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Abstract. We consider discrete random Schrödinger operators on `2(Zd) with a
potential of discrete alloy-type structure. That is, the potential at lattice site x ∈ Zd

is given by a linear combination of independent identically distributed random
variables, possibly with sign-changing coefficients. In a first part we show that the
discrete alloy-type model is not uniformly τ -Hölder continuous, a frequently used
condition in the literature of Anderson-type models with general random potentials.
In a second part we review recent results on regularity properties of spectral data
and localization properties for the discrete alloy-type model.

1. Introduction

We consider discrete Schrödinger operators on `2(Zd), where Zd is the d-dimensional
integer lattice. The potential of the discrete Schrödinger operator is given by a
stochastic field. Thus we are dealing with generalizations of the standard Anderson
model. We are interested in properties of distributions of spectral data of such random
operators, as well as of their restrictions to finite cubes Λ ⊂ Zd. An appropriate control
of these distributions allows one to conclude almost sure spectral and dynamical
localization for the random Schrödinger operator on `2(Zd). More precisely, we discuss
in the paper the following issues:

• We review results on discrete alloy-type models proven in [ETV10, ETV11]
and [PTV11, LPTV13]. They concern localization criteria based on the mul-
tiscale analysis and the fractional moment method and can be considered as
generalizations of earlier results obtained in [Ves10b, Ves10a, TV10b]. Also,
we discuss related results in the recent paper [ESS12] and highlight the role of
a reverse Hölder inequality in the argument of [ESS12].
• We present Minami estimates and Poisson statistics of eigenvalues proven in
[TV13a] for a class of discrete alloy-type models. This extend results of [Min96]
beyond the Anderson model.
• Alloy-type potentials are a specific type of a correlated stochastic field. While
there are abstract localization results in the literature concerning correlated
random potentials, they rarely cover those of alloy-type. We show this by
checking the relevant regularity properties of the conditional distributions of
the stochastic field.
• This prompts a careful consideration of conditional distributions. In the
literature on random Schrödinger operators these are sometimes not treated
correctly. We show how to deal with certain measurability issues and give
a (counter)example, which shows how badly conditional distributions may
behave, even for innocently looking alloy-type potentials.
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Let us put these statements into context. The Anderson model is a Schrödinger
operators on `2(Zd) with potential given by an independent identically distributed
(i.i.d.) sequence of random variables V·(x), x ∈ Zd. One expects that for energies near
the infimum and supremum of the spectrum, as well as at large disorder, this model
exhibits localization, i.e. discrete spectrum with exponentially decaying eigenfunctions,
almost surely. However, proofs of this claim depend on regularity conditions on the
distribution of random variables. For instance, for the Anderson model with Bernoulli
distributed variables so far localization was proven only in one space dimension. If we
consider more general random potentials, where each random variable V·(x), x ∈ Zd,
has the same marginal distribution ν, but they are no longer independent, additional
distinctions are necessary. Now one has to impose regularity conditions on the finite-
dimensional distributions of the process V·(x), x ∈ Zd, i.e. the joint distribution of a
finite subcollection of random variables. Alternatively, one can formulate regularity
hypotheses on the conditional distributions. While the ultimate goal is to formulate
regularity hypotheses which can be used to derive localization, an intermediate step is
to derive regularity of spectral data. More precisely, one wants to show, that if the
distribution of the stochastic process V·(x), x ∈ Zd, is sufficiently regular, then the
distribution of spectral data is so as well. Abstractly speaking: the pushforward map
preserves the regularity of probability measures. Let us give an illustration. If the
distribution function of ν is Lipschitz continuous, then the integrated density of states
inherits this property. This is called a Wegner estimate.

We review here a number of positive results in this direction for correlated fields
V·(x), x ∈ Zd, which arise as an alloy-type potential. In stochastic data analysis such
models are known as (multidimensional) moving average processes. The mentioned
results include Wegner estimates, uniform bounds on fractional moments and expo-
nential decay of fractional moments. This are results obtained in [ETV11, PTV11].
They have been extended in the recent papers [Krü12] and [ESS12]. The latter one
will be discussed in Section 6. In particular, for the case of alloy-type potentials with
large disorder we give a short and direct modification of the proof of a subharmonicity
inequality crucial for the fractional moment method. Furthermore, we single out a
reverse Hölder-inequality as the pivot estimate in the strategy of [ESS12].

While the Wegner estimate concerns a bound on the probability of finding an
eigenvalue at all in an energy interval, the Minami estimate bounds the the probability
of finding at least two eigenvalue in an energy interval. For a specific class of discrete
alloy-type models Minami’s result [Min96] has been generalized in [TV13a]. We
discuss this in Section 4. The implications for the asymptotic statistics of eigenvalues
is presented in Section 5.

The papers [vDK91, AM93, AG98, Hun00, ASFH01, Hun08] give abstract regularity
conditions, formulated in terms of conditional distributions, which ensure localization
for discrete Schrödinger operators with random potential. We show that these regularity
conditions are not satisfied for alloy-type potentials with bounded values, see Section 3
for a precise statement. A very interesting borderline behavior is encountered for alloy-
type potentials with Gaussian coupling constants. In this case the above mentioned
regularity conditions may be satisfied or not, depending on the specific choice of the
single-site potential. In Section 3 we also show how to define carefully the associated
concentration function or modulus of continuity. This concerns the measurability of a
supremum over an uncountable set. Such measurability issues are encountered in other
areas of probability theory, for instance in the context of the Glivenko-Cantelli Theorem
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or the definition of Markov transition kernels. Using regular versions of the conditional
expectation we show in detail how to define the concentration functions rigorously. The
reason to devote so much attention to this topic is, that in the literature on random
Schrödinger operators conditional distributions are not always treated correctly. There
is the misconception that a moving average process inherits the regularity properties
of the i.i.d random variables on which it is based. Section 3 shows that if one starts
with regularly distributed i.i.d. random variables and uses them to define a discrete
alloy-type potential (or moving average process) the resulting conditional distributions
are quite singular. These results have been formulated before in the technical reports
[TV10a, TV13b].

To summarize, multidimensional Anderson models without independence condition
are still not very well understood. Exceptions are Gaussian processes treated rigorously
in [vDK91, ASFH01] and discrete alloy-type potentials treated in the above mentioned
papers.

2. Notation and model

2.1. General random Schrödinger operators on Zd. Let (Ω,A,P) be a proba-
bility space and ηk : (Ω,A) → (R,B(R)), k ∈ Zd, be real-valued random variables.
We define the product space Z = ×k∈ZdR equipped with the product σ-algebra
Z = ⊗k∈ZdB(R). The collection (ηk)k∈Zd will be denoted by

η := (ηk)k∈Zd : (Ω,A)→ (Z,Z).

The expectation with respect to the probability measure P will be denoted by E. A
discrete random Schrödinger operator is given by a family of self-adjoint operators

(1) Hω = −∆ + λVω, ω ∈ Ω,

on `2(Zd). Here λ > 0 measures the strength of the disorder present in the model, ∆
denotes the discrete Laplace operator and Vω is a multiplication operator. They are
defined by

(∆ψ)(x) =
∑
|y−x|1

ψ(y), and (Vωψ)(x) = ηx(ω)ψ(x).

We assume that Hω is for each ω ∈ Ω a self-adjoint operator (on some dense domain
Dω ⊂ `2(Zd)). This is for example satisfied if the random potentials ηk, k ∈ Zd
are uniformly bounded random variables. If the potential values are not uniformly
bounded, we recall that Hω is essentially self-adjoint on the set of compactly supported
functions, see e.g. [Kir08].

For the operator Hω in (1) and z ∈ C \ σ(Hω) we define the corresponding resolvent
by Gω(z) = (Hω−z)−1. For the Green function, which assigns to each (x, y) ∈ Zd×Zd
the corresponding matrix element of the resolvent, we use the notation

Gω(z;x, y) := 〈δx, (Hω − z)−1δy〉.

For Γ ⊂ Zd, δk ∈ `2(Γ) denotes the Dirac function given by δk(k) = 1 for k ∈ Γ
and δk(j) = 0 for j ∈ Γ \ {k}. Let Γ ⊂ Zd. We define the canonical restriction
pΓ : `2(Zd)→ `2(Γ) by

pΓψ :=
∑
k∈Γ

ψ(k)δk,
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where the Dirac function has to be understood as an element of `2(Γ). Note that the
corresponding embedding ιΓ := (pΓ)∗ : `2(Γ)→ `2(Zd) is given by

ιΓφ :=
∑
k∈Γ

φ(k)δk,

where here the Dirac function has to be understood as an element of `2(Zd). For an
arbitrary set Γ ⊂ Zd we define the restricted operators ∆Γ, Vω,Γ, Hω,Γ : `2(Γ)→ `2(Γ)
by ∆Γ := pΓ∆ιΓ, Vω,Γ := pΓVωιΓ and

Hω,Γ := pΓHωιΓ = −∆Γ + λVω,Γ.

Furthermore, we define GΓ(z) := (HΓ − z)−1 and GΓ(z;x, y) :=
〈
δx, GΓ(z)δy

〉
for

z ∈ C \ σ(HΓ) and x, y ∈ Γ.

2.2. Discrete alloy-type model. Of particular interest will be the case where the
random variables ηk are given by a linear combination of i.i.d. random variables, giving
rise to a discrete alloy-type potential. While some abstract definitions in Section 3
hold for arbitrary random fields η, our main results concern the discrete alloy-type
potential.

Assumption (A). The probability space (Ω,A,P) is given by the product space
Ω = ×k∈ZdR, A = ⊗k∈ZdB(R) and P = ⊗k∈Zdµ, where µ is some probability measure
on R. The random variables ηk : (Ω,A)→ (R,B(R)), k ∈ Zd, are given by

(2) ηk(ω) =
∑
i∈Zd

ωiu(x− i)

for some summable function u : Zd → R.

If Assumption (A) is satisfied, we call the collection of random variables ηk, k ∈ Zd,
given by Eq. (2) a discrete alloy-type potential, the corresponding family of operators

Hω = −∆ + λVω, (Vωψ)(x) = ηx(ω)ψ(x), ω ∈ Ω,

on `2(Zd) a discrete alloy-type model, and the function u a single-site potential. More-
over, we set Θ = suppu.

In the case where the single-site potential u = δ0, the random Hamiltonian (1) is
exactly the standard Anderson model.

3. Conditional distributions and modulus of continuity

3.1. Definition and main result. Let m ∈ Zd, Z⊥m = ×k∈Zd\{m}R and Z⊥m =

⊗k∈Zd\{m}B(R). We introduce the random variable

η⊥m : (Ω,A)→ (Z⊥m,Z⊥m), η⊥m(ω) = (ηk(ω))k∈Zd\{m}.

We denote by Pη⊥m : Z⊥m → [0, 1] the distribution of η⊥m with respect to P, i.e. Pη⊥m(B) :=

P({ω ∈ Ω: η⊥m(ω) ∈ B}). For m ∈ Zd, a ∈ R and ε > 0 we define the conditional
expectation

Y ε,a
m := P

(
ηm ∈ [a, a+ ε] | η⊥m

)
:= E

(
1{ηm∈[a,a+ε]} | η⊥m

)
.

A conditional expectation Y ε,a
m = E(1{ηm∈[a,a+ε]} | η⊥m) is a random variable Y ε,a

m :
Ω→ [0, 1] with the property that
(i) Y ε,a

m is F-measurable, where F = σ(η⊥m), and that
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(ii) for all A ∈ F we have E(1{ηm∈[a,a+ε]}1A) = E(Y ε,a
m 1A) .

Since 1{ηm∈[a,a+ε]} ∈ L1(Ω,A,P), Y ε,a
m exists. There may exist several functions Y ε,a

m

which satisfy conditions (i) and (ii). They are called versions of E(1{ηm∈[a,a+ε]} | η⊥m).
Two such versions coincide P-almost everywhere. For convenience, for each a ∈ R and
ε > 0 we fix one version Y ε,a

m of the conditional expectation. Since Y ε,a
m is F -measurable,

the factorization lemma tells us that (for each a and ε) there is a measurable function
gε,am : (Z⊥m,Z⊥m)→ (R,B(R)) such that Y ε,a

m = gε,am ◦ η⊥m, i.e. for all ω ∈ Ω we have

(3) Y ε,a
m (ω) = gε,am (η⊥m(ω)).

We introduce several quantities used in the literature to describe the regularity of
(the conditional distribution) of the random field ηk, k ∈ Zd. For m ∈ Zd we denote
by Sm : [0,∞)→ [0, 1],

Sm(ε) := sup
a∈R

P({ω ∈ Ω: ηm ∈ [a, a+ ε]}),

the global modulus of continuity or the concentration function of the distribution of
ηm. For Λ ⊂ Zd and ε > 0 we define

ŜΛ(ε) := sup
m∈Λ

sup
a∈R

ess sup
η⊥m∈Z⊥m

gε,am (η⊥m).

Here, the essential supremum refers to the measure Pη⊥m , that is,

ess sup
η⊥m∈Z⊥m

gε,am (η⊥m) = inf
{
b ∈ R : Pη⊥m

(
{η⊥m ∈ Z⊥m : gε,am (η⊥m) > b}

)
= 0
}
.

Denote by S̃εm the conditional global modulus of continuity or the conditional concen-
tration function of the distribution of ηm, i.e.

S̃εm : Ω→ [0, 1], S̃εm = sup
a∈R

Y ε,a
m .

Since we are taking here a supremum over an uncountable set, it is not clear whether
the resulting function is still measurable. In fact, this depends on how we chose the
version of the conditional expectation (for each of the uncountable many a ∈ R). We
show in Lemma 3.1 that if we choose a regular version of Y ε,a

m (which always exists
since ηm is real-valued), then S̃εm is F -measurable. In what follows we always assume
that S̃εm is F -measurable and we denote by gεm : (Z⊥m,Z⊥m)→ (R,B(R)) the measurable
function which comes up with the factorization lemma and satisfies S̃εm = gεm ◦ η⊥m.
Finally, we define

S̃Λ(ε) := sup
m∈Λ

ess sup
η⊥m∈Z⊥m

gεm(η⊥m),

where the essential supremum again refers to the measure Pη⊥m .

Lemma 3.1. Let (Ω,A,P) be a probability space, C ⊂ A a σ-algebra and X : Ω→ R
a random variable. Let further Q : Ω × B(R) → [0, 1] be a regular version of the
conditional distribution of X with respect to C. Then for all ε > 0 the function

sup
a∈R

Q(·, [a, a+ ε]) : Ω→ [0, 1]

is C-measurable.
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For the proof we will use results on the regular version of the condition a distribution
of a random variable with respect to a sub-σ-algebra. These can be found, e.g., in §44
of [Bau91].

Proof of Lemma 3.1. For each ε > 0 and a ∈ R

Ω 3 ω 7→ Q(ω, [a, a+ ε])

is C-measurable. Consequently, for each ε > 0

sup
b,δ∈Q,δ∈[0,ε]

Q(ω, [b, b+ δ])

is C-measurable as well. It remains to show

sup
a∈R

Q(ω, [a, a+ ε]) = sup
b,δ∈Q,δ∈[0,ε]

Q(ω, [b, b+ δ]).

Fix c ∈ R. Since Q is a regular version of the conditional distribution we have for all
ω ∈ Ω

Q(ω, [c, c+ ε]) = sup
b,δ∈Q,b≥c,δ≥0,b+δ≤c+ε

Q(ω, [b, b+ δ]).

(For an arbitrary version of the conditional distribution we would have this statement
only for almost all ω, with the exceptional set depending on c.) The last quantity
equals

sup
b,δ∈Q,b≥c,δ≥0,b+δ≤c+ε,δ≤ε

Q(ω, [b, b+ δ])

and is bounded from above by

sup
b,δ∈Q,b≥c,δ≥0,δ≤ε

Q(ω, [b, b+ δ]) ≤ sup
b,δ∈Q,δ≥0,δ≤ε

Q(ω, [b, b+ δ])

≤ sup
b∈Q

Q(ω, [b, b+ ε]) ≤ sup
b∈R

Q(ω, [b, b+ ε]).

This completes the proof. �

The papers [vDK91, AM93, AG98, Hun00, ASFH01, Hun08] make use of certain
regularity conditions, formulated in terms of the conditional modulus of continuity,
which are used to derive localization for Anderson-type models as in (1) with correlated
potentials. Since the regularity conditions of the mentioned papers are all in the same
flavor, we formulate exemplary the condition from [ASFH01].

Condition (B). The collection ηk, k ∈ Zd, is said to be (uniformly) τ -Hölder
continuous for τ ∈ (0, 1] if there is a constant C such that for all ε > 0

ŜZd(ε) := sup
m∈Zd

sup
a∈R

ess sup
η⊥m∈Z⊥m

gε,am (η⊥m) ≤ Cετ .

Our main results on the modulus of continuity is the following theorem. It applies
to a class of discrete alloy-type potentials, including a case where the measure µ has
unbounded support.

Theorem 3.2. Let Assumption (A) be satisfied, d = 1 and either
(a) Θ = {0, . . . , n− 1} for some n ∈ N, sup suppµ = 1 and inf suppµ = 0, or
(b) Θ = {−1, 0}, u(0) = 1, |u(1)|2 = 1 and µ be the normal distribution with mean

zero and variance σ2.
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Then for any Λ ⊂ Z and any ε > 0 we have

(4) ŜΛ(ε) := sup
m∈Λ

sup
a∈R

ess sup
η⊥m∈Z⊥m

gε,am (η⊥m) = 1

and

(5) S̃Λ(ε) := sup
m∈Λ

ess sup
η⊥m∈Z⊥m

gεm(η⊥m) = 1.

The above Theorem shows that Condition (B) is not satisfied for the discrete alloy-
type potential, if any of the two cases (a) or (b) holds. This is in sharp contrast to the
fact that the concentration function Sm of the distribution of such ηm may be very
well τ -Hölder continuous, as the following example shows.

Example 3.3. Let Assumption (A) be satisfied, d = 1, Θ = {0, 1}, u(0) = u(1) = 1
and µ be the uniform distribution on [0, 1], which is a special case of case (a) in
Theorem 3.2. Then we have for m ∈ Z and ε > 0

Sm(ε) = sup
a∈R

P({ωm + ωm−1 ∈ [a, a+ ε]}) =

{
ε− ε2

4 if ε ∈ (0, 2],
1 if ε > 2.

If one considers finite a volume restriction Hω,ΛL
, ΛL = {y ∈ Zd : |y|∞ ≤ L}, an

analogue to Condition (B) which is sufficient for localization would be the following:
There is some τ ∈ (0, 1] and a constant C such that

(6) sup
L∈N

sup
m∈ΛL

sup
a∈R

ess sup
(ηk)k∈ΛL\{m}

P
(
ηm ∈ [a, a+ ε] | (ηk)k∈ΛL\{m}

)
≤ Cετ .

As can be seen from the proof of Theorem 3.2, this condition is also not satisfied
for the discrete alloy-type potential if any of the two cases (a) or (b) holds. On the
contrary, the proof of Theorem 3.2 suggests that Condition (B) is satisfied for the
discrete alloy-type potential, if Θ = {−1, 0}, u(0) = 1, |u(1)|2 6= 1 and µ is the normal
distribution, see Proposition 3.6 and Remark 3.7 below.

The result of Theorem 3.2 also shows that the key Lemma 3 in [Klo12] is not correct.
Lemma 3 in [Klo12] states (in our notation) that the conditional distributions of the
random variables ηm exhibits qualitatively the same regularity as the distributions of
the random variables ωm.

The proof of Theorem 3.2 is split into two parts. First we consider in Subsection 3.2
elementary conditional probabilities (conditioned on an event, not on a σ-algebra)
and derive appropriate bounds. Thereafter we show how to transfer these bounds to
probabilities conditioned on a σ-algebra in Subsection 3.3.

3.2. Elementary conditional probabilities.

Proposition 3.4. Let Assumption (A) be satisfied, d = 1, Θ = {0, 1, . . . , n − 1}
for some n ∈ N, inf suppµ = 0 and sup suppµ = 1. There are constants c,m, s+ ∈
(−∞,∞), depending only on u, such that for all δ > 0 and δ ≥ δ′ > 0

P
(
η0 ∈ [m− cδ,m+ cδ] | η−1, ηn−1 ∈ [s+ − δ′, s+]

)
= 1.

The values of the constants c, m and s+ can be inferred from the proof.

Notice that, under the assumptions of Proposition 3.4, η−1 and ηn−1 are stochas-
tically independent and P(η−1, ηn−1 ∈ [s+ − δ′, s+]) > 0, where s+ is defined in the
proof of Proposition 3.4.
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Proof of Proposition 3.4. Let Θ+ := {k ∈ Z : u(k) > 0}, Θ− := {k ∈ Z1 : u(k) < 0},
umax = maxk∈Θ|u(k)|, umin = mink∈Θ|u(k)| and s+ =

∑
k∈Θ+ u(k). Let us further

introduce two subsets of Θ which are important in our study. The first one is

Θ1 =

{
Θ+ + 1 if n− 1 6∈ Θ+,

((Θ+ + 1) ∩Θ) ∪ {0} if n− 1 ∈ Θ+,

with Θ+ + 1 = {k ∈ N : (k − 1) ∈ Θ+}. The second subset is the complement
Θ0 = Θ \Θ1. To end the proof we show the following interval arithmetic result:

Let δ ≥ δ′ > 0 and η−1, ηn−1 ∈ [s+ − δ′, s+]. Then

(7) η0 ∈ [m− cδ′,m+ cδ′] ⊂ [m− cδ,m+ cδ]

with c = numax/umin and m =
∑

k∈Θ1
u(k).

We divide the proof of (7) into three parts. The first step is to argue that

(8) ω−1−k ∈

{[
1− δ′

umin
, 1
]

for k ∈ Θ+,[
0, δ′

umin

]
for k ∈ Θ−.

For the proof of the first part of (8) we use the assumption η−1 ≥ s+ − δ′ and obtain

s+ − δ′ ≤ η−1 =
∑
k∈Θ

u(k)ω−1−k ≤
∑
k∈Θ+

u(k)ω−1−k,

and hence
∑

k∈Θ+ u(k)(1 − ω−1−k) ≤ δ′. We conclude that for all k ∈ Θ+ we have
u(k)(1 − ω−1−k) ≤ δ′ which gives the first part of (8). For the proof of the second
part of (8) we use again the assumption η−1 ≥ s+ − δ′ and obtain∑

k∈Θ+

u(k)ω−1−k − δ′ ≤ s+ − δ′ ≤ η−1 =
∑
k∈Θ+

u(k)ω−1−k +
∑
k∈Θ−

u(k)ω−1−k

which gives −δ′ ≤
∑

k∈Θ− u(k)ω−1−k. Thus, for all k ∈ Θ− we have ω−1−k ≤
−δ′/u(k) = δ′/|u(k)| which gives the second part of (8). In a second step we argue
that

(9) ω−k+n−1 ∈

{[
1− δ′

umin
, 1
]

for k ∈ Θ+,[
0, δ′

umin

]
for k ∈ Θ−.

The proof of (9) can be done in analogy to the proof of (8), but using the assumption
ηn−1 ≥ s+ − δ′. In a third step we ask the question for which k ∈ Θ we have
ω−k ∈ [1− δ′/umin, 1]. Using the definition of the set Θ1 we find with (8) and (9) that

(10) ω−k ∈

{[
1− δ′

umin
, 1
]

for k ∈ Θ1,[
0, δ′

umin

]
for k ∈ Θ0.

Now, the desired result (7) follows from (10) and the decomposition

η0 =
∑
k∈Θ

u(k)ω−k =
∑
k∈Θ1

u(k)ω−k +
∑
k∈Θ0

u(k)ω−k.

Hence, the proof is complete. �

Remark 3.5. The assumption inf suppµ = 1 and sup suppµ = 1 in Proposition 3.4 is
not crucial. What matters is that suppµ is a bounded set.
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In the case where suppµ is an unbounded set the situation is somehow different. We
illustrate the effects in the case where µ is Gaussian. For l ∈ N let Al ∈ Rl×l+1 be the
matrix with coefficients in the canonical basis given by Al(i, i) = 1, Al(i, i+1) = u(−1)
for i ∈ {1, . . . , l}, and zero otherwise, namely

Al =


1 u(−1)

. . . . . .
. . . u(−1)

1 u(−1)

 ∈ Rl×l+1.

Proposition 3.6. Let Assumption (A) be satisfied, d = 1, l,m ≥ 1, Θ = {−1, 0},
u(0) = 1 and µ be the normal distribution with mean zero and variance σ2. Let further
v+ ∈ Rl and v− ∈ Rm. Then the distribution of η0 conditioned on (ηk)

l
k=1 = v+ and

(η−m+k−1)mk=1 = v− is Gaussian with variance

γ = σ2
(
u(−1)2 − 1 +

1

sm
+

1

sl

)
, where sl :=

l∑
i=1

(
u(−1)

)2i
,

and mean

m = u(−1)

(
m∑
i=1

(AmA
T
m)−1(m, i) v−i +

l∑
i=1

(AlA
T
l )−1(1, i) v+

i

)
.

Remark 3.7. Let l,m ≥ 1. If |u(−1)| 6= 1, Proposition 3.6 gives that the distribution of
η0 conditioned on fixed potential values ηk, k ∈ {−m, . . . , l} \ {0}, is again Gaussian
with variance bounded from below by σ2|u2(−1)−1|. This shows that the random field
ηk, k ∈ Zd, satisfies the regularity condition formulated in Ineq. (6) if Θ = {−1, 0},
u(0) = 1, |u(−1)| 6= 1 and µ is Gaussian. Moreover, the regularity condition from
Ineq. (6) is not satisfied if Θ = {−1, 0}, u(0) = 1, |u(−1)| = 1 and µ is Gaussian.

The proof of Proposition 3.6 is based on following classical result which may be
found in [Por94].

Proposition 3.8. Let X be normally distributed on Rd, Y = a · X where a ∈ Rd,
and W = BX where B ∈ Rm×d. Assume W has a non-singular distribution. Then
the distribution of Y conditioned on W = v ∈ Rm is the Gaussian distribution having
mean

E(Y ) + cov(Y,W ) cov(W,W )−1[v −E(W )]

and variance
cov(Y, Y )− cov(Y,W ) cov(W,W )−1 cov(W,Y ).

Notice, if we apply Al on the vector ω[x,x+l] = (ωx+k−1)l+1
k=1, we obtain a vector

containing the potential values ηk, k ∈ {x, x + 1, . . . , x + l}. Moreover, the vector
(ηx+k−1)lk=1 = Alω[x,x+l] is normally distributed with mean zero and covariance
σ2AlA

T
l . The matrix AlATl has the form

AlA
T
l =


1 + u2(−1) u(−1)

u(−1) 1 + u2(−1)
. . .

. . . . . . u(−1)
u(−1) 1 + u2(−1)

 ∈ Rl×l.
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By induction we find that the determinant of AlAT
l is given by

det(AlA
T
l ) = sl > 0 where sl =

l∑
i=1

(
u(−1)

)2i
.

Since the minor M11 and Mll of AlAT
l equals Al−1A

T
l−1 we obtain by Cramers rule for

the elements (1, 1) and (l, l) of the inverse of Al−1A
T
l−1

(11) (AlA
T
l )−1(1, 1) = (AlA

T
l )−1(l, l) =

sl−1

sl
.

Proof of Proposition 3.6. Let X := (ω−m−1+k)
l+m+2
k=1 ∈ Rm+n+2, a = (ai)

l+m+2
i=1 ∈

Rl+m+2 the vector with coefficients am+1 = 1, am+2 = u(−1) and zero otherwise. Let
us further define the block-matrix

B =

(
Am 0
0 Al

)
∈ R(m+l)×(m+l+2).

Notice that Y := a ·X = η0,

Amω[−m,0] = (η−m+k−1)mk=1, and Alω[1,l+1] = (ηk)
l
k=1,

where ω[−m,0] = (ω−m+k−1)m+1
k=1 and ω[1,l+1] = (ωk)

l+1
k=1. Hence W := BX is the

m+ l-dimensional vector containing the potentials ηk, k ∈ {−m, . . . , l} \ {0}. Notice
that Y and W have mean zero, since X has mean zero. We apply Proposition 3.8
with these choices of X, Y and W , and obtain that the distribution of η0 conditioned
on (η−m+k−1)mk=1 = v− and (ηk)

l
k=1 = v+ is Gaussian with mean

m = cov(Y,W ) cov(W,W )−1v

and variance
γ = cov(Y, Y )− cov(Y,W ) cov(w,w)−1 cov(W,Y ),

where v = (v−, v+)T. It is straightforward to calculate cov(Y, Y ) = σ2(1 + u(−1)2)
and cov(W,Y ) = z = (z−, z+)T, where z− = (0, . . . , 0, σ2u(−1))T ∈ Rm and z+ =
(σ2u(−1), 0, . . . , 0)T ∈ Rl. We also have

cov(W,W ) = σ2

(
AmA

T
m 0

0 AlA
T
l

)
.

Hence by Eq. (11)

γ = σ2(1 + u(−1)2)− σ−2zT

(
(AmA

T
m)−1 0

0 (AlA
T
l )−1

)−1

z

= σ2(1 + u(−1)2)− σ−2

[
σ4u2(−1)

sm−1

sm
+ σ4u2(−1)

sl−1

sl

]
= σ2(1 + u(−1)2)− σ2

(
1− 1

sm

)
− σ2

(
1− 1

sm

)
,

and
m =

[
z−

T
(σ2AmA

T
m)−1v− + z+T

(σ2AlA
T
l )−1v+

]
.

This proves the statement of the proposition. �

The case of Proposition 3.6 where eitherm or l equals zero can be proven analogously
and is indeed contained in the statement of Proposition 3.6 in the sense that s0 = 1.
However, to avoid confusion let us reformulate the case m = 0.
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Proposition 3.9. Let Assumption (A) be satisfied, d = 1, l ≥ 1, Θ = {−1, 0},
u(0) = 1 and ρ be the Gaussian density with mean zero and variance σ2. Let further
v ∈ Rl. Then the distribution of η0 conditioned on (ηk)

l
k=1 = v is Gaussian with

variance

γ = σ2
(
u(−1)2 +

1

sl

)
and mean m = u(−1)

l∑
i=1

(AlA
T
l )−1(1, i) vi.

3.3. Proof of Theorem 3.2.

Proposition 3.10. Let Assumption (A) be satisfied, d = 1 and either
(a) Θ = {0, . . . , n − 1} for some n ∈ N, sup suppµ = 1, inf suppµ = 0, m be as in

Lemma 3.4, ε > 0 and a = m− ε/2, or
(b) Θ = {−1, 0}, u(0) = 1, |u(1)|2 = 1, µ be the normal distribution with mean zero

and variance σ2, ε > 0 and a = −ε/2.
Then,

ess sup
η⊥0 ∈Z⊥0

gε,a0 (η⊥0 ) = 1.

Proof. Assume the converse, i.e. b := ess supη⊥0
gε,a0 (η⊥0 ) < 1. By definition of the

conditional expectation we have for all B ∈ σ(η⊥0 ) that

(12) E
(
1B1{η0∈[a,a+ε]}

)
= E

(
1BY

ε,a
0

)
.

Let l ∈ N, s+ and c be as in Lemma 3.4, and choose

B =

{{
ω ∈ Ω: η−1, ηn−1 ∈ [s+ − ε/(2c), s+]} if (a) is satisfied{
ω ∈ Ω: ηk = 0, k ∈ {−l, . . . , l} \ {0}

}
if (b) is satisfied

which is σ(η⊥0 )-measurable. Lemma 3.4 and Proposition 3.6 tells us that the left hand
side of Eq. (12) equals

P(B ∩ {η0 ∈ [a, a+ ε]}) =

{
1 · P(B) if (a) is satisfied,
N0,γ([a, a+ ε]) · P(B) if (b) is satisfied,

where γ = σ2(2/l). Here, N0,γ denotes the normal distribution with mean zero and
variance γ. Now we choose l large enough, such that N0,γ([a, a + ε]) > b. For the
right hand side of Eq. (12) we use the factorized version (3) of Y ε,a

0 and obtain by
substitution

E
(
1BY

ε,a
0

)
=

∫
Z⊥0

1B′(η
⊥
0 )gε,a0 (η⊥0 )dPη⊥0 (η⊥0 ),

where
B′ = {η⊥0 ∈ Z⊥0 : η−1, ηn−1 ∈ [s+ − ε/(2c), s+]}.

Since b < 1 by our assumption we obtain

E(1BY
ε,a

0 ) ≤ bPη⊥0 (B′) = bP(B) <

{
1 · P(B) if (a) is satisfied,
N0,γ([a, a+ ε]) · P(B) if (b) is satisfied.

This is a contradiction to Eq. (12). �



12 MARTIN TAUTENHAHN AND IVAN VESELIĆ

Proof of Theorem 3.2. The first equality (4) follows from translation invariance and
Proposition 3.10. For the second statement (5) we use the pointwise inequality
gε0(η⊥0 ) ≥ gε,a0 (η⊥0 ). If we take first the essential supremum with respect to η⊥0 and
then supremum with respect to a on both sides, we obtain using Proposition 3.10

ess sup
η⊥0 ∈Z⊥0

gε0(η⊥0 ) ≥ 1.

The result now follows by translation invariance. �

4. How regularity properties turn into regularity of spectral data

Throughout Section 4, 5 and 6 we assume that Assumption (A) is satisfied, i.e. the
random field ηk : (Ω,A)→ (R,B(R)), k ∈ Zd, is the discrete alloy-type potential given
in Eq. (2). Next we list several additional regularity assumptions which may hold or
not hold. All of them can be interpreted as assumptions of the distribution of the
stochastic process ηm,m ∈ Zd.

Assumption (C). The measure µ has compact support, a probability density ρ ∈
W 1,1(R), Θ is finite and the single-site potential satisfies u =

∑
k∈Zd u(k) > 0.

Assumption (D). Θ is a finite set, the measure µ has bounded support and a
probability density ρ ∈ L∞(R), and the function u satisfies u(k) > 0 for all k ∈ ∂iΘ :=
{k ∈ Θ | k has less than 2d neighbors in Θ}.

Assumption (E). The measure µ has bounded support and a probability density
ρ ∈ BV(R) and there are constants C,α > 0 such that for all k ∈ Zd we have
|u(k)| ≤ Ce−α‖k‖1 .

If Assumption (E) is satisfied, we define a constant N as follows. For δ ∈ (0, 1−e−α)
we consider the to u associated generating function F : Dδ ⊂ Cd → C,

Dδ = {z ∈ Cd : |z1 − 1| < δ, . . . , |zd − 1| < δ}, F (z) =
∑
k∈Zd

u(−k)zk.

Notice that the sum
∑

k∈Zd u(−k)zk is normally convergent in Dδ by our choice of δ
and the exponential decay condition of Assumption (E). By Weierstrass’ theorem, F
is a holomorphic function. Since F is holomorphic and not identically zero, we have
(DI

zF )(1) 6= 0 for at least one I ∈ Nd0. Therefore, there exists a multi-index I0 ∈ Nd0
(not necessarily unique), such that we have

(13) (DI
zF )(1) =

{
cu 6= 0, if I = I0,
0, if I < I0.

Such a I0 can be found by diagonal inspection: Let n ≥ 0 be the largest integer such
that DI

zF (1) = 0 for all ‖I‖1 < n. Then choose a multi-index I0 ∈ Nd0, |I0|1 = n with
(DI0

z F )(1) 6= 0. We finally set N = |I0|1.

Assumption (F). Assume that Θ is a finite set, the Fourier transform û : [0, 2π)d → C
of u, i.e.

û(θ) =
∑
k∈Zd

u(k)eik·θ,

does not vanish, and that the measure µ has bounded support and a density ρ ∈
W 2,1(R).
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If Assumption (F) is satisfied, we define the constant Cu as follows. Let A : `1(Zd)→
`1(Zd) be the linear operator whose coefficients in the canonical orthonormal basis are
given by A(j, k) = u(j − k) for j, k ∈ Zd. Since u has compact support, the operator
A is bounded. If û does not vanish (as required by Assumption (F)), the operator A
has a bounded inverse by the so-called 1/f -Theorem of Wiener and we have

(14) Cu := ‖A−1‖1 <∞,
see [Ves10a] for details.

We list several results on the regularity of spectral data under (some of) the above
conditions on the stochastic process defining the random potential. While these results
by themselves are probabilistic statements, describing the regularity of push-forward (or
image) measures, they are of crucial importance for the study of spectral properties of
random Schrödinger operators. This is described explicitly in the subsequent Section 5.

The first result concerns the uniform boundedness of the average of a fractional
power of the Green function. It is sometimes called a-priori bound of the fractional
moment method.

Theorem 4.1 ([ETV11]). Let Λ ⊂ Zd finite, s ∈ (0, 1) and Assumption (C) be
satisfied. Then we have for all x, y ∈ Λ and z ∈ C \ R

E (|Gω,Λ(z;x, y)|s) ≤ 8

(u)s
s−s

1− s
‖ρ′‖sL1C

s 1

λs
,

where

C =

(
ec + 1

ec − 1

)d
and c =

1

diam Θ
ln

(
1 +

u

2‖u‖`1

)
.

While the last statement is uniform in the lattice points x, y it does not exploit the
intuition that the Green function should decay, as the |x− y| grows. Such a statement
is given, for discrete alloy-type models, in the following theorem. It is the core of the
fractional moment method.

Theorem 4.2 ([ETV11]). Let Γ ⊂ Zd, s ∈ (0, 1/3) and suppose that Assumption (D)
is satisfied. Then for a sufficiently large λ there are constants C,m ∈ (0,∞), depending
only on d, ρ, u, s and λ, such that for all z ∈ C \ R and all x, y ∈ Γ

(15) E
(
|Gω,Γ(z;x, y)|s/2|Θ|

)
≤ Ce−m|x−y|.

As we will comment below, exponential bounds of the type (15) allow to conclude
spectral localization.

For L > 0 we denote by ΛL = {y ∈ Zd : |y|∞ ≤ L} the cube centered at the origin.
The following result is a bound on the expected number of eigenvalues in a given
energy region, for a finite cube random Hamiltonian.

Theorem 4.3 ([PTV11]). Let Assumption (E) be satisfied and λ > 0. Then there
exists CW > 0 depending only on u, such that for any L > 0 and any bounded interval
I ⊂ R

E (TrχI(Hω,ΛL
)) ≤ λ−1CW‖ρ‖Var|I|(2l + 1)2d+N ,

where N is defined by Eq. (13).

The above inequality shows the Lipschitz-continuity of the distribution function
E 7→ E

(
Trχ(−∞,E](Hω,ΛL

)
)
. Hence, we have result about regularity of spectral data.
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The following theorem is a so-called Minami-estimate. It generalizes the key estimate
in [Min96]. Minami’s result applies to the standard Anderson model, while our theorem
concerns also certain correlated random potentials.

Theorem 4.4 ([TV13a]). Let Λ ⊂ Zd be finite and Assumption (F) satisfied. Then
we have for all x, y ∈ Λ with x 6= y, all z ∈ C with =z > 0 and all λ > 0

E
(

det

{
=
(
Gω,Λ(z;x, x) Gω,Λ(z;x, y)
Gω,Λ(z; y, x) Gω,Λ(z; y, y)

)})
≤
(π
λ

)2
CMin,

where

CMin =
C2
u

4
max{‖ρ′‖21, ‖ρ′′‖1}

and Cu is the constant from Eq. (14).

Minami’s estimate has an important corollary, a bound on the probability of finding
at least two eigenvalues of Hω,Λ in a given energy interval.

Corollary 4.5. Let Assumption (F) be satisfied, Λ ⊂ Zd finite and I ⊂ R be a bounded
interval. Then we have for all λ > 0

P
{

TrχI(Hω,Λ) ≥ 2
}
≤ 1

2
E
(
(TrχI(Hω,Λ))2 − TrχI(Hω,Λ)

)
(16)

≤ 1

2

(π
λ

)2
CMin|I|2|Λ|2.

Thus we can control the probability that two eigenvalues fall close to each other:
Again a regularity statement for spectral data.

5. Physical implications of the regularity of spectral data

One motivation for proving the regularity results of spectral data is that they
are the main ingredient for localization proofs. There are different signatures of
localization. We discuss two of them: spectral localization and Poisson statistics.
Spectral localization or Anderson localization is the phenomenon that there are energy
intervals I such that for almost all configurations of the randomness, the spectrum of
Hω consists only of eigenvalues.

Definition 5.1. Let I ⊂ R. We say that Hω exhibits exponential localization in I
if, for almost all ω ∈ Ω, σc(Hω) ∩ I = ∅ and the eigenfunctions corresponding to the
eigenvalues of Hω in I decay exponentially. If I = R we simply say that Hω exhibits
exponential localization.

Beside this spectral interpretation of localization there are also interpretations from
the dynamical point of view. Since we put our focus here on spectral localization we do
not give a definition here. However, for the discussion of various notions of dynamical
localization we refer to [Kle08].

In space dimension d > 1 there are exactly two methods to prove localization: the
multiscale analysis [FS83, FMSS85] and the fractional moment method [AM93]. The
output of the fractional moment method is the exponential decay of an averaged
fractional power of the Green function, i.e. an inequality of the form (15). There is a
variety of methods for concluding localization from this so-called fractional moment
bound (15), for example using the Simon-Wolff criterion [AM93], via the RAGE-
theorem [Gra94, Hun00], using a method called eigenfunction correlators [AEN+06],
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or going the way via the output of multiscale analysis [ETV10, ETV11]. In this sense,
it is not surprising that Theorem 4.2 yields the following localization result.

Theorem 5.2 ([ETV11]). Let Assumption (D) be satisfied and λ sufficiently large.
Then, for almost all ω ∈ Ω, Hω exhibits exponential localization.

The multiscale ananysis is an induction argument which shows the exponential
decay of the Green function with high probability on larger and larger scales. The
induction anchor is the so-called initial length scale estimate. The main ingredient for
the induction step is a Wegner estimate, which is formulated for our specific model in
Theorem 4.3. Since the initial length scale estimate follows from a Wegner estimate in
the case of large disorder, we obtain the following improvement of Theorem 5.2.

Theorem 5.3 ([LPTV13]). Let Assumption (E) be satisfied and λ be sufficiently large.
Then, for almost all ω ∈ Ω, Hω exhibits exponential localization.

Due to the lack of monotonicity it is not possible by standard methods to obtain
an initial length scale estimate in the case of small disorder λ > 0 under the general
Assumption (E). However, if the single-site potential has only a small negative
part, it is possible to deduce an initial length scale estimate at the bottom of the
spectrum by using perturbative arguments. This has been implemented for compactly
supported single-site potentials in the continuous setting in [Ves02] and adapted to
exponentially decaying (not compactly supported) single-site potentials in the discrete
setting in [LPTV13]. Together with the Wegner estimate from Theorem 4.3 one obtains
localization via multiscale analysis in the weak disorder regime.

Assumption (G). We say that Assumption (G) is satisfied for δ > 0, if there exists
a decomposition u = u+ − δu− with u+, u− ∈ `1(Zd;R+

0 ), and ‖u−‖1 ≤ 1. For the
measure µ we assume suppµ = [0, ω+] for some ω+ > 0.

Theorem 5.4 ([LPTV13]). Let Assumption (E) and (C) be satisfied and λ > 0. Then
there exists δ > 0 and ε > 0, such that if Assumption (G) is satisfied for δ, then, for
almost all ω ∈ Ω, Hω exhibits exponential localization in [−ε, ε].

See also [CE12] for a more general result in three space dimensions.
Another signature of localization is Poisson statistics. Physicists expect that there

is no level repulsion of energy levels in the localized regime. This manifests itself in the
sense that the point process associated to the rescaled eigenvalues of Hω,ΛL

converges
to a Poisson process.

To be more precise, we introduce all the basic definitions. Let L ∈ N and and
Eω1 (ΛL) ≤ Eω2 (ΛL) ≤ . . . ≤ Eω|ΛL|(ΛL) be the eigenvalues of Hω,ΛL

repeated according
to multiplicity. Since (Hω)ω is an ergodic family of random operators, the IDS exists
as a (non-random) distribution function N : R→ [0, 1], satisfying for almost all ω ∈ Ω

N(E) = lim
L→∞

1

|ΛL|
#{j ∈ N : Eωj (ΛL) ≤ E},

at all continuity points of N . In particular, if Assumption (F) is satisfied, the IDS is
known to be Lipschitz continuous [Ves10a]. Let us now introduce a second hypothesis
which may be interpreted as a quantitative growth condition on the IDS or a positivity
assumption on the density of states measure.
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Assumption (H). Let E0 ∈ R and κ ≥ 0. We say that Assumption (Pos) is satisfied
for E0 and κ if for all a < b there exists C, ε0 > 0 such that for all ε ∈ (0, ε0) there
holds

|N(E0 + aε)−N(E0 + bε)| ≥ Cε1+κ.

For E0 ∈ R we consider the rescaled spectrum ξω = (ξωj )
|ΛL|
j=1 , defined by

(17) ξωj = ξωj (L,E0) = |ΛL|
(
N(Eωj (ΛL))−N(E0)

)
, j = 1, . . . , |ΛL|,

and the associated point process Ξ : Ω→Mp given by

(18) Ξω = ΞωL,E0
=

|ΛL|∑
j=1

δξωj ,

where δx is the Dirac measure concentrated at x andMp is the set of all integer valued
Radon measures on R. A point process Υ is called Poisson point process with intensity
measure µ if

P
{
ω ∈ Ω: Υω(A) = k

}
= e−µ(A)µ(A)k

k!
, k = 1, 2, . . .

holds for each bounded Borel set A ∈ B(R) and for disjoint sets A1, . . . , An ∈ B(R),
the random variables Υ(A1), . . . ,Υ(An) are independent. Let Υn : Ω→Mp, n ∈ N,
be a sequence of point processes defined on a probability space (Ω,A,P). This sequence
is said to converge weakly to a point process Υ : Ω̃ →Mp defined on a probability
space (Ω̃, Ã, P̃), if and only if for any bounded continuous function φ :Mp → R there
holds

lim
n→∞

∫
Ω
φ(Υω

n)P(dω) =

∫
Ω̃
φ(Υω̃)P̃(dω).

Finally, we introduce a characterization for a region of localization. We refer to [TV13a]
for a discussion of the validity of Assumption (I). Roughly speaking, it is satisfied
whenever one of the Theorems 5.2, 5.3, or 5.4 holds.

Assumption (I). Let I ⊂ R. We assume that for all E ∈ I there exists Θ > 3d− 1
such that

lim sup
L→∞

P
{
∀x, y ∈ ΛL, |x− y|∞ ≥

L

2
: |Gω,ΛL

(E;x, y)| ≤ L−Θ

}
= 1.

Let Σ denote the almost sure spectrum of the (ergodic) family of operators Hω,
ω ∈ Ω.

Theorem 5.5 ([TV13a]). Let Assumption (F) be satisfied, I ⊂ Σ be a bounded interval
and E0 ∈ I. Assume that Assumption (I) is satisfied in I and Assumption (H) is
satisfied for E0 and some κ ∈ [0, 1/(1 + d)).

Then the point process Ξ, defined in Eq. (18), converges for L → ∞ weakly to a
Poisson process on R with Lebesgue measure as the intensity measure.

The result of Theorem 5.5 follows from Minami’s estimate (formulated in Theo-
rem 4.4) by using an abstract result from [GK12]. Roughly speaking, the criterion of
[GK12] states, that for a large class of discrete random Schrödinger operators Minami’s
estimate and a Wegner estimate implies Poisson statistics in any region of localization.
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6. Reverse Hölder inequality and fractional moments

In this section we review a result of Elgart Shamis and Sodin [ESS12]. They apply
the fractional moment method for a large class of discrete alloy-type models. The
main new ingredient in comparison to other proofs via the fractional moment method
is an estimate on the integral of a fractional power of a rational function, respectively,
an iterated version thereof.

We would like to point out that the estimate which is effectively used in [ESS12],
is a reverse Hölder inequality. Such inequalities play an important role in harmonic
analysis, e.g. in the theory of Muckenhoupt weights. In this section we modify the
method of [ESS12] for the discrete alloy-type model at large disorder without the use
of the iterated version of the reverse Hölder inequality.

As mentioned before, we assume throughout this section that Assumption (A) is
satisfied. First we state additional regularity assumptions for the model, see [ESS12].

Assumption (J). There exists α ∈ (0, 1] and C1 > 0, such that µ([t−ε, t+ε]) ≤ C1ε
α

for all ε > 0 and t ∈ R.

Assumption (K). µ has a finite q-moment, i.e. there exists q > 0 and a constant
C2 > 0 such that

∫
|xq|µ(dx) ≤ C2.

Assumption (L). We assume that Θ is a finite set and that 0 ∈ Θ.

The next lemma provides the usual boundedness of fractional moments.

Lemma 6.1. Let Assumption (J) be satisfied and s ∈ (0, α). Then we have for all
b ∈ C ∫

R

1

|x− b|s
µ(dx) ≤ Cs/α1

α

α− s
Proof. We assume b ∈ R, if b 6∈ R we estimate the integrand by replacing b by its real
part. Layer Cake gives us

I :=

∫
R

1

|x− b|s
µ(dx) =

∫ ∞
0

µ({x ∈ R : |x− b|−s > t})dt.

We split the domain of integration for some κ > 0 according to [0,∞) = [0, κ)∪ [κ,∞)
and obtain

I =

∫ κ

0
µ({x ∈ R : |x− b|−s > t})dt+

∫ ∞
κ

µ({x ∈ R : |x− b|−s > t})dt.

Since µ is a probability measure, we can estimate the first integral by κ. For the
second integral we get due to Assumption (J)∫ ∞

κ
µ({x ∈ R : |x− b|−s > t})dt =

∫ ∞
κ

µ([b− t−1/s, b+ t−1/s])dt

≤
∫ ∞
κ

C1t
−α/sdt

= C1
s

α− s
κ−α/s+1.

If we choose κ = C
s/α
1 we obtain the statement of the lemma. �

The main new idea of [ESS12], formulated there in Proposition 3.1, implies the
following reverse Hölder inequality.
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Proposition 6.2 ([ESS12]). Let Assumptions (J) and (K) be satisfied, Q1 and Q2 be
two polynomials of degree smaller or equal k, and s ∈ (0, qα/min{k(4α+ q), α/(2k)}).
Then there is a constant C̃ = C̃(α, q, k, s, C1, C2) such that(∫

R

|Q1(x)|2s

|Q2(x)|2s
dµ(x)

)1/2

≤ C̃
∫
R

|Q1(x)|s

|Q2(x)|s
dµ(x)

The next statement is contained in [ESS12] as well. We give a short, direct proof,
for discrete alloy-type models, which makes use of Lemma 6.1 and Proposition 6.2
only.

Theorem 6.3. Let Assumption (J), (K) and (L) be satisfied, s ∈ (0, qα/min{|Θ|(4α+
q), α/(2k)}) and Λ ⊂ Zd. Then there is a constant C = C(α, q, |Θ|, s, C1, C2, u(0)),
such that for all λ > 0, E ∈ R and x, y ∈ Λ with x 6= y

(19) E(|Gω,Λ(E;x, y)|s) ≤ C

λs

∑
|e|=1

E(|Gω,Λ(E;x, y + e)|s).

Here we use the convention that Gω,Λ(E;x, y) = 0 if x 6∈ Λ or y 6∈ Λ. Moreover, we
note that the set of ω ∈ Ω such that E ∈ R is in the spectrum of Hω,Λ has P-measure
zero. This justifies to deal with real energies.

Proof of Theorem 6.3. By definition of Gω,Λ(E) we have for x 6= y

0 = 〈δx, Gω,Λ(E)(Hω,Λ − E)δy〉 =
∑
i∈Λ

Gω,Λ(E;x, i)〈δi, (Hω,Λ − E)δy〉

= −
∑
|e|=1

Gω,Λ(E;x, y + e) + (λVω(y)− E)Gω,Λ(E;x, y)

Hence,

|Vω(y)− E/λ|s|Gω,Λ(E;x, y)|s ≤ 1

λs

∑
|e|=1

|Gω,Λ(E;x, y)|s.

Next we provide a lover bound on the expectation of the left hand side. By Cauchy
Schwarz we have for all k ∈ Zd

E{k}
(
|Gω,Λ(E;x, y)|s/2

)2
≤ E{k}

(
|Gω,Λ(E;x, y)|s|Vω(y)− E/λ|s

)
E{k}

(
|Vω(y)− E/λ|−s

)
.

Here E{k} denotes the expectation with respect to the random variable ωk, i.e. E{k}(·) =∫
R(·)µ(dωk) By Lemma 6.1 (and since 0 ∈ Θ) we have

E{y}
(
|Vω(y)− E/λ|−s

)
=

∫
R

1

|Vω(y)− E/λ|s
µ(dωy) ≤

1

|u(0)|s
C
s/α
A1

α

α− s
.

Hence,

E{y}
(
|Gω,Λ(E;x, y)|s/2

)2 ≤ C
s/α
A1

|u(0)|s
α

α− s
E{y}

(
|Gω,Λ(E;x, y)|s|Vω(y)− E/λ|s

)
.

By Cramers rule, the Green function is a ratio of two polynomials. More precisely, we
have

Gω,Λ(E;x, y) =
detCy,x

det(Hω,Λ − E)
,
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where Ci,j = (−1)i+jMi,j , and where Mi,j is obtained from the matrix Hω,Λ − E
by deleting row i and column j. Now we observe that both, the numerator and the
denominator, are polynomials in ωy of order k ≤ |Θ|. By Lemma 6.2 there is a constant
C̃ = C̃(α, q, |Θ|, s, C1, C2) such that

E{y}
(
|Gω,Λ(E;x, y)|s

)2 ≥ C̃−1E{y}
(
|Gω,Λ(E;x, y)|2s

)
Hence,

E{y}
(
|Gω,Λ(E;x, y)|s

)
≤ C̃

C
s/α
A1

|u(0)|s
α

α− s
E{y}

(
|Gω,Λ(E;x, y)|s|Vω(y)− E/λ|s

)
.

Putting everything together we obtain the statement of the theorem. �

Remark 6.4. The conclusion of Theorem 6.3 implies the fractional moment bound as
in Ineq. (15), if E(|Gω,Λ(E;x, y)|s) is uniformly bounded and λ is sufficiently large.
This is elaborated e.g. in [Gra94]. So the question remains, whether

sup
Λ⊂Zd,x,y∈Λ

E(|Gω,Λ(E;x, y)|s) <∞.

An elementary argument how to deduce this uniform bound from (19) in the large
disorder regime, is given in Corollaries 2.2.1 and 2.2.2 of [ESS12]. Hence, exponential
decay and localization follows.

References

[AEN+06] M. Aizenman, A. Elgart, S. Naboko, J. H. Schenker, and G. Stolz. Moment analysis for
localization in random Schrödinger operators. Invent. Math., 163(2):343–413, 2006.

[AG98] M. Aizenman and G. M. Graf. Localization bounds for an electron gas. J. Phys. A: Math.
Theor., 31(32):6783, 1998.

[AM93] M. Aizenman and S. Molchanov. Localization at large disorder and at extreme energies:
An elemantary derivation. Commun. Math. Phys., 157(2):245–278, 1993.

[ASFH01] M. Aizenman, J. H. Schenker, R. M. Friedrich, and D. Hundertmark. Finite-volume
fractional-moment criteria for Anderson localization. Commun. Math. Phys., 224(1):219–
253, 2001.

[Bau91] H. Bauer. Wahrscheinlichkeitstheorie. de Gruyter, Berlin, 1991.
[CE12] Cao, Z. and A. Elgart. The weak localization for the alloy-type Anderson model on a cubic

lattice. J. Stat. Phys., 148(6):1006–1039, 2012
[ESS12] A. Elgart, M. Shamis, and S. Sodin. Localisation for non-monotone Schrödinger operators.

to appear in J. Eur. Math. Soc., arXiv:1201.2211v4 [math-ph], 2012.
[ETV10] A. Elgart, M. Tautenhahn, and I. Veselić. Localization via fractional moments for models

on Z with single-site potentials of finite support. J. Phys. A: Math. Theor., 43(47):474021,
2010.

[ETV11] A. Elgart, M. Tautenhahn, and I. Veselić. Anderson localization for a class of models with
a sign-indefinite single-site potential via fractional moment method. Ann. Henri Poincaré,
12(8):1571–1599, 2011.

[FMSS85] J. Fröhlich, F. Martinelli, E. Scoppola, and T. Spencer. Constructive proof of localization
in the Anderson tight binding model. Commun. Math. Phys., 101(1):21–46, 1985.

[FS83] J. Fröhlich and T. Spencer. Absence of diffusion in the Anderson tight binding model for
large disorder or low energy. Commun. Math. Phys., 88(2):151–184, 1983.

[GK12] F. Germinet and F. Klopp. Spectral statistics for random Schrödinger operators in the
localized regime. to appear in J. Eur. Math. Soc., arXiv:1011.1832v3 [math.SP], 2012.

[Gra94] G. M. Graf. Anderson localization and the space-time characteristic of continuum states.
J. Stat. Phys., 75(1-2):337–346, 1994.

[Hun00] D. Hundertmark. On the time-dependent approach to Anderson localization. Math. Nachr.,
214(1):25–38, 2000.



20 MARTIN TAUTENHAHN AND IVAN VESELIĆ

[Hun08] D. Hundertmark. A short introduction to Anderson localization. In Analysis and Stochastics
of Growth Processes and Interface Models, volume 1, pages 194–219. Oxford Scholarship
Online Monographs, 2008.

[Kir08] W. Kirsch. An invitation to random Schrödinger operators. In Random Schrödinger
operators, volume 25 of Panoramas et synthèses, pages 1–119. Société Mathématique de
France, 2008. with an appendix by Frédéric Klopp.

[Kle08] A. Klein. Multiscale analysis and localization of random operators. In Random Schrödinger
operators, volume 25 of Panoramas et synthèses, pages 121–159. Société Mathématique de
France, 2008.

[Klo12] F. Klopp. Spectral statistics for weakly correlated random potentials. arXiv:1210.7674v1
[math-ph], 2012.

[Krü12] H. Krüger. Localization for random operators with non-monotone potentials with expo-
nentially decaying correlations. Ann. Henri Poincaré, 13(3):543–598, 2012.

[LPTV13] K. Leonhardt, N. Peyerimhoff, M. Tautenhahn, and I. Veselić. Wegner estimate and
localization for alloy-type models with sign-changing exponentially decaying single-site
potentials. Technische Universität Chemnitz, Preprintreihe der Fakultät für Mathematik,
Preprint 2013-15, ISSN 1614-8835, 2013.

[Min96] N. Minami. Local fluctuation of the spectrum of a multidimensional Anderson tight binding
model. Commun. Math. Phys., 177(3):709–725, 1996.

[Por94] S. C. Port. Theoretical Probability for Applications. Wiley, New York, 1994.
[PTV11] N. Peyerimhoff, M. Tautenhahn, and I. Veselić. Wegner estimate for alloy-type models with

sign-changing and exponentially decaying single-site potentials. Technische Universität
Chemnitz, Preprintreihe der Fakultät für Mathematik, Preprint 2011-09, ISSN 1614-8835,
2011.

[TV10a] M. Tautenhahn and I. Veselić. A note on regularity for discrete alloy-type models. Tech-
nische Universität Chemnitz, Preprintreihe der Fakultät für Mathematik, Preprint 2010-6,
ISSN 1614-8835, 2010.

[TV10b] M. Tautenhahn and I. Veselić. Spectral properties of discrete alloy-type models. In Proceed-
ings of the XVth International Congress on Mathematical Physics, Prague, 2009. World
Scientific, 2010.

[TV13a] M. Tautenhahn and I. Veselić. Minami’s estimate: beyond rank one perturbation and
monotonicity. Ann. Henri Poincaré, 15(4):737–754, 2013.

[TV13b] M. Tautenhahn and I. Veselić. A note on regularity for discrete alloy-type models II.
Technische Universität Chemnitz, Preprintreihe der Fakultät für Mathematik, Preprint
2010-6, ISSN 1614-8835, 2013.

[vDK91] H. von Dreifus and A. Klein. Localization for random Schrödinger operators with correlated
potentials. Commun. Math. Phys., 140(1):133–147, 1991.

[Ves02] I. Veselić. Wegner estimate and the density of states of some indefinite alloy-type
Schrödinger operators. Lett. Math. Phys., 59(3):199–214, 2002.

[Ves10a] I. Veselić. Wegner estimate for discrete alloy-type models. Ann. Henri Poincaré, 11(5):991–
1005, 2010.

[Ves10b] I. Veselić. Wegner estimates for sign-changing single site potentials. Math. Phys. Anal.
Geom., 13(4):299–313, 2010.

Technische Universität Chemnitz, Fakultät für Mathematik, D-09107 Chemnitz


