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Motivation, goals and strategy

Motivation: New simulation methods for fiber-reinforced materials

1 Energy-momentum schemes and locking-free FE methods are well-known algorithms

2 Usually developed separately; without a ‘smart algorithmic interface’ between both

3 Idea: appropriate discrete variational principles can serve as such a ‘smart interface’

Goal 1: Locking-free FE methods
within energy-momentum schemes

Locking in volume elements Energy-momentum schemes

Locking-free energy-momentum schemes

Simo, Taylor, Pister [1985]
Weiss, Govindjee et al.[1996]

Bonet, Gil et al. [2015] ...
Schröder et al. [2011,2016]

Simo, Tarnow [1992]
Betsch, Steinmann [2000]
Noels, Stainier et al. [2004]
Romero [2010] ...

Kuhl, Ramm [2000] Miehe, Schröder [2001] ...
Sansour et al. [2002] Armero [2008] Betsch et al. [2018]

Goal 2: volumetric locking in
matrix & line locking in fibers

x

xX

X

ϕ

F = ∇ϕ

F = ∇ϕ
a0 with ‖a0‖ = 1 at with ‖āt‖ = 1

J = det F

dVt = J dV0 =: J̃ dV0

at = Fa0

at = λF āt =: λ̃ āt with λF =
√

a0F
t
Fa0

Strategy: Hu-Washizu functionals in the principle of virtual power

1 We design mixed variational principles which avoid static E.-L. equations

2 We derive energy-momentum schemes as discrete Euler-Lagrange equations
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Hu-Washizu method and virtual power principle

Principle of virtual work / Hamilton’s principle (Simo, Taylor, Pister [1985])

1 Internal energy functional

ΠSTP(ϕ, J̃ , p) :=

∫

B0

Ψ iso(ϕ) dV +

∫

B0

Ψvol(J̃ ) dV −

∫

B0

p
[
J̃ − det(∇ϕ)

]
dV

2 Euler-Lagrange equations for J̃ and ϕ

J̃ = det(∇ϕ) ρ0 ϕ̈ = Div

[

2∇ϕ
∂Ψ iso

∂C
+ p cof(∇ϕ)

]

with C = F tF

Energy-momentum time integration (cf. Betsch & Steinmann [2002], Armero [2008])

1 Preservation of balance law of total energy H := T(ϕ̇) + Ψ iso(ϕ) + Ψvol(J̃ )

Htn+1
−Htn

=

∫ tn+1

tn

∫

B0

[
∂H

∂ϕ̇
· ϕ̈+

∂H

∂ϕ
· ϕ̇+

∂H

∂J̃
˙̃J

]

dV dt

2 Time evolution of volume dilatation J̃
∫ tn+1

tn

∫

B0

δp Ġ dt = 0 with G(ϕ, J̃ ) := J̃ − det(∇ϕ)

Virtual power principle (cf. Schröder & Kuhl [2015])

∫ tn+1

tn

δ∗Ḣ(ϕ̇, ˙̃J , p) dt = 0 with H :=
1

2

∫

B0

ρ0 ϕ̇ · ϕ̇ dV +ΠSTP(ϕ, J̃ , p)
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Continuum model of a fiber-reinforced body I

Transversely isotropic material in motion (cf. Schröder, Neff & Balzani [2005])

TXB0

TxBt

V

X x

B0 Bt

∂B0 ∂Bt

A0

a0

At

a

T̄

B

N

ϕ

Fv Fe
ρt

pt

p = J (ρtvt) ◦ϕ
= ρ0v

F = ∇ϕ

C = F tF

Cv = F
t
vFv

ρ0 = Jρt◦ϕ

Q̄

ηt
η = Jηt ◦ϕ

Θ = θ ◦ϕ θ

Θ∞

Deformation of fibers and matrix (cf. Klinkel, Sansour & Wagner [2005])

1 Deformation of the fibers

FF := at ⊗ a0 = FA0 at = Fa0 A0 := a0 ⊗ a0

2 Fiber and volume dilatation

CF := F
t
FFF := CFA0 CF := C : A0 CV := [det(C)]

1
ndim

3 Isotropic viscoelastic matrix

F = FeFv Cv = F
T
v Fv ; symmetric internal variable
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Continuum model of a fiber-reinforced body II

Thermo-viscoelastic free energy (cf. Reese [2001])

1 Hyperelastic strain energy

Ψ ela(C ,CV ,CF ; A0) = Ψ̂ iso
M (I C

1 , I
C
2 , I

C
3 , I4) + Ψ̂vol

M (CV ) + Ψ̂ ela
F (CF)

2 Thermoelastic free energy

Ψ the(Θ,CV ,CF) = Ψ̂ cap(Θ) − 2
√

CV
2−ndim βM [Θ −Θ∞] DΨ̂vol

M (CV )

− 2
√

C2−1
F βF [Θ −Θ∞] DΨ̂ ela

F (CF)
3 Viscoelastic free energy

Ψvis
M (Λ) = Ψ̂ ela

M (IΛ1 , I
Λ
2 , I

Λ
3 ) Λ = CC

−1
v Ce = F

T
e Fe

Non-equilibrium and total stress (cf. Reese [2001])

1 Viscous evolution equation and non-equilibrium stress tensor

Y = V(Cv) : Ċv Y := −
∂Ψvis

M

∂Cv

Dint := Ċv : V(Cv) : Ċv ≥ 0

V(Cv) =
1

4

[

Vvol −
Vdev

ndim

]

C
−1
v ⊗C

−1
v +

Vdev

4
I

sym : C
−1
v ⊗C

−1
v

2 Total second Piola-Kirchhoff stress tensor

S := S
iso
M + S

vis
M + SV A

vol + SF A0 A
vol :=

1

ndim

det(C)
1

ndim C
−1
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Basis of the principle of virtual power I

Total energy balance law in functional form

Ḣ(ϕ̇, v̇, ṗ, Ċv,
˙̃C , ˙̃CV ,

˙̃CF , η̇, Θ̇, Θ̃,S ,SV ,SF ,R, h, λ; S̃ , S̃V , S̃F) = 0 with Ḣ = Ṫ + Π̇ int + Π̇ext

Kinetic energy in Hu-Washizu form

T(v) =
ρ0
2

v · v T :=

∫

B0

T(v) dV −

∫

B0

[v − ϕ̇] · p dV

Kinetic power functional

Ṫ (ϕ̇, v̇, ṗ) :=

∫

B0

[
∂T

∂v
− p

]

· v̇ dV −

∫

B0

ṗ · [v − ϕ̇]dV +

∫

B0

p · ϕ̈ dV

External power functional Dtot := Dint + Dcdu Dcdu = −∇(lnΘ) ·Q

Π̇ext := −

∫

B0

ρ0B · ϕ̇ dV −

∫

∂T B0

T̄ · ϕ̇ dA +

∫

∂QB0

Θ̃

Θ
Q̄ dA

−

∫

B0

1

Θ
∇Θ̃ · κ0∇Θ dV +

∫

B0

Θ̃

Θ
Dtot dV +

∫

B0

1

2
Ċv : V(Cv) : Ċv dV

+

∫

∂ΘB0

λ
[
Θ̃ −Θ∞

]
dA −

∫

∂Θ̇B0

h
[

Θ̇ − ˙̄Θ
]

dA −

∫

∂ϕB0

R ·
[
ϕ̇− ˙̄ϕ

]
dA

+

∫

B0

1

2
S̃ : ˙̃

C dV +

∫

B0

1

2
S̃V

˙̃CV dV +

∫

B0

1

2
S̃F

˙̃CF dV
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Basis of the principle of virtual power II

Fourier’s law of transversely isotropic heat conduction Al-Kinani [2014]

q := −κF−T∇Θ κ := k I +
kF − k

‖a‖2
a ⊗ a κ0 := k0 C−1 +

kF0
− k0

CF

A0

Internal energy

Π int :=

∫

B0

[

Ψ̂M(Cv, C̃ , C̃V , Θ; A0) + Ψ̂F(C̃F , Θ)
]

dV

−
1

2

∫

B0

S :
[
C̃ − (∇ϕ)t∇ϕ

]
dV −

1

2

∫

B0

SF :
[
C̃F − C̃ : A0

]
dV

−
1

2

∫

B0

SV :
[

C̃V − det(C̃)
1

ndim

]

dV −

∫

B0

η
[
Θ̃ −Θ

]
dV

Internal power functional C := (∇ϕ)t∇ϕ

Π̇ int :=
1

2

∫

B0

{[

2
∂Ψ̂M

∂C̃
+ SV Avol + SF A0 − S

]

: ˙̃
C +

[

2
∂Ψ̂M

∂C̃V

− SV

]

: ˙̃CV

}

dV

+
1

2

∫

B0

[

2
∂Ψ̂F

∂C̃F

− SF

]

: ˙̃CF dV −
1

2

∫

B0

Ṡ :
[
C̃ −C

]
dV +

1

2

∫

B0

S : Ċ dV

−
1

2

∫

B0

ṠV :
[

C̃V − det(C̃)
1

ndim

]

dV −
1

2

∫

B0

ṠF :
[
C̃F − C̃ : A0

]
dV

+

∫

B0

η̇
[
Θ̃ −Θ

]
dV +

∫

B0

Θ̇

[

η +
∂Ψ

∂Θ

]

dV +

∫

B0

η ˙̃Θ dV +

∫

B0

∂Ψ̂M

∂Cv

: Ċv dV
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Principle of virtual power (cf. Schröder & Kuhl [2015], Klinkel & Wagner [1997], Hackl [1997])

Principle of virtual power

δ∗Ḣ(ϕ̇, v̇, ṗ, Ċv,
˙̃C , ˙̃CV ,

˙̃CF , η̇, Θ̇, Θ̃,S ,SV ,SF ,R, h, λ; S̃ , S̃V , S̃F) = 0 with Ḣ = Ṫ + Π̇ int + Π̇ext

Virtual kinetic power

δ∗Ṫ (u̇, v̇, ṗ) :=

∫

B0

[
∂T

∂v
− p

]

· δ∗v̇ dV −

∫

B0

δ∗ṗ · [v − ϕ̇] dV +

∫

B0

ṗ · δ∗ϕ̇ dV

Virtual external power

δ∗Π̇
ext := −

∫

B0

ρ0B · δ∗ϕ̇ dV −

∫

∂T B0

T̄ · δ∗ϕ̇ dA−

∫

∂ϕB0

δ∗R ·
[
ϕ̇− ˙̄ϕ

]
dA−

∫

∂ϕB0

R · δ∗ϕ̇

+

∫

B0

δ∗Ċv : V(Cv) : Ċv dV +

∫

B0

δ∗Θ̃
Dtot

Θ
dV −

∫

B0

1

Θ
∇
(
δ∗Θ̃
)
· κ0∇Θ dV +

∫

∂ΘB0

λ δ∗Θ̃ dA

+

∫

∂QB0

δ∗Θ̃

Θ
Q̄ dA +

∫

∂ΘB0

δ∗λ
[
Θ̃ −Θ∞

]
dA −

∫

∂Θ̇B0

δ∗h
[

Θ̇ − ˙̄Θ
]

dA−

∫

∂Θ̇B0

δ∗Θ̇ h dA

+

∫

B0

1

2
S̃ : δ∗

˙̃
C dV +

∫

B0

1

2
S̃V δ∗

˙̃CV dV +

∫

B0

1

2
S̃F δ∗

˙̃CF dV

Virtual internal power F := ∇ϕ C := (∇ϕ)t∇ϕ

δ∗Π̇
int :=

1

2

∫

B0

[

2
∂Ψ̂M

∂C̃
+ SV A

vol + SF A0 − S

]

: δ∗
˙̃

C dV −

∫

B0

η̇ δ∗Θ̃ dV +

∫

B0

δ∗Ċv :
∂Ψ̂M

∂Cv

dV

+
1

2

∫

B0

[

2
∂Ψ̂M

∂C̃V

− SV

]

: δ∗
˙̃CV dV +

1

2

∫

B0

[

2
∂Ψ̂F

∂C̃F

− SF

]

: δ∗
˙̃CF dV +

∫

B0

∇(δ∗ϕ̇) : FS dV

−
1

2

∫

B0

[
˙̃CV −

˙̃
C : A

vol
]

: δ∗SV dV −
1

2

∫

B0

[
˙̃CF −

˙̃
C : A0

]

: δ∗SF dV

−
1

2

∫

B0

[
˙̃
C − Ċ

]

: δ∗S dV +

∫

B0

[
∂Ψ

∂Θ
+ η

]

δ∗Θ̇ dV −

∫

B0

[
Θ̃ −Θ

]
δ∗η̇ dV
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Design of the energy-momentum schemes

Schematic process of the energy-momentum scheme design (cf. Yavari [2008])

Variational principle Discrete variational principle

Discretization

Discretization

V
ar

ia
ti

o
n

V
ar

ia
ti

o
n

Euler-Lagrange equations Energy-momentum scheme

Different time scales in the time integration (cf. Kassiotis et al. [2009])

t

t

t

tn

tn tn+1

tn+1

tn+1/2

tn+1/2

tn+1/4 tn+3/4

tn+1/3 tn+2/3

︸ ︷︷ ︸

︷ ︸︸ ︷

hmec
n

micro time step size hthe
n

internal element nodes

synchronisation nodes

viscous residual (e.g. kvis = 3)

mechanical residuals (e.g. kmec = 4)

thermal residuals (e.g. kthe = 2)

︸ ︷︷ ︸

macro time step size hn

k MI (α) αI M̃J (α) α̃J

1 1− α 0 1 1

α 1

2 (2α− 1)(α− 1) 0 1− α 0

−4α (α− 1) 1
2

α 1

(2α− 1)α 1

3 − 9
2

(α− 1
3
)(α− 2

3
)(α − 1) 0 (2α− 1)(α− 1) 0

27
2

(α− 2
3
)(α− 1)α 1

3
−4α (α− 1) 1

2

− 27
2

(α− 1
3
)(α − 1)α 2

3
(2α− 1)α 1

9
2

(α− 1
3
)(α − 2

3
)α 1

4 32
3

(α− 1
4
)(α− 1

2
)(α − 3

4
)(α− 1) 0 − 9

2
(α− 1

3
)(α− 2

3
)(α − 1) 0

− 128
3

(α− 1
2
)(α − 3

4
)(α− 1)α 1

4
27
2

(α− 2
3
)(α− 1)α 1

3

64 (α− 1
4
)(α− 3

4
)(α − 1)α 1

2
− 27

2
(α− 1

3
)(α − 1)α 2

3

− 128
3

(α− 1
4
)(α − 1

2
)(α− 1)α 3

4
9
2

(α− 1
3
)(α − 2

3
)α 1

32
3

(α − 1
4
)(α− 1

2
)(α − 3

4
)α 1

φn(α) :=

kmec+1∑

I=1

M mec
I (α)φI

α(t) :=
t − tn

hn

∈ [0, 1]
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Features of the energy-momentum schemes

Higher-order accurate variational
energy-momentum schemes

Discrete energy consistency Discrete momentum consistency

D
is

cr
et

e
ki

n
et

ic
en

er
g
y

b
al

an
ce

D
is

cr
et

e
p
o
te

n
ti

al
en

er
g
y

b
al

an
ce

D
is

cr
et

e
th

er
m

al
en

er
g
y

b
al

an
ce

Discrete total energy balance

D
is

cr
et

e
to

ta
l

lin
ea

r
m

o
m

.
b
al

.

D
is

cr
et

e
to

ta
l

an
g
u
la

r
m

o
m

.
b
al

.

D
is

cr
et

e
to

ta
l

en
tr

o
py

b
al

an
ce

Discrete Lyapunov func. balance

Discrete principle

M
ix

ed
fi
el

d
s

in
sp

ac
e

an
d

ti
m

e

A
p
pr

ox
.

w
it

h
m

u
lt

ip
le

ti
m

e
sc

al
es

D
ir

ic
h
le

t
re

ac
ti

o
n
s

(p
o
st

-p
ro

c.
)

Iteration-count dynamic time step size control

H := T +Πpot +Πthe Πthe :=
∫

B0
Θη dV F := H−Θ∞ S
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Fiber-reinforced spherical shell with a slit
(Boundary and initial conditions; kmec = 1, kthe = 2, kvis = 1)

Boundary Status Monitor

Temperature profile (yellow patches) fL(t) := sin(ωload t)

f (t) =







(1.0 fL(t))2 ∀Tload(0.0 + cload) < t ≤ Tload(0.2 + cload)

(1.2 fL(t))2 ∀Tload(0.2 + cload) < t ≤ Tload(0.4 + cload)

(1.4 fL(t))2 ∀Tload(0.4 + cload) < t ≤ Tload(0.6 + cload)

(1.2 fL(t))2 ∀Tload(0.6 + cload) < t ≤ Tload(0.8 + cload)

(1.0 fL(t))2 ∀Tload(0.8 + cload) < t ≤ Tload(1.0 + cload)

Dirichlet and Neumann boundary conditions

ΘA
t = Θ∞ (blue patches) ϕA

t = XA (circular markers)

Thermal insulation Q̄ := 0 (red and green patches)

Transient pressure
(follower load in star markers)

fp(t) := p̂ | sin(ωload,p t)|

Initial conditions
(Ambient temp. Θ∞ = 298.15)

ϕA
0 = XA

vA
0 = 0

ΘA
0 = Θ∞ + 10
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Fiber-reinforced spherical shell with a slit
(Parameters and fiber directions; kmec = 1, kthe = 2, kvis = 1)

Simulation parameters Θ∞ = 298.15

Initial conditions

Initial velocity: vA
0 = 0

Initial temperature: ΘA
0 = Θ∞ + 10 = 308.15

Boundary conditions

Green patches in xz-plain: y-dof fixed
Green patches in yz-plain: x-dof fixed
Yellow patches in xy-plain
(with circular markers): z-dof fixed

Yellow patches: ΘA = Θ̂ f (t)
Blue patches: ΘA = Θ∞
Green and red patches: Q̄ = 0 (thermal insulation)

Dirichlet loads

Temperature profile: f (t) with Θ̂ = 10
(yellow patches) Tload = 2.0, ωload = 10π

Neumann loads

Pressure load: fp(t) with p̂ = 1 · 105

(green patches with star marker) Tload,p = 2.0, ωload,p = 10π

Volume loads

Standard gravity g = 9.81 with eg = −ez

Material parameters

ρ0 = 1.120 · 103 κvol = 1.000 · 107 µ01 = 0.250 · 104

µ10 = 0.250 · 107 µ20 = 0.021 · 107 Y1 = 0.1631 · 107

Y2 = 0.6 κani = 0.250 · 107 g0 = 0.300 · 107

gc = 4 βM = 20 · 10−6 cM0
= 1539·50%

cM1
= 0.00375 k = 0.2595 βF = 206 · 10−6

cF0
= 1539·50% cF1

= 0.00375 kF = 200 k

Vdev = 103 Vvol = 5 · 103 κvol
v = 1.000 · 106

µv
01 = 0.250 · 103 µv

10 = 0.250 · 106 µv
20 = 0.021 · 106

Y v
1 = 0.1631 · 106 Y v

2 = 0.6

Fiber directions a0 := ez ×X/‖X‖
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Fiber-reinforced spherical shell with a slit
(Free energy functions and loads; kmec = 1, kthe = 2, kvis = 1)

Free energy (C iso := [I C
3 ]

−1

ndim C , Θ∞ = 298.15)

Elastic free energy functions

Ψ ela
M := µ10

[
I1(C iso)− I1(I )

]

+ µ20

[
I1(C iso))− I1(I )

]2

+ µ01

[
I2(C iso)− I2(I )

]

+
Y1

Y2

{
1− exp

[
−Y2

(
I1(C iso)− I1(I )

)]}

+
κani

3

[(
I4(C iso)

)3/2
+ 3
(
I4(C iso)

)−1/2
− 4
]

Ψvol
M :=

κvol

50

[(
C̃V

)5ndim/2
+
(
C̃V

)−5ndim/2
− 2
]

Ψ ela
F :=

g0

(2 gc)

[
exp
[
gc(C̃F − 1)2

]
− 1
]

Thermoelastic free energy function

Ψ cap := c0 (1−Θ∞ c1)

[

Θ −Θ∞ −Θ ln

(
Θ

Θ∞

)]

−
1

2
c0 c1 (Θ −Θ∞)

2

Ψ̂ the
M := Ψ̂ cap

M − 2

√

C2−ndim

V βM (Θ −Θ∞) DΨ̂vol
M (CV )

Ψ̂ the
F := Ψ̂ cap

F − 2
√

CF βF (Θ −Θ∞) DΨ̂ ela
F (CF)

Viscoelastic free energy function

Ψvis
M := µv

10

[
I1(Λiso)− I1(I )

]

+ µv
20

[
I1(Λiso))− I1(I )

]2

+ µv
01

[
I2(Λiso)− I2(I )

]

+
Y v

1

Y v
2

{
1− exp

[
−Y v

2

(
I1(Λiso)− I1(I )

)]}

+
κvol

v

50

[

(I3(Λ))5/2 + (I3(Λ))−5/2 − 2
]

Time evolutions of loads/reactions
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Fiber-reinforced spherical shell with a slit
(Current configurations I; kmec = 1, kthe = 2, kvis = 1)

Volumetric stress SV at tn = 0.4 Fiber stress SF at tn = 0.8

1 Volumetric stress (fiber stress analogous)

S
n,e
V =

[

Ikmec ⊗ H̃
−1
] ∫

Ω2

m̃mec
[

2Ψn,e
V (ζ) + S̃

n,e

V (ζ)
]

⊗ Ñ(ζ) dV2

2 Volumetric strain (fiber strain analogous)

C
n,e
V =

[

Ikmec ⊗ H̃
−1
] ∫

Ω2

[mmec c
n,e
V (ζ)]⊗ Ñ(ζ) dV2 +

[
ekmec ⊗C

e
V1

]
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Fiber-reinforced spherical shell with a slit
(Current configurations II; kmec = 1, kthe = 2, kvis = 1)

Temperature Θ at tn = 1.0 Viscous strain Ev at tn = 1.6

1 Entropy equation (determines the temperature in the entropy balance)

Rent := Ψ (x, o) +
[
B̃o ⊗H

]
s + b̃o ⊗H s1 =

[
C̃o ⊗ H̄

]
h

2 Viscous time evolution equation (determines the viscous strain)

kvis

∑

l=1

◦

δ∗C
n,e
v (ξvis

l ,χB) : Y
n,e(ξvis

l ,χB) wvis
l =

kthe

∑

i=1

◦

δ∗C
n,e
v (ξthe

i ,χB) : V(Cn,e
v (ξthe

i ,χB)) :
◦

C
n,e
v (ξthe

i ,χB)
wthe

i

hn
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Fiber-reinforced spherical shell with a slit
(Solutions over time; kmec = 1, kthe = 2, kvis = 1)

Tip node on boundaries ∂ΘB0, ∂ϕB0 Kink node on boundaries ∂Θ̇B0, ∂ϕB0

1 Large deflection/velocity increase during the buckling
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Fiber-reinforced spherical shell with a slit
(Error in balance laws over time; kmec = 1, kthe = 2, kvis = 1)

Mechanical balance laws
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Thermal balance laws
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1 Exact algorithmic preservation ; balance errors < TOL
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Fiber-reinforced spherical shell with a slit
(D2V1F1 and D1V0F0; kmec = 1, kthe = 2, kvis = 1)

Sections of the shell at tn = 2 Iterations per time step

Time [s] of H8 nel= 1206
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Time [s] of H8 nel= 2470
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Time [s] of H20 nel= 552
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H8 = D1V0F0 H20 = D2V1F1
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Fiber-reinforced spherical shell with a slit
(D1V0F0 and D1F0 and D1; kmec = 1, kthe = 2, kvis = 1)

Sections of the shell at tn = 2 Iterations per time step: nel = 552

Time [s] of Element1 with nel=552
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Time [s] of Element1 with nel=552
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Time [s] of Element3 with nel=552
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Fiber-reinforced spherical shell with a slit
(D1V0F0 and D1F0 and D1; kmec = 1, kthe = 2, kvis = 1)

Iterations per time step: nel = 1206
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Time [s] of Element4 with nel=1206
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Iterations per time step: nel = 2470
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Summary

Higher-order accurate variational

energy-momentum schemes

Discrete energy consistency Discrete momentum consistency
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Discrete principle
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Iteration-count dynamic time step size control

RESULT: This mixed formulation avoids locking and is more efficient due to larger time steps
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