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We obtain central limit theorems for stationary random fields employ-
ing a novel measure of dependence called 6-lex weak dependence. We show
that this dependence notion is more general than strong mixing, that is, it
applies to a broader class of models. Moreover, we discuss hereditary proper-
ties for -lex and n-weak dependence and illustrate the possible applications
of the weak dependence notions to the study of the asymptotic properties of
stationary random fields. Our general results apply to mixed moving aver-
age fields (MMAF) and ambit fields. We show general conditions such that
MMAF and ambit fields, with the volatility field being an MMAF or a p-
dependent random field, are weakly dependent. For all the models mentioned
above, we give a complete characterization of their weak dependence coef-
ficients and sufficient conditions to obtain the asymptotic normality of their
sample moments. Finally, we give explicit computations of the weak depen-
dence coefficients of MSTOU processes and analyze under which conditions
the developed asymptotic theory applies to CARMA fields.

1. Introduction. Many modern statistical applications consider the modeling of phe-
nomena evolving in time and/or space with either a countable or uncountable index set. To
this end, we can employ random fields on Z™ or R™ which are defined, for example, as
solutions of recurrence equations, for example, in [38], or stochastic partial differential equa-
tions [16, 27, 57]. Noticeable examples of the latter come from the class of ambit and mixed
moving average fields.

The mixed moving average fields, MMAF in short, are defined as

(1) thfszmf(A,t—s)A(dA,ds), t e R™,

where S is a Polish space, f a deterministic function called kernel and A a Lévy basis. The
above model encompasses Gaussian and non-Gaussian random fields by choosing the Lévy
basis A. Ambit fields are defined by considering an additional multiplicative random func-
tion in the integrand (1) called volatility or intermittency field. However, an ambit field is
typically defined without the variable A in its kernel function. We refer the reader to [6] for
a comprehensive introduction to ambit fields, which provide a rich class of spatio-temporal
models on R x R™. Overall, MMAF and ambit fields are used in many applications through-
out different disciplines, like geophysics [42], brain imaging [45], physics [10], biology [8,
11], economics and finance [4, 5, 24, 51, 52]. The generality and flexibility of these models
motivate an in-depth analysis of their asymptotic properties.

Central limit theorems for moving average fields, a subclass of MMAF, are discussed in
[15] where the author shows the asymptotic normality of its sample mean and autocovari-
ance. However, we do not pursue this approach because it is not directly applicable to the
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study of higher-order sample moments. Under strong mixing conditions, several central limit
theorems for stationary random fields are available in the literature; see [18, 26, 29, 43, 48,
49]. In [43], we also find some of the first results related to the analysis of central limit theo-
rems for autocovariance functions. Note that, in general, caution must be used when applying
some of the classical strong mixing dependence notions to random fields. We refer to [20] and
[21], Chapter 29, for a thorough investigation on this point. The above said, for an MMAF on
R, that is, a mixed moving average process, several difficulties already arise in showing that
it is strongly mixing; see [28]. Usually, strong mixing is established by using a Markovian
representation and showing geometric ergodicity of it. In turn, this often requires smooth-
ness conditions on the driving random noise, and it is well known that even autoregressive
processes of order one are not strongly mixing when the distribution of the noise is not suf-
ficiently regular; see [1]. For m > 2, a Gaussian MMAF on R™ satisfying the conditions of
[60], Theorem 7, page 73, is strongly mixing. However, for general driving Lévy bases, no
results in the literature can be found regarding the strong mixing of MMAF. Sharp central
limit results for stationary random fields can also be obtained under the dependence notion
of association (see [25, 50] for a comprehensive introduction on this topic). However, in this
case, central limit theorems for MMAF hold just under restrictive conditions on the kernel
function f in (1); see, for example, [25], Theorem 3.27. Moreover, association is inherited
only under monotone functions, restricting the possible extension of its related asymptotic
theory.

Concerning purely temporal ambit fields, that is, Lévy semistationary processes, in [7, 9,
14] the authors obtain infill asymptotic results for this class of processes, that is, under the
assumption that the number of observations in a given interval approaches to infinity. For
ambit fields on R x R” with m > 1 where A is of Gaussian type and the volatility field is
independent of A, the asymptotic behavior of the lattice power variation of the field is studied
in [53]. We notice that in the literature, there are no asymptotic results for partial sums of
ambit fields when the number of observations approaches infinity without infill asymptotics.

We are interested in studying the asymptotic behavior of the partial sums (and of higher-
order sample moments) of MMAF and ambit fields in general, that is, without imposing
regularity conditions on the driving Lévy basis A apart from moment conditions. To do so,
we apply the n-weak dependence as defined in [37] and a new notion of dependence called 6-
lex weak dependence. Although all the examples of our theory come from the model classes
mentioned above, we want to emphasize that we present general central limit theorem results
that apply to different stationary random fields.

To introduce the notion of #-lex weak dependence, let us start with a brief digression
into the notions of n and -weak dependence for stochastic processes defined in [36] and
[31], respectively. n-weak dependence is typically associated with the study of noncausal
processes, whereas 8-weak dependence is related to the analysis of the causal ones. Central
limit theorems for 6-weakly dependent processes hold under weaker conditions compared
to results for n-weakly dependent processes (different demands on the decay rate of the
and 6-coefficients as determined in [39], Theorem 2.2 and [31], Theorem 2). We have that
the definition of 1 and #-weak dependence can be easily extended to the random field case
by following [32], Remark 2.1. However, just for n-weakly dependent random fields, asymp-
totics of the partial sums of stationary random fields have been so far analyzed in [37]. We aim
to determine a central limit theorem that improves the results obtained in [37]. We achieve
this by defining the notion of #-lex-weak dependence, which is a modification of the original
definition of #-weak dependence. We show that for 6-lex-weakly dependent random fields,
the sufficient conditions of a very powerful central limit theorem from Dedecker [29] hold.
Moreover, we obtain hereditary properties for 8-lex and n-weakly dependent random fields,
which allow us to easily extend the asymptotic results under weak dependence to the study
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of higher-order sample moments. We then investigate the relationship between 6-lex weak
dependence and strong mixing. We prove that for random fields defined on Z™, 8-lex weak
dependence is a more general notion of dependence than ao 1-mixing as defined in Dedecker
[29], that is, it applies to a broader class of models. In the case of processes, we also show
that 6-lex weak dependence is a more general notion of dependence than «-mixing as defined
in [21]; see for more details Section 2.3.

Let us now look at the class of MMAF. We distinguish in our theory between influenced
and noninfluenced MMAF; see Definition 3.8. Influenced MMAF represent a possible ex-
tension of causal mixed moving average processes; see [28], Section 3.2, to random fields.
Hence, we show that influenced MMAF are 0-lex-weakly dependent and that noninfluenced
MMAF are n-weakly dependent with coefficients computable in terms of the kernel function
f and the characteristic quadruplet of the Lévy basis A. From this, we notice that in the case
of influenced MMAF, the conditions ensuring asymptotic normality of the partial sums of
X are weaker—in terms of the decay rate of the weak dependence coefficients—in compar-
ison with the one obtained for noninfluenced MMAF. We then observe a parallel between
our results and the one obtained for causal and noncausal mixed moving average processes
[28]. Moreover, we exploit the hereditary properties of 1 as well as 8-lex-weak dependence
and obtain conditions for the sample moments of order p with p > 1 to be asymptotic nor-
mally distributed. Finally, we give explicit computations for mixed spatio-temporal Ornstein—
Uhlenbeck processes [52], also called MSTOU processes and Lévy-driven CARMA fields
[24, 57]. In particular, our calculations in the case of the MSTOU processes show that it is
possible to determine the asymptotic normality of the generalized method of moments esti-
mator, GMM in short, proposed in [52].

At last, we apply our theory to ambit fields. We assume that the volatility field is an MMAF
or a p-dependent random field, which is independent of the Lévy basis A. Under these as-
sumptions, we show that homogeneous and stationary ambit fields are 6-lex-weakly depen-
dent and give sufficient conditions on the #-lex-coefficients to ensure asymptotic normality
of the sample moments.

The paper is structured as follows. In Section 2, we introduce n-weak dependence and the
novel 0-lex-weak dependence. In Section 2.3, we state central limit theorems for 6-lex weakly
dependent random fields in an ergodic, nonergodic and multivariate setting. Additionally, we
analyze the relationship between 6-lex weak dependence and strong mixing and provide some
insight into possible functional extensions of the central limit theorem. In Section 3, we dis-
cuss the weak dependence properties of MMAF. We first give a comprehensive introduction
to Lévy bases and its related integration theory, leading to the formal definition of an MMAF.
We discuss conditions on MMAF to be 6-lex or n-weakly dependent and their related sample
moment asymptotics. In Section 3.7, we apply the developed theory to MSTOU processes
and give explicit conditions assuring their sample moments’ asymptotic normality under a
Gamma distributed mean reversion parameter. We conclude Section 3 by giving conditions
under which the developed asymptotic theory can be applied to Lévy-driven CARMA fields.
In Section 4, we discuss weak dependence properties and related limit theorems for ambit
fields. Section 5 contains the detailed proofs of most of the results presented in the paper.

2. Weak dependence and central limit theorems.

2.1. Notation. Ny denotes the set of nonnegative integers, N the set of positive integers,
and R the set of the nonnegative real numbers. For x € R, x(/) denotes the jth coordinate
of x, ||lx|| its Euclidean norm and we define |x| = [[x[loc = max;—; . 4 |x)|. For d, k > 1
and F : R? — RF, we define ||Flloo = sup,cpa|[F(t)|. Let A € M,x4(R), A’ denote the
transpose of the matrix A.
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In the following, Lipschitz continuous is understood to mean globally Lipschitz. For u, n €
N, let G be the class of bounded functions from (R")” to R and G, be the class of bounded,
Lipschitz continuous functions from (R")* to R with respect to the distance >/, [|x; — yill,
where x, y € (R")*. For G € G,, we define

Lin(G) — sup GO =GO
xty Xt =yl + -+ llxw — yull

We assume that all random elements in this paper are defined on a given complete probability
space (2, F, P). |||l , for p > 0 denotes throughout the L”-norm of a random element. For
a random field X = (X;);erm and a finite set I' C R” with I = (iy, ..., i,), we define the
vector Xr = (X, ..., X;,). A C B denotes a not necessarily proper subset A of a set B, | B|
denotes the cardinality of B and dist(A, B) = infijca, jep|li — jllco indicates the distance of
two sets A, B C R™.

Hereafter, we often use the lexicographic order on R™. For distinct elements y =
Vis--orym) € R™ and z = (z1,...,2zm) € R™, we say y < z if and only if y; < z; or
yp < zp forsome pe€{2,...,m}and y, =z, for g =1,..., p — 1. Moreover, y <jex z if
Yy <lex Z Or ¥ = z holds. Finally, let us define the sets V; = {s € R™ : s <jex t} U {t} and
VI =V,N{s e R™: ||t — s|loc > h} for h > 0. The definitions of the sets V; and V/* are also
used when referring to the lexicographic order on Z".

2.2. Weak dependence properties.

DEFINITION 2.1. Let X = (X;);erm be an R”"-valued random field. Then X is called
0-lex-weakly dependent if

6(h) =supb,(h) — 0,
ueN h— o0

where
Cov(F(Xr), G(X;
Qu(h):sup{l OV(F (Xr), GX )|
| Flloo Lip(G)
We call (6(h)),cr+ the 8-lex-coefficients.

,Feg;:,Gegl,jeRm,FcV}l,|r|:u}.

REMARK 2.2. Our definition of §-lex-weak dependence differs from the 6-weak depen-
dence definition for random fields given in [32], Remark 2.1. In fact, instead of considering
the covariance of two arbitrary finite-dimensional samples Xr and Xy, for I', I c R™, we
control the covariance of a finite-dimensional sample X1 and an arbitrary one point sample
X ;. Second, assuming that all points in the sampling set I" are lexicographically smaller than
J, we provide order in the sampling scheme.

For m = 1, that is, in the process case, our definition of 6-lex-weak dependence coincides
with the definition of #-weak dependence given in [31].

DEFINITION 2.3 ([32], Definition 2.2 and Remark 2.1). Let X = (X;);cgm be an R"-
valued random field. Then X is called n-weakly dependent if

n(h) = sup nyv(h) — 0,
u,veN h—o0

where

| Cov(F (XT), G(Xp))|

G lloo Lip(F) + v|| F|loo Lip(G)

M () = sup{
u

FeG,GeG, I, TcR",|l|=u,|[|=v,dist(l',T) > h}.

We call (n(h)),cr+ the n-coefficients.
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Let (X;);erm be O-lex- or n-weakly dependent and & : R" — R be an arbitrary Lipschitz
function. Then the field (h(X;));crm is also 6-lex- or n-weakly dependent. The latter can be
readily checked based on Definitions 2.1 and 2.3. In the next proposition, we give conditions
for hereditary properties of functions that are only locally Lipschitz continuous. The proof of
the result below is analogous to [28], Proposition 3.2.

PROPOSITION 2.4. Let X = (X;);erm be an R"-valued stationary random field and as-
sume that there exists a constant C > 0 such that E[|| Xo||’]1 < C,for p > 1. Leth:R" — R*
be a function such that h(0) =0, h(x) = (h1(x), ..., hx(x)) and

[Ax) =R < ellx = YL+ el e,
for x,y eR", ¢ >0and 1 <a < p. Define Y = (Y;)ierm by Y: = h(X;). If X is O-lex or
n-weakly dependent, then Y is 0-lex or n-weakly dependent respectively with coefficients
Oy (h) < COx(N)»~1 or 1y (h) <Cnyx ()t
for all h > 0 and a constant C independent of h.
2.3. Mixing properties. Let M and V be two sub-c -algebras of F. We define the strong
mixing coefficient of Rosenblatt [59],

a(M, V) =sup{|P(M)P(V)— P(MNV)

,MeM,V eV}
A random field X = (X;);erm is said to be o, ,-mixing for u, v € NU {oo} if
oy, (h) = sup{ee(o(Xr), 0 (Xp)), [, T CR™, |T| <u, |T| < v,dist(T', T") > h}
converges to zero as h — oco. Moreover, for m = 1, the stochastic process X is said to be
o-mixing if
a(h) =a(o({Xs,s <0}),0({Xs,s > h}))

converges to zero as h — 0o. Clearly, we have that a (%) < aso 00 (h) for m = 1. For a compre-
hensive discussion on the coefficients «, , (#), o(h) and their relation to other strong mixing
coefficients, we refer to [21, 22, 29].

The following proposition establishes a relationship between the 6-lex-coefficients and the
mixing coefficients o (%) and oo, 1(h).

PROPOSITION 2.5. Let X = (X;);ezm be a stationary real-valued random field such that
E[| Xoll9] < oo for some g > 1. Then, for all h € R™ and m = 1, we have that

g-1

q

o(h) <277 (a(h)

Moreover, for all h e RT and m > 1,

1 Xollg-

2-1 g-1
O(h) <2 4 (2o,1(h) ¢ [ Xollg-

PROOFE. See Section 5.1. O

REMARK 2.6. If a stationary real-valued random field admits all finite moments, then
Proposition 2.5 ensures that 8(h) < Ca(h) for m =1 and 6(h) < Cax,1(h) for all m > 1,
where C > 0 is a constant independent of /.

PROPOSITION 2.7.  Let (§k)kez be a sequence of independent random variables such
that & ~ Ber(%) for all k € 7. Then the stationary process X; = Z?‘;O 2_J_1§t—j forteZ
is 0-lex-weakly dependent but neither a-mixing nor oo, 1-mixing.
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PROOF. See Section 5.1.

REMARK 2.8. Proposition 2.5 shows that every stationary o-mixing stochastic process
and every stationary oo, 1-mixing random field with finite gth moments are 6-lex-weakly
dependent. On the other hand, Proposition 2.7 shows that there exists a stationary 6-lex-
weakly dependent process with finite variance, that is neither ¢-mixing nor oo, 1-mixing.
Therefore, 6-lex-weak dependence is a more general notion of dependence than «- and oo, 1-
mixing.

We cite for completeness the results available in the literature regarding the relationship
between n-weak dependence and «-mixing. In [35], Proposition 1, the authors show that
n-weak dependence implies o-mixing for integer-valued processes. Moreover, Andrews [1]
gives an example of an n-weakly dependent process that is not «-mixing.

2.4. Central limit theorems for 0-lex-weakly dependent random fields. In the theory of
stochastic processes, one of the typical ways to prove central limit type results is to approxi-
mate the process of interest by a sequence of martingale differences. This approach was first
introduced by Gordin [40]. However, the latter does not apply to high-dimensional random
fields as successfully as to processes. This unpleasant circumstance has been known among
researchers for almost 40 years, as Bolthausen [18] noted that martingale approximation ap-
pears a difficult concept to generalize to dimensions greater or equal than two.

For stationary random fields X = (X;);eczn, Dedecker derived a central limit result in [29]
under the projective criterion

) > |XkE[XolFragl| € LY, for Frap = o (Xs:5 € Vo).

kv

This condition is weaker than a martingale-type assumption and provides optimal results for
mixing random fields. Early use of such a projective criterion can be found in the central limit
theorems for stationary processes derived in [33, 56].

We show in this section that (2) is also fulfilled by appropriate 6-lex-weakly dependent
random fields.

In the following, by stationarity we mean stationarity in the strict sense. Let I be a subset
of Z". We define d' ={i e ' :3j ¢ T :|li — jlloo = 1}. Let (Dy),en be a sequence of finite
subsets of Z™ such that

0D,]

1
n— 00 |Dn|

lim |D,| =00 and
n—oo

THEOREM 2.9. Let X = (X;);ezm be a stationary centered real-valued random field
such that E[|X;)*T%] < oo for some 8 > 0. Additionally, assume that 6(h) € O(h~%) with
a>m(l+ %). Define

o?= )" E[XoX:|Z].
kez™

where T is the o -algebra of shift invariant sets as defined in [29], Section 2, (see [47], Chap-
ter 1, for an introduction to ergodic theory). Then o* is finite, nonnegative and

! Zinneo,

1
|Dn|2 jeD, e

where € is a standard normally distributed random variable, which is independent of o'>.
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PROOF. See Section 5.1. [

The multivariate extension of Theorem 2.9, appearing below, is obtained by applying the
Cramér—Wold device and noting that linear functions are Lipschitz.

COROLLARY 2.10. Let X = (X;);ezm be a stationary ergodic centered R"-valued ran-
dom field such that E [1X: 127 < o0 for some & > 0. Additionally, let us assume that
0(h) € O(h=*) with o > m(1 + 3). Then

T =) E[XoX]
kezm
is finite, positive definite and
1

d
ol XD: X; —= N, %),
nl< jeD,

where N (0, X) denotes the multivariate normal distribution with mean 0 and covariance
matrix X.

REMARK 2.11.  Using Proposition 2.5, the condition 6 (h) € O(h~%) with & > m(1 + 3)
in Theorem 2.9 can be replaced by a1 (h) € O(h~F) or a(h) € O(h=P) with B > m(1 + 3).

For real valued stochastic processes, the latter condition represents the sharpest one avail-
able for «-mixing coefficients (see [21], Theorem 25.70).

REMARK 2.12. It is natural to ask for conditions ensuring a functional extension of
Theorem 2.9. As a matter of fact, results of this kind are strongly related to the following
LP-projective criterion:

3) > E[]XkE[XolfVO\u]\p] <oo, pell, o0l
keVy

where Fr =0 (Xg,k ell).

For m = 1, Dedecker and Rio show in [34], Theorem 1, that if (3) holds for p =1, then a
functional central limit theorem holds.

In the general case m > 1, Dedecker proved in [30], Theorem 1, a functional central limit
theorem if (3) holds for p > 1.

Since we can establish the connection between the LP?-projective criterion (3) and the
summability condition of the 6-lex-coefficients of X just for p = 1, there is no functional
extension of Theorem 2.9 readily obtainable, except for m =1 (see [28], Remark 4.2).

3. Mixed moving average fields. In this section, we first introduce MMAF driven by a
Lévy basis. Then we discuss weak dependence properties of such MMAF and derive suffi-
cient conditions such that the asymptotic results of Section 2.4 apply.

3.1. Preliminaries. Let S denote a nonempty Polish space, B(S) the Borel ¢-algebra on
S, m some probability measure on (S, B(S)) and B,(S x R™) the bounded Borel sets of
S x R™,

DEFINITION 3.1. Consider a family A = {A(B), B € Bp(S x R™)} of R9-valued ran-
dom variables. Then A is called an R¢-valued Lévy basis or infinitely divisible independently
scattered random measure on S x R™ if:
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(i) the distribution of A (B) is infinitely divisible (ID) for all B € B,(S x R™),
(ii) for arbitrary n € N and pairwise disjoint sets By, ..., B, € Bp(S x R™) the random
variables A(By1), ..., A(B,) are independent and
(iii) for any pairwise disjoint sets By, Ba, ... € Bp(S x R™) with U,y Bn € Bp(S x R™)
we have, almost surely, A(U,en Br) = 2_en A(By).

In the following, we will restrict ourselves to Lévy bases, which are homogeneous in space
and time and factorizable, that is, Lévy bases with characteristic function

4) oap) ) = E[ei(u,A(B))] = PIL(B)

for all u € R? and B € B,(S x R™), where I1 =7 x A is the product measure of the proba-
bility measure 7w on S and the Lebesgue measure A on R™. Furthermore,

1 .
D (u) =iy, u) — 5(14, Su) + /W(e““*‘> — 1 —i(u, x) 10,17 (JIx[l)) v(dx)

is the cumulant transform of an ID distribution with characteristic triplet (y, X, v), where
y €R?, % € My, q(R) is a symmetric positive-semidefinite matrix and v is a Lévy-measure
on R?, that is,

v({0})=0 and /Rd(l A x| v(dx) < oc.

The quadruplet (y, X, v, ) determines the distribution of the Lévy basis completely and,
therefore, it is called the characteristic quadruplet. Following [55], it can be shown that a
Lévy basis has a Lévy-Itd decomposition.

THEOREM 3.2. Let {A(B), B € By(S x R™)} be an R?-valued Lévy basis on S x R™
with characteristic quadruplet (v, =, v, ). Then there exists a modification A of A, which
is also a Lévy basis with characteristic quadruplet (y, X, v, ) such that there exists an
RY-valued Lévy basis AC on S x R™ with characteristic quadruplet (0, £,0, ) and an
independent Poisson random measure 1 on (R? x S x R™, B(R? x § x R™)) with intensity
measure v X T X A such that

A(B)=y(r x 1)(B) + A% (B)

s +f”xSI/BX(M(dx,dA,ds)—dsn(dA)v(dx))

+/ /xu(dx,dA,ds)
lxl>1/B

forall B € Bp(S x R™).
If the Lévy measure additionally fulfills fllxllsl lx|lv(dx) < oo, it holds that

A(B) = yy(m x A)(B)+1~\G(B)+A;d/8xu(dx,dA,ds)
forall B € Bp(S x R™) with
6 =y — dx).
©) Yoi=y /”xnfl’“’( x)

Note that the integral with respect to |4 exists w-wise as a Lebesgue integral.
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PROOF. Analogous to [12], Theorem 2.2. [

We refer the reader to [44], Section 2.1, for further details on the integration with respect to
Poisson random measures. From now on, we assume that any Lévy basis has a decomposition

(5).

Let us recall the following multivariate extension of [58], Theorem 2.7.

THEOREM 3.3. Let A = {A(B), B € By(S x R™)} be an R%-valued Lévy basis with
characteristic quadruplet (y, 2,v, ), f : S xR" — M, «4(R) be a B(S x R™)-measurable
function. Then f is A-integrable in the sense of [58], if and only if

/S/ﬂ‘w'f(A,S))/+/Rdf(A,s)x(1[0,11(||f(,4,s)x”)

2 —Zjo.1(Ilx11))v(dx)| dsm(dA) < oo,
®) /S./Rm [ f(A,)Zf(A,s) |dsn(dA) < oo and
) /s/ /Rd(l A F (A, 9)x|P)v(dx) dsm(dA) < oo.

If f is A-integrable, the distribution of the stochastic integral [g [pm f(A,s)A(dA,ds) is
ID with the characteristic triplet (Vint, Zint, Vint) given by

p= [ [ (r@s+ [ rasx@on(sass)
~ oIk ))v(dx) ) dsda),
Eim=/S/Rmf(A,s)Ef(A,s)’dsn(dA) and

Vint(B) :,/S/Rm ./Rd 1g(f (A, s)x)v(dx)dsm(dA)
for all Borel sets B C R"\{0}.

PROOF. Analogous to [12], Proposition 2.3. [J

Implicitly, we always assume that Xy or viy are different from zero throughout the paper
to rule out the deterministic case.

For m = 1, it is known that the Lévy—Itd decomposition simplifies if the underlying Lévy
process L; = A(S x (0, ¢]) is of finite variation (if and only if ¥ =0 and flxlsl [x|v(dx) <
o0). Extending this one-dimensional notion, we speak of the finite variation case whenever
¥ =0and f||x||§1||x||V(dx) < 0.

COROLLARY 3.4. Let A = {A(B), B € By(S x R™)} be an R -valued Lévy basis with
characteristic quadruplet (y,0, v, ) satisfying flleS] lx|lv(dx) < oo, and define vy as in
(6), such that for ® (u) in (4) we have ®(u) = i(yy, u) + Jpa (eX) — 1Yv(dx). Furthermore,
let f: S XR™ - My,«q(R) be a B(S x R™)-measurable function satisfying

(10) /S/Rm||f(A,s)yo||ds7r(dA)<oo and

(11) /S/m /Rd(l A f(A, $)x|)v(dx)dsm(dA) < oo.
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Then
/ / F(A,)AdA, ds)
S JRm

:/S/Rm f(A,s)yodsn(dA)-i-/Rd/;/Rm f(A,)xu(dx,dA,ds),

where the right-hand side denotes an w-wise Lebesgue integral. Additionally, the distribution
of the stochastic integral [ [pm f(A,s)A(dA, ds) is ID with characteristic function

E[efl:Js fam FASIAAAdS)] = gt imo) - fpa 0 =Dvim@) ) ¢ RE,

where

)/im,o:'/;/Rm f(A,s)ydsn(dA), and
vim(B):/s/Rm /Rd 15(f (A, s)x)v(dx)dsm(dA).

3.2. The MMAF framework.

DEFINITION 3.5. Let A = {A(B), B € B,(S x R™)} be an R%-valued Lévy basis and
let f:8 xR" - M,xq(R) be a B(S x R™)-measurable function satisfying the conditions
(7), (8) and (9). Then the stochastic integral

12) X, :=/SA;mf(A,t—s)A(dA,ds)

is stationary, well defined for all r € R™ and its distribution is ID. The random field X is
called an R"”-valued mixed moving average field (MMAF) and f its kernel function.

In the following result, we give conditions ensuring finite moments of an MMAF and
explicit formulas for the first- and second-order moments.

PROPOSITION 3.6. Let X be an R"-valued MMAF driven by an R?-valued Lévy basis
with characteristic quadruplet (y, X, v, ) and with A-integrable kernel function f : S x
R™ — My, xq(R).

G If f”x”>1 lx]"v(dx) < oo and f € L"(S x R",m ® 1) for r € [2,00), then
E[|X: "] < o0 forall t € R™.

(i) If fiypor1 IXI7V(dx) < 00 and f € L(S x R™,w @ 1) N L*(S x R™, 7w ® 1) for
r €(0,2), then E[|| X/||"] < oo forallt € R™.

Consider the finite variation case, that is, ¥ =0 and fllxl\sl lx|lv(dx) < oo, then the follow-
ing holds:

G If f”x”>1 |x"'v(dx) < oo and f € L"(S x R™",m ® A) for r € [1,00), then
ET[X:]|"] < oo.

(i) If fiypor1 IXI7V(dx) < 00 and f € L'(S x R™,w @ 1) N LY (S x R™, 7w @ 1) for
r € (0, 1), then E[||X,||"] < 0o.

PROOF. Analogous to [28], Proposition 2.6. [
PROPOSITION 3.7. Let X be an R"-valued MMAF driven by an R%-valued Lévy basis

with characteristic quadruplet (y, X, v, ) and with A-integrable kernel function f : S x
R™ — My, xq(R).
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() If fixp=11x[v(dx) <00 and f e L'(S x R™, 7w x 1) N L*(S x R™, 7 x X) the first
moment of X is given by

E[X)]= /S /R F(A —s)padsn(dA),

where up =y + fllxnzl xv(dx).
(i) 1f fix=1 1X170(dx) <00 and f € L*(S x R™, 7t x 1), then X; € L* and

Var(X,):fS/Rm (A, —$)ZAf(A, —s) dsn(dA) and

Cov(Xo, X;) :/S/]Rm fA, —=)ZAf(A,t —s) dsm(dA),

where LA = X + [pa xx'v(dx).
(iii)) Consider the finite variation case, that is, it holds that ¥ = 0 and f” X<l lx|lv(dx) <
0. Iffuxn>1 lx|lv(dx) < oo and f € LY S xR™, 7 x 1), the first moment of X is given by

e = [ [ ra=(w+ [ xv@n)dsaa.
where Yy as defined in (6).

PROOF. Immediate from [61] and Theorem 3.3, Section 25. [J

3.3. Weak dependence properties of (A, A)-influenced MMAF. Since there is no natural
order on R™ for m > 1, we cannot extend the definition of a natural filtration and, therefore,
causal processes in a natural way to random fields. In the following, we will propose such
an extension and prove 0-lex-weak dependence for MMAF falling within this framework.
Examples will be presented in Section 3.7.

DEFINITION 3.8. Let X = (X;);ecgm be a random field, A = (A;);crm C R™ a fam-
ily of Borel sets with Lebesgue measure strictly greater than zero and M = {M(B), B €
Bp(S x R™)} an independently scattered random measure. Assume that X; is measurable
with respect to o (M (B), B € Bp(S x A;)). We then call A the sphere of influence, M the
influencer, (c (M (B), B € Bp(S x A;)))sern the filtration of influence and X an (A, M)-
influenced random field. If A is translation invariant, that is, A; =t + Ag, the sphere of
influence is fully described by the set Ag and we call A the initial sphere of influence.

Note that for m = 1, the class of causal mixed moving average processes driven by a Lévy
basis A equals the class of (A, A)-influenced mixed moving average processes driven by A
with A, = V,.

Let A = (A;);erm be a translation invariant sphere of influence with initial sphere of in-
fluence Ag. In this section, we consider the filtration (F;);crm generated by A, that is, the
o -algebra generated by the set of random variables {A(B) : B € Bp(S x A;)} witht € R™.

Consider an MMAF X that is adapted to (F;);erm. Then X is (A, A)-influenced and can
be written as

(13) X’:/S/Rm f(A,t—s)A(dA,ds):/S/Atf(A,t—s)A(a’A,ds).

Note that the translation invariance of A is required to ensure stationarity of X.
In the following, we discuss under which assumptions an (A, A)-influenced MMAF is
0-lex-weakly dependent. We start with a preliminary definition.
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(a) Integration sets A]- and A; of (b) Aj and A; together with V;Z) (©) Integranon sets
X and X;. A]\Vj of X; and Xj.

FIG. 1. Integration set and truncated integration set of an (A, A)-influenced MMAF.

DEFINITION 3.9 ([19], Definition 2.4.1). K C R™ is called a closed convex proper cone
if it satisfies the following properties:

(i) K + K C K (ensures convexity)
(i) K C K for all @ > 0 (ensures that K is a cone)
(ii1) K is closed
(iv) K is pointed (i.e., if x € K and —x € K, then x = 0).

We then apply a truncation technique to show that X is 6-lex-weakly dependent. Define
X, Xr as in Definition 2.1 such that j € R” and I" C th (see Figure 1(a)). We truncate

X j such that the truncation X j and X1 become independent. From our construction, it will
become clear that it is enough to find a truncation such that X j and X; are independent for
the lexicographic greatest point i € th.

For a given point j, we determine the truncation of X ; by intersecting the integration set
with Vw for ¢ > 0 such that it does not intersect with A; (see Figure 1(b) and 1(c)). In the
followmg, we will describe the choice of 1. The figures illustrate the case m = 2.

Leti e th be the lexicographic greatest point in th, that is, k <jex i for all k € V}’. In
the following, dist(A, B) = inf,ca peplla — b| denotes the Euclidean distance of the sets
A and B. To ensure the existence of the above truncation, we assume that there exists an
a € R™\{0} such that

/

(14) sup ar <0
x€Ap,x#0 ”x”

Intuitively, (14) ensures that the initial sphere of influence Ag can be covered by a closed
convex proper cone. Moreover, w.l.o.g. by applying a rotation to Agp, we can always assume
to work with Ag C Vp. The following remark discusses such transformation.

REMARK 3.10. Let Ag be a subset of a half-space with Lebesgue measure strictly
greater than zero such that Ag EZ Vo. Define the translation invariant sphere of influence A =
(Af)ierm by A; = (Ao + t);ecrm and consider the (A, A)-influenced MMAF X = (X;);ecrm
of the form X; = [ fAOth f(A,t —s)A(dA,ds). Note that if Ayp had Lebesgue measure
zero, X would be O since the Lebesgue measure of Ag is zero. Define the hyperplane

= {x € R™ : o’x = 0}. Using the principal axis theorem, we find an orthogonal matrix
O such that the axis of the first coordinate is orthogonal to the rotated hyperplane O D. Since
O is orthogonal, it holds that | Det(D¢)(u)| = | Det(O)| = 1, where D¢ denotes the Jacobian
matrix of the function ¢ : u — Ou. Additionally, for the rotated initial set O Ay it holds that
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Vi = i Vi
(a) Choice of o and 3. (b) Choice of K. (c) Construction of ).

FI1G. 2. Construction of the truncated integration set for an (A, A)-influenced MMAF.

0 Ap\Vo C {0} x [O, 00)"~ 1 such that A({0} x [0, c0)™~ 1) =0. By substitution for multiple
variables, we obtain for f = Ot

Xo= [ [ =910 A@Ads)
:/S/mf(A, 0~1(01 — 05))Loag+0:(0s)A(dA, ds)
=// (A, 07— 5)AdA, dF)
SJOAp+t
:// f(A.07NT = §)A(dA, d5)
S JOAgNVy+t
:// FOA,T—HAWA, d§) = X
S JV;

with fO(A, 1 —5) = f(A, 07 (t = ) Liscoaps)-

Figure 2(a) shows the smallest closed convex proper cone covering A;, which is called K.
Note that all conditions can be formulated in terms of A since the sphere of influence A is
translation invariant.

In order to choose v, we first define

/

/
(15) b= sup and K={xe]Rm xr }
xeAg lleell x|l
llxl=1
Due to (14) (see Figure 2(a)), it holds —1 < b < 0. For x1, x2 € Ig, it holds
o (x1+x2)  a'x o'x2 o Il 4 llxell _
lxr+x2ll e +xall - e +x2ll = lxn +x2l

such that K is a closed convex proper cone. It can be interpreted as the smallest equiangular
closed convex proper cone that contains Ag. Then cos(8 + %) = b such that 8 = arcsin(—b) €

[0, ) (see Figure 2(b)) and dist(j, K) > sin(B)h = —bh (see Figure 2(c)). We choose i as
—bh
16 h)=——.
(16) Y (h) N
In particular, we have ¥ (h) = O(h).
Let!] e V}’ be an arbitrary point. From the given choice of i and i, it holds dist(/, j) >

dist(i,j),Aim(Aj\VJ?”):@, Ai=i+AoCi+Kand Aj =1+ Ao Cl+K.Since K is an

equiangular closed convex proper cone, we get A; N (A j\V;//) =0a.
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The conditions below, which are expressed in terms of the kernel function f and the
characteristic quadruplet of the driving Lévy basis, are sufficient to show that an (A, A)-
influenced MMAF is 0-lex-weakly dependent.

PROPOSITION 3.11. Let A be an R¢-valued Lévy basis with characteristic quadruplet
(v, Z,v,m)and f:S xR" > M,xq(R) a B(S x R™)-measurable function. Consider the
(A, A)-influenced MMAF,

X,:/S/Atf(A,t—s)A(dA,ds), teR

with translation invariant sphere of influence A such that (14) holds.

) If fiyo1 Ix1IPv(dx) < 00, ¥ + [i,»1 Xv(dx) =0 and f € L*(S x R™, & ® X), then
X is 0-lex-weakly dependent with 6-lex-coefficients satisfying

1

Gx(h)§2(fsz e tr(f(A,—s)EAf(A,—s)’)dsn(dA))2 =00 ().
0" Vo

(i) If fyoyo1 IxlIPv(dx) < 0o and f € LA(S x R", w @ A) N L' (S x R™, = ® 1), then X
is 0-lex-weakly dependent with 6-lex-coefficients satisfying

Qx(h)<2</f o tr(f (A, —5)Sa f(A, —s)) dsm(dA)

H/f RAGS S)ILAdSJT(dA)H ) 09 (.
AoﬂVO

(iii) If [pallx|lv(dx) <00, X =0and f € LY(S x R™, 7 @ 1) with y as in (6), then X is
0-lex-weakly dependent with 0-lex-coefficients satisfying

ox =2 [ [ I —sm]dsaa)
0V

+/S./A AVt ® Jra | f(A, —s)x||V(dx)dsn(dA)> — é}({iii)(h).
(U

(V) If [ p=1llxllv(dx) < 00 and f € L'(S x R™, m @ A) N L*(S x R™, 7t @ X), then X
is 0-lex-weakly dependent with 6-lex-coefficients satisfying

GX(h)SZ(/S/A m/Wl)tr(f(A,—S)ZA,f(A,—s)/)dsy'[(dA)
0t o

N
o[ gt v )
ot Vo

+2// f A, —s)x|v(dx)dsm(dA =0 (n).
Sy g 1A =95 Iv@x) ds @) =8 )

The results above hold for all h > 0 with { as defined in (16), Xy = X + [pa xx'v(dx),
Ea =2+ fix<1 xx'v(dx) and ppy =y — Sixjz1Xv(dx).

PROOF. See Section 5.2.

In the next proposition, we consider a vector of a shifted real-valued (A, A)-influenced
MMAF, and we show that it is 8-lex weakly dependent. This result is necessary to analyze, for
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example, the asymptotic behavior of the sample autocovariances. Define the set of possible
shifts

Sk ={(a,b) €{0,....k} x {—k, ..., k)" 1}, keNy

and consider the enumeration {s1, ..., 5|5} of Sx, where |Si| = (k +1)(2k + 1)"~!, Besides
the hereditary properties from Proposition 2.4 we show that the field

Zt = (Xl‘v Xt—l—sl, Xt-i—sza ey Xt+5\Sk|)

inherits weak dependence properties.

PROPOSITION 3.12.  Let A be an R%-valued Lévy basis with characteristic quadruplet
(y,Z,v,m)and f: 8 x R" > Mix4(R) be a A-integrable, B(S x R™)-measurable func-
tion. Consider the (A, A)-influenced MMAF

X, =/ / F(A, 1 —s)AdA,ds), 1eR"
S A[
with translation invariant sphere of influence A such that (14) holds. Then
Z, :=/ / g(A, r—s)A(dA,ds), teR",
SJA;

where g(A,s) = (f(A,s), f(A,s —s1),..., f(A,s —s15,)) is a B(S x R™)-measurable
Junction with values in M, 1y 4+1yn—1xq(R) for k € No, is an (A, A)-influenced MMAF.

If X additionally satisfies the conditions of Proposition 3.11(i), (ii), (iii) or (iv), then Z is
0-lex-weakly dependent with coefficients respectively given by

) 0y () < DY (h— v~ k), 65" (h) < DY (h— v~ (k)),
050 (hy < COY (h— =V (k)), and 65" (h) <CH (h — v~ (k)),
where D = |S;|"/?, C = |Si|" for ¥ (h) > k and é(')(h) are defined as in Proposition 3.11.
PROOF. See Section 5.2. O

3.4. Sample moments of (A, A)-influenced MMAF. Let us consider an R"-valued
(A, A)-influenced MMAF

(18) X = (Xu)uezm witth:/S/A F(A, u—s)AdA, ds),

translation invariant sphere of influence A, and initial sphere of influence Ag C Vp such that
(14) holds. We assume that we observe X on the finite sampling sets D,, C Z", such that

D
(19) lim |D,|=00 and lim Dul _ .
n— 00 n—o0 |9 D, |

We note that this includes in particular the equidistant sampling

(20) E,=(0,n]"NZ"™ suchthat |[E,|=n",neN.
The sample mean of the random field X is then defined as
1
21 Xu.
Da] 2

ueD,
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If /| y=1llx[lv(dx) < oo, we define the centered MMAF X, = X, — E[X,,] and the sample
autocovariance on E, at lag k € Ng x /i

1 -~
(22) —— > XuXur, keNgxzZ"!,

| }’l—k| uGEn_Iz

where k = |k|. Let us start by analyzing the asymptotic properties of the sample mean (21)
for a centered (A, A)-influenced MMAF.

THEOREM 3.13. Let X = (Xy)yezm be an (A, A)-influenced MMAF as defined in (18)
such that [ 111X 177°v(dx) < 00, ¥ + [ =1 ¥v(dx) =0 and f € L*(S x R", 7w ® 1) N

LS xR™, 7 Q1) for some § > 0. Assume that X has 0-lex-coefficients satisfying 0x (h) =
Oh™%), where o > m(1 + %). Then

=) E[XoX;]

kezZm
is finite, positive semidefinite and
1

> Xj%N(o, ).
| Dy | e

J€Dn

Nl

PROOF. By [54], Theorem 3.6, it follows that an MMAF is ergodic. Then the result
follows from Corollary 2.10. [

In the theorem above, the initial sphere of influence Ap must satisfy (14). Additionally,
we observe a trade-off between moment conditions on X and the decay rate of the 6-lex
coefficients. However, one can derive similar results for the sample mean of an MMAF by
relaxing condition (14) and exploiting the second-order moment structure of an MMAF. On
the other hand, the following technique does not carry over to higher-order moments.

THEOREM 3.14. Let X = (Xy)yezm be an (A, A)-influenced MMAF defined by
X, =// f(A,u—s)AA,ds),
SJAy,

with translation invariant sphere of influence A and initial sphere of influence Ag C Vo such
that y + f”x”>1 xv(dx) =0 and E[|| Xo||*] < 0o. Assume that X has 0-lex-coefficients satis-

fying 0x (h) = O(h™%), where a > m. Then
T =) E[XoX;]
kezm
is finite, positive definite and

1

3 X 4, No. D).

1 n—oo

|Dn|7 jeDy,
PROOF. See Section 5.3. [

To lighten notation, we assume in the following that X is real-valued and centered, that is,
E[Xo] = 0. In order to derive asymptotic properties for the distribution of (22), we need to
show weak dependence properties of the random field Y = (¥} x) jezn defined as

(23) Yix=X;X;k— Rk), keNyxZ" 1
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where

R(k)=C0V(X0,Xk)=E[X0X,/<]=/S/AmA F(A, —$)ZAf(A k—s) dsm(dA),
0NAg

keNoxZ" lwith ) =%+ Jra xx'v(dx) for an (A, A)-influenced MMAF X with char-
acteristic quadruplet (y, ¥, v, ). The last equality follows from Proposition 3.7.

PROPOSITION 3.15. Let X = (Xy,)uezm be a real-valued (A, A)-influenced MMAF as
defined in (18) such that E[Xo] = 0 and E[|| Xo||**%] < oo for some § > O with 6-lex-
coefficients Ox. Then Y = (Y i) jezm, k € Nog x zm=1 as defined in (23) is 0-lex-weakly
dependent with coefficients

By (h) < C(V20% (h — v~ (Ik[))) T,

where C is a constant independent of h, ¥ as defined in (16), and QA)(;)(-) is defined as in
Proposition 3.12.

Furthermore, in the finite variation case and for é)((iii)(-) defined as in Proposition 3.12, it
holds

3

by (h) < C(26Y" (h — v~ (Ik]))) ™.

PROOF. Consider the 2-dimensional process Z = (X, X j14) jezm with k € Ng x zm—1.
Proposition 3.12 implies that Z is 6-lex-weakly dependent and from the proof we obtain

07 (h) <N20 (h =y~ (k1) for v (k) > Ik|.

Consider the function 4 : R? — R such that h(x1, x2) = x1x2. The function / satisfies the
assumptions of Proposition 2.4 for p =2+, ¢ =1and a = 2. Considering h(Z) = X ; X j 11,
we obtain the 0-lex-coefficients of (¥; ) jezm,

Af; 5
by (h) <C(V20\ (h — =" (1KI))) ™ for ¥ (h) > |K].
The coefficients for the finite variation case can be obtained from Proposition 2.4 and (17).

O

The next corollary gives asymptotic properties of the sample autocovariances (22) for
(A, A)-influenced MMATF, that is, we can give a distributional limit theorem for the process
(Y k) jezm by determining the asymptotic distribution of

1
|E, il

: Z Yk, kGN()XZm_l,
JjeE

[N}

n—k

where k = |k|.

COROLLARY 3.16. Let X = (X,)y,ezm be a real-valued (A, A)-inﬂuenced MMAF as
defined in (18) such that E[X¢] = 0 and E[||X0||4+‘S] < o0 for some § > 0. Let QA)((’) be defined
as in Proposition 3.12. Ifé)((l)(h) =0Oh™) fora >m(l + %)(%), then

Yo.0 Yio0 XoXo X1 Xi
Y= Z Cov . = Z Cov : ; :

lezrm Yo.k Yk lezrm XoXk X1 X4k
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is finite, positive semidefinite and

where k = |k|.

PROOF. Analogous to Theorem 3.13, we obtain the stated convergence using Proposi-
tion 3.15. O

COROLLARY 3.17. Let X = (X)) ezm be a real-valued (A, A)-inﬂuen_ced MMAF as
defined in (18) and p > 1 such that E[|Xo|*’%] < oo for some § > 0. Let é)((’) be defined as

in Proposition 3.12. If 0\ (h) = O(h™*) for a > m(1 + g)@pp—;;ﬁ), then

=) Cov(X},X\)
kezm

is finite, positive semidefinite and

1 d
D (X — E[X§]) —— N(0, ).
|Enl? jeE, N=eo

REMARK 3.18. The theory developed in this section is an essential step in showing the
asymptotic normality of parametric estimators based on moment functions as the general-
ized method of moments (for a comprehensive introduction, see [41]). The weak dependence
properties and related central limit theorems analyzed in this section find application in the
study of the GMM estimators presented in [28], Section 6.1, where the authors analyze para-
metric estimators of the supOU process.

3.5. Weak dependence properties of noninfluenced MMAF. We now consider a general
MMAF X = (X;);ecrm as defined in (12), that is,

X,=// f(A,t —$s)A(dA,ds), teR™,
S JRm

and discuss under which assumptions a noninfluenced MMAF is n-weakly dependent. Note
that we do not demand any additional assumption on the structure of X as assumed in Sec-
tions 3.2 and 3.3.

PROPOSITION 3.19. Let A be an R¢-valued Lévy basis with characteristic quadruplet
(v, Z,v,m)and f:S xR" > M,xq(R) a B(S x R™)-measurable function. Consider the
MMAF X = (X,);cgm with

X, :/ / F(At —s)AA,ds), 1eR™.
s Jrm

@ I fyp=1 Ix[1?v(dx) < oo, y + Jixj=1Xv(dx) =0and f € L?(S x R™, 7w @ A), then
X is n-weakly dependent with n-coefficients satisfying

1
= ([ | ey S B0 ) dsm(@n)’ =i .
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(i) If fixpo1IX170(dx) <00 and f € L*(S x R™, w @ ) N L'(S x R™, 7w @ 1), then X
is n-weakly dependent with n-coefficients satisfying

i = ([ [y, 0B A ) dsm@a)

+

2\ 1 .
/L;,‘/((_& /l)ln)cf(A’ _S),bLA dST[(dA)” ) :ﬁ;l)(h)
2°2

(iil) If Jpallx|lv(dx) <00, X =0and f € LY(S xR™, 7 @A) with yo as in (6), then X is
n-weakly dependent with n-coefficients satisfying

= [ [ 1FA =l dst@a)
S J((—7,73)m™)¢

+/[ . | f(A, —s)x|v(dx)dsm(dA) = 757 (h).
§ J((=4.yme Jrd

(V) If [iyo1lxllv(dx) <00 and f e LY(S x R™, 7 @ A) N L*(S x R™, 7 ® A), then X
is n-weakly dependent with n-coefficients satisfying

i) = (L[ g 00050 (A=) sl )

N
+Hf/ F(A, —s)y dsm(dA) )2
SJ((=4 Bymye

+/ / hoh _/ ”f(A, —5)x ||V(dX)ds7'[(dA) = ﬁg?})(h).
§ (=7, Jlxl>1

The results above hold for all h > 0, where XA = X + [paxx'v(dx), Zp, = X +
Jixi<12xv(dx) and py =y = [ xv(dx).

PROOF. See Section 5.4. [J
Analogous to Proposition 3.12 we obtain the following result.

PROPOSITION 3.20. Let A be an R¢-valued Lévy basis with characteristic quadruplet
(y,Z,v,m)and f:S xXR"™ > Mixq(R) be a A-integrable, B(S x R™)-measurable func-
tion. Consider the real-valued MMAF

X,:// F(A,t —s)AdA,ds), 1eR™
S JR™
Then
z,;:// g(A,1 — 5)A(dA,ds), 1eR™,
S JR™

is an MMAF, where g(A,s) = (f(A,s), f(A,s —s1),..., f(A,s —s15,)) is a B(S x R™)-
measurable function with values in M .y 1yx+1y»—1xqa(R) for k € No.

If X additionally satisfies the conditions of Proposition 3.19(i), (ii), (iii) or (iv), then Z is
n-weakly dependent with coefficients respectively given by

ny () < DY (h—20), 03" () < DiY’ (h —26),
ng () <CAY"(h—2k) and ng"(h) <CAY" (h —2k).
where D = |S;|"/?, C = |Si|" for h > 2k, and 7 (h) are defined as in Proposition 3.19.

PROOF. Analogous to Proposition 3.12. [
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3.6. Sample moments of noninfluenced MMAF. Let us consider an R"-valued MMAF

24) X = (X,)uezn with X, =//R (A, u—s)A(A,ds).
S m

As in Section 3.2, we assume that we observe X on a sequence of finite sampling sets D,, C
Z™, such that (19) holds.

THEOREM 3.21. Let (X,)yezm be an MMAF as defined in (24) such that E[X¢] =0
and E[|| Xo|**®] < oo for some § > 0. Assume that X has n-coefficients satisfying nx (h) =
O(h~P), where B > m max(2, (1 + %)). Then

L= )Y Cov(Xo,Xu)= > E[XoX]]
ueZmn ueZm
is finite, positive semidefinite and

1 d
- X —=> N, ).

|Dnl? ueb,

(25)

PROOF. X is A-weakly dependent; see [37], Definition 1. Then [37], Theorem 2, implies
the summability of o2 and the result stated in (25). The multivariate extension follows by
using the Cramér—Wold device. [J

REMARK 3.22. Theorem 3.21 can be formulated as a functional central limit theorem,
following [37], Theorem 3. For ¢ € [0, 1]™, where [0, 1] denotes the m-fold Cartesian prod-
uct of [0, 1], we set S, (£) =>_ jetEy, X ; with Ej, as defined in (20) and the additional assump-
tion that S, (¢) = 0O if one coordinate of ¢ equals zero. The product ¢ E, has to be understood
coordinatewise. Then, under the assumptions of Theorem 3.21, it holds that

1 D([0,11)
(26) —Sn(t) ————> o W (1),
n7 n—o0
where W = {W (z),t € [0, 1]} denotes a Brownian sheet, that is, a centered Gaussian process
such that Cov(W (t1, ..., tm), W(st,...,sm)) =[1/L ti Asi forall t1, ... 6, 81,...,5m €
D([0,1]™)

[0, 1], and — denotes the convergence in the Skorokhod space (see, e.g., [17], Sec-
tion 3, for a definition of the Skorokhod topology on [0, 1]7).

Analogous to Proposition 3.15, we show the following result.

PROPOSITION 3.23. Let (X,)yezm be a real-valued MMAF as defined in (24) such that
E[Xo] =0 and E[|| Xo|**®] < oo for some 8 > 0. Then Y = (Yj k) jezm, k € Ng x z" 1 as
defined in (23) is n-weakly dependent with coefficients

b

ny (h) < C(V27Y (h —21k))) ™,

where C is a constant independent of h and ﬁg)(-) is defined as in Proposition 3.20.
Furthermore, in the finite variation case and for ﬁgé”)(-) defined as in Proposition 3.20, it
holds

ny (h) < C(235 (h — 21k[)) T55.

In the following, we give asymptotic properties of the sample autocovariances (22).
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COROLLARY 3.24. Let (X,)yezn be a real-valued MMAF as defined in (24) such that
f”x”>1 ||x||4+5v(a’x) <00, ¥y —I—f”x”>1 xv(dx)=0and f: S x R™ > M1«4(R) satisfies | €
LA(S x R™, w @ 1) N L**3(S x R™, 7w @ 1) for some § > 0. If iy (h) = O(h~F), with 5
defined as in Proposition 3.20, and B > m max(2, (1 + %))(3“), then

246
Y0,0 Y0 XoXo XX
S = Z Cov N = Z Cov : , :
lezrm Yo.k Yk lezrm XoXk X X4k

is finite, positive semidefinite and

where k = |k|.

PROOF. Analogous to Theorem 3.21, we obtain the stated convergence using Proposi-
tion 3.23. [

REMARK 3.25. Note that for m = 1 Theorem 3.21 improves the only existing central
limit theorem for MMA processes based on n-weak dependence (see [28], Theorem 4.1) by
reducing the necessary decay of the n-coefficients from g > 4 + % to B > max(2, (1 + %)).

REMARK 3.26. Let X be an (A, A)-influenced MMAF satisfying the conditions of
Proposition 3.11(i). Then X is 6-lex- and n-weakly dependent with the same weak depen-
dence coefficients and both the asymptotic results in Sections 3.4 and 3.6 can be applied.

Note that the asymptotic results in Section 3.4 hold under weaker decay demands for the
weak dependence coefficients compared to the results in Section 3.6.

3.7. Example of (A, A)-influenced MMAF: MSTOU processes. We apply the devel-
oped asymptotic theory to mixed spatio-temporal Ornstein—Uhlenbeck (MSTOU) processes.
MSTOU processes were introduced in [52] and extend the spatio-temporal Ornstein—
Uhlenbeck (STOU) processes (see [10, 51]) by additionally mixing the mean reversion pa-
rameter. This extension allows versatile modeling of short-range as well as long-range de-
pendence structures in space-time.

In the following, we will treat the temporal and spatial domains separately. MSTOU pro-
cesses are an example of (A, A)-influenced MMAF where the sphere of influence is a family
of ambit sets, that is, A;(x) C R x R™ such that

A;(x) = Ag(0) + (t,x), (Translation invariant)
(27) As(x) C As(x),
A;(x)N((r,00)) x R" =@. (Nonanticipative).

PROPOSITION 3.27. Let A be a real-valued Lévy basis on (0, 00) x R x R™ with char-
acteristic quadruplet (y, X, v, w) such that f|x|>] x2v(dx) < 00 or Jr Ix|v(dx) <00, £ =0
and yo as defined in (6). Moreover, let f (L) be the density function of & (i.e., the mean re-
version parameter A) with respect to the Lebesgue measure and A = (A;(X)),x)eRxRrm be a
family of ambit sets. If

/0 /A,(x) exp(—A(t —s))dsd&f(A)dxr < oo,
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then the (A, A)-influenced MMAF
o0
Y (x) =/ / exp(—A(t —))A(dA,ds,d§), (t,x) eRxR"
0 JAMx)

is well defined and we call Y;(x) a mixed spatio-temporal Ornstein—-Uhlenbeck (MSTOU)
process.

PROOF. Follows immediately from [52], Corollary 1 and by applying Corollary 3.4. [

To calculate the assumptions under which the asymptotic results of Section 3.3 hold, it
becomes necessary to specify a family of ambit sets. In the following, we will consider c-class
MSTOU processes, a subclass of the g-class MSTOU processes as given in [52], Definition 9.

DEFINITION 3.28. Let Y;(x) be an MSTOU process as in Proposition 3.27. If, for a
constant ¢ > 0,

A(x)={(s,8) s <t,|lx —&| <clt —sl},
then Y;(x) is called a c-class MSTOU process. A c-class MSTOU process is well defined if

oo ]
(28) ./0 Wf()») dr < 00.

The next theorem expresses the 6-lex coefficients of c-class MSTOU processes in terms of
the characteristic quadruplet of the driving Lévy basis. We note that Ag(0) is a closed-convex
proper cone with Lebesgue measure strictly greater than zero satisfying (14). From (16), it

follows that v (h) = \/12_1 Jn%
co+

THEOREM 3.29. Let (Y;(x))(,x)eRxrm be a c-class MSTOU process and (y, %, v, )
the characteristic quadruplet of its driving Lévy basis. Moreover, let f (M) be the density of
with respect to the Lebesgue measure.

1) Iff|x|>] x2v(dx) < 0o and Yy + f|x|>1 xv(dx) =0, then Y;(x) is 0-lex-weakly depen-
dent. Let ¢ € (0, 1], then for

m=1, 6Oyh) < <2CZA /OO W\#e—%‘“h)ﬂ/\)d}»)i,
0
and for

m'Zk =0 kv(Z)Lw(h)) 72)4[/(}1) )%
Dy Fdr) .

m=2, Oy(h) < 2(Vm<c)2A
0

Let ¢ > 1, then for

oo A XM 4 g 2
m=1, 9y(r>sz(c2A / G+, W")dsfmdx),
0 222
and for
ml Y & QAL -2 :
>2, Oy(h) <2(Vu(©)T Ndr) .
mz2 oy <2(V@Za [ T soar)’
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(i) If Jg Ix|v(dx) < 00, £ =0 and yo as defined in (6), then Y;(x) is 0-lex-weakly de-
pendent. Let c € (0, 1], then for

oo m! Yp g (M (h)*

meN, Oy(h) < 2Vm(c)yan ( /0 VW £ () dx>,

amtl
whereas for ¢ > 1 and
0 m! 3" (Mﬁ(h) )k
meN, Oy(h) =< 2Vm(c))/abs< 0 £ )?rrf—:—l >

1y .\m
The results above hold for all h > 0, where yas = | 0| + [g 1X|v(dx), Viu(c) = %
2

denotes the volume of the m-dimensional ball with radius c, ¥ (h) = JIZ—HJ% and X p =
¢ m
T + [rx?v(dx).

PROOF.

(i) Let us consider the case m = 1. From Proposition 3.11, we deduce
1

(29) 9y(h)§2()3A /0 /A (Omvw(mexp(2sk)dsd§f(k)dk>2.
0 0

As a first step, one has to evaluate the truncated integration set Ap(0) N VOWh). Depending

on the width of Ag(0), we distinguish the two cases illustrated in the following figures. Fig-

ure 3(a) and 3(b) consider the case ¢ € (0, 1] and Figure 3(c) and 3(d) cover the case ¢ > 1.
Let ¢ € (0, 1], then (29) is equal to

2<2A /OOO /_:f(h) /5”5” dgemdsf(/\)d)\f

0o p=y(h) 3
=2<2A/0/_ (—2cs)e2“dsf(x)dx>2

0 2 (h) +1 2

_ (2czA / @O D 2 5y, d,\) "
0 e

The integral fH £ <cs 45 18 the volume of an m-dimensional ball of radius cs, which form =1

is equal to —2c¢s. For ¢ > 1, we can bound (29) by

AW

(EA/ /__( 2cs)ezS)‘dsf()»)d)»>

oo 2 4
zz(czA/O % “””’)dsf(/\)dx>.

In a similar way, one can derive the 6-lex coefficients for m > 2.
(i) Analogous to (i). [

We now give explicit computations of the 0-lex-coefficients of a c-class MSTOU process
in the case in which the mean reverting parameter A is gamma distributed. For a Gamma(w, )
distributed mean reversion parameter A, that is, f(A) = %A“‘le_“ 110,00) (1), the c-class
MSTOU process is well defined if « > m + 1 and 8 > 0 due to condition (28).
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Truncated integration sets for a c-class MSTOU process.

THEOREM 3.30. Let (Y;(X))(,x)eRxRm be a c-class MSTOU process and (y, 2, v, 1)
the characteristic quadruplet of its driving Lévy basis. Moreover, let the mean reversion pa-

rameter A be Gammal(c, 8) distributed with o > m + 1 and 8 > 0.

(1) Iff|x|>1 x2v(dx) < oo and y + f|x|>1 xv(dx) =0, then Y;(x) is 0-lex-weakly depen-

dent. Let ¢ € [0, 1],

m=1,

and for

m=>2, 6Oy(h)< 2<Vm(c)

Let ¢ > 1, then for

meN,

The above implies that, in general, Oy (h) = O(

then for

cXpaB”

[N —2)

2y (W)M(a—1)

by () §2<

20 (a)

Qy (h) + p)*—2

@y (h) + ="

Oy (h) < 2<Vm (c)

m!TpB* 3 QY )T (@ —m — 1 +k)
om+1 = k!(2lﬂ(h) + ﬁ)a—m—l-ﬁ-kl—*(a)

mTpp* I (LA (@ —m — 1+ k)
2m+1 kz:

=0k!(2‘//c(h) + ﬁ)cx—m—l-i—kl"(a)

)’
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(i) If Jg Ix|v(dx) < 00, £ =0 and yo as defined in (6), then Y;(x) is 0-lex-weakly de-
pendent. Let c € (0, 1], then for

“ W (h)k T(a—m—1+k)
N, 6y(h) <2V, !B% Vabs ;
whereas for ¢ > 1 and
L (LR T(a—m—1+k)

meN,  Oy(h) <2V (c)d!B Vavs Y

i k(R gye—m—1+k () ’

where Yabs = |Y0| + Jg |x|v(dx), and Vi, (c) denotes the volume of the m-dimensional ball
with radius c. The above implies that, in general, Oy (h) = O(h"TDH~),

This implies the following sufficient conditions for the asymptotic normality of the sample
mean and the sample autocovariance function.

COROLLARY 3.31. Let (Y;(x)) ¢ x)erxRrm be a c-class MSTOU process and (y, £, v, )
the characteristic quadruplet of its driving Lévy basis. Moreover, let the mean reversion pa-
rameter A be Gamma(a, B) distributed with o > m + 1 and B > 0.

o Ify + f‘x|>1 xv(dx) =0, f|x|>1 x> v(dx) < oo for some § > 0 and a > (m + 1)
B+ %), then the sample mean of Y;(x) as defined in (21) is asymptotically normal.

a) Ify + f‘x|>1xv(dx) =0, flxl>1 |x|4+3v(dx) < o0 for some § > 0 and o > (m + 1)

346
(i

515) B+ %), then the sample autocovariances as defined in (22) are asymptotically normal.

COROLLARY 3.32. Let (Y;(x))(,x)eRxrm be a c-class MSTOU process and (y, X, v, )
the characteristic quadruplet of its driving Lévy basis. Moreover, let the mean reversion pa-
rameter A be Gammal(a, B) distributed such that « > m + 1 and 8 > 0.

@) If [g lx|v(dx) <00, X2 =0,and o > (m+1)(2 + %), then the sample mean of Y;(x)
as defined in (21) is asymptotically normal.
(i) If Jg |x|v(dx) < 00, £ =0, [, 1o [x[*Fv(dx) < oo for some § > 0 and o > (m + 1)

346
(i

)2+ %), then the sample autocovariances as defined in (22) are asymptotically normal.

REMARK 3.33. Since the c-class MSTOU processes satisfy the assumptions of Theo-
rem 3.14, we can derive asymptotic normality of its sample mean under the weaker assump-
tions E[Y;(x)?] < oo and & > 3(m + 1).

We conclude with some remarks regarding the short and long range dependence of an
MSTOU process.

DEFINITION 3.34. A stationary random field ¥ = (¥;(x)) ¢ x)erx®rm is said to have tem-
poral short-range dependence if

/OOO Cov(Y;(x), Yryr(x))dt < 00,

and temporal long-range dependence if the integral is infinite.

If Cov(Y:(x), Y (x + my)) = C(Jmy|) for all m, € R™ and a positive definite function C,
the random field Y is called isotropic. Now, an isotropic random field is said to have spatial
short-range dependence if

/OOC(r)dr<oo.
0
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We have that an MSTOU process is a stationary and isotropic random field; see [52],
Theorem 5. By assuming a Gamma(c, 8)-distributed mean reversion parameter A, we have
the following results, as shown in [28], Section 6 and [52], Section 3.3:

(i) For m =0, we have that Y is a supOU process which is well defined for & > 1 and
B > 0. Thus, we obtain a long-memory process for 1 < « <2 and a short memory one for
a>2.

(i) Form =1, Y is well defined if @ > 2 and 8 > 0. Y exhibits temporal as well as spatial
long-range dependence for 2 < o < 3. If & > 3, we observe temporal and spatial short-range
dependence.

(iii)) Form =3, 7Y is well defined if « > 4 and 8 > 0. Y exhibits temporal as well as spatial
long-range dependence for 4 <o < 5. If @ > 5, we observe temporal and spatial short-range
dependence.

It is then easy to see that the assumptions in the Corollaries 3.31 and 3.32 imply that we
are in the realm of short-range dependence.

REMARK 3.35 (GMM estimator). For m = 0, a consistent GMM estimator for the
supOU process is defined in [62]. In [28], the authors show asymptotic normality of the
estimator and that if the underlying Lévy process is of finite variation and all moments exist,
then the GMM estimator is asymptotic normally distributed for o > 2.

For m > 1, a consistent GMM estimator for a c-class MSTOU process is introduced in
[52]. The results in Corollaries 3.31 and 3.32 should pave the way for an analysis of the
asymptotic normality of the GMM estimator defined in [52] using arguments similar to [28].
For example, when m = 1, in the finite variation case and when all moments exist, we can
apply our results to short-range dependent MSTOU processes with o > 4.

3.8. Example of noninfluenced MMAF: Lévy-driven CARMA fields. 'We conclude the sec-
tion by showing that our developed asymptotic theory can be applied to the class of Lévy-
driven CARMA fields defined on R™.

CARMA (continuous autoregressive moving average) fields are an extension of the well-
known CARMA processes (see, e.g., [23] for a comprehensive introduction) and have been
introduced in [16, 24, 46, 57].

In [24], the authors define CARMA fields as isotropic random fields

(30) Y(t):f]R g(t —s)dL(s), teR",

where g is a radially symmetric kernel and L a real-valued Lévy basis on R”. When the
Lévy basis L has a finite second-order structure, the CARMA fields generate a rich family of
isotropic covariance functions on R"”, which are not necessarily nonnegative or monotone.

On the other hand, in [57], the author defines CARMA(p,q) fields based on a system of
stochastic partial differential equations. For 0 < g < p, the mild solution of the system is
called a causal CARMA field and is given by

151 tm
(31) Y(t):bT/ / eA=s) L oAnn=sm) e d L (s), (11,...,1n) € R™,
— 00 —00

where Aj,..., A, are companion matrices, L is a real-valued Lévy basis on R", b =
(bo,...,b,,,l)T € R? with b; #0 and b; =0 fori > g and ¢ = (0, ..., 0, DT e R?; see
[57], Definition 3.3.

In [16], the author shows the existence of a mild solution for the CARMA stochastic partial
differential equation; cf. [16], equation (1.7), in [16], Theorem 5.3. The causal CARMA fields
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presented in [57] can be seen as a special case of the CARMA random fields defined in [16].
A more subtle relationship exists between the definition of CARMA field in [16] and [24]
just when m is odd; see [16], Section 7.

In general, our framework can be applied to the class of CARMA fields introduced in [16]
and [24] when the assumption of the theorem below holds.

THEOREM 3.36. Let L be an R%-valued Lévy basis with characteristic quadruplet
(v, Z,v, ) such that f”x”>1||x||2v(a’x) < o0 and y + fo”>1xv(dx) =0. Let g: R" —
My, q(R) such that g is exponentially bounded in norm, that is, there exists M, K € R™ such
that

(32) le@]* < Me™ XK1 forallt e R™.

Then the moving average field X; = [gm g(t — s)L(ds), t € R™ is an n-weakly dependent
field with exponentially decaying n-coefficients.

Due to the equivalence of norms, the result does not depend on a specific choice of norms.
PROOF. See Section 5. [

REMARK 3.37. Since the kernels in (30) and (31) satisfy equation (32), for example, we
can show that these fields are n-weakly dependent by applying Theorem 3.36.

4. Ambit fields. In the following, we will briefly introduce stationary ambit fields. We
discuss weak dependence properties of such fields and give sufficient conditions for the ap-
plicability of the results in Section 2.4.

4.1. The ambit framework. Let A;(x) C R x R™ for (¢, x) € R x R™ be an ambit set as
defined in (27). By P’ we denote the usual predictable o -algebra on R, that is, the o -algebra
generated by all left-continuous adapted processes. Then arandom field X : Q x Rx R — R
is called predictable if it is measurable with respect to the o-algebra P defined by P =
P’ Q@ B(R™).

DEFINITION 4.1. Let A be a real-valued Lévy basis on R x R™ with characteristic
quadruplet (y, X, v, ), o a predictable stationary random field on R x R™ independent
of A. Furthermore, let / : R x R™ — R be a measurable function and A,;(x) an ambit set. We
assume that f(s,&) = 14,0)(s,8)I(s,§)os(§) satisfies (7), (8) and (9) almost surely. Then
the random field

(33) V= [ 15— 80 AEs ), (xR xR,
Ar(x)
is called an ambit field and it is stationary (see page 185 [6]).

REMARK 4.2. Ambit fields require us to define integrals with respect to Lévy bases
where the integrand is stochastic. Although the integration theory from Rajput and Rosinski
just enables us to define stochastic integrals with respect to deterministic integrands [58], one
can extend this theory to stochastic integrands, which are predictable and independent of the
Lévy basis. We can condition on the o -algebra generated by the field o and use again the in-
tegration theory introduced in [58]. Then such integrals are well defined if the kernel function
satisfies the sufficient conditions (7), (8) and (9) almost surely. Allowing for dependence be-
tween the volatility field and the Lévy basis demands the use of a different integration theory
as presented in [2], Section 1.2.1, [6], Proposition 39, [13], Theorem 3.2, and [27].
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We conclude this section by giving explicit formulas for the first and second moment of
an ambit field.

PROPOSITION 4.3. Let Y be an ambit field as defined in (33) driven by a real-valued
Lévy basis with corresponding characteristic quadruplet (y, ¥, v, ) and A-integrable ker-
nel function f(s,§) =14,(x)(s,8)l(s,§)os(§), where o is predictable, stationary and inde-
pendent of A.

1) If E[Y:(x)]|] < 00, the first moment of Y is given by

E[Y, 0] =uaElo)] [ 16— s.x = §)ds ds.

A (x)

where up =y + f|x|zlxv(dx)-
(i) If E[Y;(x)?] < oo, it holds

Var(Y;(x))

— EAE[ot(x)z]/; ( )l(t —s,x — &) dsdg

+u2A/ / It —s,x—E)(t—5,x—E)p(s,5,€,E)dedsdE S and
Ar(x) JA;(x)
Cov(Y;(x), Yz(%))

= ZAE[G,(x)Z]/A A I(t—s,x =& —s,X—E)dEds

2 e ez o o
+MA/At(x)/At~(g)l(t s, x —EN( —5,x—&)p(s,5,&,&8)dEds dE ds,

where $5 = % + Jp x*v(dx) and p(s, 5, §,§) = Eloy(§)03(5)] — Eloy(§)]1E[o3(§)].
PROOF. Immediate from [6], Proposition 41. [

4.2. Weak dependence properties of ambit fields. Let us consider a stationary ambit field
Y = (Y;(x))(t,x)erRxrm as defined in (33). To analyze the covariance structure of Y, it be-
comes necessary to specify a model for o. In [3], the authors proposed to model o by kernel-
smoothing of a homogeneous Lévy basis, that is, a moving average random field

(34) o= [0 —sx oA de).

where A7 is a real valued Lévy basis independent of A with characteristic quadruplet
(Mo Loy Vo, T ), A7 = (A7 (X)) (t,x)eRxRm an ambit set as defined in (27) and j a real val-
ued A¢-integrable function. In the following, we extend this model and assume ¢ to be an
(A%, A%)-influenced MMAPF, that is,

(35) o,(x):/s/.ﬂ( )j(A,t—s,x—g)A“(dA,ds,dg).

PROPOSITION 4.4.  Let Y = (Y;(x))(1,x)cRxRm be an ambit field as defined in (33) with
0 = (01 (X)) (t,x)eRxRm being a predictable (A°, A°)-influenced MMAF as defined in (35)
and such that Ao(0) and AG(0) satisfy (14), j € LIS xRxR", 7 @A) NLAES xR x
R™, w @ L), where X indicates the Lebesgue measure on R™*! and f‘x|>1 |x |2vo (dx) < o0.
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(i) Ifl € LR xR™), [i-1 [x|*v(dx) < oo and y + |
weakly dependent with 0-lex-coefficients 0y (h) satisfying

1 xv(dx)=0,thenY is 0-lex-

x|>

1
Oy (h) SZ(ZAE[JO(O)Z]/A 1S —s)zdgds>2

00N 0,0)

- 2<<EAG /S/rr(o)m,w(h) J(A, —s,—§)*d& dsm(dA)
0

0.0)
5 2
+ 0// (A, —s, — ddsndA))
758 (S S(OWV(“&%'?]( §)d& dsm(dA)
L\
X A Wh)l(—s, —£) déds) .
AO(O)\V(O’())

(i) Ifl e LY(R x R™)N L3(R x R™) and f|x|>1 |x|2v(dx) < 00, then Y is 0-lex-weakly
dependent with 0-lex-coefficients Oy (h) satisfying

Oy (h) < 2<(EAE[00(0)2] /A I(—s, —£)*dE ds

h
NORIZES

2y 3
I(—s,—&)d ds) )
- ( £)dé
+2<<2Aa/f W)j(A,—s,—é)zdgdsn(dA)
s JAG NV o)

) 2

—i—MAa(/ /U M)j(A,—s,—E)dédsdn(dA)) )
S JAGONV (g0,

x| 2 / I(—s, — 2dE ds
( w52

V0.0

2 1
+MA</ W)l(—s,—é)déds) ))2
A()(O)\V((),())

(iii) Ifl € L"(R x R™), Jr Ix|v(dx) < 00 and £ =0, then Y is -lex-weakly dependent
with 0-lex-coefficients Oy (h) satisfying

v <25, (Il + [ lsiva@o)(f - s ) deas )
0

(0,0)

+2(EA”ff v J (AL =5, —E)2dE dsm(dA)
s Jazonv,

0,0

+ Uao (/S / — J(A, —s,—&)dé dsﬂ(dA)>2>

(0,0)

x (1wl + [ etvean ) ( /. o 5Ol as)

The above results hold for all h > 0, where ¥ (h) = 2\7% and b are defined as in (15),

UA =Y +f‘x|zlxv(dx), T =32+ [gx?v(dx), pac =V + f|x|21x"a(dx) and T pe =
po —i—fozvg (dx).

+ 1 E[00(0)?] ( /
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PROOF. See Section 5.6. [
We now analyze the case in which o is a p-dependent random field for p € N.

PROPOSITION 4.5. Let Y = (Y;(Xx))(r,x)eRxRm be an ambit field as defined in (33)
with a predictable p-dependent stationary random field o:(x) for p € N. Assume that
Ao(0) satisfies (14). Additionally assume that | € L*(R™ x R), [,\. [x[*v(dx) < 00 and
y+ fl x|>1Xv(dx) = 0. Then, for sufficiently big h, Y is 0-lex-weakly dependent with coeffi-
cients

by (h) < 2(2AE[00<0>2] / I(—s, —&)2de ds)z,

h
o(0)N V(T(/; ((]))

with yr (h) = J& and b as defined in (15), Tp = X —i—fo v(dx).

PROOF. See Section 5.6. U

4.2.1. Volatility fields. Let o be a (A%, A%)-influenced MMAF as defined in (34), j a
nonnegative kernel function and the following assumptions hold:

The Lévy basis A? has generating quadruple (¥, 0, vy, 7o) such that
(H): / |x|ve (dx) < 00, Yo —/ XVs(dx) >0 and v,(R7)=0.
R

lx|<1
Then o has values in R™, and we call it volatility or intermittency field. Note that Assumption
(H) implies that A satisfies the finite variation case and that this model is used in several
applications of the ambit fields; see [6].
By assuming additionally that j € L'(S x R x R”, 7 @ ) N L*(S x R™ x R, 7 ® 1) and
fl x|>1 |x|2vg (dx) < 00, the results in Proposition 4.4(i) and (ii) hold. On the other hand, the
bound in Proposition 4.4(iii) can be tightened.

COROLLARY 4.6. Let Y = (Y;(x))¢,x)crRxrRm be an ambit field as defined in (33) with
predictable volatility field o,(x) being an (A°, A%)-influenced MMAF such that Ag(0) and
AG(0) satisfy (14), j € L'(S x R x R™, 7w ® 1), € L' (R x R™) and Assumption (H) holds.
Let yp with respect to A and yo s with respect to A° be defined as in (6). Then Y is 0-lex-
weakly dependent with coefficients

by (h) 52(|yo,a| +[ |x|va(dx>>(|yo| +[ |x|v<dx>)

X (/S /AO(O)U(A, —s, —&)|d& dsn(dA)) (‘/:40 ony w(h)|l(—s, —&)|dg ds)

0,0)

+2(|yo,a|+fR|x|va(dx>)(|yo|+fR|x|v<dx))

(T

0,0)

(/ /Ao(omv‘/’“” =, 5| ds dsn(dA))’

(0,0)

forall h > 0, with Y (h) = \7& and b as defined in (15).

PROOF. Analogous to Proposition 4.4. [J
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4.3. Sample moments of ambit fields. In this section, we study the asymptotic distribution
of sample moments of Y. As in Section 3.2, we assume that we observe Y on a sequence of
finite sampling sets D,, C Z x Z™, such that (19) holds.

THEOREM 4.7. Let Y = (Y;(x))¢.x)ezxzm be an ambit field as defined in (33) such
that E[Y;(x)] =0, E[Y;(x)|*1%] < oo for some § > 0. Additionally, assume that Y is 0-lex-
weakly dependent with 0-lex-coefficients satisfying 0y (h) = O(h™%) for a > m(1 + %) and
defined T as in Theorem 2.9. Then

o= > E[Yo0)Y, wo)|T]

(Uy,uy) ELXTM
is finite, nonnegative and
1

> Y (uy) 4, £o,
n—oQ

(36) T
|Dn|? (u, u,)eD,

where ¢ is a standard normally distributed random variable independent of o
PROOF. The result follows from Theorem 2.9. [

COROLLARY 4.8. Let Y = (Y;(x))¢.x)ezxzm be an ambit field as defined in (33) such
that E[|Y;(x)]?P10] < o0 for p > 1 and some & > 0. Additionally, let us assume that Y is
0-lex-weakly dependent with 0-lex-coefficients satisfying 0y (h) = O(h™%), for « > m(1 +

%)(2’7 p:&;‘s) and define I as in Theorem 2.9. Then

= Z Cov(Yo(0)?, Yy, (ux)?|Z)

(Uy Uy ) ELXTM

is finite, nonnegative and
1

Z Yy, (ux)? — E[Y()(O)p] anoo) €0,

(37) T
IDul? (u,,u)eD,

where ¢ is a standard normally distributed random variable, which is independent of .
PROOF. Analogous to Corollary 3.17. [J

REMARK 4.9. Theorem 4.7 and Corollary 4.8 are important first steps to develop statis-
tical inference for the class of ambit fields. However, we note that the limits in (36) and (37)
are of mixed Gaussian type. Conditions that ensure the ergodicity of an ambit field with a
deterministic kernel can be found in [54], Theorem 3.6, whereas, for the case of a nondeter-
ministic kernel this remains an open problem.

5. Proofs.

5.1. Proofs of Sections 2.3 and 2.4. We first extend some of the results obtained in [31]
to random fields. This will enable us to connect the sufficient conditions given in [29] with
our definition of the 6-lex-coefficients.

Let us define the space of bounded, Lipschitz continuous functions .£] = {g : R — R,
bounded and Lipschitz continuous with Lip(g) < 1}. For a o-algebra .# and an R"-valued
integrable random field X = (X;);czn, we define the mixingale-type measures of dependence

y(A,X)=|E[X|.#]— E[X]|,, and 6(4,X)= suig |E[¢(X)|.#]— E[g(X)]|,-
8€L]
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Using the above measures of dependence, we define the following dependence coefficients:

(33) Yn= sup y(Fyn,X;), and 6= sup O(Fu, X;),
jGZm J jEZm J

for h € N. Obviously, it holds y (4, X) <2||X||; and y (A, X) <0(4, X) such that y, <
6, for all h € N. If X is stationary, we can write y; and 6 from (38) as

(39) vn=yFyp Xo), and 6 =60(Fyn, Xo),

for h € N. First, we extend Proposition 2.3 from [32] and connect the 6-lex-coefficients 6 (k)
from Definition 2.1 with the mixingale-type coefficient ), defined above.

LEMMA 5.1. Let X = (X;)sezm be a real-valued random field. Then it holds that

O(h) =6, heN.

PROOF. Fix u, h € N. We first show 6, (h) <6;.Let F € G, G € Gy, j € R", k <u and
[ ={i1,..., i} with iy, ..., ix € V' Now

‘COV<F(XF) G(Xj))':’E[F(Xr)G(Xj) E[F(Xr)]E[G(Xj)m

| Flloo " Lip(G) IFlloo Lip(G)  LIIFlloo Lip(G)
_ 'E[E[F(XF) Q(Xj) |]:vh} B F(XF)E[Q(Xj)}]'
| Fllo Lip(G) ") |Fllo LLip(G)
<[ i e 7] -l
| Flloo Lip(G) ") Lip(G)

<[l

Taking the supremum on the left-hand side, we obtain 6,,(h) < 0y, and finally 6 (h) < 6.
To prove the converse inequality, we first remark that by the martingale convergence theo-
rem

=0(Fyn, Xj) <0h.
1 j

(40) O(Fyp. X)) = lim O(Fynyi. X)-

Now, let G € .7}, thatis, G € G; with Lip(G) <1 and j € R™. We first define X? (k) =1{X;:

i€ V}l\vf} and F(Xﬁ?(k)) = sign(E[G(X )| Fyn yt] — E[g(X;)]) for k > h. Then F € G
J J

for u = |V;‘\V}<| € N with || F||o = 1 and it holds

E[|E[GX DIFynyi] = E[GX ][]
= E[(E[GXIFyn ] = E[GX ] F (X (0)]
= E[E[F(Xj(0)GX DI Fym ye] = E[F(X]0)E[G(X ]
= Cov(F(X"(k)), G(X))) <6(h).

Using (40), we can deduce the stated equality. [J

We define Qx as the generalized inverse of the tail function x > P(]X| > x) and Gx as
the inverse of x — [ Ox (u)du.
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LEMMA 5.2. Let X = (X;)sezm be a stationary centered real-valued random field such
that || Xo|l2 < o0 and assume that

I Xollr
41 /0 O(u)Qx, 0 Gx,(u)du < oo,
with Qx and Gy as defined above and é(u) = ZkeVo Tju<y)- Then
(42) > |E[XkEjk[Xol]| < oo,
keVy

where E|k‘[X()] = E[X0|FV(¥<|]'

PROOF. First, let us observe that X is J-'qu measurable, since k € Volk‘
0

ek = sign(E [ Xo]) such that

Y IE[XkEw[Xol]l < Y E[IXkl|Ep[Xoll]
keVy keVp

= Z E[|Xk|exE k[ Xo]l]
keVy

= Y E[Ey[IXxlex Xo]]
keVy

= Y Cov(|X¢lex, Xo).
keVy

. Then we define

We use equation (4.2) of [31], Proposition 1, to get

Y (F, 1k, X0)/2
0 Oer1xz1 0 Gxo(u)du

[IXoll1
= 2/ Z Lu<y(F 1.X0)/2)O@x; © Gxo(u) du
0 keVy Yo

1Xolh
52f >
0

]l{u<9(]-'v|k‘ X0)/2)Ox, 0 Gxy(u)du
keVy 0

1 Xoll1
= 2/ Z I]-{M<9‘k‘/2}QXk o GX()(M) du.
0 keVy

Now, let 6 (1) = > keV, Liu<oyy and note that Qx, = Qx,, such that
I Xoll1 .
52/ Ow)Qx,0GCGx,(u)du.
0
This shows that (42) holds if (41) is satisfied. [
We now derive sufficient criteria such that (41) holds similar to [31], Lemma 2.

LEMMA 5.3. Let X = (X;)iezm be a stationary real-valued random field and 6,
defined as above. Then (41) holds if |X|, < oo for some r > p > 1 and Y ;2 (h +

o=
l)m(p_l)(r—m 10;, < 00. In particular, for p =2 and r =2 + & with § > 0 the above con-
dition holds if 0, € O(h™%) for o > m(1 + é).
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PROOF. As stated in [31], Proof of Lemma 2, we note that félX”‘ QS(_I oGx(u)du =
Jo Q% ()du = E[|X|"]. Applying Holder’s inequality with ¢ = =%

XN 11 (r=1)
</ 0(u)? Qf( oGx(u) du>
0
X0 (=1 (r—p) X1 (p—1
(s ) ([ )
0 0

Xl . =1 (r—p)
:(/ 6P~V e=n du) X7,
0

Let us note that 6, as defined in (39) is nonincreasing. Then, for any function f we have

f(Ow) = <Z Lu<6y) )

keVy

o0

Z f(z ]]'{”<9|k})]]-{9h+1§u<9h}
h=0 “keVp

o

f( Z 1)]1{0h+1§14<9h}'
keVo:lk|<h

Note that 3 ey kj<n 1 = Z;.":_Ol h(2h + 1) = %((2}1 + 1)™ — 1) such that the above is equal
to

(43) Z f ( (Ch+1)" - ))1{9h+15u<9h}-

Let us assume that f is monotonically increasing, submultiplicative and f(0) = 0 such that

FG@R+D™ = 1) < FR™ N F((h+ 1™ = 4o fQ"H(f ((k+ 1)™) — f(K™)). Fi-

nally, we can deduce that (43) is less than or equal to

o
Z 2m 1 (h+ l)m)]l{eh+1§14<9h}
h=0

remt Z F(+D™) = F(F™)Lu<ay)-

Applying the above result for f(x) =x? withv=(p — 1) ((::117)) and noting that (h + 1)"" —
'™ < vm(h + 1)U~ for vm > 1 and (h + )" — bV < vmh*"™~! for vm < 1 (h > 0 by

the mean value theorem), we get that for a constant C = 2v~1Dg; > 0,

Xl (r=p)
(/0 ()" ") ,,

(r—p)

I1X1h

<C+f Qum= 1)va(h+ 1= ]l{u<9h}du> if vm > 1,
h= 0

(r—p)

I1X 111

<C+f 201Dy 3 ]l{u<9h}du> if om < 1,
h=1
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00 (r=p)
(C—}—Z”(ml)va(h—i—l)”’"]Gh) if vm > 1,
h=0

o0 (r=p)
<c+2”<’"1>vm Zh”m19h> if um <1,
h=1

e’} (r—p)
< max(1, 2’—P—1)(C’—P + ((vm)2“<m—1> <Z(h + 1)“m—19h)> )

h=0

which concludes the proof. [

Before we give the proof of Theorem 2.9, we use Lemma 5.1 to show Proposition 2.5 and
Proposition 2.7.

PROOF OF PROPOSITION 2.5. From Lemma 5.1, [31], Lemma 1, [21], Proposition 25.15
(D (a), and by applying Holder’s inequality for ¢ > 1 and noting that fol S(O (u)du =
E[|Xo|"], we obtain that

0(h) = 0p = 0(Fyp, Xo)

<2

20(F, .0 ((Xo))
/ 0 QX() (l/t) du

0

1

=2 ), Lus2a(F,poxo0) Qxo ) du
0

2-1 o=t/ (1 7
<2 7 a(Fyp.o({Xo})) ¢ (/O Q§O(u)du> :
21 a1 21 a1
Thus, we have 6(h) <2 7 a(h) ¢ [|Xollq form =1, and 6(h) <277 aco,1(h) 7 || Xolly
forallm>1. 0O

PROOF OF PROPOSITION 2.7. Consider 6, ,(h) and Sl,n as defined in [32], Defini-
tion 2.3 and Section 3.1.4, respectively. Due to Lemma 5.1, it holds that 6(h) = 6, =
011(h) <01 00(h) < Sl,h, where the last inequality follows from [32], Section 3.1.4. We de-
fine (&);ez as & =& fort > 0and & = &/ for t <0, where £/ is an independent copy of &;.
For X; = 2720 27771, _;, we have

IXp — Xnlh <27" =18, — 0.

Thus, X is 6-lex-weakly dependent. To show that X is neither a- nor ¢« 1-mixing, we follow
the idea given in [32], Section 1.5. The set A = {Xg < %} belongs to the past o-algebra
o ({ Xy, s <0}), to the o-algebra generated by X} and to the future o -algebra o ({ X, s > h}).
Hence for all 1, a(h) > | P(A)P(A) — P(A)| = 1, and similarly aoo 1 (h) > . O

PROOF OF THEOREM 2.9. In order to use [29], Theorem 1, we need to show that

> E[XiEp[Xi]]| < oo.
keVy

By Lemma 5.2 and Lemma 5.3, the result is proven if 6, € O(h™%) with « > m(1 + %).
Finally, since X is stationary an application of Lemma 5.1 concludes. [J
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5.2. Proofs of Section 3.3.

PROOF OF PROPOSITION 3.11.

(i) Letz € R™, ¢ > 0. We restrict the MMAF X to a finite support and define the trun-
cated sequence

X,w/):// , F(At=35)A(dA, ds).
sJAa\V,

Note that the kernel function f is square integrable such that (7), (8) and (9) hold. Therefore,
f is A-integrable. Since E[X;X;] < oo for all + € R™, by Proposition 3.6 we can derive an
upper bound of the expectation

E[|x,—xP|] = [ , (At =35)A(dA, ds)

Anvy

];
(Sl et an) )

Using Proposition 3.7 and the translation invariance of A, and Vw, the above is equal to

(44) §E[H/S/Anv¢ f(A 1 —5)A(dA, ds)

1

2
(/S,/A AvY tr(f(A, —)Za f(A, —s)) dsn(dA)) .
0Vo

LetuecN, heRY, T ={i,...,iy} € R™" and j € R™ as in Definition 2.1 such that
i1,...,0y € th. Moreover, let G € Gy and F € G;. Fora € {1, ..., u}, define

Xia:f/ F(A, iy —$)A(dA, ds), and Xj.w):// F(A, ] —5)A(dA, ds).
S J A, S A-\VV’

W.l.o.g. we assume that i, <jex i, for all a € {1, ..., u}. If there exists a ¥ such that A;
A\V] =@, then A, N A\V] = 2.

Now, A is translation invariant with initial sphere of influence Ag. Furthermore, Ag satis-
fies (14). Then, for i (h) as defined in (16) it holds that A; N Aj\V;// =0.

Iy

From now on, we set ¥ = ¥ (h). We then get that I, =§ x A;, and J = § X A_,-\V;/'
are disjoint or have intersection on a set S x O, where O C R” and dim(O) < m. Since
(mr x A)(S x 0) =0 and by the definition of a Lévy basis, X; and X 5-'”) are independent
Xﬁ.w)

lu

for all @ € {1, ..., u}. Finally, we get that Xr and
F(Xr) and G(X"). Now

|Cov(F(X1), G(X))|

are independent and, therefore, also

< [Cov(F (Xr), G(X}"))| +|Cov(F(Xp), G(X ) = G(x "))
= |E[(G(X)) - G(XV) F(Xp)] - E[G(X,) - G(X\")]E[F(XD)]|

<2||FllooE[|G(X;) — G(X{")[] < 2Lip(G) I F o E[| X — X |]

<2L1p<G>||F||oo( / / (£ (A, —5)Za F(A. —s>)dsn<dA>)
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using (44). Therefore, X is 6-lex weakly dependent with 8-lex-coefficients,
1

2

Ox (h) < 2( [ (s —9zara-s) dsn(dA)) ,

s Japnvy
which converge to zero as & goes to infinity by applying the dominated convergence theorem.
(i) Lett €e R™, ¢ >0 and X ,('p) be defined as in (i). By applying Proposition 3.7, we
obtain

E[HX,—XZ(‘”)H]f(/S/Amthr(f(A,t—s)ZAf(A,t—s)/)dsn(dA)
oty

i H'/L;/Aomvt‘/j J(A, 1 =s)updsm(dA) 2)%

Finally, by proceeding as in the proof of (i), we obtain the stated bound for the 6-lex-
coefficients.
(>iii) Since the kernel function f is in L, equations (10) and (11) hold. Moreover, by

Proposition 3.6 f is A-integrable and E[X;] < oco. Let t € R™, v > 0 and X,(W be defined
as in (i). Then we can derive with the help of Proposition 3.7 that

E[|x; - x;"'|]

= (fS/A Av¥ | (A, =s)yo| dsm(dA)
0 0

+[S/:4 AvY Jrd | £ (A, =9)y[v(dy) dS?T(dA)),
0t Vo

where we used that E[ [, f(¢)du(t)] = [ f(t)dv(z) for a Poisson random measure p with
corresponding intensity measure v and an arbitrary set B.
Now for F, G, Xr, X; and = v (h) as described in the proof of (i) we get

(Cov(F ). GX)) | = 2Lip@) I Fllos ([ [, 4 =53] ds(aa)
0" Vo

+,/:9\/AﬂVw(h) Rd“f(A,—S)y||v(dy)dsn(dA)>‘
0tV

Therefore, X is 6-lex weakly dependent with 8-lex-coefficients

ox <2 [ [ 154 =] dsm(da)
0t Vo

- /S/A AvY® Jpd | f(A, =9)y[v(ay) dSJT(dA)),
(UM

which converge to zero as h goes to infinity by applying the dominated convergence theorem.

(iv) We use the notation described in (i). We have that A is in distribution the sum
of two RY-valued independent Lévy bases A; and A, with characteristic quadruplets
(¥, 2, vljxy<1, ) and (0, 0, v|jx)>1, ), respectively. Since f € L' N L2, we know that both
integrals XV = [¢ fon f(A, 1 —)A1(dA, ds) and X = [¢ fom F(A, 1 —5)A2(dA, ds)
exist. Additionally, it holds that [g fpn f(A,1 — $)A(dA,ds) = XV 4+ X*?)_ By noting
that

A A A A
B[~ %{1] = E[XE — (6809 4 B[xE2 — (x{82) )]

A A 2.1 A A
< B[R — (xO0)W 1 1 E|x8D — (x02)W)]
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and following the proof of (ii) (for the first summand) and (iii) (for the second summand) we
obtain the stated bound for the #-lex-coefficients. [

PROOF OF PROPOSITION 3.12. In order to show that Z is a well-defined MMAEF, we
need to check that g(A, s) is A-integrable as described in Theorem 3.3, that is, g(A, s) satis-
fies the conditions (7), (8) and (9). For the sake of brevity, we will consider in the following
the norm || (x1, ..., x|l = llx1ll + - 4+ |[xm| forx; e Rfori =1,..., m.

Let us start by showing that g(A, s) is A-integrable for k = 1, then

g(A,S) = (f(AsS)a f(A,S - Sl), sy f(A,S - S|Sl|))/, Where |S1| = 2 : 3m_1'
Note that for x € R¢

Lio,1y([| (A, )x]) < Lo 11 (][ f (A, )x]),
Ljo.11 (]| (A, )x]) < Ljo, 11 (]| f (A, s —s1)x

).

10.11(]| g (A, $)x[) < Tpo.1(]| £ (A, s — 515, )%

).

such that

[ e + [ s oxonlea. o) - 2ol | dst@a)

< [ [ |rasr+ [ rasx@on(s ) - sonsnpan| dseaa)

+-/..Sf]Rme(A’S_S1)y+/];§d F(A s —s)x(Lpo (] f(A s —s1)x])

— T, 11(lIx 1)) v(dx) | dsm(d A)

+.“+_/:g,/Rme(A’S_S|S”)V+/ﬂ;df(A7s_S|Sll)

X x(]l[(),u(”f(A, s — S|51\)|| — 11[0,1](||x||))v(dx) dsmt(dA).

Since f is A-integrable, we can conclude that the above expression is finite and (7) holds.
Now

fs /R lg(A, $)Zg(A, ) | dsm(dA)
:_/S,Al;m“f(A’S)Ef(A’S)/”dsn(dA)+/S/];§m“f(A’s_sl)Ef(A’s_sl)/H ds(dA)

. +/S/Rm I £(A,s —s15,)Sf (A,s —si5,) | dsm(dA),
and it is finite since f is A-integrable and (8) holds. Since (37, a;)*> <n Y, a?, we have

leCA, > <ISiI(| £ A+ [ £A s s>+ + | F(A s —s15,D]),

and finally

/S/Rm /Rdu Alg(A, $)x|2)v(dx) dsmt(dA)

5|S,{|</S]ﬂ‘w /Rd(l/\Hf(A,s)||2)v(dx)ds7t(dA)
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+ /S/m /Rd(l A fA s =s)|P)v(dx)dsm(dA)

+...+[S/Rm /Rd(l/\”f(A,s—s‘51|)”2)v(dx)dsn(dA)>,

that is finite since f satisfies (9). Thus, g is A-integrable and Z is an (A, A)-influenced
MMAF. By induction, the above statement can be shown for each k € N.

Assume that X satisfies the assumptions of Proposition 3.11(i) and consider v (%) as defined
in (16). Then

1

Qg)(h) = 2([3 /Aoﬂvo"’”’) tr(g(A, —s)Zag(A, —s)') dsrr(dA)) :
= 2(/;-/;‘ — tr(f(A, _S)EAf(A, _s)/)dST[(dA)
0t Vo

+/:q_/A 0 tr(f (A, 51 —$)ZA f(A, 51 —5))dsm(dA)
0"

1

_|_..._|_/S/A " tr(f (A, 515, — )X f(A, 515, —s)’)dsr[(a’A))7
01 1Vo

1

§2|S;<|%</;‘/Am/w(h)iktr(f(A,—s)ZAf(A,—s)’)dsn(dA))i
0t Vo

= [Sk126Y (h — v~ (0)),

where ¥ ~! denotes the inverse of v, for all ¥ (h) > k. Thus, Z is a (k + )2k + 1) ~!-
dimensional 9-lex-weakly dependent MMAF. Similar calculations lead to the other state-
ments in (17). O

5.3. Proof of Section 3.4. PROOF OF THEOREM 3.14. Let us first consider X to be
univariate. In order to use [29], Theorem 1, we need to show

Z |XkE|k|[X0]| S Ll.
keVy
The Holder inequality implies
| Xk Ewi(Xo) [y < 1Xkll2 | EIXolFyull»
where || X||2 < C for all k£ and a constant C. Furthermore, we note that | E[X|F]|2 =
|E[E[X|H]|F]1ll2 < IE[X|H]|l>» holds for a o-algebra #, a sub o-algebra F and an L?

random variable X, as the conditional expectation is the orthogonal projection in L%. Now,
using (13)

[ E[Xolfvék\]HZ

= ‘E/S/VO Lay(8) f(A, —s)A(dA,ds)|o(X;:1 € V0k|)] 2
< E_/S/VOILAO(s)f(A,—s)A(dA,ds)|a(A(B):BeB(vgkl))] 2
= 'E /S e La,($)f(A, —s)A(dA,ds)|o(A(B):Be B(Volk))}

. Ik|
+E[/S /VO\VOH 1.4,(5) £ (A, —$)A(dA. ds)|o (A(B) : B € BV, ))} 2
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We note that [ fv"“ La,(s)f(A, —s)A(dA, ds) is measurable with respect to o (A(B) : B €
0

B(Volkl)). Since A is a Lévy basis (in particular independent for disjoint sets), we get that

Js Syt L40(9) f (A, —5) A(dA,ds) is independent of o (A(B) : B € B(VM)), such that
0

the above equation is equal to

H/S v Tag(s) f(A, —s)A(dA,ds) + E|:/; /‘/0\ng Lag(s) f(A, —s)A(dA, ds)i| H2

Since y + [ =1 Xv(dx) = 0, the second summand is equal to zero and the above is equal to

H/s/vm 14y f(A. =) (A, —5)A(dA. ds)
0

2

1
- (/S/A Ay tr(f(A, —s)ZA f(A, —5)") dsn(dA)) = Ox (|k|),
(UM}

using Proposition 3.7.
The stated result then follows from [29], Theorem 1, using the dominated convergence
theorem. The Cramér—Wold device establishes the multivariate case straightforwardly. [

5.4. Proofs of Section 3.5. PROOF OF PROPOSITION 3.19.

(i) Let r € R™ and ¢ > 0. We restrict the MMAF to a finite support, and define the
sequence

X{(x/n:// FAt =)L yyyn(t —)A(A, ds)
S JRm

:f/ F(A, 1 —s)A(dA, ds).
S J—y,t+y)m

Note that the kernel function f is square integrable such that (7), (8) and (9) hold. Therefore,
f is A-integrable. Since E[X;X;] < oo for all + € R™, by Proposition 3.6 we can derive an
upper bound of the expectation

)
E[| X = X" ]

=E At —5)AdA.d
|:H/S</((1—1p’[+w)m)cf( o1 S) ( ) S):|

21
§E[Hff F(A, 1 —5)A(dA, ds) ]2
s v rrpymy

(A 70 -msn00) )’

=1

(45)

where x) denotes the «th coordinate of x € R". Using Proposition 3.7 and the stationarity
of X, this is equal to

</S /((1//,1#)’")‘ tr(f (A, =)Zaf(A, —s)') dsn(dA)) %

For (u,v) e Nx N, let F€G,, Ge Gy, he RT, T; = {i1,...,iy} € R™)" and T'j =
{j1,..., ju} € R™)? as in Definition 2.3 such that dist(I';, I";) > h. Fora € {1, ..., u} and
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be{l,...,v}, define
x¥ f f f(A,ig—s)A(dA,ds) and
(a—V,ia+y)"

X9 f f F(A. j» — $)A(dA, ds).
U=, jp+y¥r)™

Now considera € {1,...,u}and b € {1, ..., v} such that inf1 <, <, 1<y<vllix — jylloo = llia —

AU, L =Y >

Jbllco- Define the two sets I, = S x (i — 1// ig+v)"and Jp =S x (jp — ¥, jp + ). Let
Y= % and [liz — jblloo = h. Then it holds that I, and Jj are disjoint as well as I; and Jj

foralla=1,...,u and b= 1,...,v. By the definition of a Lévy basis Xi(f) and X%) are

independent for alla € {1, ...,u} and b € {1, ..., v}. Finally, we get that Xl(fl_ﬂ) and X%‘jp_) are

independent and, therefore, also F(X{"”) and G(X(F'/;)). Now,
|Cov(F(Xr,), G(XT)))| |
< [Cov(F(Xr,) — F(X{V). G(Xr))| + [Cov(F(X{")., G(Xr,) — G(X{V))]
= |E[(F(Xr) — F(X(!"))G(Xr))] - E[F(Xr,) = F(X{)]E[G(Xr))]|
+IE[(G(Xr) = GXI) F(X{)] = E[G(Xr)) — G(X)E[F (X ()]

<2IGIE[|F(Xr) — F(X)] + IFlE[|G(Xr) — G(X)]])

<||G||ooLlp(F) S E[|X, — X\ |1+ IIF llo Lip(G) Z E[|X; - x H])
=1 k=1

<2(ulGlloo Lip(F) + v F lloo Lip(G))

X (/;_/((_h’ﬁ)m)(tr(f(A, —s)XA f(A, _S)/)dsn(dA)>%’

using (45). Therefore, X is n-weakly dependent with n-coefficients,
1

nxh) < 2(./S /((_%’%)m)c tr(f(A, —s)Xa f(A, —s)’) dsjr(dA)> 2’

which converge to zero as h goes to infinity by applying the dominated convergence theorem.
(iii) Since f € L', (10) and (11) hold and f is A-integrable. Let t € R™, ¢ > 0 and

Xt(w) be defined as in (i). Moreover, Proposition 3.6 implies that E[X,;] < co. Then, using
Proposition 3.7,

el =X (f G —owldstaay

+ f / |f (A, —s)x|v(dx) dsn(dA)).
S J((t—,t+y)m)e R4
Now, for F, G, Xr, and Xr; and  as described in (i), we get

|Cov(F(Xr,), G(Xr)))| = 2(ull Glles Lip(F) + v|| Fll o Lip(G))

x<// A =9 dsTdA)
S J((—=7,5)m)¢

+/S/«—ﬂ e Ja 1 9 ||v<dx>dsn<dA>>.
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Therefore, X is n weakly dependent with n-coefficients,

o =2([ [, Ira—smldsaa
"

%)m)c

+/s/a—g,g>m>c [ 17, ~9)x|v(@n dszan))

which converge to zero as h goes to infinity by applying the dominated convergence theorem.

Parts (ii) and (iv) of the proposition follow from the above results, analogously to Proposi-
tion 3.11(ii) and (iv). O

5.5. Proofs of Section 3.8. PROOF OF THEOREM 3.36. Let ||Al|r = +/tr(AA’) for
A € My»4(R) denote the Frobenius norm and [|x || = 3", [x)| for x € R™. From Propo-
sition 3.19, it follows that X is n-weakly dependent with n-coefficients,

1

nx(h) = (/((—g,g)m)v tr(g(—s)Xrg(—s)") ds)

1

(f s )z%nzd)z
= g(=s s
((_%,%)m)c F
1.2 5
<(1=25 | g ds
(CH Y BT
1
< (HE§||§M/ e—Ks||1ds)2
(=5.5m¢
1
=|\E%HFM%(/ e—KnsHlds_/ e‘K“S”lds)z
= SER
L 1 1\ 1 efgh my %
=124 ((52) ~ (s~ 3%) )

1 1
22||pM2
_ ” 2”Fm 2(1_(1_e—§h)m)
(2K)2

1
2

BI—

1 1
_mllxz IIJTnM2 —Kp
(2K)>
where the last inequality follows from Bernoulli’s inequality. [

5.6. Proofs of Section 4.2. PROOF OF PROPOSITION 4.4.
(1) Let (t,x) e R x R™, ¢ > 0. We define the two truncated sequences:

P =[x £0©)Ads g, and
At(x)\V(M.)

Y,('/f)(x)Z/ . I(t —s,x — &)o'V ()A(ds, dE), where
AV 4

ov('/’)(X)=f/ J(t —s,x —E)A°(dA, ds, dE).
S ‘(Tt‘x)(x)\v(lt/ix)
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Since the kernel function j is square integrable, we have that (7), (8) and (9) hold. Therefore,
j is A?-integrable and o is well defined and stationary. Now, by Proposition 3.6 it holds
that o;(x) € L?(S2). Since additionally / € L*(R x R™) and o is stationary, it holds that
lo € L*(2 xR x R™). This implies that [o € L?(R x R™) almost surely. Then /o satisfies (7),
(8) and (9) almost surely and the ambit field Y is well defined. Analogous to Proposition 3.11
and using Proposition 4.3,

E[|Y, () — v ()]
< E[[Y,x) = ¥V @[]+ E[[7" @) — ¥,V (0)]]

=E[

+E|

[ l(r—s,x—s>os<s>A<ds,ds>H
At(x)ﬂV(

t,x)

1t = 5.x — £)(0s (&) — 0P (§)) A(ds, dé)H

/Az(x)\V(l,//,X)

1

272
< E[(/At(xm%) I(t — 5, x — §)oy(E)Ads, dg)) ]
1

([ 10 sx =0 - ol @) a0 )2
1O\V

1,x)

Using Proposition 4.3 and the translation invariance of A;(x) and V(‘fx), the above is equal to
1

<2AE[00(0)2]/A I(—s, —£)2 d& ds>7

00NV o)

2
E (A, —s. —EYA° (dA. ds.d
+( [(/;\/IAS(O)QV(KO)J( y —S, E) ( ,as, g))]

1
I(—s, —&)? dE ds)2

X % A "
Ap(0)\ V((),())
1

- (EAE[GO(O)Z]/ , L=, —g)zdsds)2

AONV o,

. e )2
+<<EAU/S/3(0)0V("O”O)](A’ 5, —&)2dE dsm(dA)

2
+“%\°(// " J(A, —s, —E)dédsrr(dA)) )
S JATO0)NV (g0,

1

« EA/ , 1(—s,—g)2dgds)2.
AO(O)\V(().O)

Now let G € G1 and F € G, that is, F, G are bounded and G additionally Lipschitz-
continuous for u e N, h e RT, I' = {(tiy, xi),s -0y (G, X)) € (R x R™)* and (2, x;) €
R x R™ such that (#;,, x;,), ..., (t;,, xi,) € V(},’j’xj). Forae{l,...,u}, define

Vi Gi)=[ 1, = s, — 0@ AEs,dE),  and

ig \“la
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W)y — . . )
e = | 1) — 5,x; — £)o") (€)A(ds, d§).
tj J Atj (xj)\v(ﬁ'(z)j) J J s
W.Lo.g. we assume that (#;,, x;,) <iex (#,,%;,) for all @ € {1, ..., u}. Since Ap(0) U AF(0)

satisfy (14), we find analogous to (16) a function ¥ (h) = 2\7%, such that A;’l (&1) and

h L h

A;‘z (52)\‘/(152(,&2) are disjoint for all (s1,§1) € A, x;,) and (s2,82) € A(,_j,xj)\V(‘fjfxi) or
have intersection with zero Lebesgue measure. Then, by the definition of a Lévy basis we
get that oy, (§1) and (7;/2’ (’”(52) are independent. Furthermore, it holds that A, (x;,) and

Ay (x j)\V(lfjfi’Ci) are disjoint. We set ¢ = v (h) throughout. Finally, we get that Yy, (x;,)

and Yti.w(h))(x j) are independent for all a € {1,...,u} and, therefore, also F(¥Yr) and
h
G\ ™ (x))). Now

|Cov(F (Y1), G(Yy; (x))))]
<|Cov(F(Xr). G(Y{" ™ (xp))| + [Cov(F (Y1), G(¥,, (x) — G(¥ ™ ()|
= E[(G(¥;(x) = GV ™ ) F(X1)]
— E[G(¥;;(x) = G(¥" " () E[F (X))
<20\ FlloE[[(G(Y,;(x)) = G(¥" " x))]

< 2Lip(G) I Flloo E[ Yy, () — ¥V ™ ()]

1
< 2Lip(G)||F||oo(<zAE[oo<0>2] [l e ds)z

o(0)N V(o’o)

+ ((EAG / / v J (A =5, —E)2dE dsm(dA)
N 8 (O)ﬂ V((),())

+ Uro (/S / MO J(A, —s,=§)d§ dsn(dA)>2)

0,0)

1
XEn [ s =S ds)z),
Ap(0)\ V(()’())

using the above inequality for E[|Y;(x) — Y,('/f(h))(x)l]. Therefore, Y is 6-lex weakly depen-
dent with 6-lex-coefficients,

1

ov) <2((EaElo0@?] [ s - dsds )
0)

0 ONVY

+ <<2Aa /S / oy J (A5 6 dE ds(dA)
0

0,0)
) 2
bk [ L iAs e dsdsndn ) )
s Jazo)nv,

0.0)

1
xEa [ s8R ds>2>,
A0(0)\V,iy,

which converges to zero as A goes to infinity by applying the dominated convergence theorem.
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(ii) Let (f,x) e R x R™ and ¢ > 0, Yt(w)(x) and ?,(w)(x) be defined as in (i). By Propo-
sition 4.3,

E[|Y,(x) = ¥V @]+ E[[ 7V x) — vV )]

2 22
< ((zalw00?] [ oy [ =3 02 deds

1

2 ES
It —s, x —g)dsds) >2
OV

Yo i(A, —s, —&)2dE dsm(dA
+(( A /S/S(OW(KO)J( s, —£)2 dE dsn(dA)
2

2 . e
+MA“</s/g(omv(g,O)](A’ > SMSdW(dA)))

X(EA/ I(t —s,x — &)’ dE ds
At(x)\v(l,//,x)

T (/A,oc)\v‘” Hr=s,x=5)ds ds)2>)%'

(z.x)
Finally, we can proceed as in the proof of part (i) to obtain the stated bound for the 6-lex-
coefficients.

(iii) Note that the kernel function j is square integrable such that o is well defined and
stationary. Now, by Proposition 3.6 it holds that o € L' (). Since additionally [ € L' (R x
R™) and o is stationary, it holds that lo € L'(€2 x R x R™). This implies that [0 € L'(R x
R™) almost surely. Then /o satisfies (10) and (11) almost surely and the ambit field Y is well
defined. Let (¢, x) € R x R™ and i > 0 be defined as in (i). By Proposition 4.3,

E[[V0) = 7P )]+ E[|[F ) — v ()]

< Elloo@ )i+ [, v ) ([, s -0 deds)

0,0)

+ E[|00(0) — 05'”(0)”('7’0' t fRd |y|”(dy)> </A OV,
0 (0,0)

Finally, we obtain a bound for the 6-lex-coefficients by proceeding as in (i). [J

+ 1 E[00(0)?] ( /

[(—s, —&)| dé ds).

PROOF OF PROPOSITION 4.5. Let (¢, x) € R x R™ and ¢ > 0 be defined as in Proposi-
tion 4.4. We define the truncated sequence

¥ () = [ , 1 —s,x —§)0,(E)A(ds, dE).

At(x)\V(

1,X)

Since I € L2 (R x R™), o € L*(Q) and o is stationary, it holds that /o € L2(2 x R x R™).
This implies lo € L?(R x R™) almost surely. Then /o satisfies (7), (8) and (9) almost surely
and the ambit field Y is well defined. By Proposition 4.3,

[ e 0= 505 =O00© A s, 6) |

E[[Y,0) — YP ()[] = E[
(t,x)

1

2

2
= E[(/‘A,(x)mv(‘ﬁx) It —s,x—§&)os(§)Ads, d%’)) ]
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Using the translation invariance of A;(x) and V(lf’ ) this is equal to

1

<2AE[00(0)]f I(—s, —&)*d& ds)z.

ANV o)

Define I € (R x R™)*, (t;,x;) € R x R™ as in the proof of Proposition 4.4. Since o is p-

dependent, we get that Y1 and Yti.v/)(x ;j) are independent for a sufficiently big 4. Then, for
sufficiently big &, Y is 8-lex weakly dependent with 6-lex-coefficients,

s\
(s =2 dsds )
O(O)ﬁv(oyo)

Oy (h) < 2(2AE[00<0>2] /

which converge to zero as h goes to infinity by applying the dominated convergence theorem.
O
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