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Sum - product

AC2 or AC1R finite .

Then at least one of

A- + A = { at a' : a. a' c- A}
or

AA = { aa' : a. a' c- A }

is a significantly larger set .

Theorem (Erdal's - Szemerddi 1983 )

7C > 0 7E > 0 HA

na. ,µ, ,µ , ,.µ?⃝
-

-



Theorem (Nikodim 4927)

For every ✗ ER2 one can

find a line l× going

✗ "" ""

✗ c- IR2
&×\{x}

has Lebesgue measure

zero
.

Otto Nikodim & Stefan Banach



theorem (Nikodim TS27)

For every ✗ ER2 one can

find a line l× going

through ✗ such that

theorem (Nikodim 1927 )

There is a set EC1R
?

U
✗ c- IR2

&×\{x}

of full Lebesgue measure

such that
has Lebesgue measure§ .for every ✗ c- E

there is a line lx

that goes through ✗

but no other point of E.



Can we have more lines

through every point ?



Theorem (Nikodim TS27)

t
ery ✗ ER2 one can

find a line l× going

?⃝"" " "" ""theorem (Nikodim 1927 )

There is a set EC1R
?

U
✗ c- IR2

&×\{x}

of full Lebesgue measure

such that
has Lebesgue measure

for every ✗ c- E zero
.

there is a line lx T
that goes through ✗

We can have continuum

but no other point of E. many lines
in a dense &

← set of directions .

(Davies 1951 )



Can we have. lines in

directions of positive Hausdorff dimension?



Can we have. lines in

directions of positive Hausdorff dimension?

No
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Can we have. lines in

directions of positive Hausdorff dimension?

No
.

How big the set E can be to have

lines in a t-dimensional set of

directions ? (Dabrowski
, Goering, Orpouen 2024 )

That is . . .



Definition
Let SE [0,1 ] .

EC1R? is an S- Nikodim set

if E is Borel

and

for every ✗ c- E

there is an S- dimensional

family of lines through ✗

* µ, .÷.
. . .. #⑨ a

OY a @
•

•

•
• • •

•

•
• or a

②
go
•
a



Definition theorems (D. Dabrowski,
Let SE [011 ] . M . Goering , T. Orpheus

EC1R? is an S- Nikodim set 2024)
if E is Borel For any s

- Nikodim
and ?⃝ "for every ✗ c- E

dim
,
E E 2-s

.

there is an S- dimensional

family of lines through ✗

that only intersect
E in × .

⑨ a
OY a @
•

•

•
• • •

•

•
• 0 0

⑥
go
•
a



Definition theorems (D. Dabrowski,
Let SE [011 ] . M . Goering , T. Orpheus

EC1R? is an S- Nikodim set 2024)
if E is Borel For any s

- Nikodim
and set E,

for every ✗ c- E

dimµ E E 2-s .

there is an S- dimensional

family of lines through ✗

that only intersect
E in × .

Is this sharp ?

Are there s-Nikodim sets
⑨ a

0% a

• of dimension 2-s ?

•
• • •

•

•
• 0 0

⑥
go
•
a



Definition
Let SE [011 ] . M . Goering , T. Orpheus

EC1R? is an s- µ¥kodym get

Th£°"→ "• Dabrowski
,

2024)
if E is Borel For any s

- Nikodim
and set E)

for every ✗ c- E

dimµ E E 2-s .

there is an S- dimensional

family of lines through ✗

that only intersect
E on × .

Is this sharp ?

Are there s-Nikodim sets
⑨ a

OY a @
•

• of dimension 2-s ?

•
• • •

•

•
• • • Answer-IA.lu . 2024T)

②
go

a
•

Yes .



In the construction .ie

Should the lines through each ✗ c-E

go in
the same s - dimensional

set of directions (
"

indpendently of × ) ?
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go in
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Not necessarily



In the construction .ie

Should the lines through each ✗ c-E

go in
the same s - dimensional

set of directions ( indpendently of × ) ?

Not necessarily ,
but if they do

,
this is a question

•

•
•

: about projections .

⑨

•

•
• the

•

•



theorem (A. M . 2024T ) tfsc-f.gl ]

the fall ]
There is a compact set

EC1R
>

of Hausdorff 3- ECIRZ dimµE=2 -s
dimension 2- s

3- D set of directions
and an s - dimensional | "" ""set of directions

Projs /⇐
is injective

such that each
tied .

orthogonal projection
in these directions

is injective .
•

•

•
•

'

•

•
• G.

•

•



theorem (A. M . 2024T ) tsc-f.gl ]

the fall ]
There is a compact set

EC1R
>

of Hausdorff 3- ECIRZ dimµE=2 -s
dimension 2- s

3- D set of directions
and an s - dimensional | "" ""set of directions

is injective
such that each Projs /⇐

tied .
orthogonal projection
in these directions

is injective .
•

•
•

'

•

•
•

• Ago
•

•

→ Exceptional set of projections .



Theoremsaboutexceptionalprojections

"""" """""

[
""" "" " """

EC1R? Borel EC1R? Borel

dimf, E= 2 -sdimf, E= S C- foil]
= sELoThm?⃝

=

Except for a set of Except for a set of

directions of dim £ , directions of dim £ ,

dimly proj✗E=s . projg
E

has positive Lebesgue
measure

.



Theoremsaboutexceptionalprojectc.fi
""" """"" "" "" " """

EC1R? Borel EC1R? Borel

dimf, E= 2-Sdimf, E= S C- foil]
= sELoThm?⃝

=

Except for a set of Except for a set of

directions of dim £ , directions of dim £ ,

dimly proj✗E=s . projg
E

has positive Lebesgue
measure

.

Theorem (Kaufman , Mattila)
And these results are sharp .

(Fractal construction based on discrete

constructions by Erato's and
.
Elekes

. )



sharpness means :

Theorem (Kaufman , Mattila)
Vs c- 1011]

there is a compact
set ECIRZ

dimµE== 2-s - e

such that

dimµprojE< 1 - e '
✗

µ ,,,,,,?⃝



Theorem (Kaufman , Mattila)
Use 10,1] Could we make these

there is a compact projections injective
set ECIRZ

as well ?
dimµE== 2-s - e

such that

dimµprojE< 1 - e "

✗

µ , .me...... ,?⃝
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= lots of overlaps✗

for s- dimensional many × .
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there is a compact projections injective
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Theorem (Kaufman , Mattila)
Use 10,1] Could we make these

there is a compact projections injective
set EC IR2

as well ?
dimµE== 2-s - e

such that Small projection .

dimµprojE< 1 - E "

= lots of overlaps✗

µ , .me...... ,?⃝ .. . . .,, . .. ?

Yes we can .



Theorem (Kaufman , Mattila)
Vs c- 10,1] Could we make these

there is a compact projections injective
set ECIRZ

as well ?
dimµE ⇒ 2-s - Esuon-ua-ifsmaupr.ieai.usdimµprojE< 1 - E "

= lots of overlaps&

for s- dimensional many × .

so probably not ?

Yes we can .

Infectivity is not a

quantitative property .



""""" """""""""""
"" "" "

"""

Use 10,1] Use 10,1]

there is a compact there is a compact
set EC IR2 set EC IR2

dimµE== 2-s - e dimµE== 2-s - e

such that such that

dimµprojE< 1 - E "

dimµprojE< 1 - E "

X X

for s- dimensional many × . for s- dimensional many ×,

and these projections
are injective .
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Rectangular grid
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Next level :"

" °

intersect it

with a
?⃝÷ O O O O

much much
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O O O O O o similar't
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This how an Elekes - Kaufman - Mattila const:r . Work
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° O O O O o o o o o o o o

To make these

projections

njective . . .

0 O O O O O O O O O O o o,,,oo,,,,÷
O O O O O O O O O O O O O

O O O O O O O O O O O O O

O O O O O O O O O O O o o



To make these
O O O O O O O O O O O o o projections

njeotive ..io/ooooooooooooO O O O O O O O O O O o o

projection
0%

O O O o o o o o o o o
is only

"twice "

bigger .

Far away• ① o o o o o o o o o o o

points do not

project to same?⃝
q . . . . . . . . . . . µ

,
.



To make these
O O O O O O O O O O O o o projections

njeotive . . .

0 O O O O O O O O O o

§°°°°°is"""""
"
"
""

"
"
" "

""
""
"

Projection

on
a

smaller
"
""

is only
"twice "O O O O O O o

" Infectivity
" for

closer
points

bigger .

Far away
O O O O O O O O O O O o

points do not

project to same
O O O O O O O O O O o o o point .

✓



"
small projections

can be made injective
"



"
small projections

can be made injective
"

This turns out to be useful

for a very different problem as well
.
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a-d a aid
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"" " "" |is in A}
"
center of distances " of A.

Why ? Why not .
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Definition
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µ
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a-•¥É

O p

S(A) = { d > 0 : tae A S(A) = [0,1-2]
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is in A}
"
center of distances " of µ.

• A- = middle -third Cantor set

3- c- S1A) ?
Why ? Why not .
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Definition

"
For a set AC1R let

• A=fo , I]
a-•¥¥

O p

S(A) = { d > 0 : tae A S(A) = [0,1-2]
atd or a-d

is in A} • A- = middle -third Cantor set

"
center of distances " of A. 3- c- S1A) ? Yes.

Why ? Why not .

⇒ c- S1A) ? Yes
,

S1A)={3k : 1<>-1} v10} ?

Yes
.



Theorem ( M . Filipe > ak et al)
Let -31 Cfo , a) be compact ,
OEB .

Then there is a closed
" "" " "" "?⃝s(A) = B.



"""" "" "
"""" "

" "

["""
Let IC10 , a) be compact , A is a locally finite
OEB . Union of intervals

,

Then there is a closed dealing with the

set A Cfo , a) such that complementary intervals

S(A) = B. Of B one by one .



Theorem ( M . Filipe > ak et al)Abouttheproofilet-Bo.to/o76ecompaet-
,

1A is a locally finite
OEB . Union of intervals

,

Then there is a closed dealing with the

" "" " "" "" ?⃝"""" """"S(A) = B. Of B one by one .

Question (Filipczak et al)

Is there a compact A

for eve-rysach-cocnpo.at B ?
with 51A)=B .

-

The expected answer is
"
No "

,
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Questiont.ISthere a compact A for every compact BC10,-3
with OEB

such that S1A )=B ?
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such that S1A )=B ? Yes !
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Three questions ( Filipczak et al) Answers
?
by A.M 2024T

Questiont.ISthere a compact A for every compact BC10,-3
with OEB

such that S(A) =B ? No, as expected.

Question
Is there a set A for every set BC10,-3

with OEB

such that S1A )=B ? Yes !

Question
Is there a Borel set A for every Bore / set Balo,-3

with OEB

such that S(A) =B ? Yes !
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analysis .

S(A)=3

Solution to QZ is
← fB 7A S(A) =D

transfinite recursion .

Solution to qzcc.gg#V-BoretBJ-BorelASlA)--B
,

replacing the Axiom of choice

in the transfinite recursion

with "choice
"

based on

a fractal set . . . .
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analysis .

S(A)=3

Solution to QZ is
← FB 7A S[A) =D

transfinite recursion .

Solution to qzcc.gg#V-BoretBJ-BorelASlA)--B
,

replacing the Axiom of choice

in the transfinite recursion

with "choice
"

based on
. . .
with lots of injective

a fractal set . . . . projections .



Q3 is solved by the

following .

Thm_ (A.M 20244)

There exists a closed

g., ← , ,µ a.a. µ, /
• proj×E= R

• all other rational projections

are injective
• moreover,

"

lots of linear independence over Q
"

the linear equations
⑤ ✗ i ✗ c- + piyi -_0

with ✗IEQ , piEQ\{ 0}
i=I

have NO SOLUTIONS among distinct points (Xi , y ;) C- E.
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following .

Thm_ (A.M 20244)

There exists a closed

g., ← , ,µ a.a. µ, /
• proj×E= R

• all other rational projections

are injective
• moreover,

"

lots of linear independence over Q
"

the linear equations
⑤ ✗ i ✗ c- + piyi -_0

with ✗IEQ , piEQ\{ 0}
i=I

have NO SOLUTIONS among distinct points (Xi , y ;) C- E.



Using E,

given
B Cfo, a)

let

A = R \ U {certain
linear

images
of

←. ,µµ , /
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