@ Mixed finite element formulations for the Galerkin-based time integration of finite anisotropic elastodynamics

) Professorship of Applied Mechanics and Dynamics, TUC
TECHNISCHE UNIVERSITAT

CHEMNITZ

Mixed finite element formulations for the Galerkin-based
time integration of finite anisotropic elastodynamics

Julian Dietzsch and Michael Grot

Professorship of Applied Mechanics and Dynamics
Department of Mechanical Engineering
Technische Universitat Chemnitz

June 14,2018
ECCM 2018, Glasgow

DF Deutsche
TECHNISCHE UNIVERSITAT Forschungsgemeinschaft
CHEMNITZ

Acknowledgments: This research is provided by DFG grant GR 3297/4-1

TUC, MB, TMD - June 14, 2018 - Julian Dietzsch 1/31 http://www.tu-chemnitz.de/mb/TMD


http://www.tu-chemnitz.de/mb/TMD

‘ Motivation

Motivation

» Dynamic simulations of fiber-reinforced materials in lightweight structures

> Keywords:
» Anisotropic material behavior
> Near-incompressible material behavior
» Hyperelastic material behavior
» Long-term simulations

> Solution strategy:
1. Mixed finite elements for finite anisotropic elastodynamics to reduce locking effect
[polyconvex material formulations]
2. Higher-order time integrators to increase accuracy [continuous Galerkin cG(k)]
3. Energy-momentum conserving time integrators for stable long-term simulations
[Discrete gradient eG(k)]
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Theory

Continuum mechanics and material formulation

Anisotropic material Continuum mechanics

C=F'F M =ay® ap
J = I3(F) = det[F] = \/det[C]

F ... Deformation gradient

C ... Right Cauchy-Green tensor
a . .. Fiber direction

Hyperelastic, anisotropic, polyconvex material formulation

> Additive split of strain energy function
U(C, M) =0"°(C) + v (C, M)
U(C,cof[C],J, M) =VU"°(C,cof[C],J) + V" (C,cof[C], J, M)
=VE°(C) + Vitic) (cof [C]) + W5 (J)
+UEH(C, M) + Uit o (cof [C], M) + U5 ()
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Theory

Hu-Washizu functionals

» Mixed elements based on Hu-Washizu functionals

Displacement Element

120 (q) = /B W(C(@)dV with ¥ = T**(C, cof[C], J) + T (C, cof [C], J, M)

Displacement-Pressure Element [Simo 85

25 (q,0,p) = M3y + / p(J(q) — ©)dV

Bo

with ¥ = U"*°(C, cof[C], ©) + ¥ (C, cof[C], O, M)

CoFEM Element [Schr 11

155" (q,..., H,B) =1y + [ B:(cof[C(q)] — H)AV
Bo

with ¥ =9"*°(C,H,0)+ v (C,H,0, M)

\i
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Theory
Hu-Washizu functionals and Veubeke-Hu-Washizu functional

SKA Element [Schr 16
MG @,....Ca Sa) = NG + [ 28a(Cl@) - Capav

with ¥ = U%°(C, H,0) + U™ (C 4, cof[C 4], /det[C 4], M)

CoCoA Element

5704 ) = Ig5 54 + /B B : (cof[C(q)] — H 4)dV + /3 pa(J(q) — ©4)dV
0 0

with ¥ = U%°(C, H,0) + U (C 4, H 4,04, M)

Veubeke-Hu-Washizu functional

. 1 .
Ovaw(q,q,v,p,...) = / / fpovTvdth+/ / p(q — v)dVde */ Oaw(q,...)dt
T JBy 2 T /B, 7

+/ pog - qdV + t~qu+/ g — ¢*dA
Bg 8B 8B

» Dirichlet boundary conditions are modelled by Lagrange multipliers X\ [Bets 02]
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Theory

Weak formulation of CoCoA Element

» Variation with respect to all unknowns
> Apply Discrete Gradient

Weak formulation of CoCoA Elem

/ / (div[FS] — p)dqdVdt = 0
T JBg

1 1
// —(Ca — C)684dVdt =0 / (=84
T JBy 2 T /By 2

/ (© — J)opdVdt = 0
T JBg

ov
—| — )6©dVdt = 0 / B —
/T /BO(” 26 | ol

/ / (©4 — J)dpadVdt =0
T JB,

1
/ (—p—q)épdVdt =0 P=
T JBgy PO

_ Ocof[C]
oC

ov
0C 4

)6C AdVdt =0

ow
OH

/ (H — cof[C])6 BdVdt = 0
T JBy

VSHAVdE = 0

/ / (H 4 — cof[C])§ B adVdt = 0
T JB,

/ ( ov V6@ 4dVdt =0 / (B ov VoH AdVdt =0
pa — = - =
T JB, 4 004 4 T JB, 4 OH 4 4
. ov _a _a
with S = (2 3C +2B :P+pJ cof[C]+ Sa +2B4 :P+paJ cof[C])
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Theory

Discrete Gradient

> Additive split of strain energy function
¥(C, cof[C], J, M) =TS (C) + Uestioy(cof [C]) + U5 (J)
+UE(C, M) + Vigio) (cof [C], M) + W5 ()
U(C.H,0,Ca, Ha 04, M) =VE(C) + Vikiic)(H) + V5°(6)
+UE(Ca, M) + Uiy (H A, M) + 05 (0.4)

OV (C,H,0,Ca,Ha,04)
ocC d\I/gic(C) 0 0 0 0 0
Ty
OH 0 — 0 0 0 g
90 0 0 w 0 0 0
TG
8C A 0 0 0 —%ca 0 0
6\11(““[ ](HA)
OH 4 0 0 0 0 —om; |0
B\II'J'T”'((—)A)
264 0 0 0 0 0 —hea

» Discrete Gradients are independent!
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Theory
ez | Discrete Gradient

Discrete Gradient [Bets 18

L 0W(a) _ 9W(a) |, Y()-(0)—f ZFDq
» Scalar: 6a“ = aa“ 4= ]

= a
aa

150 iso iso iso aq’iso(@) >
eg ov°(e) _ ovy°(©) + vyo(1) —vye(o) — f “2»7&9@
00 EE) 166

v(A) _ amA) v(1)-w(0)—f 254
0A + JA:A A

» Second rank tensor: 2

ani

g Ay .

o, 2Wetiic)(Ha) _ O¥eliic)(Ha) | Velio)(1) = Vel (0) =/ —F— : Ha

.g. = D A
OH 5 OH 5 I Ha:Hy

Hidden Constraints [Bets 02

> Discrete Gradient needs time derivative = Fullfills constraints at velocity level,
e.g.

a 0 . 1 o
/ (© — J)épdVdt = / (© — J)épdVdt = / / (© — —cof[C] : C)épdVdt =0
T J Bg T JBg T JBgy 2J

/ / (H — cof[C])6BdVdt = / / (H — cof[C])§ BdVdt = / (H —P:C)§BdVdt =0
T J By T JBg T J1Bg
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Theory

Modified Weak formulation of CoCoA Element

> Discrete Gradient and Constrains at velocity level

Modified Weak formulation of CoCoA Element

1
/ / (div[F'S] — p)dqgdVdt = 0 / (—p—q)opdVdt =0 P=
T JBg T JBgy PO

dcof[C]
ocC

1 . . ‘Ijani
[ ] 3l @a-&saavar=o [ [ 5| HELOD o avar —o
w 802 Bg 8CA
s 1 - . .
/ / (© = S cof[C] : C) ppdVdt =0 / / (H—-P:C)pBdVdt =0
T J By 2J 7/,

is0

\I/iso 8\I/LO H
/ / w—| 2O | seavar = o0 / (B — fic]() VSHAVdt = 0
Bo Bo

00

i 1 .

// (©4 — —cof[C] : C) |ppadVdt = 0 // (L4 —P:C) 6BAdVdt =0
T JB, 2J

ows™ (0 : OVt o (H
/ (pa — o5 (O4) V60 4dVdt = 0 / (Ba — O¥eoiic) (Ha) V6H AdVdt = 0
T JBg T JBg

-

00 4 OH 4
. vy (C _ _
with S = (2 % +2B : P+ pJ 'cof[C] + Sa +2Ba : P+ paJ 'cof[C])
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Theory
Approximation

Approximation k = Polynomial degree in time

> Lagrangian shape functions in space (V) [Wrig 08]
> Lagrangian shape functions in time (A£,)M’,)M) [Bets 01]

k41 &

Mi(a)znﬂ,lﬁiSkJrl I\;[i(oz)znﬂ,lgigk
g O — Qg g O — Oy
Jj=1 Jj=1
i i

> q: Cl Hl 61 CA' HAI ®A Wlth ("')e’h = ]Ivi»i nno MI( )NA(g)(')?A
> §,C, H,0,C 4, Ha O with (... )" = KIS0 M (0)NA(E)(. .. )4
> B,p, S 4, B4, pa, (5qe’h,... with ( ) ZJ 1Zn"°" MJNA( )?A

> Solve eg,.pS,. ... at element level, e.g.

"— 1 e /e e - 1 TS (@
Ot = [A] 1(/0 bg]da*b@l) Prew = [A] 1(/0 b X é@( )da>

» Eliminate p and condensate at element level to pure displacement form

TUC, MB, TMD - June 14, 2018 - Julian Dietzsch 10/31 http://www.tu-chemnitz.de/mb/TMD


http://www.tu-chemnitz.de/mb/TMD

Numerical example - Cook cantilever beam

Loadcase

» Compare the non-standard mixed elements with the standard elements for

hexahedral elements (serendipity formulation)
» Anisotropic direction al = [11 1]
» Strain energy function ([Schr 11]):

yiso = %(tr[C})z + %(tr[cof[CH)Q —esln(J) + %‘(fs +J7%5 —2)

) 1 1 1
pani — 56( (tr[c M7 T 4 ——— (tr[cof[C]M])8 T + —J‘€9)
e7+1 eg+ 1 €9

pﬁ() 6 €1 = 16e6 g =38

1 €5 = 32e6 €g =2
€3 = 480e6 po = 1000
€4 = 80e6 T=1.1

0.44 ¢5 = 20 By, = 0.005
€ = 1200e6 | TOL =1le — 4
ez =4 p=4.7e8
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Esi] Numerical example - Cook cantilever beam
e | Fiber direction and refinement levels
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Numerical example - Cook cantilever beam

Convergence of the y-coordinate at Point A

0.795 ————— ; ;
0.794
0.793
0.792
— 0.791
-~
SN—
< hn=0.004 H1
> 0.79 hn=0.004 HS2 f
?& hn=0.004 HS3
< hn=0.004 HDP10 i
= \0.789 hn=0.004 HSDP20
hn=0.004 HSDP30
0.788 hn=0.004 HCo100 H
hn=0.004 HSC0210
hn=0.004 HSC0300
0.787 hn=0.004 HCoSKA1000 i
hn=0.004 HSCoSKA2101
0.786 hn=0.004 HCoSC0A100000 ||
hn=0.004 HSCoCoA210000
eG(1) hn=0.004 HSCoCoA310100
0785 | T T 7 T

10°

104
Npor

10°

Digits (pol. degree of): H[g] HDP[q,©] HColq,H 0] HCoCoAlq,H,0,C 4,H 4,0 4]

TUC, MB, TMD - June 14,2018 - Julian Dietzsch

13/31

http://www.tu-chemnitz.de/mb/TMD


http://www.tu-chemnitz.de/mb/TMD

Numerical example - Cook cantilever beam

Convergence of o, at Point B

8
04 X10 : : —
2%eG(1) hn=0.004 H1
G(1) hn=0.004 HS2
2.35 X G(1) hn=0.004 HS3
£%eG(1) hn=0.004 HDP10
2.3 Z G(1) hn=0.004 HSDP20
G(1) hn=0.004 HSDP30
2925 ,X G(1) hn=0.004 HC0100
G(1) hn=0.004 HSC0210
25 [[+=-eG(1) hn=0.004 HSC0300
— . X G(1) hn=0.004 HCoSKA1000
= G(1) hn=0.004 HSCoSKA2101
5 2.15 HExeG(1) hn=0.004 HCoSCoA100000
mbf* z G(1) hn=0.004 HSCoCoA210000
= o4 G(1) hn=0.004 HSCoCoA310100
25
8%2.05 -
2 |-
1.95 -
19 - B
1.85 : . e : :
108 104 10°

nNpor
Digits (pol. degree of): H[g] HDP[q,©] HColq,H 0] HCoCoAlq,H,0,C 4,H 4,0 4]
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Numerical example - Cook cantilever beam
Conversation properties - Energy

0 02 0.4 06 08 1 0 0.2 0.4 0.6 0.8 1

(Bl — Ee)/TOL
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Numerical example - Cook cantilever beam
Conversation properties - Momentum

ERSITAT ‘

1 1k
- 'T|D/DP . ﬁCoFEM
S S
= =
;05* 4051k —
e e
Ry Y
+ +
Qj 0 Q: 0
| |
I I
&-057 —Elrns— 4
1 -1
0 0.2 04 06 0.8 1 0 0.2 04 0.6 0.8 1
t t
. SKA “ CoCoA
s} o)
& g
=051 4051 4
e g
Y Ry
+ +
lf 0 D: 0
| |
i 5
51705— —5705— 4
1 -1
0 0.2 04 0.6 0.8 1 0 02 0.4 06 0.8 1
t t
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Numerical example - Cook cantilever beam

Conversation properties - Angular momentum

)/TOL

ext

k

(L{wH — Ly + M

0 0.2 0.4 0.6 08 1 0 0.2 04 0.6 0.8 1
t t
WL
< I SKA -
S
= &=
8 B
051 1
+ - +
= 0 =
_ _
| |
Ios— 1z
K Sl
1 -1
0 0.2 0.4 0.6 08 1 0 0.2 04 0.6 0.8 1
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Esi] Numerical example - Cook cantilever beam
i SKA element

SKA1000
t=11

SKA2100 SKA2101
t=1.1 t=11
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Numerical example - Cook cantilever beam

Deformed configuration and v. Mises equivalent stress for n.; = nd n.; = 4000

Co210
t=11

SKA2101
t=11

CoCoA100000
t=11

CoCoA210000
t=11

7 sKA2101
(=11

o CoCoA210000
t=11

7 CoCoA100000
(=11
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Numerical example - Oscillating cantilever beam

Loadcase

» Compare the non-standard mixed elements with the standard elements for
tetrahedral elements

> Oscillating in a gravity fieldg = [-9.81 0 0
> Different fiber directions
» Strain energy function ([Schr 11],[Holz 00]):

]T

wiso = %(u[o}ﬁ + %2(tr[mf[c]])2 — e3ln(J) + %4(]65 )

\I/ani _ 676(657(tr[C’M])2 _ 1)
2e7

€1 = 16e6 po = 4ebd

€9 = 32¢6 T=3

€3 = 480e6 | h, = 0.004

€4 = 80e6 TOL =1e—4

€5 =20 ap =10 —0.3095 — 0.9509]
e = 10e10 | ap = [0.3095 0 0.9509]

ez =10 ap = [00.3095 — 0.9509]
ap = [0.30950 — 0.9509]
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= Numerical example - Oscillating cantilever beam
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Numerical example - Oscillating cantilever beam

Convergence of the z-coordinate at Point A

(1) hn=0.004 T1

(1) hn=0.004 T2

(1) hn=0.004 TDP10
(1) hn=0.004 TDP20
(1) hn=0.004 TC0100
(1) hn=0.004 TC0210
(1) hn=0.004 TCoSKA1000
(1)

(1)

(1)

(1)

(1)

-0.35 hn=0.004 TCoSKA2100

hn=0.004 TCoSKA2101
hn=0.004 TCoCoA100000
hn=0.004 TCoCoA210000

G
G
G
G
G
G
G
G
G
G
G
G(1) hn=0.004 TCoCoA210100

min[z(t)]

teT

-0.45 S ‘ ‘
104 10°

nNpor
Digits (pol. degree of): T[g] TDP[q,©] TColg,H,0] TCoCoAlq,H,0,C 4,H 4,0 ]
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Numerical example - Oscillating cantilever beam
Convergence of o, at Point B

q 8§ 1 o [EZeG(1) hn=0.004 T1
o G(1) hn=0.004 T2
M eG(1) hn=0.004 TDP10
gg 1 HJeG(1) hn=0.004 TDP20
eG(1) hn=0.004 TCo100
0.8 “>KeG(1) hn=0.004 TCo210
eG(1) hn=0.004 TCoSKA1000
0.6 KeG(1) hn=0.004 TCoSKA2100
A \eG(1) hn=0.004 TCoSKA2101
€G(1) hn=0.004 TCoCoA100000
0.4 1//NeG(1) hn=0.004 TCoCoA210000
eG(1) hn=0.004 TCoCoA210100
0.2 :
104 10°
nNpor

Digits (pol. degree of): T[g] TDP[q,0] TColg,H,0] TCoCoAlq,H,0,C 4,H 4,0 4]
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Numerical example - Oscillating cantilever beam

Convergence of the z-coordinate at Point A

hn=0.004 T2
hn=0.004 T2
hn=0.004 T2
hn=0.004 TCo100

e
e
e
e
e hn=0.004 TCo100
e hn=0.004 TCo100

G(1)
G(2)
G(3)
G(1)
G(2)
G(3)
€G(1) hn=0.004 TCoSKA2100
eG(2)
eG(3)
G(1)
G(2)
G(3)

hn=0.004 TCoSKA2100
hn=0.004 TCoSKA2100
e
e
e
A
0.4

-0.35 [

hn=0.004 TCoCoA210100
hn=0.004 TCoCoA210100
hn=0.004 TCoCoA210100

min[z(t)]

teT

-0.45 S ‘ ‘
104 10°

nNpor
Digits (pol. degree of): T[g] TDP[q,©] TColg,H,0] TCoCoAlq,H,0,C 4,H 4,0 ]
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Numerical example - Oscillating cantilever beam
Convergence of o, at Point B

1.8 n

eG(
eG(
eG(
eG(
eG(
eG(
rEg<eG(
eG(
HEeG(
eG(
7K eG(
eG(

1.6

1.4

max|oy, (t)]

teT

T

T T A\ ¥

) hn=0.004 T2

) hn=0.004 T2

) hn=0.004 T2

) hn=0.004 TC0100

) hn=0.004 TC0100

) hn=0.004 TCo100

) hn=0.004 TCoSKA2100
) hn=0.004 TCoSKA2100

) hn=0.004 TCoSKA2100

) hn=0.004 TCoCoA210100
) hn=0.004 TCoCoA210100
)

1
2
3
1
2
3
1
2
3
1
2
3) hn=0.004 TCoCoA210100

,&\

0.8
0.6 i
0.4 -
0.2 :
104 10°
Npor
Digits (pol. degree of): T[g] TDP[q,©] TColq,H,0] TCoCoAlq,H,0,C 4,H 4,0 4]
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Numerical example - Oscillating cantilever beam

Convergence of ., at Point B - Detail

10 219 : ———— — e ———

eG(1) hn=0.004 T2
eG(2) hn=0.004 T2
eG(3) hn=0.004 T2

9.5 H%eG(1) hn=0.004 TCoCoA210100
eG(2) hn=0.004 TCoCoA210100
eG(3) hn=0.004 TCoCoA210100

9 |-

max|o (1))

tel

nNpor
Digits (pol. degree of): T[g] TDP[q,0] TColg,H,0] TCoCoAlq,H,0,C 4,H 4,0 4]

9 10
x10%

TUC, MB, TMD - June 14,2018 - Julian Dietzsch 26/ 31

http://www.tu-chemnitz.de/mb/TMD


http://www.tu-chemnitz.de/mb/TMD

Numerical example - Oscillating cantilever beam
Conversation properties - Energy
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Numerical example - Oscillating cantilever beam

Conversation properties - Momentum

- 'T|D/DP - ﬁCoFEM
IS) Q
g g
£ 05F 405 4
e e
& Ry
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& Ry
| |
1705— ol :05— 1
) 8
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IS S)
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Numerical example - Oscillating cantilever beam

Conversation properties - Angular momentum
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Numerical example - Oscillating cantilever beam

Deformed configuration and v. Mises equivalent stress for n.; = 10169
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Conclusion

> Motivation:

» Dynamic simulations of fiber-reinforced materials in light-weight structures
> Strategy:

> Mixed finite elements for finite anisotropic elastodynamics

> Higher-order time integrators [continuous Galerkin cG(k)]

> Energy-momentum conserving time integrators [Discrete gradient eG()]
» Important results:

» Mixed element reduce locking effect

» Higher-order time integrators increase accuracy

> Discrete gradient conserves energy
> Outlook:

» Extend these formulations to a thermo-viscoelastic material behavior
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