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1. Introduction

The present paper analyzes the distributional limit of sample mean and sample autocovariance function of a Lévy
driven moving average process when sampled at a renewal sequence. More precisely, let X = (X;);cg be a continuous
time moving average process of the form

X[:,u—i—/f(t—s)dLs, teR, (1.1)
R

where L = (L;)icr is a two-sided R-valued Lévy process, i € R, and f: R — R a deterministic function, called kernel, for
which the integral exists.

Moving average processes as in (1.1) are the natural continuous time analogue of discrete time moving average
processes, whose distributional limits for sample mean and sample autocorrelation have been studied by Brockwell and
Davis (2006), Davis and Mikosch (1998), and Hannan (1976), and many others.

A popular example of a Lévy driven moving average process is given by the Ornstein-Uhlenbeck (OU) process used to
model the volatility of a financial asset, see Barndorff-Nielsen and Shephard (2001), or the intermittency in a turbulence
flow, see Barndorff-Nielsen and Schmiegel (2007). The OU process is in fact a tractable mathematical model that can
adequately describe the fluctuations of the price and the velocity field on different time scales.
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The process X is infinitely divisible, as shown in Rajput and Rosinski (1989), and strictly stationary meaning that its
finite dimensional joint distributions are shift-invariant, i.e. for all n € N and all tq, ..., t; € R it holds

£(Xt1+h,...,xtn+h):E(th,...,xtn) VhER.

We study a renewal sampling of the process X in (1.1). We select a sequence of increasing random times (T, )<z such
that T, — oo almost surely (abbreviated a.s.). More in detail, we assume that W = (W;),ez\(0y is an ii.d. sequence of
positive supported random variables independent of the driving Lévy process L and such that P(W; > 0) > 0. We then
define (T, )nez by

LW, N,
=0 and T, =2zt ne (12)
— > Wi, —neNnN,
and the sampled process Y = (Y;)nez Via
Y, =X;,, neZ. (1.3)

We are interested in studying the sample moments of the process Y. We do this for different reasons. First of all,
continuous processes are often used in time series analysis because they can be sampled at non-equidistant points in
time and therefore provide a model for non-equidistant data which are often available for statistical inference. Secondly,
several authors (Cohen and Lindner, 2013; Drapatz, 2017, and Spangenberg, 2015) analyze the asymptotic distribution of
the sample mean and sample autocovariance function when X is sampled on a lattice {At:t =0, 1,2, ...} for A > 0 but
results for non-equidistant sampling schemes have not yet been shown.

The central limit theorems presented in the paper generalize the results of Cohen and Lindner (2013) at the cost of
slightly more restrictive moment conditions. In fact, in the latter, the asymptotic normality of the sample mean and the
sample autocovariance function is shown under the assumption of finite second and fourth moments of the driving Lévy
process, respectively, whereas we achieve the asymptotic normality by requiring E(|L;|* log* |L|) and E(|L1|*(log™ |L1])?),
respectively, to be finite.

As an application of the developed theory, we present a parameter estimation of the mean reverting parameter of a
Lévy driven OU process

t

X, = / e~ d=9dL. . teR, (1.4)
—00

sampled at a Poisson process, i.e. a sequence (T,),cz Where W is a sequence of i.i.d. exponentially distributed random

variables. We then compare the efficiency of our estimator with an estimator based on the results of Cohen and Lindner

(2013) for an equidistant sampling.

The paper is organized as follows. In Section 2 we give some preliminary results regarding strict stationarity of a
process sampled at a renewal sequence and the mixing property that it fulfills. Section 3 is concerned with establishing
a central limit theorem for the sample mean of a renewal sampled continuous time moving average process as Section 4
does for the sample autocovariance and sample autocorrelation functions. Finally in Section 5, we show the parameter
estimation of a Lévy driven OU process, and Section 6 concludes.

2. Preliminaries

We start with some preliminary results on the continuous time moving average process and its renewal sampled
processes needed in the upcoming sections. As first result, we prove that a strictly stationary process sampled at a renewal
sequence inherits the strict stationarity. In particular, this shows that the sampled process (1.3) is strictly stationary.

.o d e . .
Denote with = equality in distribution and with A’ the transpose of a matrix A € R*™,

Proposition 2.1. Let X = (X;)cr be an RY-valued strictly stationary process X, = (Xt“), .. ,Xt(d))’ and let (Ty),ez be a
sequence of random times defined as in (1.2) independent of X. Then the R%-valued process Y = (Yn)nez defined by Y,Sl) = X;;),
i=1,...,4d, is strictly stationary. More generally, the process ((Y,, To — Tn—1) )nez is strictly stationary.

Proof. Observe that ((Y;, T, —Tn—1) )nez is strictly stationary if and only if ((Y,, Tn1—Tn) Jnez is strictly stationary, and the
latter implies strict stationarity of Y. Hence, it suffices to show that ((Y;, Tos1 — Tn) )nez is strictly stationary. Let m < n,
B e B(REHD—m+1y the Borel-o-algebra on R@*+D—m+1 and denote with P; the finite dimensional distribution of a
random vector Z. Define

Rk:=Tk+m_va k=l,...,n—m+1.
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Conditioning and using the strict stationarity of X, we obtain

P(Ys ..o Y Tmst — T ooy Tag1 — Ty) € B)

s I

= P((Xr, X%m+R1 X1 iR R1R2 = R1, ..., Romy1 — Ry—m) € B)
= / 5 P((XI/J’XL,I+U1’ oo ’XL/l+Un_m’ V1, V2 — V1, oo o, Unmm41 — Un—m)/ € B)
RA—m+
Pt Ry Ry AW, V1, s Unemar)

! ! / /
= / P((XO’Xul’ s Xy s V15 V2 = ULy e ey Unmg — Un_m) € B)
RN m+1

PRy,..Rymy)(A(V1, - oo Vi),
where in the last line we used that the integrand does not depend on u. Using that (Ry, ..., Rp_ms1) < (T1, ... Tnemyt),s
the latter is equal to
:P((Yé,... Yn maT17 TZ T -sTn—m—H _Tn—m),eB);

showing the strict stationarity of ((Yy, Tnt1 — Tn) dnez. O
In order to prove central limit theorems, we recall the concept of mixing: on a probability space (£2, F, P) for any two

o-algebras A, C C F the following measures of dependence can be defined

a(A,C,P):=sup|P(ANC)—P(AP(C)], A€ A, CecC,

p(A, C,P):=sup|Corr(f,g)l, fel*($2,AP), gel’R,c,P).
We say that a strictly stationary sequence of random vectors Z = (Z,)nez is

strongly mixing if a, == a(A,Cy; P) > 0 asn — oo,

p-mixing if p, = p(A, Cp; P) > 0 asn — oo,

for the o-algebras A = 0(Zy,Z_1,...) and C;, = 0(Z4, Zy+1, - - . ), cf. Bradley (2007).

Recall that a process X = (X;)icr is called an m-dependent process when (X;);<s and (X;)r-s+m are independent for
each s.

Proposmon 2 2. Let X = (X;)ier be for some m € N an R¢-valued m-dependent strictly stationary process and Y = (Yy)nez
defined by Y = X(') with (Ty)nez as in (1.2) independent of X. Then Y is strongly mixing with exponentially decreasing mixing
coefficients o,. More generally, (Y, Ty — Typ—1) )nez is strongly mixing with exponentially decreasing mixing coefficients.

Proof. Let Z, := (Y, Ty — To,—1), n € Z. Let D, := {T, > m} and n > 1 so large such that P(D,) > 0. First, we show
that the two o-algebras A and C, defined as above are independent under the conditional probability measure P(-|D,).
Therefore, let A € A and G € C, be of the form A = {X/ €B,T;—Ti_; € F} for some i < 0, B € B(RY), and F € B(R), and

G = {X’ €B ,Tj—Tj_1 € F'} forsomej>n,B € B(Rd) and F’ € B(R), respectively. Then, by a Doob-Dynkin lemma, cf.
Proposmon 3 in Rao (1984), and the m-dependence of X,

1
PANGIDY) = oo / ETynq, T, = 1Py, (d)
n m,o0)

_ 1
~ P(Dy)

1
= P(A|Dp)——— f P(X, € B, T — T,_; € F'|T, = t)Pr,(dt).
P(Dn) (m,00) U ! ! !

/ P(X;, € B, Ti—=Tio1 € F,X; € B, Tj = Ty € F'|T, = t)Pr,(dt)
m,o0)

Observe that P(A) = P(A|D,) since X}l_ for i < 0 and T, are independent. A calculation like the one above for B = R,
i.e. A = £2, gives

1 / !
n m,o0

such that all together we obtain

P(AN G|Dy) = P(A|IDy)P(G|Dy) forj=>n. (2.1)
Similarly we can obtain (2.1) for A’ = {X}il € Bi,... ,X;l_k €B, Ty, —Tyy-1 € Fy,..., T, = Tj—1 € F} foriy, ... ik <0,
Bi,...,Bx € BRY), and Fy, ..., F, € B(R), and C = {X}j1 € B;,...,X;jl € B, T, —Tj,—1 € F{,..., T, = Tj_1 € F} for
ji,....qi=nBy,....,B € B(RY), and F,...F € B(R). Observe that sets of the form A’ generate the o -algebra .4 and sets
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of the form ], generate the o-algebra C, and both are N-stable. Thus, we conclude that (2.1) is true for all A € A and
Cp € Cy. Using measure theoretic induction, and

Covp(.p,)(14, 1,) = P(AN Gu|Dy) — P(A|Dy)P(Ca| D) = 0,

we obtain that p(A, Cy, P(:|Dy)) = sup [Corrp(.p,)(f, g)| = 0 where the supremum is taken over all f € [*(2, A, P(:|D,))
and g € L%(£2, Cy, P(-|Dp)).

Since P(D,) = 1 — P(D{) and 0 = p(A, Cp; P(+|D,)) < P(DS), it follows, from a remark between Theorem 1.2 and
Theorem 1.3 in Bradley (1990), that

an(A, Cp; P) < 4P(D},) = 4P(T, < m).

Since (Wp)nez\(oy is supported on [0, co) and P(W; > 0) > 0, there exists an r > 0 such that P(W; > r) > 0 and
hence P(W; + - -+ + Wypy,p > m) > 0, where [x] for x € R denotes the smallest integer k € N so that k > x. Denote
q:=1—-P(W;+ -+ Wy > m) < 1. Then, as long as n < [m/r], we obtain P(T, < m) < q. For n > [m/r] set
ky, = L[m”mj for n € N. Then, by the i.i.d. property of (W; )nez\ (0}

P(T, <m) < P(Wq+ -+ Wy < m)k”P(Wkn(m/r1+1 +o W, <m) < g,

and
on(A, Cr, P) < 4g"" > 0 as n— oo (2.2)
showing that Z and hence Y are strongly mixing with exponentially decreasing mixing coefficients. O

We give some results on when a Lévy driven continuous time moving average process is well-defined. Moreover, we
show under which conditions finiteness of the moments of the process is achieved.

An R-valued Lévy processes L = (L;);cr, i.e. a stochastic process with independent and stationary increments, cadlag
sample paths and Ly = 0 almost surely, which is continuous in probability, is characterized by its characteristic triplet
(vL, chz, vy) due to the Lévy-Khintchine formula, i.e. if u denotes the infinitely divisible distribution of L;, then its
characteristic function is given by

— . 1 i )
1i(z) = exp [mz - iafzz + /(e’z" —1—iz 1{|x<1})vL(dx)] , zZ€R.
R

Here, O'L2 is the Gaussian covariance, v; a measure on R which satisfies v;({0}) = 0 and fR(|x|2 A 1)y (dx) < o0, called the
Lévy measure, and y; € R.

For a detailed account on Lévy processes we refer to the book of Sato (2013).

In the following theorem, we recall the multivariate extension of Theorem 2.7 in Rajput and Rosinski (1989), which
characterizes the continuous time moving average process.

Theorem 2.3. Let L = (L;);cr be a Lévy process on R with characteristic triplet (yy, aLz, v) and g:R — RY be a measurable
function. Denote with Dy := {x: |x| < 1} the unit ball in RY. Then

(a) g is L-integrable (i.e. integrable with respect to the Lévy process L) as a limit in probability in the sense of Rajput and
Rosinski (1989) if and only if

(i) [ | g + [ g(s)x(1p,(g(s)x) — 1p, (x)) vi(dx)| ds < oo,

(i) [, |&(s)og(s)| ds < oo, and

(iii) fR fR(Hg(s)xH2 A 1)y (dx)ds < oo.

(b) If g is L-integrable, the distribution of fR g(s)dLs is infinitely divisible with characteristic triplet (Vint, Xint, Vint) given by

Yint = / gy + / g(s)x(1p,(g(s)x) — 1p,(x)) v (dx)ds,
R R
S = [ slsle(sy s, and
R

Vint(B) = f / 15(g(s)x) vi(dx)ds for all Borel sets B C R \ {0}.
RJR

Corollary 2.4. By a simple calculation, we deduce that, if L has expectation zero and finite second moment and g € L*(R%),
then the conditions (i), (ii), and (iii) of Theorem 2.3(a) are satisfied, g is L-integrable, and fR g(s)dLs is infinitely divisible with
characteristic triplet (Vint, Xint, Vint) as given in Theorem 2.3(b).

The next lemma shows, for a process X as in (1.1), finiteness of the log-moment under certain conditions on the Lévy
process L and the kernel function f.
We use the notation log*(x) := log(max{1, x}).
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Lemma 2.5. Let X = (X;).cr be defined by X; := u + [, f(t —s)dLs, where f € [(R) and L = (L; );er is a one-dimensional
Lévy process with zero mean.

(a) IFE(|L;1* log™ |L1]) < oo, and [, If(s)|* log™ If(s )| ds < oo, then E(|X;|? log* |X;|) < oo for all t € R.

(b) If E(IL1]*(log™ |L1])?) < oo, f € L(R), and [, |f(s)|*(log™ [f(s)])*ds < oo, then E(X}(log* X;|)*) < oo for all t € R
and, for h € N, E(|X:Xin]? log™ [XXeqnl) < oofor all t € R

Proof. W.l.o.g. u = 0. It is enough to show the assertions for Z = fR s)dLs, for which Z = fR s)dLs = Xp. By the
strict stationarity of X, we obtain the result.

(a) By Corollary 2.4, Z is infinitely divisible with triplet (y, aZZ, vz) given by Theorem 2.3 (b). By Corollary 25.8 of Sato
(2013), we know that E(Z%log™ |Z]) < oo, if f\x\>1 |x|? log™ |x| vz(dx) < oo. To see that this is indeed true, observe that
log™ |ab| < log™ |a| + log™ |b| for a, b € R. Hence, by the given assumptions,

f IxP? log* [x] vz(dx) = / F(s)xP? log™ [F(s)x] vi(dx) ds
[x|>1 RJR

< / F(s) log™ [7(s)] ds f X vi(e) + / F($) ds f X2 log* x| vi(dx) < 00
R R

(c) Observe that E(|L;|*(log™ |L{])?) < oo is equivalent to f [x[*(log™ |x])% v.(dx) < oo and that E(|L;|*(log™ |L1])?) <

oo implies E|L;|* < co. Henceforth we obtain

f ix|*(log™ XI)? vz(dx) = / F(s )l (log™ 1f(s)I)? () ds
[x|>1 RJR

[x|>1

<2 / / F(siI*(Clog™ 1F())? + (log* [x])2) vi(dx) ds
R JR

< f F(s)*(log™ F(s)I) ds f IxI* vi(dx) + / F(s)]* ds f Ix|*(log™ X2 vy(dx) < oo
RJR R RJR R

This gives E(|X;|*(log™ [X;|)*) < oo for all t € R. Using the strict stationarity of X and the Cauchy-Schwarz inequality
yields

E(IXcXc+h)? log™ [XeXesnl) < 2E(|Xol*(log™ [Xo|)*)E|Xo!*

which gives the result. O

Remark 2.6. Throughout the paper, we assume that the Lévy process L = (L;);cr has zero mean. This assumption can be
dropped in many cases. For example, if f € L'(R) N L*(R), we define with Ly = Ly — tE(Ly), t € R, another Lévy process
with mean zero and the same variance such that

X = u—i—E(LQ/f(s)ds—i—/f(t —s)dL,, teR,
R R
and X; has mean u + E(Ly) [, f(s)ds.
3. Sample mean

In this section, we show the asymptotic normality of the sample mean

1 o 1 o
:H;Y":E;Xﬂ“ neN, (3.1)

where X = (X¢)ter and Y = (Y;)nez are given in (1.1) and (1.3), respectively.
To do so, we consider a certain truncated continuous time moving average process. Therefore, let f;,;: R — R,s +—
F()1_m/2.m/2) be a kernel function with compact support, and X™ = (X™),.z be defined by

G- / fult —)dLo = + / (=t —s)dLs, €€ R, (3.2)
R R

where L = (L;)ier is a Lévy process with zero mean and E|L1|> < oo, # € R, and f € [*(R). Then the process
Xm = (Xt(m))teR is an m-dependent process. Moreover, X™ is strictly stationary and, by Proposition 2.1, so is the sequence
ym — (yi™y,, defined by

y{m = X" (33)

where (T )z is defined as in (1.2) independent of X.
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The following proposition states a result on the convergence of the covariances of Y™ towards the ones of Y. By
Proposition 2.1, the process Y is strictly stationary.

Proposition 3.1. Let X be defined by (1.1), X(™ by (3.2), the processes Y and Y™ by (1.3) and (3.3), respectively, with
(Ty)nez as in (1.2) and assume that u = 0. Then

E(VY —Y™Y™)) >0 as m— oo for k.l Z. (3.4)
Further, it holds

E(Y,Y) = E(L%)/ E(f(Wf (T +u))du for k,leZ, (3.5)
and similar for E(Y™Y"™) with f replaced by fn = f1{_m/2.m/2-

Proof. We denote with o(T) the o-algebra generated by some random variable T. Clearly, |f,(u)| < [f(u)| for all u € R.
Then, by conditioning on T, and Fubini’s theorem,

2
B = /J((fRfm(r —u)dLu)

= / E(L%)f(fm(r —u))* du P (dt) < E(Lﬁ)/f(u)2 du < c0. (3.6)
R R R

Ty = t)PTk(dt)

Further, observe that

2
E|Y, — Y;Em)|2 =E|E </ f(Te— u)dLu> lo(Ti) | | = E(I). (3.7)
R\[T—m/2,Te+m/2]

Define

2
@™(t) :=E (( f f(Ti — u)dLu) Ty = t) :
R\[t—m/2,t+m/2]

then obviously ¢™ o T = 1. But, since L is independent of (T;)ycz, it holds
<P(m)(f)=E(L?)/ ft—uPdu—0 as m— oo,
R\[t—m/2,t+m/2]

since f € L*(R). Hence ¢™(T\(w)) — 0as m — oo for all k € Z and all w € £2.
Define ¢(t) := E(L?) [, f(t — u)? du. Then E(¢ o Ty) = E(Y?) < oo such that, since |¢!™ o Ty| < | o Ti|, we obtain by
the dominated convergence theorem for (3.7)

2
ElY, —Y"|" =E(I) = E(¢"™ o Ty) > 0 asm — oo. (3.8)
Henceforth, by (3.6), (3.8), and the Cauchy-Schwarz inequality,
VY — YY) = ElveY, — YV 4 vy — vy

2
< \/E|Y,5’")| \/E|Y,—Yl(m)| +VEYIAVEY - Y™ = 0
for m — oo, i.e. (3.4).

For the last statement (3.5), let w.l.o.g. k,I € Ny and k < L Then

E(Y,Y)) = / |:/f (t —u)dL, / <t+ Z Wi—u> dL,|Ty zt} Pr, (dt)

i=k+1

:f / ff(t—u)f(t+s—u)duE(L%)PZz_ w.(ds)Pr, (dt)
[0,00) J[0,00) /R i=k4+1 Vi

—E(E3) | BGOY(Tc+ v,
R

such that the statement follows. O

. . . . = . . d .
Now we are in the position to prove the asymptotic normality of Y, in (3.1). We denote with — convergence in
distribution.
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Theorem 3.2. Let X be defined as in (1.1) such that u € R, L has expectation zero and E(|L1|* log* |L1]) < oo, f € [*(R),

and fR )% log™ [f(s)|ds < oo. Let Y be defined by (1.3) with (T, )nez as in (1.2) independent of L. Assume that
[e]
[ or Y s+ widu < oo (39)
R k=1
Then
(a) 03 =Y ez COV(Yo, Yy) exists in [0, 00), is absolutely convergent, and
B3 Y [ SRS+ ). (3.10)
kez
(b) V/n(Y. —>N(Oa)asn—>oo

Proof. Define Z = X; — u such that with 7,1 = Y, — u due to the strict stationarity of (Y,),cz and since Yo = Xy, we
obtain a sequence with expectation zero. Hence, w.l.o.g. © = 0.

(a) Observe that E|Y02| = E|Xo|* < oo since f € [*(R) and L has finite second moment. Further, by (3.5) and (3.9)
together with the dominated convergence theorem

> IE(YoYi)l < E(LY) /[f )l Y EIf(Ti + u)| du < oo (3.11)
keZ keZ
This gives the absolute summability of cr7 and a similar calculation without the modulus gives (3.10).
(b) Let =1 Zk Y,Em), where the sequence (Y,E"‘))ngz is defined as in (3.3) via the m- dependent process (X(m))tGR

given in (3. ). The assumptions on L and f imply, by Lemma 2.5(b), E (|Y(m)| log™ |Y{™]) = (|X(m)| log* 1X{™]) < oc.
Observe that (Y ),,Ez fulfills the assumptions of Proposition 2.2 and it is therefore strongly mixing with exponentially

decreasing mixing coefficient an( . Hence, due to (2.2), n( ) = O(ekn1°89) as n — o0o. Hence, by Corollary 10.20(c) in
Bradley (2007), we obtain

Vvt L zm o with  zm £ o, ), (3.12)

where 072<m> =D ez Cov(Y(gm), Y,Em)) exists in [0, oo) and is absolutely convergent.

By Proposition 3.1, we have that E(Y\"Y\™) — E(YY,) as m — oo and, since

S Y < BA2) [ 1l Y BT+ ) du < oo,
k=1 R

k=1

by (3.11) and |f| < |f], we conclude with the dominated convergence theorem that lim,_, o 02 ) = af Hence,

zZm %7 as m— oo with ZLN(O,02). (3.13)

Define for k € Z, Yf_fm = fR\[Tk —m/2T, +m/2]f( — u)dL,. Then (Y,’:_f’11 Jnez is strictly stationary, by Proposition 2.1.
K

Further, by Cauchy- Schwarz s inequality,
E( y(f) —fm Yl{ —fm )

2 2\ 1/2
= (E(/ f(_u)dLu) E(/ f(Tk_u)dLu> ) -0
R\[-m/2,m/2] R\[Ty—m/2,Tx+m/2]

as m — oo since f € L*(R). Since, by (3.11),
Z|EYfmeffm|<EL2/[f w) Y Ef(T+u)ldu VmeN,
keZ keZ

the dominated convergence theorem yields limp— o D oy, |F.(Y£7fm Y,{’fm )| = 0.
Hence, by Theorem 7.1.1 in Brockwell and Davis (2006),

_ T f
lim lim Var(n/2(Y, — V")) = lim lim nVar(Zy,{ fm)
m— 00 n—00 m— 00 n— 00 n

— i E(y/ Tyl Iny — ¢
im, ) B(Y 1Y) = 0
<.
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Chebychef’s inequality then gives

lim limsupP(n"?|Y, — Y| > )=0 Ve>0.

m—-o0 nseo

Together with (3.12) and (3.13), the claim follows by a variant of Slutsky’s Lemma, cf. Proposition 6.3.9 of Brockwell and
Davis (2006). O

Remark 3.3. When (T, ),z is deterministic, i.e. T, = An for n € Z and some A > 0, Cohen and Lindner (2013, Theorem
2.1) established the asymptotic normality of the sample mean under the conditions E(L%) < o0, E(L1) =0, f € [*(R), and

(uH > Lf(u+Aj)I> e L*([0. A]). (3.14)

j=—o00

Observe that (3.14) implies (3.9) since

o] A (o] 2
[ ey ek wieu < (Z Lf(u+Aj)|> du.
R k=1 0 N=—oo

So, Theorem 3.2 generalizes Theorem 2.1 in Cohen and Lindner (2013) to the case of a renewal sampling sequence (T}, )nez,
albeit at the cost of the slightly more restrictive conditions E(|L;|> log™ |L;]) < oo and f]R IF(s)I? log™ [f(s)| ds < oo.

Remark 3.4. Condition (3.9) is satisfied, for example, for |f(u)| < K(|u|™® A 1) with @ > 1 and K > 0.
To see this, observe that for some C,

/ F@If(e +u)ldu < Co(JE]7% A T). (3.15)
R

Hence,

/Lf(u ZEU‘ Ty +u) du < C, ZP T, <1)+C, ZE T Vo)) - (3.16)

k=

The first sum in (3.16) converges since, as it was shown in the proof of Proposition 2.2, for all m € N, and q :=
1—-PWi+-- 4+ Wy >m) < 1,if k < [m/r], it holds P(Ty < m) < q. Otherwise for k > [m/r], set ly(m) = Lﬁj
such that P(Ty < m) < g(m

For establishing the convergence of the second sum, observe that

o0 oo
D ET  Ageny) < Z E(Ty 1y ey) =
k=1
[e.9)

_Z/ 1<Tk<t1/“dt§f av’“lzPkav (3.17)

1

1
P(Tk‘“l{T_a > t)de

x‘

gk
S—

=1

Since P(T < v) < P(Ty < [v]) < g% and

k k k
lk(ﬁﬂ):t Jz 101 VkeN,v=x1,
[Tv]/r] [Tvl/r] v/r
for some C > 0, we obtain with § := ¢¢ that
7]
-1 v/r
ZP Tk < v < q Zq / < qr/v . (318)

Let q(x) = ¢* for x > 0. Then for x € [0, 1], by the mean value theorem, there exists & € (0, 1) such that
13" =3(0) — q(x) = (—x)7'(§) = (—x)g° log(q) > xqllog(q)|

since ¢ € (0, 1). This yields for v > r that This together with (3.18) gives for (3.17)

< v
qf/v - rqllog al-

-1

0 oo 0 q
av ! P(T, <v)dv < / v ¥ ——dv < 00,
/1 2P ! rg|log(q)|

k=1

sincea > 1. O
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4. Sample autocovariance

In this section, we present a multivariate central limit theorem for the autocovariance and autocorrelation functions
when the process is sampled at a renewal sequence. We start by considering the strictly stationary, mean zero process

Xt:/.f(t—s)dLs, teR. (4.1)
R

As in the previous section, let (T,)nez be a sequence of random times defined by (1.2), and the sampled process Y, = Xr,
for n € Z. Recall that for a mean zero process,

1 n
= — ZYkYk+h , he Np, (42)

is a natural estimator for the autocovariance function.

In analo%y to the proof of the asymptotic normality of the sample mean, we first show that, for the truncated sequence
Y = (Y, )aez as in (3.3) and (3.2) with u = 0, the asymptotic normality can be proved. At this point, we need a series
of lemmas that allows us to compute the 4th-order cumulants of the processes X and Y.

Part (a) in the lemma below generalizes expression (3.5) in Cohen and Lindner (2013) to non-lattice times and presents
a different and quicker proof.

Lemma 4.1. Let f € [*(R)NL*R), and L = (L;);er be a Lévy process with expectation zero and finite fourth moment. Denote

2:=E(L%), n :== 0 *E(L}), and fp := f1{_m/2,m/2). Then the following statements hold:
(a) For X; .= fmf(t —u)dL,, we have for all r,s,t,v € R

E(X, X:X:X,) = (n — 3)o* /f(u +1)f(u+s)f(u+t)f (u+ v)du
+ E(X,XS)E(Xtiu) + E(X: X )E(XsX, ) + E(X6- X, )E(X: X, ) - (4.3)
(b) Let additionally Xt( fRfm u)dL,, then we have forall r,s, t,v € R
EQCXXMXM) = ( — 3)0 / Fu4r)f(u 4 8)fn(u + )fin(u + v) du
+ E(X X, )E(X(™X ™) 4 E(XrXD;m))E(XSX,Em)) + EQCXMEXXM™) .

Proof. Since X;, X;, X;, and X,, all have expectation zero, the 4th order joint cumulant Cum(X) of X := (X;, X, X, X,) is

given by
Cum(X) = E(X; X;X; X,) — E(X: X )E(X:X,)
— E(X:Xe E(X:Xy) — E(G X )E(XsXe ) (44)
see Proposition 4.2.2 in Giraitis et al. (2012). On the other hand,
o4 -
Cum(X)= ——— log E(e/®X)) ,
3”1311281138114 Uy =Up=u3=t1g=0

cf. Definition 4.2.1 of Giraitis et al. (2012). Let g(u) = (f(r — u), f(s — u), f(t — u), f(v — u)), then it holds X = fR g(u)dLy,
and, since f € [>(R) N L*(R), we obtain g € [>(R*)N L*(R*) which yields by Corollary 2.4 that X is infinitely divisible with
characteristic triplet (yx, Xx, vx), by Theorem 2.3(b). This and the well-known fact fR x*v(dx) = (n — 3)o* yield

Cum(X) = f X1 V() = () — 3)0 f £ — u)f(s — w)f(t — wf(v — u)ds.
R4 R

The latter together with (4.4) yields (a).
For (b)just observe that also f; € L*(R)NL*(R) such that with h(u) = (f(r—u), f(s—u), fn(t—u), fn(v—u)) we obtain that
alsoZ = fR u)dL, is infinitely divisible by Corollary 2.4. Similar argumentations as above give the demanded result. O

In the following lemma we give a similar expression as (4.3) when the deterministic times r, s, t, and v are replaced
by random times.

Lemma 4.2. Let L = (L;).er be a Lévy process with expectation zero and finite fourth moment, X be defined by (4.1), with
f e *(R)NL4R), and the processes Y is defined by (1.3) with (Ty)nez as in (1.2). Denote o := E(L?) and n := o ~*E(L}), and
let I, m,n € Z Let F(s, t) := [, f(u+ s)f(u+ t)du, then
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(a)
E(YoY/YmYa) = (n — 3)o* /f(u)E(f(u + T))f (u+ T )f (u + Ty)) du
R

+ o*E(F(0, T))F(Tm, Tn)) + o *E(F(0, T )F(Ty, Ty))
+ o*E(F(0, TF(T;, Tn)).
(b) If0 <1< m < n, then E(F(0, T))F(Ty, T,)) = E(F(0, T)))E(F(0, Ty)).

Proof. (a) Due to the definition of (T,),cz it follows that T; < T,, < T,. Conditioning on the random times yields, by the
independence of L and W and Lemma 4.1(a),

E(YoY\YnYy) = f , E[XOXthXul(TIs T, T) = (s, t, U)/]P(T,,Tm,Tn)(d(Sv t,v))
[0,00)
= / E(XoXsXXo )Pty 1, 1) (d(s, £, v)) =t A+ B+ C+D,
[0,00)?
where A, B, C, and D correspond to the parts arising from the decomposition in (4.3). Then, by Fubini’s theorem,
A=r=30* [ 0 sy 7 o) duP g . )
[0,00)® JR
= (n —3)o* /f(U)E[f(u + T)f (u + T )f (u + To)] du.
R
Since E(X,X;) = o2 f]Rf(u + s)f(u+t)du for all s, t € R, we obtain
B= / E(XoXs)E(XcXy ) Pery 1y, 1y ( (S, £, )
[0,00)?

= 04/ /f(u)f(u—i-s)du/f(w + O)f (w + v)dw Py 1,,,1,)(d(s, £, )
[0.00)* JR R

—'E f Fu)f(u+ T du / Flu+ To)f(u + mdu} .
LJR R
Likewise

C:o4E_/f(u)f(u—i—Tm)du/f(w+T1)f(w+Tn)dw], and
LJR R

D=o*E /f(u)f(u + Tn)dU/f(w T+ Tm)dw] .
LJR R

With the definition of F(s, t), the assertion follows.
(b) Observe that, since PZi = Pr,_,,, by independence of the sequence W,

=m+1 Wi
E[F(0, T)F(T. Ty)]
=/ f(u)f(u—i—s)du/f(w+s+t)f(w+s+t+v)dw
[0,00)3 JR R
Py (@o)Pym  y (d0)Pr(ds)
_ / / F(u)f(u + 5) du Py (ds) / / Fw)f(w + v)dw Py, (dv)
[0,00) /R [0,00) /R
— E(F(0. T)E(F(0, Ty_)).
which gives the result. O

From Lemma 4.2, the following proposition gives the expression of nCov(y, (p), ¥,/(q)) as n — oo needed in the
upcoming central limit theorem.

Proposition 4.3. Let L = (L;);cr be a Lévy process with expectation zero and finite fourth moment, and denote 0% = E(Lf)
and n = o ~*E(L?). Suppose that f € [*(R)NL*R), and let X and Y be defined by (4.1) and (1.3) with (Ty)nez by (1.2). Denote

F(s,t)::/f(u+s)f(u+t)du, s,teR, and
R
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(e, 1 m) = (7 — 3)0°* / FOEG(u + T (4 T+ T))
R
+ oE(F(0, T))F(Ty, Tm)) + o *E(F(O0, T)F(Ty, Ty)), fork, I, meZ.

Let p, q € Ny, denote Z, ; := YiYiyp, Zgj := Y;Yjyq for i, j € Z and assume that

/[f ) Y EIf(u + T)f (u + Te)f (u+ Tig)l du < 00, (4.5)
kez
and
2
[(/[f u+Tk)|du> } < 00. (4.6)
keZ
Then
CoV(Z,.i, Zgj) = k;(p.j — i,j — i + q) + 0 *COV(F(0, Ty), F(Tji, Ti_isq)),
Cov(F(0, Ty), F(Tj—i, Tj-i+q)) =0 forj—i<p or j—i<gq,
> 1€OV(Zp0. Zgu)l < 00, Y lip(p. k. k+q)| < o0, (4.9)
kezZ keZ
and

nan;OnCov(yn L Y(Q) = ZCOV 0,0 Zq k) =

keZ

Y kpkk+q)+0* D" COVF(O, Tp), F(Ty, Tiyg)). (4.10)
keZ k=—q+1

where y;¥(p) and y,’(q) are defined in (4.2).

Proof. From Lemma 4.2(a), since E(Y;Yi;,) = o*E(F(T;, Titp)) = o*E(F(0, T,)), and by the stationarity of Y, we have
COV(Zp,iv Zq,j) = E(YiYierYijJrq) - E(YiYHp)E(YjY}qu)

=(n- 3)0“5( /R F@)f (u+ Tp)f (u+ T-)f (u + Tj%q)du)

+ o *E(F(0, Ty)F(Tj—i, Tj—i+q)) + 0 *E(F(0, T;—)F(Ty, Tj—i1q))
+ 0 E(F(0, Tj_i4q)F(Tp, T1—i)) — o *E(F(0, T, )E(F(Tj—i, Tj—i+q))
=kp(p,j —i,j — i+ q) + o *Cov(F(0, T,), F(Tj_i, Fi_isq))

which is (4.7). Eq. (4.8) is an immediate consequence of Lemma 4.2(b). For the proof of (4.9), by (4.7) and (4.8), it is enough
to show that ), _, [ks(p, k, k + q)| < oo. To see this, observe that

3 ket ) = (0 = 310* [ 100l Y0 B+ T+ o+ T

keZ keZ
+ 0" Y E(F(0, T)F(Ty, Tegg))l + 0 Y [E(F(O, Ty g)F(Ty, Te))l -
keZ keZ

The first of these summands is finite by (4.5) and the second is finite since, by using Cauchy-Schwarz’s inequality twice,

1/2 1/2
> IE(F(0, Ti) (Tp,rk+q)|<<ZE (0. T,)) ) (ZE(FTP,Tk+q)))

keZ keZ keZ

which is finite by (4.6). The same argument yields finiteness of the third summand, showing (4.9).
To see (4.10), observe that by the stationarity of Y, with k =j — i,

n n—1

1
nCov(y, (p), ¥, (@) = ) | —COV(Zp0,Z4j-) = D

ij=1 k=—n+1

n — |k|

Cov(Zy 0, Zg k).

Since ), ICOV(Z, 0, Zg k)l < oo by (4.9), the latter converges to Y, Cov(Z, o, Zqx) as n — oo by the dominated
convergence theorem, which together with (4.7) and (4.8) finishes the proof of (4.10). O
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Remark 4.4. (a)If g =0 or p = 0, it is easy to see that Cov(F(0, T,)F(Ti, Tx4q)) = O for all k € {—q+1, ..., p— 1}. Hence,
the second summand in (4.10) disappears.

(b) If we choose (T,)nez to be deterministic, i.e. T, = nA for n € Z and some A > 0, it is easy to see that (4.5) and
(4.6) are implied by assumptions (3.2) and (3.11) of Cohen and Lindner (2013) to establish the asymptotic normality of
the sample autocovariance of the moving average process sampled on a lattice. (4.5) then reduces to (3.10) of Cohen and
Lindner (2013), which was shown to be implied by (3.2) of Cohen and Lindner (2013).

Remark 4.5. Similarly to Remark 3.4, a sufficient condition for the validity of (4.5) and (4.6) is that [f(u)] < K(Ju|™® A 1)
for some K > 0 and o > 1/2.
To see this, observe that, by (3.15),

2
ZE(/ Lf(u)f<u+m|) <Y CE(Td ™ A1) < 00,
R

keZ keZ

by the same calculations as in Remark 3.4. Hence, (4.6) is true. To establish (4.5), observe that for some C,,, by (3.15) and
applying the Cauchy-Schwarz inequality twice,

ZE( [ a4 B+ T+ T du)

keZ

<D CoulB(Ti 72 A 1) P (E(|Tieyq — Tyl > A 1)

keZ
1/2 1/2
< Cau (me*h A 1)) (Z E(|Tirq — Tl > A 1))
keZ keZ
=G Y E(Ti ™ A1),
keZ

and the latter is finite by the calculation in Remark 3.4.
The next proposition shows that similar results as obtained in Proposition 4.3 are valid for the truncated sequence
ym),

Proposition 4.6. Let the assumptions and notations of Proposition 4.3 be satisfied. For m € N, define fn = f1_m/2,m/2},
o= [ fnt + SYfmu + ) for s, t € B, X{(™ := [, fu(t —w)dLy, Y\ = X;;"). Let p,q € Ny and

1

*, . § (m)y,(m) _

ynm(h)~—ﬁl 1ykakTh! h=p,q.
k=

Then (4.5) and (4.6) also hold for f,, and for all k € Z
I (D, ks K+ @)l < ki (P, ko K+ q),
Kin(D, k. k+q) = kp(p, k. k+q) as m — oo, (4.11)
COV(Fn(0, Tp)Fn(Ti, Tirq)) = COV(F(O, Tp)F(Ti, Terq)) as m — oo, (4.12)
and
lim lim nCov(y,"™(p), y,;""(q))

m—00 n—00

p—1
=Y k(P k k+q)+0* D" COVF(0, Tp), F(Ti, Tiyg)). (4.13)
kez k=—q+1

Proof. That (4.5) and (4.6) also hold for fy is clear since |fn| < If|, as is |y, | < k. Since |[fn| < If| and f, — f as
m — oo, the dominated convergence theorem shows (4.11) and (4.12). And (4.13) then follows from (4.11), (4.12), and
(4.10) again by the dominated convergence theorem. O

Now, we can establish the multivariate asymptotic normality of the sample autocovariance and sample autocorrelation.
Theorem 4.7. Let L = (L:);cr be a Lévy process with expectation zero and such that E(|L;|*(log™ |L;|)?) < oo. Denote
o? = E(1?) and n := o ~*E(L}). Let h € Ny, suppose that f € [*(R) N LY(R), [, If(s)I*(log™ If(s)])* ds < oo, and assume that

(4.5) and (4.6) hold for all p, q € {0, ..., h}.
(a) Then

SAp0) = p(0), ...,y (h) — y(h)) =5 N(0,Z), n— oo,
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where y(h) = E(YoYn) and Z = (Zpq)p.g=0....n € ROTVXHD s the covariance matrix defined by

.....

p—1
Zyg=0" Y Cov(F(0,Tp), F(Ti, Tesq)) + D ky(p. k. k+ q)
k=—q+1 kez,
with k¢ (p, k, k 4 q) for k, p, q € Z and F(s, t) given as in Proposition 4.3.
(b) If additionally
f ) > " Ef(Te + u) du < o0 (4.14)
R keZ

hold, and we denote by
n—j

. 1 — — .
ynm=;;(yk—yn)<yk+j—vn), j=01,...,n—1,
k=

the sample autocovariance, then we have for each h € Ny

VAT(0) = y(0), ..., Tu(h) — y(h)) —> N(0,Z), n— oo,

where Z as defined in (a).
(c) Let p}(p) = y,*(p)/v,(0) and pu(p) = Yu(p)/¥u(0) for p € N. Suppose that f # 0 on a set of positive Lebesgue measure.
Then, under the assumptions of (a), we have for each h € N

* / d
Vlp;(1) = p(1), ... p3(h) = p(h)) —5 N(O.W), n— oo,
where W = (Wpq)p.g=1...n € R™" is given by
Wy, = (qu - P(p)ZOq - P(Q)Zpo + p(p)P(Q)ZOO)/)’(O)Z .
If additionally (4.14) is satisfied, then it also holds
~ ~ d
V(Bn(1) = p(1), ..., Du(h) = p(h)) —> N(O,W), n — oco.

Proof. (a) Let Y™ be as in (3.2) and (3.3) with 4 = 0 and Zﬂ) = Y,Em)Y,ET; for k € Z and p € {0,..., h}. Define

Q== (Zéf?{), Zﬂ), e Zﬂ))/ € R, Then (Qg)kez is obviously strictly stationary and we have

] n
=D Q= 0y"0), ()Y
k=1

where y;°™(h) as in Proposition 4.6.
4 4
By the assumptions on L and f, we obtain, by Lemma 2.5(c), E(|Yém)| (log™ |Yém)|)2) = K |Xém)| (log™ |Xém)|)2) < 00,
and so E( |Zh,0|2 log" |Zno|) < oo, by the Cauchy-Schwarz inequality. Therefore also E(|)JQ0|2 log™ |A'Qy|) < oo for all
A € R,
Observe that (1'Qy)nez is strongly mixing for each 1 € R with ) e < oz,’,((j.,) for all n > h, by Remark 1.8(b) of

Bradley (2007), such that (aﬁ/Q) is exponentially decreasing. Hence, by Corollary 10.20(c) of Bradley (2007) it follows
_l n
ﬁ(ﬁ D N = NN yn'"(h))/) % N, VZ™) YA e R
k=1
By the Cramér-Wold theorem, we deduce that

SAyEm0) = y™(0), ..., 3™ (h) — y™(h)Y —> Vi asn — oo

Here V< N(0, Z™), where Z™ = (Zp )p.g=o....n € ROFDXUHD s given by

p—1
Z;Jrfq = Z Kfm(p’ k, k+ q) + 04 Z COV(Fm(O’ Tp), Fﬂ‘l(Tks Tk+q)) s
keZ k=—q+1

with «,, and Fy, as in Proposition 4.6.
Also by Proposition 4.6, limpy_,» Z™ = Z, where Proposition 4.3 gives the form and finiteness of Z,q, the entries of Z.

Henceforth, V,, — V as m — oo, where V < N(0, Z).
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By Proposition 6.3.9 of Brockwell and Davis (2006), the claim will follow if we can show that

lim limsup P(n'?|y,""(p) — y™(p) — v, () + y(p) > &) =0 Ve >0, pe{0,... h}.

m—o0 psoeo

Since E(y;"™(p)) = y™(p) and E(y,(p)) = y(p), this will follow from Chebychef’s inequality if we can show that

lim lim Var(n'/*(y;¥(p) — ;"™ (p))) = lim lim [nVar(y,(p)) + nVar(y,""(p))

m— 00 n— 00 m— 00 N— 00

— 2nCov(y, (p). v, ()] =0 Vpe{0,... h}.
But since

lim lim nVar(y,"™(p)) = 11m nVar(yn P) =Zpy,

m—00 N— 00

by Proposition 4.6, it remains only to show that

lim lim nCov(y, (p), ¥,""(p)) =Zp, Vpe{0,...,h}. (4.15)

m—00 Nn—00

In doing so, denote Gp(s, t) f]R U+ S)fm(u+ t)du and Fy(s, t) := fRfm(u + $)fm(u + t)du. Observe first that from
Lemma 4.1(b), similar to the proof of Lemma 4.2(a), by conditioning on Tj, T, and T, that for k € Z, we have

) = E(YoY, YY)

=(n— 3)04]':(/ Fu)f (u+ Tp)fm(u + Ti)fm(u + Tk+p)du)
R

+ G4E(F(O, Tp)Fm(Tka Tk+p)) + G4E(Gm(0a Tk)Gm(Tp, Tk+p))
+ 0 *E(Gm(0, Tietp)Gm(Tp, Tk)) — 0 *E(F(0, Tp))E(Fn(Ti, Tiesp)) -

) — E(YoY,E(Y Y™

(m
Cov(Z,0,Z k+p

p.k

Further, as in the proof of Lemma 4.2(b), it follows that
E(F(0, Ty)Fm(Tk, Te+p)) = E(F(O, Tp))E(Fn(Tk, Tetp))  when |k| > p.

Denoting

Kf,fm(pv k,k+p)=(n-— 3)041':(/ fu)f(u+ Tplfm(u + Ti)fm(u + Tk+p) du)
R
+ 0 E(G(0, Ti)Gm(Ty, Tierp)) + 0 *E(Gm(0, Tiesp)Gin(Tp, Tie))

we hence have

COV( p.0s Z(m

N = {Kf.fm(P» k. k+p), k| > p,
pk’/ —

Kf fn(Ds K, K+ p) 4 0*COV(F(0, T)Fn(Ti» Teeyp)), |kl <.
Next, observe that as in the proof of Proposition 4.6, since |fi;| < |f|, for all k € Z,

|« £ (s K, k + D)l < Ky |(p, k, k+p) VmeN,
Kkf (D, k, k+p) — Kkp(p, k, k+p) as m — oo,
Cov(F(0, Ty)Fm(Ty, Tiyp)) = Cov(F(O, Tp)F(Tk, Teyp)) as m — o0.

By stationarity, we obtain for n > p

n—1
n— k|
nCov(y, (p), y,"™(p)) ZCOVZPO,ZI(”)I)— Z " Cov(Zp,o,Z;f','())
mi= k=—n+1
S -k & n—pl
= > bk kEp)tot Y S COUF(O, Ty)n(Ti. Tisp))
k=—n+1 k=—p+1

Applying Lebesgue’s dominated convergence theorem once then gives

lim nCov(y;*(p), y,"™(p))

n—oo
o] p—1
_ 4
= > kP bkt p)+ ot > COVF(O, Ty)Fn(Te. Terp)).
k=—00 k=—p+1
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and applying it a second time gives

lim lim nCov(y, (p), ;"™ (p))

m—o0 Nn—0o0

00 p—1
= Y «gp.k k+p)+0* Y COVF(O, T,)F(Ti, Titp))
k=—o00 k=—p+1

which is (4.15). This finishes the proof of (a).

(b) This follows if we can show that «/n|y,"(p) — 7a(p)| — 0 in probability for n — oo and p € {0, ..., h}. The latter
can be done in exactly the same way as in the proof of Proposition 7.3.4 in Brockwell and Davis (2006) with X replaced by
Y in connection with the observation that, by Theorem 3.2, «/nY,, converges in distribution to a normal random variable
as n — oo, and hence Y, must converge to 0 in probability as n — oo.

(c) Follows readily as in the proof of Theorem 7.2.1 in Brockwell and Davis (2006). O

Remark 4.8. (a) Due to the form of Z, there seems to be no simplification for W possible. Also observe that W in general
depends on 7 as seen in Theorem 3.5(c) of Cohen and Lindner (2013).

(b) Part (a) of Theorem 4.7 in particular applies if [f(u)] < K(Ju|™* A 1) for some K > 0 and « > 1/2 which can be
seen by Remark 4.5.

(c) Similarly, part (b) of Theorem 4.7 applies if |f(u)] < K(|u]™® A1) for some K > 0 and « > 1 as shown in Remark 3.4.

5. An application to parameter estimation of the Ornstein-Uhlenbeck process

In this section, we present a parameter estimation of a Lévy driven Ornstein-Uhlenbeck (OU) process sampled at
a Poisson process. An OU process is a continuous time moving average process X = (X;);er With kernel function
fiR = R,s > e ®1g «)(s) and mean reverting parameter a > 0. This yields X; = fﬁoo e~ =9 dL, where L = (L;)ieg iS
a Lévy process with zero mean and o2 = E(L?) < oo. We define Y, := Xg,, n € Z, where (Ty)nez is given by (1.2) with
W = (Wp)aez\(0) @ sequence of i.i.d. random variables independent of L and such that W; ~ Exp(4), A > 0.

By Proposition 2.1, Y = (Yy)nez is strictly stationary, E(Yy) = 0, and E(Yg) < 00. Then we obtain, by Proposition 3.1,

o? A h
y(h) = E(YoYy) = 0 /f(u)E(f(Tn +u))du = 7( )
R 2a\a+ A
as the autocovariance function of the process Y. Further y(0) = ¢?/2a, and the autocorrelation function p(h) = (L)h

a+i
In particular, p(1) = ﬁa and we can determine the mean reverting parameter a by

1
= - —1). 5.1
‘ A(p(l) ) G-

We define an estimator a* for a, assuming A being a known parameter of the distribution of W, as a* = )\'(p*l(l) - 1).

where p*(1) = y*(1)/y*(0) with y*(h) = % Zzzl YiYk1n. We can then give the following theorem.

Theorem 5.1. Let L = (L;).cg be a Lévy process with mean zero, 0> = E(L?) and n = o ~*E(L*), and E(|L|*(log™ |L1|)?) < oo,
(Tn)nez be defined as in (1.2) such that Wy ~ EXp(X) for some A > 0, and X = (X;);er an OU process with parameter a > 0.
Then

A+a)
\/ﬁ(a*—a)—d>N<0,(;)Wn), n— 0o,
where
Wy = * M (n—3)a+3)+ (5.2)
"T\A+2a (A +a2 7 X+ 2a ’

Proof. As usual, Yy = X, k € Z, and Zyy = YiYien k € Z, yi(h) = %22:1 Zyp, h = 0,...,n — 1 and hence
pn(1) = y7(1)/y,(0). Observe that P(W; > 0) > 0, since W is exponentially distributed and it has positive support.
Further, f € [*(R) N L*%R) is obvious as is fR IF(s)1*(log™ If(s)])? ds < oo, and, since clearly f(s) < K(|s|™* A 1) for some
K > 0 and a > 1/2, it follows, by Remark 4.5, that (4.5) and (4.6) are satisfied. Therefore, by Theorem 4.7(c), we have

Va(pi(1) = p(1)) —5> N(O,Wy1), n— oo,
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where

4q? A %
Wiy = (Zys — 20(1)Z 1YZo0)/y(0f = — (Znn —2——Z )z
1 = (Z11 — 2p(1)Zo1 + p(1)"Zgo)/v(0) 04(11 atr m+<a+k> 00)

with Zp, for p, q € {0, 1} given as in Theorem 4.7(a).
Thus, under our assumptions on the distribution of W, an easy but tedious calculation yields that Wy, is given by (5.2).
To complete the proof, define g:R — R, x > A(1 — 1) such that g(p;(1)) = a* and the delta-method, cf. Proposition
6.4.3 in Brockwell and Davis (2006), yields

d /
Vn(a* —a) — N(0, g'(p(1))Wi1g'(p(1))), n— oo,
where g'(p(1)) = —%. O
Next, we consider the case when the parameter A of W; ~ Exp()) is unknown. Since, in addition to the observations
Y1, ..., Yor1, we also have the observation times Ty, ..., Tn+l1, we also observe the waiting times W; = T; — Ti_q,
i=1,...,n+ 1, and hence can define A= % ZZ:1 Wk+1) , which by the strong law of large numbers is a strongly
consistent estimator for A, since E(W;) = A1
By (5.1), this suggests the estimator @ = x ﬁ — 1). Since p*(1) and  are consistent estimators, so is @. The
asymptotic normality of @ is given in the following theorem.
Theorem 5.2. Let L = (L;).cg be a Lévy process with mean zero, o = E(L?), n = o ~*E(L), and E(|L;|*(log" |L1])?) < oc.
Assume that (T, ),z is defined as in (1.2) such that Wy ~ Exp()) for some . > 0, and X = (X;)ier is a OU process with
parameter a > 0. Then

A 4
Jn(@—a) -4 N(O,( ;a) Wi, —az), n— 00,

where Wy is given by (5.2).

Proof. For m € N define fp := f1j_m/2,m/2) and yim .— Je fn(Ta — s)dL. Then the sequences (Y2, YnYni1, Tay1 — Tdnez
and ((Y,Sm))z, Y,Sm)YTET)], Tatr1 — Tn)nez are both strictly stationary by Proposition 2.1 and the latter is also strongly mixing
with exponentially decreasing mixing coefficients by Proposition 2.2.

Proceeding exactly as in the proof of Theorem 4.7, i.e. establishing first a central limit theorem for the truncated

sequences y,°™(h) and then letting m tend to infinity, shows that

ﬁ{@ﬂmmﬂmIE:mm>—<wmymﬁ))l»mazx n— oo,
ni—= A

where

Cov(YZ, Y2) Cov(YZ, YiYii1) Cov(YZ, Tiy1 — Ti)
T=>"[ Cov(YZ. Vi¥ir1)  Cow(YoYr,YiYir1)  Cov(YoYy, Tyt — Ti)
kez \COV(YZ, Ter1 — Ti)  Cov(YoY1, Tiey1 — T)  Cov(Ty, Tirr — Tk)

An easy but tedious calculation then shows that

Zy Zy 0
2
»=1Zw Zy - Z(;TT)Z
0 __o* a1
2(r+a)? A2

with Zyg, Zg1, and Zq; as in Theorem 4.7(a).
1 /X1

To complete, we define g : R®> — R, (X1, X2, X3) > g(g — 1) such that

_~ 1 n R 1
= 8(1 70 YW ) =7 1),
k=1 n

Henceforth, by the delta-method, cf. Proposition 6.4.3 in Brockwell and Davis (2006), we obtain

V(@ — a) -5 N(O, (Ve(u)2(Ve(w))), n— oo,
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Table 1
Values of a for which @ becomes more efficient depending
on A and 7.
A n
3 4 5
0.05 0.1288 0.1294 0.1300
0.5 1.2878 1.3455 1.3983
1 2.5755 2.7965 2.9814
2 5.1509 5.9627 6.5465

where by a straightforward calculation,

(Ve(u)E(Ve(n) = @wwa

and the result follows. O

Remark 5.3. Note that the shrinking phenomenon observed in the asymptotic variance of the estimator @ with respect to
the asymptotic variance of a* depends on the non zero asymptotic covariance between the sample autocovariance y, (1)
and the estimator A.

Next, we compare our results to an equidistant sampling method, more precisely to the one of Cohen and Lindner

(2013). Sampling at equidistant times A, 2A, ..., nA for A > 0, leads to an autocovariance function
Yeq(h) = E(XoXp) = o /Rf(u)f(u + h)du = (Zize—“h, h>o0,
from which we conclude that peg(A) = yeq(A)/y(0) = €794 and hence

For an estimator of pe(A), i.e. for peq(A) yeqn AlA )/ye’;;n;A( ), where yeqn Aha) = 1 Zt 1 XeaXe4mya, h € N, by
Theorem 3.5 of Cohen and Lindner (2013) we have

V(P (A) = peg(A)) =5 N(O, V), n — oo, (5.4)
where
(;7 — 3)0—4 A
= W /o (g1:4(u) = p(A)go.a) du
! Z A)+ p((k = 1)4) = 2p(A)p(kA))?

(u+ kA)(u+ (k+ q)A) given as in Proposition 3.1 of Cohen and Lindner (2013).
10g(p3g(4))

with g4.4:[0, Al > R, u+> > ;0

Knowing this, we suggest as an estimator of a given in (5.3) G := — . A simple calculation of V for the specific
kernel and the specific autocovariance function, and an application of the delta-method then leads to

*OC

V(@ — ) —5 N(0, A%(®4 — 1)), n— 0.

For comparing the asymptotic variances of the estimators @ and G4, we select different time scales by choosing A = %
We remind that in the renewal sampling case the expected waiting time between two samples T; and Ti,; is given by
E(Wp) = % Then the asymptotic relative efficiency aezﬁ is given by

A+a)wl_a

2

Off = ———71T >
T el

where Wy, given as in (5.2).

We plot in Fig. 1 the relative efficiency Uesz with respect to the mean reverting parameter a. The dotted line belongs
to n = 3, the solid line to n = 4 and the dashed line to n = 5.

The estimator @ is more efficient than @, as a tends to infinity. Table 1 shows, depending on A and 7, the smallest
value of a for which aez < 1. For values of a less than 2, the estimator based on an equidistant sampling is more efficient
than @ unless the sampling frequency A is greater than 1.

We see that the non-equidistant sampling performs worse as the kurtosis of the driving Lévy process increases. The
best scenario across all time scales is observed for n = 3 which corresponds to the Brownian motion case.
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i
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a

(a) Expected waiting time A = 20.

A=1 A=2
3 T 3.5

0 1 2 3 4 s 6 7 8 9 10
a
(c) Expected waiting time A = 1. (d) Expected waiting time A = 0.5.

Fig. 1. (réf depending on a and X in case of n = 3,4, 5.

In the remark below, we give some indications on the applicability of our theory to the estimation of the Hurst
parameter of a fractional Lévy noise.

Remark 5.4. For a given Lévy process L = (L;);cr With expectation zero and finite second moment, a fractional Lévy noise
X = (X;)ter is defined as the increments of length § > 0 of a fractional Lévy process with Hurst parameter H = d+1/2 and
d € (0, 1/2) as in Marquardt (2006). Then X is a moving average process with kernel function f; 5(s) = ﬁ(si—(s—&)ﬂ),
s € R, see for example Section 4 in Cohen and Lindner (2013). The processes X, when sampled equidistantly as in Cohen
and Lindner (2013), is used to infer the parameter d € (0, 1/4). We propose an estimator of the parameter d considering
the processes X when sampled at a Poisson process (T;)neny and assuming § = 1. We compute the autocorrelation of
order 1 of the process Y = (Yn)ien = (Xt,)nen, denoted by py, using equation (4.1) in Cohen and Lindner (2013) and
conditioning arguments. Thus,

1 B B A
oy(1) = W(e*F(Zd—i—Z,A)—i—(e Por@d+2)—e */0 yZd“eydy),

where I'(«, x) is the upper incomplete gamma function in « starting at x, and I'(«) is the gamma function. For A known
and d € (0, 1/4), py(1) =: ¢(d) and it can be shown that the function ¢ is increasing. Then, we define the estimator

d* = ¢~ (pi (1)),
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where p; (1) is an estimator of py(1) as defined in Theorem 4.7. The kernel functions of X satisfy Remark 4.5, i.e.
Theorem 4.7 can be applied and thus gives, by the delta-method, asymptotic normality of the estimator d*. This estimator
can also be employed for estimating the parameter d once the fractional Lévy process is defined as in Benassi et al. (2004).

6. Conclusion

In this paper, we studied distributional limits for the sample mean and the sample autocovariance and autocorrelation
functions of a Lévy driven continuous time moving average process. We achieved these results by assuming slightly more
restrictive conditions with respect to the work of Cohen and Lindner (2013) and gave an application of the theory in
estimating the mean reverting parameter of a Lévy driven OU process.

Of particular interest is investigating the asymptotic behavior of the sample moments when the renewal sampling is
not independent of the driving Lévy process which we hope to address in future work.
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