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Motivation

Motivation

I Dynamic simulations of fiber-reinforced materials in lightweight structures

I Keywords:
I Anisotropic material behavior
I Near-incompressible material behavior
I Hyperelastic material behavior
I Long-term simulations

I Solution strategy:
1. Mixed finite elements for finite anisotropic elastodynamics to reduce locking effect

[polyconvex material formulations]
2. Higher-order time integrators to increase accuracy [continuous Galerkin cG(k)]
3. Energy-momentum conserving time integrators for stable long-term simulations

[Discrete gradient eG(k)]
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Theory
Continuum mechanics and material formulation

Anisotropic material

B0

X

ϕ

F
a0

Bt

x1

x2

x3

Continuum mechanics
C = F TF M = a0 ⊗ a0

J = I3(F ) = det[F ] =
√

det[C]

F . . . Deformation gradient
C . . . Right Cauchy-Green tensor
a0 . . . Fiber direction

Hyperelastic, anisotropic, polyconvex material formulation

I Additive split of strain energy function

Ψ(C,M) =Ψiso(C) + Ψani(C,M)

Ψ(C, cof[C], J,M) =Ψiso(C, cof[C], J) + Ψani(C, cof[C], J,M)

=Ψiso
C (C) + Ψiso

cof[C](cof[C]) + Ψiso
J (J)

+ Ψani
C (C,M) + Ψani

cof[C](cof[C],M) + Ψani
J (J)

TUC, MB, TMD · June 14, 2018 · Julian Dietzsch 3 / 31 http://www.tu-chemnitz.de/mb/TMD

http://www.tu-chemnitz.de/mb/TMD


Theory
Hu-Washizu functionals

I Mixed elements based on Hu-Washizu functionals

Displacement Element

ΠD
HW (q) =

∫
B0

Ψ(C(q))dV with Ψ = Ψiso(C, cof[C], J) + Ψani(C, cof[C], J,M)

Displacement-Pressure Element [Simo 85]
ΠDP
HW (q,Θ, p) = ΠD

HW +

∫
B0

p(J(q) − Θ)dV

with Ψ = Ψiso(C, cof[C],Θ) + Ψani(C, cof[C],Θ,M)

CoFEM Element [Schr 11]
ΠCoFEM
HW (q, . . . ,H,B) = ΠDP

HW +

∫
B0

B : (cof[C(q)] −H)dV

with Ψ = Ψiso(C,H,Θ) + Ψani(C,H,Θ,M)
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Theory
Hu-Washizu functionals and Veubeke-Hu-Washizu functional

SKA Element [Schr 16]
ΠCoSKAHW (q, . . . ,CA,SA) = ΠCoFEMHW +

∫
B0

1

2
SA(C(q) −CA)dV

with Ψ = Ψiso(C,H,Θ) + Ψani(CA, cof[CA],
√

det[CA],M)

CoCoA Element
ΠCoCoAHW (. . . ) = ΠCoSKAHW +

∫
B0

BA : (cof[C(q)] −HA)dV +

∫
B0

pA(J(q) − ΘA)dV

with Ψ = Ψiso(C,H,Θ) + Ψani(CA,HA,ΘA,M)

Veubeke-Hu-Washizu functional

ΠV HW (q, q̇,v,p, . . . ) =

∫
T

∫
B0

1

2
ρ0v

T
vdV dt+

∫
T

∫
B0

p(q̇ − v)dV dt −
∫
T

ΠHW (q, . . . )dt

+

∫
B0

ρ0g · qdV +

∫
∂B0

t · qdA+

∫
∂B0

λ[q − qref
]dA

I Dirichlet boundary conditions are modelled by Lagrange multipliers λ [Bets 02]
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Theory
Weak formulation of CoCoA Element

I Variation with respect to all unknowns
I Apply Discrete Gradient

Weak formulation of CoCoA Element∫
T

∫
B0

(div[FS]− ṗ)δqdV dt = 0

∫
T

∫
B0

(
1

ρ0

p− q̇)δpdV dt = 0 P =
∂cof[C]

∂C∫
T

∫
B0

1

2
(CA −C)δSAdV dt = 0

∫
T

∫
B0

(
1

2
SA −

∂Ψ

∂CA

)δCAdV dt = 0

∫
T

∫
B0

(Θ− J)δpdV dt = 0

∫
T

∫
B0

(H − cof[C])δBdV dt = 0

∫
T

∫
B0

(p−
∂Ψ

∂Θ
)δΘdV dt = 0

∫
T

∫
B0

(B −
∂Ψ

∂H
)δHdV dt = 0∫

T

∫
B0

(ΘA − J)δpAdV dt = 0

∫
T

∫
B0

(HA − cof[C])δBAdV dt = 0

∫
T

∫
B0

(pA −
∂Ψ

∂ΘA

)δΘAdV dt = 0

∫
T

∫
B0

(BA −
∂Ψ

∂HA

)δHAdV dt = 0

with S = (2
∂Ψ

∂C
+ 2B : P + pJ

−1
cof[C] + SA + 2BA : P + pAJ

−1
cof[C])
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Theory
Discrete Gradient

I Additive split of strain energy function

Ψ(C, cof[C], J,M) =Ψiso
C (C) + Ψiso

cof[C](cof[C]) + Ψiso
J (J)

+ Ψani
C (C,M) + Ψani

cof[C](cof[C],M) + Ψani
J (J)

Ψ(C,H,Θ,CA,HA,ΘA,M) =Ψiso
C (C) + Ψiso

cof[C](H) + Ψiso
J (Θ)

+ Ψani
C (CA,M) + Ψani

cof[C](HA,M) + Ψani
J (ΘA)

∂Ψ(C,H,Θ,CA,HA,ΘA)

∂C
∂Ψiso

C
(C)

∂C 0 0 0 0 0

∂H 0
∂Ψiso

cof[C]
(H)

∂H 0 0 0 0

∂Θ 0 0
∂Ψiso

J
(Θ)

∂Θ 0 0 0

∂CA 0 0 0
∂Ψani

C
(CA)

∂CA
0 0

∂HA 0 0 0 0
∂Ψani

cof[C]
(HA)

∂HA
0

∂ΘA 0 0 0 0 0
∂Ψani

J
(ΘA)

∂ΘA

I Discrete Gradients are independent!
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Theory
Discrete Gradient

Discrete Gradient [Bets 18]
I Scalar: ∂Ψ(a)

∂a = ∂Ψ(a)
∂a +

Ψ(1)−Ψ(0)−
∫ ∂Ψ(a)

∂a ȧ∫
ȧȧ

ȧ

e.g.
∂Ψiso

J (Θ)

∂Θ
=
∂Ψiso

J (Θ)

∂Θ
+

Ψiso
J (1)−Ψiso

J (0)−
∫ ∂Ψiso

J
(Θ)

∂a Θ̇∫
Θ̇Θ̇

Θ̇

I Second rank tensor: ∂Ψ(A)
∂A = ∂Ψ(A)

∂A +
Ψ(1)−Ψ(0)−

∫ ∂Ψ(A)
∂A :Ȧ∫

Ȧ:Ȧ
Ȧ

e.g.
∂Ψani

cof[C](HA)

∂HA

=
∂Ψani

cof[C](HA)

∂HA

+
Ψani

cof[C](1)−Ψani
cof[C](0)−

∫ ∂Ψani
cof[C]

(A)

∂A : ḢA∫
ḢA : ḢA

ḢA

Hidden Constraints [Bets 02]
I Discrete Gradient needs time derivative⇒ Fullfills constraints at velocity level,

e.g.∫
T

∫
B0

(Θ− J)δpdV dt⇒
∫
T

∫
B0

(Θ̇− J̇)δpdV dt =

∫
T

∫
B0

(Θ̇−
1

2J
cof[C] : Ċ)δpdV dt = 0∫

T

∫
B0

(H − cof[C])δBdV dt⇒
∫
T

∫
B0

(Ḣ − ˙cof[C])δBdV dt =

∫
T

∫
B0

(Ḣ − P : Ċ)δBdV dt = 0
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Theory
Modified Weak formulation of CoCoA Element

I Discrete Gradient and Constrains at velocity level

Modified Weak formulation of CoCoA Element∫
T

∫
B0

(div[FS]− ṗ)δqdV dt = 0

∫
T

∫
B0

(
1

ρ0

p− q̇)δpdV dt = 0 P =
∂cof[C]

∂C∫
T

∫
B0

1

2
(ĊA − Ċ) δSAdV dt = 0

∫
T

∫
B0

(
1

2
SA −

∂Ψani
C (CA)

∂CA

)δCAdV dt = 0

∫
T

∫
B0

(Θ̇−
1

2J
cof[C] : Ċ) δpdV dt = 0

∫
T

∫
B0

(Ḣ − P : Ċ) δBdV dt = 0

∫
T

∫
B0

(p−
∂Ψiso

J (Θ)

∂Θ
)δΘdV dt = 0

∫
T

∫
B0

(B −
∂Ψiso

cof[C](H)

∂H
)δHdV dt = 0

∫
T

∫
B0

(Θ̇A −
1

2J
cof[C] : Ċ) δpAdV dt = 0

∫
T

∫
B0

(ḢA − P : Ċ) δBAdV dt = 0

∫
T

∫
B0

(pA −
∂Ψani

J (ΘA)

∂ΘA

)δΘAdV dt = 0

∫
T

∫
B0

(BA −
∂Ψani

cof[C](HA)

∂HA

)δHAdV dt = 0

with S = (2
∂Ψiso

C (C)

∂C
+ 2B : P + pJ

−1
cof[C] + SA + 2BA : P + pAJ

−1
cof[C])
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Theory
Approximation

Approximation k = Polynomial degree in time

I Lagrangian shape functions in space (N ) [Wrig 08]
I Lagrangian shape functions in time (M ,M ′,M̃ ) [Bets 01]

Mi(α) =

k+1∏
j=1
j 6=i

α− αj

αi − αj

, 1 ≤ i ≤ k + 1 M̃i(α) =
k∏

j=1
j 6=i

α− αj

αi − αj

, 1 ≤ i ≤ k

I q,C ,H , Θ,CA,HA, ΘA with (. . . )e,h =
∑k+1
I=1

∑nno

A=1MI(α)NA(ξ)(. . . )eAI

I q̇, Ċ , Ḣ , Θ̇, ĊA, ḢA, Θ̇A with (. . . )e,h =
∑k+1
I=1

∑nno

A=1M
′
I(α)NA(ξ)(. . . )eAI

I B, p, SA,BA, pA, δqe,h, . . . with (. . . )e,h =
∑k
J=1

∑nnou
A=1 M̃JNA(. . . )eAI

I Solve Θe
new , penew , .... at element level, e.g.

Θ
e
new =

[
A
′]−1

(∫ 1

0

b � J
e
dα− b

′
Θ

e
1

)
p
e
new =

[
Ã
]−1

(∫ 1

0

b �
∂Ψiso

J (Θ)

∂Θ
dα

)
I Eliminate p and condensate at element level to pure displacement form
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Numerical example - Cook cantilever beam
Loadcase

I Compare the non-standard mixed elements with the standard elements for
hexahedral elements (serendipity formulation)

I Anisotropic direction aT0 = [1 1 1]

I Strain energy function ([Schr 11]):

Ψiso =
ε1

2
(tr[C])2 +

ε2

2
(tr[cof[C]])2 − ε3ln(J) +

ε4

2
(Jε5 + J−ε5 − 2)

Ψani = ε6

(
1

ε7 + 1
(tr[CM ])ε7+1 +

1

ε8 + 1
(tr[cof[C]M ])ε8+1 +

1

ε9
J−ε9

)

y

x

z

0.44

0.10 0.48

0.44

0.16

A

B

p̂ ε1 = 16e6 ε8 = 8
ε2 = 32e6 ε9 = 2
ε3 = 480e6 ρ0 = 1000
ε4 = 80e6 T = 1.1
ε5 = 20 hn = 0.005
ε6 = 1200e6 TOL = 1e− 4
ε7 = 4 p̂ = 4.7e8
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Numerical example - Cook cantilever beam
Fiber direction and refinement levels
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Numerical example - Cook cantilever beam
Convergence of the y-coordinate at Point A

10
3

10
4

10
5

0.785

0.786

0.787

0.788

0.789

0.79

0.791

0.792

0.793
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0.795

eG(1) hn=0.004 H1

eG(1) hn=0.004 HS2

eG(1) hn=0.004 HS3

eG(1) hn=0.004 HDP10

eG(1) hn=0.004 HSDP20

eG(1) hn=0.004 HSDP30

eG(1) hn=0.004 HCo100

eG(1) hn=0.004 HSCo210

eG(1) hn=0.004 HSCo300

eG(1) hn=0.004 HCoSKA1000

eG(1) hn=0.004 HSCoSKA2101

eG(1) hn=0.004 HCoSCoA100000

eG(1) hn=0.004 HSCoCoA210000

eG(1) hn=0.004 HSCoCoA310100

nDOF

m
ax

t∈
T
[y

A
(t
)]

Digits (pol. degree of): H[q] HDP[q,Θ] HCo[q,H ,Θ] HCoCoA[q,H ,Θ,CA,HA,ΘA]
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Numerical example - Cook cantilever beam
Convergence of σxx at Point B

10
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5

1.85

1.9

1.95

2

2.05

2.1

2.15

2.2

2.25

2.3

2.35

2.4
10

8

eG(1) hn=0.004 H1

eG(1) hn=0.004 HS2

eG(1) hn=0.004 HS3

eG(1) hn=0.004 HDP10

eG(1) hn=0.004 HSDP20

eG(1) hn=0.004 HSDP30

eG(1) hn=0.004 HCo100

eG(1) hn=0.004 HSCo210

eG(1) hn=0.004 HSCo300
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eG(1) hn=0.004 HCoSCoA100000

eG(1) hn=0.004 HSCoCoA210000

eG(1) hn=0.004 HSCoCoA310100

nDOF

m
ax

t∈
T
[σ

B x
x
(t
)]

Digits (pol. degree of): H[q] HDP[q,Θ] HCo[q,H ,Θ] HCoCoA[q,H ,Θ,CA,HA,ΘA]
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Numerical example - Cook cantilever beam
Conversation properties - Energy
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Numerical example - Cook cantilever beam
Conversation properties - Momentum
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Numerical example - Cook cantilever beam
Conversation properties - Angular momentum
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Numerical example - Cook cantilever beam
SKA element

DP20
t = 1.1

SKA1000
t = 1.1

CoCo100000
t = 1.1

SKA2100
t = 1.1

SKA2101
t = 1.1

CoCo210000
t = 1.1
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Numerical example - Cook cantilever beam
Deformed configuration and v. Mises equivalent stress for nel = 32 and nel = 4000

H1
t = 1.1

Co210
t = 1.1

SKA2101
t = 1.1

CoCoA100000
t = 1.1

CoCoA210000
t = 1.1

H1
t = 1.1

Co210
t = 1.1

SKA2101
t = 1.1

CoCoA100000
t = 1.1

CoCoA210000
t = 1.1
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Numerical example - Oscillating cantilever beam
Loadcase

I Compare the non-standard mixed elements with the standard elements for
tetrahedral elements

I Oscillating in a gravity field g =
[
−9.81 0 0

]T
I Different fiber directions
I Strain energy function ([Schr 11],[Holz 00]):

Ψiso =
ε1

2
(tr[C])2 +

ε2

2
(tr[cof[C]])2 − ε3ln(J) +

ε4

2
(Jε5 + J−ε5 − 2)

Ψani =
ε6

2ε7
(eε7(tr[CM ])2 − 1)

y

x

z

150

B

g

20.3

10.15

A

ε1 = 16e6 ρ0 = 4e5
ε2 = 32e6 T = 3
ε3 = 480e6 hn = 0.004
ε4 = 80e6 TOL = 1e− 4
ε5 = 20 a0 = [0 − 0.3095 − 0.9509]
ε6 = 10e10 a0 = [0.3095 0 0.9509]
ε7 = 10 a0 = [0 0.3095 − 0.9509]

a0 = [0.3095 0 − 0.9509]
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Numerical example - Oscillating cantilever beam
Fiber direction and refinement levels
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Numerical example - Oscillating cantilever beam
Convergence of the x-coordinate at Point A
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Numerical example - Oscillating cantilever beam
Convergence of σxx at Point B

10
4

10
5

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

2.2
10

7

eG(1) hn=0.004 T1

eG(1) hn=0.004 T2

eG(1) hn=0.004 TDP10

eG(1) hn=0.004 TDP20

eG(1) hn=0.004 TCo100

eG(1) hn=0.004 TCo210

eG(1) hn=0.004 TCoSKA1000

eG(1) hn=0.004 TCoSKA2100

eG(1) hn=0.004 TCoSKA2101

eG(1) hn=0.004 TCoCoA100000

eG(1) hn=0.004 TCoCoA210000

eG(1) hn=0.004 TCoCoA210100

nDOF

m
ax

t∈
T
[σ

B x
x
(t
)]

Digits (pol. degree of): T[q] TDP[q,Θ] TCo[q,H ,Θ] TCoCoA[q,H ,Θ,CA,HA,ΘA]
TUC, MB, TMD · June 14, 2018 · Julian Dietzsch 23 / 31 http://www.tu-chemnitz.de/mb/TMD

http://www.tu-chemnitz.de/mb/TMD


Numerical example - Oscillating cantilever beam
Convergence of the x-coordinate at Point A
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Numerical example - Oscillating cantilever beam
Convergence of σxx at Point B
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Numerical example - Oscillating cantilever beam
Convergence of σxx at Point B - Detail
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Numerical example - Oscillating cantilever beam
Conversation properties - Energy
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Numerical example - Oscillating cantilever beam
Conversation properties - Momentum
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Numerical example - Oscillating cantilever beam
Conversation properties - Angular momentum
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Numerical example - Oscillating cantilever beam
Deformed configuration and v. Mises equivalent stress for nel = 10169
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Conclusion

I Motivation:
I Dynamic simulations of fiber-reinforced materials in light-weight structures

I Strategy:
I Mixed finite elements for finite anisotropic elastodynamics
I Higher-order time integrators [continuous Galerkin cG(k)]
I Energy-momentum conserving time integrators [Discrete gradient eG(k)]

I Important results:
I Mixed element reduce locking effect
I Higher-order time integrators increase accuracy
I Discrete gradient conserves energy

I Outlook:
I Extend these formulations to a thermo-viscoelastic material behavior
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