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Motivation

Motivation

» Dynamic simulations of fiber-reinforced materials in lightweight
structures

> Keywords:

» Anisotropic material behavior

» Nearly-incompressible material behavior

» Thermo-mechanical material behavior [Thermal expansion and heat
conduction]

> Solution strategy:

1. Mixed finite elements to reduce locking effects

2. Extension to a thermo-mechanical coupling

3. Higher-order energy-momentum conserving time integrator for stable and
accurate dynamic simulations [eg(k)]
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Theory
Continuum mechanics and material formulation

Continuum mechanics and material formulation

» Strain energy function (matrix part ¥y and nr fiber parts g, )

ng
U(C,0) =T\(C,0)+> Vg, (C,0,M;) M;=(a))" ®a)
=1
C - Right Cauchy-Green tensor, © - Absolute temperature a! - Fiber direction

> Components and specific dependencies (J(C) = /det[C])
Tm(C,0) = UP(C,cof[C], J) + U3} (J) + ﬂfi?’«a) + 0O, )

Vg, (C,0,M;) = ¥g?(C, cof [C], J, M;) + ¥E'P(©) + UF*"P(6,C, M)
» Polyconvex material formulation for the hyperelastic parts
Ui (O, cof [C), T) = TER(C) + TP (cof[C]) + Wi (J)
UH2(C, cof [C], J, M;) = U§*(C, M;) + Vi (cof [C], M;) + W52 (J)
» Thermo-mechanical coupling [GroR 18]

DY () -QWEa (14 ...)
— ML WPYP = —28p (- © —i =
aJ Fi Pl ) oI}

O - Ambient temperature, I} = tr[C M;]

WP = —2nqim M (© — Oco)J
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B Theory
e | Internal energy and Hu-Washizu functionals

Total internal energy I

» Total internal energy for the mixed principle of virtual power [GroR 18]
it :HHW+/ ls. (C—é)dv+/ S;édv+/ n (6 —6)dv

Bo 2 Bo Bo

Mixed elements based on Hu-Washizu functionals ITagw

Independent mixed field C and corrosponding Lagrangian multiplier S

Assumed temperature field © and the entropy density field 7

>
>
> Superimposed stress tensor S to derive energy—momentum scheme [GroR 18]
>
> Displacement element Iluw = [,z ¥ (C,0)dV

Displacement-Pressure Element [Simo 85]

M, = M +/ p (J(C) — J)dV + ﬁJdV
Wpp(...) = UE(C, cof[C], )+\I/"°1(J) 4 \Iﬁap(@) + TSP (O, )
g, (...) = U*(C, cof [C], ], M;) + VEP(O) + V(e C,M;)
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B ‘ Theory
Hu-Washizu functionals
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CoFEM Element [Schr 11]

ISw ™™ = Ry, + /B B : (cof[C] — H)AV + g B: HdV
0 0

Un(...) = Oy (C, H, J) + U7 (1) + ¥317(0) + 3P (8, J)
Vg, (-..) = WR(C, H, J, M;) + ¥§P(©) + U5 (0, C, M)

SKA Element [Schr 16]

COFE 1 ~ = & =
Ogw =T ™ + [ =8Sa4:(C—Ca)dV + [ 8a:CadV
By 2 By

Uni(...) = WP (C, H, J) + W (J) + TP (0) 4+ WP (e, J)

Up,(-.) = Up*(Ca, cof [Cal, /det[C a], My) + UEP(©) + Ui2"P(©, Ca, M)

CoCoA Element

1GoCeA — [GesKA +/ Ba : (cof[C] — H 4)dV +/ Ba: ﬂudv+/ pa(J(@) = Ta)dV
Bo Bo Bo
Uni(...) = Ui (C, H, J) + 932 (J) + TP (©) + 5UP(O, J) + [ padadv
5o

Up,(-..) = Wp(Ca, Ha, Ja, M;) + ¥5P(0) + U577 (0, Ca, M)

TUC, MB, TMD - June 4, 2019 - Julian Dietzsch 5/24 http://www.tu-chemnitz.de/mb/TMD


http://www.tu-chemnitz.de/mb/TMD

22

TECHNISCHE UNIVERSITAT ‘
CHEMNITZ

Theory
Superimposed fields

Superimposed fields for CoCoA El t

P Superimposed stress tensor S with & = Wi (C) + TP (6) + S 1F, TP (0)]
L Y- - 2L.c-[5ke.

S = C
C C
> Superlmposed pressurepwnh\I/ TR (J) + T3RN(JT) + TP (O, J)
2 fhg
I ORR ORI TRV 1
JJ
> Superimposed stress tensor S 4 with & = S°7'F, \Ilf,lj(éA, M) + VPO, Ca,M;)
L Y- W) - [ Ca-[5E6
SA = CA
C’A : C’A
> Superimposed conjugated stress t. B with & = Wis°(F) and B 4 with & = Z"F \I/ela(H A, M;)
. () - F(0)— [ 2L H . M) - (0) - tHy .
5 YW-IO -JFEH B ¢ ;aHA i,
H:H Hy : Ha
> Superlmposed pressure pa with & = S°7F [\Ii‘“a(u)]
v — —2Eia,
5 ML) Sty )
JaJa
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=2 Theory
e | Mixed principle of virtual power

Mixed principle of virtual power of CoCoA Element

> Total energy balance law in functional form # = 7" + IT1°* 4 I
(@, X, 6,0,0,0,0,C,Ca, H,Ha,J,Ja,S,S4,B,Ba,p,pa) =0
> Kinetic power functional

q.5,0) = [ (pov—p)-9aV+ [ p-@-v)av+ [ pogav
Bo Bo Bo
» External power functional
(g, A, ©) = —/ t-gdA — A (g—gHdA+ [ Vv © . QdV.
880 BBO BO e
> Piola heat flux vector (J = J(C))

[ZJ M +kICT| VO
i=1

» Variation with respect to the variables in the arguments of the total energy
balance

/ (6.7 + 6,11 4 6,1T™]dt = 0
T
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i ‘ Theory
ramscenvasin | \Waale formulation of CoCoA Element

Weak formulation of CoCoA Element
/ / [Div[FS] — p] - §qdVdt = 0 / / [—p - q] . 5vdVdt =0 / / [—t — A] - 6gdAdt =0
Bo Bo T JonB,

s ref _ = . _ o g -
g—g®(t)| - sadAadt =0 [e = @} sndvdt = 0 n+ — | 86dvdt =0
T JoaBy T JBg T /By 00

D ~ ipa
/ / [ iviQl } 56dvdt = 0 / / - [€-¢]:ssavat=o0
T JBy T JBy 2
ow _
// +5+B: ]P’+—cof[C]+ SA+BA n»+—cof[c] > :5€dvdt = 0
Bo o0& 27
1. 5 ow _ 5
// - [Ca 158 4dVdt =0 // [ [ Z +sAH:50Adth:o
Bg 2 Bo )

// J—J ] spavat = o // _ —+p]]5jdvm=o
Bo
o . ow o
/ / [H - cof[c]] . §BdVdt = 0 / / B - {f + B]] . §HAVdt = 0
T J By T JBy oH
5 ) ow
// [Ja = J] spadvdt =0=0 // [pA—[ =
Bo Bo aJ 4
ow .
/ [E1 4 — cof[C]] : 6B gdVdt =0 / / [ [ +BA:|:| D 6H 4dVdt =0
Bo Bo Hy

H 6J4dVdt =0
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Theory
Approximation

Approximation k = Polynomial degree in time

» Discretization in space and time
> Lagrangian shape functions in space (V) [Wrig 08] [Bart 18]

> Independent approximation of the different mixed fields
» |agrangian multiplier approximated equally as the corresponding mixed
fields

> Lagrangian shape functions in time (M,M’,M) [Bets 01] [GroR 18]

kt1 o ) N - a; )
Mi(a):gm,1§z§k+1 Mi(oz):};[lrajvlﬁlﬁk
i 7
» Time rate variables and mixed fields (q,)\,v,p,(:),G.n.é,éA,ﬁ.ﬂA:jrjA)
k+1 nno C e S Tee e
(0" =575 Mi(a)NA(€)(e)" ((-) EEE D3PS Mf(a)NA@)(-)/‘)
I=1 A=1 ® =il A=il

> Lagrangian multiplier and variation fields (S,S 4,B,B 4,p,p,0xe)

k mnoy

(0" =>" > MNA(e)it

I=1 A=1
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EH ‘ Theory
e | Implementation

Implementation

» Solve mixed fields and corresponding Lagrangian multiplier at element level

» Discontinuous at the boundaries of spatial elements
» Sequential solution

£ o owv =
J — J|épdvdt =0 — | == +5||dJdvdt =0

by E=elom=t ] ] [o— 2] e

je _ -1 L re ! Fe e _ | X -1 L ov =

Jew = [A'] (/0 bX J dabel) pnew—[A] (/O b&[ajer}da)

» Eliminate p and
// [Div[FS] — p| - §gdVdt = 0 // [ip—q]-éidedtzo
T JBg T JBg LPO

» Condensate at element level to pure displacement temperature form
» Schur complements = Inverted matrices are constant!

Ko, K Kol [2q g
K5, Ky 0 | |A®| = |rg

K, © o | [Ax r
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Numerical example - Cook cantilever beam

Loadcase

> Strain energy functions ([Schr 11] [GroR 18]):

wiso = %(tr[q)? + %(tr[cof[cnf —e3ln(J) Wyol = %‘(Jés +J7%5 —2)

© 1
TSP = 5, (1 — Ocochy)(© — Qoo — Oln @) - 5(;34(;;4(@ — Ox)?
1 1 1
pole — 66( (trleM )7+ 4+ (tr[cof[C]M])es+! 4+ —det[C]7€9)
! er+1 eg +1 €9
(C] 1
TGP = (1 = Oosc, )(O — Oo — Oln @) - 56%10};1 (0 — 000)?
€1 = 0.1e6 ky =0.1 po = 1000
0.16 e = 0.1e6 By =1le—6 | p=1.5e6
) €3 = 1.8e6 C?\/[ = 1000 T=1.0
€4 = 100e6 [ c;, =0.001 | hy =0.001
€5 = Ep, = 0.1 TOL = le — 2
0.44 €6 = 10e6 Br, =1le—6
er =4 %, = 1000
eg =4 C}*H = 0.001
e =1 O = 300
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Numerical example - Cook cantilever beam

Fiber direction and refinement levels

Anisotropic direction (a?)T = [111]
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Numerical example - Cook cantilever beam

Convergence of the y-coordinate at Point A [eg(1)]

0.757

0.756

0.755

—

= o754
<

)

H2
HDP20
HDP30
HCo0210 B
HCo310
HCoSKA1000
HCoSKA2101
HCoCoA100000
HCoCoA210000
HCoCoA310000
PR

0.751

L L L L L L L
108 104 10°
nNpor
Digits (pol. degree of): H[g] HDP[g,.J] HColq,H,J] HCoCoAlq,H,J,C o,H 4,J 4]

0.75
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2.8

Numerical example - Cook cantilever beam

Convergence of o, at Point B [eg(1)]

H2

HDP20

HDP30

HCo210
HCo310
HCoSKA1000
HCoSKA2101
HCoCoA100000
HCoCoA210000
HCoCo0A310000

108 104
nNpor

10°

Digits (pol. degree of): H[g] HDP[g,J] HColq,H,J] HCoCoAlq,H,J,C 4,.H 4,J 4]
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Numerical example - Cook cantilever beam

CPU time
6
32 X0 —
H2
HCoSKA1000
3.15 HCoCoA210000 |

HCoCo0A210000
HCoCoA310000

max|oy (t)]

2.8 — — —
102 108 104 105

_ teru .
Digits (pol. degree of): H[q] HDP[q,J] HColq,H,J] HCoCoAlq,H,J,C A,H 4,J Al
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Numerical example - Cook cantilever beam
Conversation properties - Energy
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Numerical example - Cook cantilever beam

Conversation properties - Momentum [eg(1)]

0.5

0.4
~ 0.3
Q
&~ o2 i
\
—
% 0.1+ -
o
_|_ 0
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A, 01 .
ool .
—
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0.3- .
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_0‘47 -
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t
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Numerical example - Cook cantilever beam

Conversation properties - Angular momentum [eg(1)]

0.5

0.4

0.3
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Numerical example - Cook cantilever beam

Deformed configuration and v. Mises equivalent stress [eg(1)]

HCoSKA1000 HC0C0210000
et =32 2

HCo0210 HCoSKA1000 HCoC0210000 HCoC0310000
ner = 4000 ner = 4000 Ner = 4000
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Numerical example - Cook cantilever beam

22

Deformed configuration and temperature distribution [eg(1)]

HCoCo0310000

s
g
8
S
R
g
s}
2
g

HCoSKA1000

HCo0210 HCoSKA1000 HCoC0210000 HCoC0310000

H2
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Numerical example - Cook cantilever beam

Fiber direction for ngp = 2 and start temperature distribution

TCoC0310100
. o t=0.0
Anisotropic direction (a)” = [1 1 1] =1
Anisotropic direction (a9)?T = [11 0]
o4 N4
A
157 A
i o AV gt 2
V-t sl NN
7
wrt” R ©
/ ‘ 400
wr Mgt 2 I
s Wt 350
I 300
TUC, MB, TMD - June 4, 2019 - Julian Dietzsch 21/24 http://www.tu-chemnitz.de/mb/TMD


http://www.tu-chemnitz.de/mb/TMD

= = s = = s
@< 3 2 ok} B =
— = — —
N
ARl
SARNERYN
A NTINNNN
RN

SANNNNNY

i}

TCoC0310100
TCoC0310100
0
2

np

350
300

Tt

Nt
Al
NN
AN
SANANNNN

rnnmt

MmWrWWW.WW%/
NN
NN

TCoC0310100
TCoCo310100

np

350
300

st
Atk
A\ AN
A NN
AN
SANNNNNN
ANANNNN

NN

R
AR
NOVSARANRY

TCoC0310100
TCoCo310100

np

o
400
350
300

LN
AR
ORI
AR
SRAANRRL
. SARRRRN
VAVNAN

SRR
CRRRRRL
CARRANN

VAVA NN

TCoC0310100
TCoC0310100

np

D

np

o
101
350
300
o
40
35
300

=
N
=
(o)
D,
—
o
(=]
—
(=]
—
[92]
o
(&}
Q
O
=
c
2
=
3
Qo
=
=
D)
o
(%}
=
=}
=
©
=
Q
o
£
[
-
el
c
©
c
2
=]
©
=
=}
(=)
=
c
o
(&)
o
Q
£
=
o
u=
3
(o]

=
@
)
o
.
o
>
<
=
c
IS
13)
~
o)
o)
(&)
.
Q
[}
£
IS
x
)
©
o
=
@
1S
5
P4

MNN o=

http://www.tu-chemnitz.de/mb/TMD

22/24

NN
VAN

VAANNNNNN
VAV NVNNNNN

NN
NN
VAN
VAAANNNNN

AT

NN

1
2

VAN

0.2
0.2

TCoC0310100
TCoCo310100

t=
np
t=
np

TUC, MB, TMD - June 4, 2019 - Julian Dietzsch



http://www.tu-chemnitz.de/mb/TMD

Numerical example - Cook cantilever beam

Conversation properties - Energy
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Conclusion

» Motivation:

» Dynamic simulations of fiber-reinforced materials in light-weight structures
> Strategy:

> Mixed finite elements to reduce locking effect

> Extension to a thermo-mechanical coupling

» Higher-order energy-momentum conserving time integrators for stable and

accurate simulations

> Important results:

> Excellent performance of the mixed elements is still preserved in a
thermo-mechanical context.

» Higher-order energy-momentum time integrators conserves energy

» Possibility to determine the mechanical and thermal properties of our
model separately by using diffrent fibers

» Outlook:
» Extend these formulations to a thermo-viscoelastic material behavior
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