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Motivation

Motivation

» Dynamic simulations of fiber-reinforced materials in lightweight
structures

> Keywords:
» Anisotropic material behavior
» Nearly-incompressible material behavior
» Thermo-viscoelastic material behavior

> Solution strategy:

1.
2. Extension to a thermo-mechanical coupling

3.

4. Higher-order energy-momentum conserving time integrator for stable and

Mixed finite elements to reduce locking effects
Mixed finite elements as Viscous internal variable

accurate dynamic simulations [eg(k)]
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Theory
Continuum mechanics and material formulation

RSITAT

Continuum mechanics and material formulation

» Strain energy function (thermo-viscoelastic matrix part ¥ and ng
thermoelastic fiber parts ¥r,)
ng
U(C,0) = T\(C,0,C) + Y Up,(C,0,M;) M;=(a))” ®a
g=1
C - right Cauchy-Green tensor, C,, - viscous right Cauchy-Green tensor, © -
absolute temperature, a? - fiber direction
> Components and specific dependencies (J(C) = /det[C], A = CC; )
¥Mm(C,0) = UP(C, cof[C], J) + T3} (J) + T3P () + U31"P(©, ) + TP (A)
Vg, (C,0,M;) = U§*(C, cof [C], J, M) + VEP() + U "P(e, C, M;)

» Thermo-mechanical coupling [GroR 18]

auye () SOVRR(I5-)
M o = 98 (6 — Ooo)y/ I —t 2

O - ambient temperature, I} = tr[C M;]
» Polyconvex material formulation for the hyperelastic parts

\I’(Ii/c[)up = _Zn«:iim/BM(8 - @oo)J
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Theory
Internal energy and Hu-Washizu functionals

Total internal energy T for the mixed principle of virtual power [GroR 18]

. 1 ~ ~ ~ ~
nmt:nHW+/ 7S:(C—C)dV+/ 5:6av+ [ n@©-86)dV
Bo 2 Bo Bo

» Independent mixed field C and corresponding Lagrangian multiplier S
> Superimposed stress tensor S to derive energy—momentum scheme [GroR 18]
> Assumed temperature field © and the entropy density field 7

Mixed elements based on Hu-Washizu functionals IIivw [Simo 85] [Schr 11] [Schr 16]

Hgw = / (.. )dV+/ J(€) — AV + [ pJdV D DP Co CoSKA CoCoA
Bo
+ [ B :(cof[C] —H)dV+/ B: HAV + 7sA (C—CA)dV + [ 8Sa:CadV
Bo Bg 2 Bo
/ B : (cof[C] — dV+/ Ba: dev+/ pa(J(C) — IA)dV—&-/ Pada

Un(-. ) = ORO(C, H, J) + 37 () + TP (0) + TP (6, J) + TY1°(A)
Up,(--.) = Vg (Ca, Ha, Ja, M;) + T3P (0) + T5°P(0, Ca, M)

i

TUC, MB, TMD - August 28, 2019 - Julian Dietzsch 4/22 http://www.tu-chemnitz.de/mb/TMD


http://www.tu-chemnitz.de/mb/TMD

B ‘ Theory
e | Superimposed fields

Superimposed fields

P> Dependencies of the strain energy functions
Tni(-) = UG, H, J) + U7 () + T317(0) + TR1"P(8, J) + ¥y (A)
Up,(-..) = Wp(Ca, Ha, Ja, M;) + U5 (0) + ¥57"P (0, Ca, M)
> Superimposed stress tensor S with ¥ = ¥is°(€) + \Ifcap(@) + UYE(A) + 0F [\llcap(e)]

U(1) — T(0) —

0\116 C .
C- I 386k Gy
:C

> Superimposed pressure  with & = WP (J) + Uye! (J) + TP (O, J)

o»

O i v 7 ¥
~_\If<1>—w1v<0>—fMJ—J—@@J
p_ 2
JJ
> Superimposed stress tensor S 4 with & = S°7'F [\IIEI“(CA, i)+\11;°i“p(9,éA,Mi)

. F(1) - ¥(0) - -/ g6,
§4= 2, Ca
CA : CA
» The remaining superimposed fields be designed in the same manner
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=2 Theory
e | Mixed principle of virtual power

Mixed principle of virtual power of CoCoA Elem

> Total energy balance law in functional form 7 = 7" + II°** + T
(@A 9,5,0,0,19,C0,C,Ca, H,Ha,J,71,8,54, B,Ba,p,pa) =0
» Kinetic power functional
74,55 = [ (pov—p)-5aV + [ p-@-wav+ [ p-gav
Bo Bo Bo

» External power functional

. - 6
(g, A, 6, C,) = —/ t.gdA — A (G—q¢Nda+ [ v (7) .QdV
aBg a8, Bo ©

@ TL
— pintqy / ~C, :V(C,): C,aV = - J
+/ 5 4 (Co) : Q= Z

MM+ kICT 1] ve
By i=1

CA : M;
> Viscous dissipation D'"* and positive-definite viscosity tensor V

Vaev Vdev

q . o 1
D" = &, :V(C,): C, V(C,) == (Vvol > cilec'+ =YL:cy'ec!t
4 Ndim

> Variation with respect to the variables in the arguments of the total energy
balance [[0.T + 0.11°" + 6. 11™]dt = 0
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i ‘ Theory
ramscenvasin | \Waale formulation of CoCoA Element

Weak formulation of CoCoA Element
/ / [Div[FS] — p] - 6gdVdt = 0 / / |:—p = q:| . 50dVdt = 0 / / [—t — A] - 6gdAdt = 0
Bo Bo T JoBg

= ref _ = | _ ow . -
g —a"® )| - sadAdt =0 [@ = e] sndvdt = 0 n+ — | 66dvdt =0
T JoB, T J B, T J B, 20
Div[Q]  Dint _ . .
+ —— 47| 66dvdt =0 + Cy : V(Cy) | : §CpdVdt =0
T /B,y 5} [} By LOCw
1 ow 5 dcot[C]
“s-(|—=+58+B: ]P’+—cof[C]+ SA+BA n»+—cof[c] c6CdAvdt =0 P =
B | 2 ac 2 ac
1 5 ow 5
// = = 1 8S 4dVdt = 0 // [ [ +sAH;scAdth:o
Bo 2 BO 9C 4
/ / J - J 5pdth =0 / / = == + p]] sJdvdt = 0 / / c : 6SdVdt =0
Bo Bo Bg 2
aw _ .
/ / — cof[C]] : 6BdVdt =0 / / B == BH L SHAVAL =0
Bo Bo 6
// [Ja - J]spadvat=0=0 // [ [
Bo Bo
/ [F14 — coflC]] : 6B gdVdt =0 / / [ [ H i 6H 4dVdt =0
Bo Bo Hy

TUC, MB, TMD - August 28, 2019 - Julian Dietzsch 7/ 22 http://www.tu-chemnitz.de/mb/TMD

H §J4dvdt =0



http://www.tu-chemnitz.de/mb/TMD

Theory
Approximation

Approximation k = Polynomial degree in time

» Discretization in space and time
> Lagrangian shape functions in space (V) [Wrig 08] [Bart 18]

> Independent approximation of the different mixed fields
> Lagrangian multiplier approximated equally as the corresponding mixed
fieldse.g. Cx & S4, J&por H& B

> Lagrangian shape functions in time (M,M’,M) [Bets 01] [GroR 18]

kt1 o ) N - a; )
Mi(a):gm71§lgk+l Mi(a):};[lraj’lglgk
i i
> Time rate variables and mixed fields (g\,v,p,8,0,7,C.C.C A, H,H 4,J,J 1)
k+1 nno C e o Tee
(0" =575 Mi(a)NA(€)(e)" ((-) EEE D3PS Mf(a)NA@)(-)iA)
=1 A=1 T I=14A=1

> Lagrangian multiplier and variation fields (S,S 4,B,B 4,p,p,0xe)

k mnoy

(0" =>" > MNA(e)it

I=1 A=1
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EH ‘ Theory
e | Implementation

Implementation

» Solve mixed fields at element level, e.g.

2 . A\ 2
/ / [J—J] spdVdt = 0 / / [p— [3— +[)H6Jdth=0
T JBg T JBg aJ
-~ 1 . ~ -~ — 1
Jow = [A1]7 (/ b X .Jj%da — b/Jf) Plow = [A] ! (/ bX [B‘If +z’i} da)
0 0 oJ

» Discontinuous at the boundaries of spatial elements

> Iterative solution of C, is calculated on element level not on Gauss point level
» Eliminate p and n, e.g.

1
/ / [Div[F'S] — p] - 6¢gdVdt =0 / / [—p = q] -0vdVdt =0
T JBg T JBo LPO

» Condensate at element level to pure displacement temperature form
» Schur complements = Except K¢, ¢,, all inverted matrices are constant!

Kgq ng K¢y Aq re
Kgq K, 0 AO| = rg
KSq 0 0 AN r§
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Numerical example - Cook cantilever beam for np = 1

Load Case

» High Poisson ratio (v ~ 0.4995), stiff fiber (=~ 10 - 10°), pg = 1000
> T = 1.5, hy, = 0.001, p = 1.5e6f;, TOL = 1e~2
» Anisotropic direction (a9)” = [111]

% X
A g
Y Plo.16  iEant ! ]
- tt tt f_t
N
0.44 0.44 AN
1
- 1 00 05 1 1.5
= '////// % s
010 —, U048 t
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Numerical example - Cook cantilever beam for np = 1

Convergence of the y-coordinate at Point A [eg(1)]

0.756
0.755 - B
0.754 -
—
~+~
~—
q:;) 0.758 - B
"
&~
gg H2
HDP20
0.752 HDP30 -
HCo210
HCo310
HCoSKA1000
0.751 HCoSKA2101 =
HCoCoA100000
HCoCoA210000
HCoCoA310000
0.75 | L L L T SR B |
10° 10 10°

nNpor
Digits (pol. degree of): H[g] HDP[g,J] HColq,H,J] HCoSKA/HCoCoAlg,H,J,C a,H 4,J 4]
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Numerical example - Cook cantilever beam for np = 1

Convergence of o, at Point B [eg(1)]

H2
HDP20
HDP30
HCo210 -
HCo310
HCoSKA1000
HCoSKA2101
HCoCoA100000 |-
HCoCoA210000
HCoCoA310000

3.05 |-

B
max|o, (t)]

2.95

2.9

2.85 Lo e : o
10° 104 10°
nNpor

Digits (pol. degree of): H[g] HDP[g,J] HColq,H,J] HCoSKA/HCoCoAlg,H,J,C 4,H 4,J 4]
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Numerical example - Cook cantilever beam for ng
Deformed configuration and v. Mises equivalent stress [eg(1)]
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Numerical example - Cook cantilever beam for np = 1

Conservation properties - Energy [eg(1)]

——H2
1F—%—HDP20) @ - = = - - - - - m = -
—%—HC0210

—#— HCoSKA2101
—%— HCoCoA210000
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Numerical example - Cook cantilever beam for np = 1

Conservation properties - Momentum [eg(1)]

1 _______________________________________________
0.5

[
Q
&~
>~
g g3
A 0

+

e
8

' 05

s
Qf % H2
~ ——HDP20

—=%—HCo0210
B i e e e e —=—HC0SKA2101 -
—=%—HCoCoA210000
| | | | | | |
0 0.2 0.4 0.6 0.8 1 1.2 1.4
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Numerical example - Cook cantilever beam for np = 1

Conservation properties - Angular momentum [eg(1)]

—%=—H2
—+—HDP20
—=%—HCo0210
B i e e e e —=—HC0SKA2101 -
—=%—HCoCoA210000
| | | | | ] ]
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Numerical example - Cook cantilever beam for np = 1

Convergence of the y-coordinate at Point A [eg(1),eg(2),eg(3)]

0.755 - i
0.754 + -
—
-~
S~—
<@ 0.753 - i
"
=9
0.752 - i
eG(1)H2
eG(2)H2
0.751 eG(3)H2 -
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eG(2)HCoCoA210000
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0.75 | L T T R R R | L L P T S Y S N |
108 104 105

npor
Digits (pol. degree of): Hlg] HCoCoAlq,H,J,C 4, H 4,J 4]
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Numerical example - Cook cantilever beam for np = 1
CPU time [eg(1).eg(2).eg(3)]

0.755 - i
0.754 + -
—
-~
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"
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Numerical example - Cook cantilever beam for np = 2

Load Case

» Anisotropic direction (a$)T = [111] and (a9)” = [110]
» Second fiber with high thermal conductivity, low stiffness

7
sy A
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VERSITAT ‘

Numerical example - Cook cantilever beam for np = 2
Deformed configuration and temperature distribution HCoCoA210000 [eg(2)]

HCoCoA210000
=06
np =1

l 300.10

~300.05

I 300.00

HCoCoA210000
t=06
np =2

©

I 300.10

300.05

I 300.00

HCoCoA210000
t=10.9

l 300.10

~300.05

I 300.00

HCoCoA210000
=09
np =2

©

l 300.10

300.05

I 300.00

HCoCoA210000
t=12
np=1

HCoCoA210000

S}

l 300.10

~300.05

I 300.00

l 300.10

300.05

I 300.00

HCoCoA210000
t=15
np =1

o

l 300.10

~300.05

I 300.00

HCoCoA210000
t=15
np =2

(]

l 300.10

300.05

I 300.00
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Numerical example - Cook cantilever beam for np = 2
Conservation properties - Energy HCoCoA210000 [eg(2)]

TUC, MB, TMD - August 28, 2019 - Julian Dietzsch 21/ 22 http://www.tu-chemnitz.de/mb/TMD


http://www.tu-chemnitz.de/mb/TMD

Conclusion

Conclusion

» Motivation:
» Dynamic simulations of fiber-reinforced materials in light-weight structures
> Strategy:
» Mixed finite elements to reduce locking effect
> Extension to a thermo-mechanical coupling
» Mixed finite elements as Viscous internal variable
> Higher-order energy-momentum conserving time integrators for stable and
accurate simulations
» Important results:
> Excellent performance of the mixed elements is still preserved in a
thermo-viscoelastic context.
» Huge computing time reduction, especially in the context of the iterative
calculation of the internal variable
» Higher-order energy-momentum time integrators conserves energy
» Outlook:
» Extend these formulations to a thermo-viscoelastic material behavior of
the fibers
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Appendix

Strain energy functions

wise = %1(“[(7])2 + %Q(tr[cof[c”)2 —e3ln(J) WY = %‘(fs Ny )

i € vis . vis vis
Wi = - (wlo)? + %(tr[cof[C}])Z — eIn(J) + %(J% +JmS" —9)

1
pele = tr[CMq])e7 !
o = o S lemn)T 4

(tr[cof[C]M 1))+ + ldet[C]—eg)
€9

eg+1
i = 2 (0[O Ma) - 1)?
cap 0 1 © 1 0 1 2
U = (1 = Ooocx)(© — O — Oln @—) — 5cXcX(G) — O0)
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Appendix

Material parameters

€1 =0.1e6 | Viey =0.1e4 [ kp, = 0.1
e = 0.1¢e6 Vol = 0.2e4 Br, = 1le—10
€3 = 1.8¢6 €6 = 10e6 g, = 1500

€1 = 100e6 | e7 =4 cp, = 0.003
65:4 6824 ]411:‘2:50

5 =0.1e5 | eg=1 Br, = le — 10
€5 =0.1e5 | €10 = 0.1e6 . = 3000
e =1.8e5 | ky = 0.1 cp, = 0.006
ey =100e5 | By = le — 10 | O = 300
s =4 &, = 1500 p = 1.5e6

po = 1000 ey = 0.003

h,=0001 |T=15 TOL = le — 2
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