; = Fag Ay = ag® ag
@ Fiber and volume dilatation
Cpi=FLFp:=CrAy Cp:=C:Ay Cy:=[det(C)]7am
© Isotropic viscoelastic matrix

F=F.F, C, = FZ;FU ~» symmetric internal variable



w2 Continuum model of a fiber-reinforced body II

PO —— Thermo-viscoelastic free energy (cf. Reese [2001])

strain FE
formulationiicn @ Hyperelastic strain energy

variational-based

“tme misgrations 7 (C, Cv, Cr; Ao) = Bip (1€, 15, I, In) + W37 (Cv) + U3*(Cr)
i el © Thermoelastic free energy
o T4, Cy, Crp) = U°P(6) — 2/ Oy im By [ — Ooc] DI (C)
Julian Dietzsch N Br [6 — @Oo] Dwela(c )
© Viscoelastic free energy
WyE(A) = U5 (A, 1 1Y A=CC;t C.=FTF,

Continuum model

Non-equilibrium and total stress (cf. Reese [2001])

@ Viscous evolution equation and non-equilibrium stress tensor

= ins .
Y =V(C,): C, Y;=—%Cf‘f D= C,:V(Cy): C, >0

1 Viev = = V ev
) |:Vvol - d ] Cvl ® Cul d
4 dim

@ Total second Piola-Kirchhoff stress tensor
S:= 8% 4 S¥s LGy A L Sp 4, A=

V(Cy) — ]Iaym . C;l ® C;l

det(C)maim C!

Ndim



= Basis of the principle of virtual power |
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A mixed assumed Total energy balance law in functional form

o atonlicy H(p, b, b, Coy C, Oy, Gy, 0,0, S, Sy, S R by s 8,8y, 8r) =0 with  H = T+ [I™ 4 frext

variational-based

energy-momentum
time integrations . . . o
in thermodynamics Kinetic energy in Hu-Washizu form
of fiber-reinforced y
continua T('U) = £0 vV T = T('U)dV _/ [’U o QO] . pdV
2 Bo Bo

Michael G &
Julian

Kinetic power functional

oo o oT ) . ; .
T(tp,v,p)::/ [Tfp}-vdvf/p-[vfsa]dVJr/pdeV
B, OV HBo Bo

Variational principle

External power functional Dot = pint 4 pedu pedu — _y(In @) - Q

Jis: :=—/ poB - pdV —/ T pdA +/ éQdA
Bo 3T530~ dqBo
c

—/ Lye. novedv+/ 9 prtqy +/ e, viey: e,av
2, © 2, © 2o 2

0

O] dA —/ h[@—é]dA—/ R-[p—¢] dA
9 Bo 0%

- [T i =
S:Cd +/ 3 v CydV +/ §SFCFdV
Bo Bo

’~D
ml»—ég

ol
ol
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Variational principle

Basis of the principle of virtual power Il

Fourier's law of transversely is tropic heat conduction  AKinani [2014]
kp — kry — ko
Cr

q:=—-rkF VO ki=kI+

I ”2a a ko=kC '+

Internal en

it — F(C,, €, Cy, 0 Ag) +@F(6F,9)} av

Internal power functional

2g 1 (()WM 2 d!f/M 2
IIint = —/ 2L L 9y A+ SpAg—S|:C+ [2=2 — Sy |:Cy pdV
B @U{ PYel FAg aCy v 14
1 oUp < 1 [ . .= 1 ;
4= 2t _Sp|:CpdV—= [ §:[C-CldV+ =] S:€CdV
2 /@(, dCp F] “ 2z, [ ] 2 Ja,
1/ . . . 1/ . .
”/ Sy : [y —det(C)Tm | AV — = [ 5p:[Cr— C: Ao]dV
2 )z, 2 )z,

i : 0 s oy
S / QfedV-&-/@[ +—}dV+/ odV + : C,dV
%:i[ ] 2 aary=) %,n 2,0C

0




=2 P ri nCi p|e Of Vi rtual power (cf. Schrader & Kuhl [2015], Klinkel & Wagner [1997], Hackl [1997])
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jird

PO —— Principle of virtual power

strain FE 5 e & & e oo 9 a o .
8H(p, v, p, Cy, C, Cy, Cp,1,0,0, 8,5y, Sp, R, h,\; 8, Sv,Sp) =0 with H =T+ ™+ []™*

formulation for
Virtual kinetic power

variational-based
energy-momentum

time integrations oo oo oT . . . . )

in thermodynamics 0.7 (u, v, p) 5:X [% —P] '5*UdV—/V 0.P - [v—cp]dV+/ p-OpdV

of fiber-reinforced £ £0 Zo

continua Virtual external power
Mi 2 . _ .
L ST = 7/ poB - 6.pdV — T 5.pdd— [ G6.R-[p—@]dd— [ R-6.¢
: Bo or%y Jooa 9,%0
+/6*C,J:V(C7;): ‘Cudv+/6*éD dv — lv((s*é)%nvedv+ 26.0dA
B0 2, @ 2,6 9070
86 Haa +/ 5[0 — 6.]d4 —/ s.h[0-6lda- [ s.0nda

(')leo e 9o Bo 0 Bo e Bo

Variational principle +

75:5*b<1v+/ Lg, s.6vav +/ Lg,5.bpav
B0 2 o 2 @ 2

9O oAy S Ay — S :&Ezav-/ ﬁd*édv-#/ 5.Gy: 2 gy
By Bo ac,

aC
iy _ s,,} 26.6pdV + [ V(0.p): FSAV

aCy aCr %0

/&? [5‘V—6’:AV”'} 6,8y dV — %/%[‘cﬁf‘C:AD} 2 8,8pdV

- /{LC—C}:E*SdV +/ [%M}wdvf/ [6-6]s.idV
By 2, 10O Ja,

o0 g | 5 Evav +1/ 2
2 Bo




w2 Design of the energy-momentum schemes

A mixed assumed Schematic process of the energy-momentum scheme design  (cf. Yavari [2008])
strain FE

formulation for . -
variational-based | Variational principle Discretization
energy-momentum
time integrations

in thermodynamics
of fiber-reinforced

continua : Discretization
Euler-Lagrange equations Energy-momentum scheme
Michael GroB

Julian D ch

Discrete variational principle ‘

Variation

Variation

Different time scales in the time integration (cf. Kassiotis et al. [2009])
mechanical residuals (e.g. k™ = 4) k Mi(a) a iy(a) a
1 = 0 1 1
o L
tn tnt1/4 tnt1/2 tnta/a tnt1 2 (a-1)a-1) o = 0
e ® PY ® ® taa—1) : & 1
t (2a—1)a 1
— 9 \
hmee internal element nodes 3 A I En===1)) "
Design of the schemes i A Ha-1)a L —ta(a-1) L
‘n+1/3 n+2/3 —Z(a-Ya-1a - (2a-1)a 1
—_— - 3la—j5)a-Pa 1
viscous residual (e.g, £V = 3) t HEe-be-be-—de-nlo epede-n|o
micro time step size hthe —Fle-da-Na-Da |3 a=Hla-la 1
—_— " 6ia—Ha-a-Da |1  Z@a-Ha-na |1
SBa-Da-Ya-Da | ]  e-De-Da |1
— @ o ® L(a-Pa-Ha-Da |1

t
tn tny1/2 tnt1 pana
thermal residuals (e.g. k' = 2) N #"(a) == Z My (a) ¢
synchronisation nodes I=1

alt) = % c[0.1]

macro time step size h,,
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Features of the

energy-momentum schemes

Iteration-count dynamic time step size control

[

Higher-order accurate variational
energy-momentum schemes

[

Discrete energy consistency

‘ ’ Discrete principle ‘ ’ Discrete momentum consistency

[

©
=]
=
5}
o
o
a

‘Mixed fields in space and time }—
’Approx. with multiple time scales%

‘Dirichlet reactions (post-proc.) }—

—{ Discrete thermal energy balance —

+— Discrete total entropy balance

Discrete total energy balance

\ l

[ ‘ Discrete Lyapunov func. balance

H =T + [IP° + II*he

che —

.?WOQI/(IV F:=H—-60,S8



o Fiber-reinforced spherical shell with a slit
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(Boundary and initial conditions; kmec = 1, kthe = 2,
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Temperature profile (yellow patches)  f(t) := sin(wioad Transient pressure
L0 fu(t Tint (0.0 + lons) < ¢ < Tiona (0.2 + crond (follower load in star markers)

( )? ( ) ( )
(1.2 £5(8)? YTiona (02 + clona) < t < Tiona(04+ o) Jp(t) := P8I0 (Wioad,p t)]
ft) =< (LA4fL(t)?* YToad(0-4 + cioad) < t < Tioad (0.6 + Cload)
( )? ( ) ( )
( ))? ( ) ( )

Initial conditions

1.2 VY Ti0ad (0.6 + load) < t < Tload(0-8 + Cloa
Example definition fult foad foad foad foad (Ambient temp. O, = 298.15)
1.0f2.(t))* V¥ Tioad (0.8 + cioad) < ¢ < Tioad (1.0 + Cioad
A
- - il =X
Dirichlet and Neumann boundary conditions A

07 = O (blue patches) @it = X* (circular markers)
_ A _
Thermal insulation @ := 0 (red and green patches) @0 - @oo + 10
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Example definition

Fiber-reinforced spherical shell with a slit
(Parameters and fiber directio

Simulation parameters

Initial conditions

Initial velocity:
Initial temperature:

vl =0
04 = O +10 = 308.15

Boundary conditions

Green patches in xz-plain:
Green patches in yz-plain:
Yellow patches in xy-plain
(with circular markers):
Yellow patches:

Blue patches:

Green and red patches:

y-dof fixed
a-dof fixed

2-dof fixed

64 =6 £()

04 =0

Q = 0 (thermal insulation)

Dirichlet loads

Temperature profile:
(yellow patches)

f(t) with & = 10
Tioad = 2.0, wicad = 107

Neumann loads

Pressure load:

(green patches with star marker)

£,(t) with p = 1-10°

Tioad,p = 2.0, Wicad,p = 107

Volume loads

Standard gravity

g=9.81 with e, = —e,

Material parameters

po =1.120-10° "' =1.000-107 ey =0.250-10*

Y2
e
ey, =0.00375
cp, =1539-50%
Viey =103

gy =0.250-10%
Y? =0.1631-10°

.6

o =0.250-107 g =0.021-107 Y, =0.1631-107

g =0.300-107
cr, = 1539-50%
Br =206-10"°

; A"HlP(

=



Fiber-reinforced spherical shell with a slit

(Free energy functions and loads; kyec = 1, kine = 2, k

A mixed d o 0 0
e energy o - if » | Time evolutions of loads/reactions

formulation for

a0t

variational-based Elastic free energy functions ' '
energy-momentum L iy 0 I
i _ B = o [B(C™) = (1) § g
time integrations - 2 a i 2
in thermodynamics + 0 [1(C™) = (D) N ;‘”v YA g
! g . RWRY :
of fiber-reinforced + po1 [B(C™) — I(I)] VoY
continua Y s "
+ 3, {l-ew [-Ya (4(C™) - (D))}
ani ) _
+ 5= [(1(e™) +3 (1(0™) T —4] ba— PR e o
3 Time [s] Time 5]
vol . K Tc \Snam/2 (7 \=Bnam/2 _
= S0 4 (0) 7] . ‘ ‘
wa = B[ O = | =1 ‘
i B [exp [9e(Cr = 1)?] — 1] -

Thermoelastic free energy function

v o ai-6am]o-0n-on()|

1
—p%a (6-6.)°

Bibe o BP9,/ 0T Gy, (6 — ©.0) DIF(CY) L A ARE Y
e = B — 2/ Cr B (6 — On) DI (Cp) et Time bl
Viscoelastic free energy function
UP = g [h(A™) - h(D)]
Example definition + ity [1(47) — H(I)]?

+ uy [B(A™) = B(D)]

+ }% {1 —exp [~ Y3 (L(A™) — L(I))]}
vol

K
50

+ 2 [(5(A)72 + (Is(4) /2 2]

Time (5] Time (5]




e Fiber-reinforced spherical shell with a slit
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(Current configurations |; kyee = 1, kthe = 2, kvis = 1)

A mixed assumed | Volumetric stress Sy at ¢, = 0.4 Fiber stress Sp at ¢, = 0.8

strain FE Fiber sress, 1,=0. [5], VTQPRL-000000
ormulationttor Volumetric stress, t, =0.4 [s], VIQPRL=000000
variational-based
energy-momentum
time integrations
in thermodynamics
of fiber-reinforced
continua N

10°
0 0.5 1 15 2 25 3
EETT 0 .
© Volumetric stress (fiber stress analogous)
@afirreden) el S?/’E _ {Ikmec ® ﬂ*l} / fmec [2 q;?/e(c) T g:‘/‘f(C)} ® N(C) dva
2
@ Volumetric strain (fiber strain analogous)

' = [l R /Q (M e*(¢)] @ N(¢) Vo + [egmee © CF,]



e Fiber-reinforced spherical shell with a slit
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(Current configurations II; kpec = 1, ke = 2, kyis = 1)

A mixed assumed Temperature © at t, = 1.0 Viscous strain E, at t, = 1.6

strain FE
formulation for
variational-based
energy-momentum
time integrations
in thermodynamics
of fiber-reinforced
continua

Inelas. srain, t,=1.6 (5], VTQPRL=000000

Temp. t,=1 [s], VTQPRL=000000

e Entropy equation (determines the temperature in the entropy balance)
Configuration and solution Rent — Q(X,O) + [Bo ® H} s+ Bo ® H s, = [Co ® I:l] h

@ Viscous time evolution equation (determines the viscous strain)

B e
wihe

ST xp) YU xp) 0l = Y O (€0 xp) V(U6 x5)) : T (€ x5)

=1 i=1 hn




=

TECHNISCHE UNIVERSITAT
CHEMNITZ

A mixed assumed
strain FE
formulation for
variational-based

Node evolution, Node-Nr. 15

(Solutions over time; kee

2, ky;

Node evolution, Node-Nr. 16

Fiber-reinforced spherical shell with a slit
17 l‘:the

os} os} \
energy-momentum o o . /
time integrations % o o .
in thermodynamics £ £
of fiber-reinforced 05 05 _10
continua -20 -
T s . T s 0 4 20 o 20 40
Time [s] Time [s] v x
200.5 Node evolution, Node-Nr. 15 99.5 Node evolution, Node-Nr. 15 320 Node evolution, Node-Nr. 16 320 Node evolution, Node-Nr. 16
209 29 2 _ w0
T a0ss ) )
2 20 208 5 g 40 £ s0
8 £z {
29751 0752 20 =0
207 . - . 207 0 205 . - 205 50
o os 1 1s 05 1 05 1 s 2 o os 1 2
Time [s] Time [s] Time [s] Time [s]
0 Node evolution, Node-Nr. 15 10 Node evolution, Node-Nr. 15 60 Node evolution, Node-Nr. 16 05 Node evolution, Node-Nr. 16
v L v
z - 40 z _
Eoof £ AN E 5f £
] z-10 \ H z
g g 5 g
East H g E
i & $as \ & H
Configuration and solution 20 10t
20 J
- -25 °
25 30 10l
05 o o5 0o os 2 0 o5 2

1
Time [s]

1
Time [s)

1
Time [s]

1
Time [s)

@ Large deflection /velocity increase during the buckling



Fiber-reinforced spherical shell with a slit
(Error in balance laws over time; kmee = 1, kthe = 2, kvis

strain FE
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continua

Post-/lntra-proces

A mixed assumed | Meéechanical balance laws Thermal balance laws

Post-processing ) Post-/Intra-processing . Intra-processing

'
Time [s] Time 5]

Post-/Intra-processing Post-nira

: T
NI |

1 05 | 15 2
Time ] Time [s]

'
Time [s)

Post-/lntra-pr

Post-/Inra-processing 0 Post-/Itra-processing

I
|
i
f
i

Balanc

!
I
I
I
I
s

0s ' b
Time 5] Time [s]

15

v
Time [5]

© Exact algorithmic preservation ~» balance errors < TOL



Fiber-reinforced spherical shell with a slit
ki

=
e (D2VIF1 and D1VOFO; kpec = 1, kine = 2,

A mixed assumed
strain FE
formulation for
variational-based
energy-momentum
time integrations
in thermodynamics
of fiber-reinforced
continua

05 '
Time [$] of H20 nel=

Mict &
Julian Die T .
T steps =63, total CPU tme [5) 13997

innen” with D1IVOFO/D2V1F1 at tn= 2

05 ' is
Time [3] of HS nel= 2470

Time steps =661, total CPU time [s] =7467

05 v is
Time [3] of HS nel= 1206

D2V1F1 and D1VOFO

05 v 15
Time [3] of HS nel= 1206

H8 = D1VOF0 H20 = D2V1F1




s Fiber-reinforced spherical shell with a slit
e (D1VOFO and D1F0 and D1; kpee = 1, kthe = 2, kvis = 1)

A mixed assumed | Sections of the shell at ¢, =

strain FE
ormulationttor Soundary “front” withne=552 3t = 2 Soundary “lanen’ withneb=552 t 1= 2
variational-based
energy-momentum
time integrations
in thermodynamics
of fiber-reinforced
continua

o o3 v 15
Time [5] of Elementd with nel=552

“Time steps =788, total CPU time [5) =457

Boundry “front” with nel~1206 attn- 2 Soundary “innen” with nel~1206 3t tn- 2

P e e |

0 o3 ' is
‘Time [s] of Element3 with nel=552

total CPU time [s] =58

6

Boundary “front” with nel=2470 at tn= 2 Boundary “innen with nel~2470 st tn= 2.

D1VOF0 and D1F0 and D1

o o3 v 15 o o v is 2
Time [s] of Element] with nel=552 “Time [s] of Element] with nel=552

Elementl= D1 Element3= D1F0
Element4= D1VOFO




o Fiber-reinforced spherical shell with a slit
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(D1VOFO and D1F0 and D1; kyec

L, kine = 2, kyis

A mixed assumed
strain FE

formulation for Time sieps =661, total CPU time [5) 467

Iterations per time step: 7 = 12

Time steps =661, total CPU time [5] =7467

et oot 12
variational-based = = cornis ™
energy-momentum o 1 .
time integrations — .
in thermodynamics
of fiber-reinforced
continua
o 3
Mick T o e 1 s 2
—_— 2 “Time [ of Elementd with nel=1206 “Time [ of Elementd with nel=1206
Julian Die
Time sieps =66, total CPU time [5) 7846 Time sieps =66, total CPU time [5] 7846
= — . . e

o os 15
Time [3] of Element3 with nel=1206

Time steps =671, total CPU tme [5] 10032

o
o os ' 15

Time [s] of Element3 with nel=1206

Time steps =671, total CPU tme [5 =10032

R e ] 16

0

D1VOF0 and D1F0 and D1

o os ' 15 2
Time [s] of Element] with nel=1206

Elementl= D1

o os ' 15 2
Time [s] of Element] with nel=1206

Iterations per time step: n, = 2470

Time steps =663, total CPU time [5] =13997

Time steps =663, total CPU time [3] =13997

s

o 0 o 0
o os 1 15 2 o os 1 15 2

“Time [s] of Elementd with ncl=2470

3, total CPU time (5] =16137

‘Time [3] of Elementd with nel=2470

Time steps =753, total CPU time [3] 16137

— ]

o os 15
Time [5] of Element3 with nel=2470

‘Time steps =666, total CPU time [5] 19823

0 os 15
Time [s] of Element3 with nel=2470

‘Time steps =666, total CPU time [5] 19823

4 ==
i ' '
o 0 o 0
0 os 1 15 2 o os 1 15 2

Time [s] of Element] with nel=2470

Element3= D1F0

Time [s] of Element] with nel=2470

Element4= D1VOFO
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A mixed assumed Iteration-count dynamic time step size control

strain FE
formulation for [

variational-based . L.

energy-momentum Higher-order accurate variational

time integrations energy-momentum schemes

in thermodynamics

of fiber-reinforced [
continua

Discrete principle ‘ ’ Discrete momentum consistency

1 [

Discrete energy consistency ‘

©
=]
=
5}
o
o
a

‘Mixed volumetric strain & stress }—
’Approx. with multiple time scales%

‘ Mixed fiber strain & stress

—{ Discrete thermal energy balance —
+— Discrete total entropy balance

\ l

Discrete total energy balance [ ‘ Discrete Lyapunov func. balance

S|
dmmary RESULT: This mixed formulation avoids locking e efficient due to larger time steps

21
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