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3. Numerical Range
1. The ,Numerical Range* of the matrix A € C"*™ is the set W(A) C C, defined as
W(A) :={< Az,x > | =ze€C" |lz|]|=1}.
Proof the following statements (a) and (b)

(a) o(A) CW(4)
(b) If A is a normal matrix, then W(A) = conv(c(A)).
(c) For arbitrary A the set W(A) is convex. (Hausdorff-Toeplitz-Theorem)

2. We disassemble A € C"*™ in the following parts

A+ A*

+ .

AT = 5

- A—-A
2

define therby

° )\:rnin := smallest eigenvalue of AT

o \f . :=largest eigenvalue of A

e )\ .. := smallest imaginary part of the eigenvalues of A~
e )\ .. = largest imaginary part of the eigenvalues of A~

and consider the rectangle
B(A) = [)‘:un’ A?Tlaa:] + /L[)\;‘Ll’n7 )‘;Laa:]

in the complex plane.

(a) Which symmetries of the rectangle B(A) respective to the real and imaginary axe for A € R™**"
we can see 7

(b) Proof: W(A) C B(A).
(c) Draft B(A) and W (A) for the matrix

1 0 0
A=10  cos(¢) sin(e)
0 —sin(¢) cos(®)]

fir ¢ = 7. (Hint: Can you use (b) from the last problem ?7)
(d) We restrict for A € R™*™ our W(A) with

WR(A) = {< Az,z > | zeR"|z||=1}.
to WE(A). Describe this set W®(A) and add it to the sketch in (c).
3. For A € C™*™ and W (A) like above we define with p(A) the spectral radius and with

r(A) := zérvl‘?a) 2]

the ,numerical radius“ of A.



(a) Proof:
p(A) < r(A) < [|All> < 2r(4)
(b) Let A€ C™"™, B € C™ " und r(A), r(B) their numerical radii. It is well known:
|AB|| < [|A][ [|B]]-
Proof or rebut the inequality:
F(AB) < r(4) r(B)

4. Show for A € C"*" with eigenvalues \;

D NP < Al = (47 A)

i=1

and for the case that A is normal

>l =141
i=1



