LOW LYING EIGENVALUES OF RANDOMLY CURVED QUANTUM
WAVEGUIDES

DENIS BORISOV!'234 AND IVAN VESELIC!®

ABSTRACT. We consider the negative Dirichlet Laplacian on an infinite waveguide embedded
in R?, and finite segments thereof. The waveguide is a perturbation of a periodic strip in
terms of a sequence of independent identically distributed random variables which influence
the curvature. We derive explicit lower bounds on the first eigenvalue of finite segments
of the randomly curved waveguide in the small coupling (i.e. weak disorder) regime. This
allows us to estimate the probability of low lying eigenvalues, a tool which is relevant in the
context of Anderson localization for random Schrodinger operators.
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2 BORISOV AND VESELIC

1. INTRODUCTION

In this paper we study eigenvalues of finite segments of randomly curved (quantum) waveg-
uides. More precisely we derive lower bounds on the bottom of the spectrum of a waveguide
segment of length L with perturbation of (a small) size k. The bounds are formulated in
terms of the parameters L and k. In this context lower bounds are more challenging than
upper ones. The waveguide consists of the set of points in R? which have a distance smaller
than 7/2 (half the width of the waveguide) to a random perturbation of a periodic curve in
the plane. We consider the negative Laplace operator on this set with appropriate boundary
conditions. As it has compact resolvent it has purely discrete, lower semi-bounded spectrum.

Since the perturbation in each periodicity cell of the waveguide is determined by an in-
dividual scalar random variable, the above bound can be considered as a multi-parameter
variational problem. The main difficulty arises from the fact that the length of the waveguide
is finite, but not fixed; indeed it tends to infinity. This also means that the number of varia-
tional parameters becomes arbitrarily large. To compensate this, we have to chose the size k
of the perturbations as a function of the length L. This is a special case of what is commonly
called a weak disorder regime.

The estimates on lowest eigenvalues we derive are motivated by the question whether a
random Hamiltonian on a non-compact space has localized or non-localized states. One
specific question in this context is: Is there a interval containing the bottom of the spectrum
of the random Hamiltonian where the eigenvalues lie dense and where there is no continuous
spectral component almost surely. The two first models where this question has been answered
positively is the so called Russian-school-model (in [19]) and the Anderson model (in [16,
15]). In the later papers the so-called multiscale analysis was introduced as a method for
proving (Anderson) localization, i.e. dense pure-point spectrum, with exponentially decaying
eigenfunctions, almost surely. This method is an induction over increasing finite length scales.
On each scale one considers a restricted Hamiltonian which lives on a finite volume. An
important input for the multiscale analysis is the induction anchor, which is called initial scale
estimate. It is this estimate which follows from our eigenvalue bounds, for the case that the
random Hamiltonian is the negative Laplacian on a infinite randomly curved waveguide. The
mentioned finite volume restrictions correspond to finite segments of the random waveguide.

In a previous paper [3] we have studied the analogous problem for a different type of
random waveguide, which we will call for definitness randomly shifted waveguide, cf. Section 4
for precise definitions and a comparison of the two models. Somewhat surprisingly, although
the two types or random waveguides seem very similar, a very basic feature is different:
namely, the configuration, which produces the lowest first eigenvalue. In one case the optimal
configuration corresponds to zero randomness, in the other to maximal randomness. The
model studied here is more difficult to analyse than the one of [3]. On the other hand it is
also more natural, since it corresponds to the standard way how local curvature perturbations
are introduced for waveguides, cf. e.g. [14].

An interesting feature of our model in comparison to other extensively studied random
Schrodinger operators, e.g. the above-mentioned Anderson-model, is the geometric influence
of the randomness. Another model with geometric randomness, which as recently attracted
much attention, is the random displacement model, cf. e.g. [26, 1, 18, 29]. One important
feature of models with geometric disorder is that they exhibit no obvious monotonicity with
respect to the individual random wvariables. This is the case for the random displacement
model, for the randomly shifted waveguide (studied in [3]), as well as for the randomly curved
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waveguide, to which the present paper is devoted. We refer the interested reader to the
Introduction of [3], where we have discussed in some detail the challanges non-monotonicity
poses in the spectral analysis of random Hamiltonians.

There are also differences in the difficulties these models pose: for the random displacement
model it is non-trivial to identify (all) optimizing configurations of the random parameters.
(Here optimizing means: minimizing the first eigenvalue.) This is easier for the two mentioned
models of random waveguides, although the optimal configurations turn out to be different
in the two cases, cf. Section 4. On the other hand, in the random displacement model the
random variables enter the potential, i.e. the zero order term, only, where in the waveguide
models the higher order terms of the differential operator depend on the randomness.

We would like to stress that localization for a certain type of random waveguides was
established already in [25]. There the randomness enters via a variation of the width of the
waveguide. This type of perturbation leads to a quadratic form which depends monotonously
on the random variables and is thus structurally different from our model.

As already mentioned, the main challange in our analysis is the non-monotone dependence
of the Hamiltonian on the random variables. We have thus to overcome difficulties as they
are encountered in other types of random Hamiltonians which exhibit a non-monotone depen-
dence on the randomness. The model of this type to which most attention was devoted so far
is the alloy-type random Schrédinger operators with single site potentials of changing sign,
see e.g. [27], [40], [47], [28], [48], [20], [32], [30], [50]. More recently also the discrete analog of
this model was studied in [9], [49], [10], [42], [33], [5], [8], [41]. Electromagnetic Schrédinger
operators with random magnetic field [43], [44], [20], [31], [46], [4], [13], [12], [11], as well as
Laplace-Beltrami operators with random metrics [37], [35], [36] exhibit a non-monotonous pa-
rameter dependence which affects the higher order terms of the differential operator. Another
relevant model (although not defined in terms of a countable family of random parameters)
without obvious monotonicity is a random potential given by a Gaussian stochastic field with
sign-changing covariance function, c.f. [22], [45], [51].

2. MAIN DETERMINISTIC RESULTS

Let [ > 1,1>a >0 and g € C§(R) be an function with support in [0,a]. Let x > 0 and
p = (pj)jez be a sequence of reals p; € [0, x]. We introduce the function

G(,p):R—=R, Glxi,p) = pjgi(z),
JEZL
where g;(z1) := g(x1 — jl) is the translate of the function g by ji to the right. Consider the
curve Y, := {r,(t) | t € R} C R? determined by the equation
ro(t) == (t,G(t,p)), tEeR.
By v, = v,(t) we denote the unit normal vector to T, at the point r,(t) defined by
G'(t, p) 1 2
Vp(t) = <_ 1/2 ) 1/2 ’ Pl(tap) =1 + (G/(tvp)) ’
Pt p) PY(E p)
for t € R. Here ’ denotes the derivative w.r.t. t. We suppose that
(2.1) lgllcapy = 1.

In the following when we say that a quantity does not depend on g or a, we mean that it can
be chosen uniformly for all elements satisfying conditions (2.1).
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In a vicinity of T, we introduce new coordinates £ := (£1,&2) by the formula z = x(§) =
ro(&1) + &vp(&1). In other words, given &, we take a point at Y, corresponding to t = &j,
and then shift along the direction of v,(£1) by the distance {&. We note that the coordinates
¢ depend on p, and are well-defined, if s is small enough.

We introduce a randomly curved waveguide segment

D,(N,j):={z:jl<& < (F+N)l, 0<& <}
Denote by I',(N, j) the upper and lower part of the boundary of D,(N, j), i.e.,
Lp(N,j)i={o:jl <& <+ N)L =0 U{z:jl<& < (j+ N)L & =r}

The remaining part of the boundary 0D,(N, j)\T',(N, j) is denoted by 7,(N, 7). If j =0, we
will use the following shorthand notation: D,(N) := D,(N,0), I',(N) :=T,(N,0), 7,(N) :=
7p(N,0). Note that the length of D,(N)is L = N - 1.

In order to state the deterministic lower bound on the first eigenvalue, as a function of
the parameters p = (pj);jecz, we first have to introduce a reference energy. This will be the
spectral bottom of a comparison operator. More precisely, we will use the symbol HP"(p) to
denote the negative Laplacian in Ly(D,(1)) with Dirichlet boundary condition on I',(1) and
periodic boundary condition on ~,(1). Note that is this situation the array p = (p;); consists
just of the single value pg. So we identify here pg with p. Let \P**(p) be the lowest eigenvalue
of HP"(p) and P = P (x, p) be the associated normalized eigenfunction. We extend the
function ¥Pe" [-periodically w.r.t. & and denote the extension by the same symbol.

We denote by H(p, N, j) the negative Laplacian on Lo(D,(N, j)) with Dirichlet boundary
conditions on I',(NNV, j) and with Robin boundary condition

(5 s )) w=0 on 7,(N,j), where

(91'1
1 8wpcr
YPer(0, xe, k) Ox1

is the logarithmic derivative in xs-direction. We shall show in Sec. 7 that the function h
is well-defined. In the following we denote for some s € R by s -1 the constant sequence
pj = s (j € Z). The important point is that ¥P°"(-, p) is still an eigenfunction of the operator
H(p-1,N, ) with the new boundary conditions, i.e.

H(p : 17 Na.j)wper = A(p)wper7

where we use for the restriction of P to the finite waveguide segment D,.1 (NN, j) the same
symbol. This relation was first exploited in the present context by Mezincescu [38]. For this
reason we call (2.2) in the sequel Mezincescu boundary conditions. We denote the lowest
eigenvalue of H(p, N) = H(p, N,0) by A(p, N).

(2.2)

h(-,k): [0,7] = R, h(ze, k) := (0,2, k),

Theorem 2.1. Assume « : @ —a > 0. There exists a constant 6 = 6(a, g) > 0 independent
of p, I, N such that for

(2.3) k<OL™? and 0< p; <k forallic€0,...N—1
the estimate

o Nl
(2.4) Mp, N) = AP (k) > O > (k= p))

Jj=0
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holds true with )
/
. lg HLQ(OJ) T 16a) "
w="—74 (35~ T2 )T 2 lg ||L2(O,l) a.

In view of the well known result that curvature induces eigenvalues below the bottom of the
essential spectrum of the straight quantum waveguide, cf.[14], it can be considered natural
that maximal coupling constants produce the lowest first eigenvalue in the case of randomly
curved waveguides

3. PROBABILITY OF LOW LYING EIGENVALUES

In this section we want to formulate an upper bound on the (small) probability that a
randomly perturbed, finite waveguide segment has an eigenvalue close to the overal possible
minimal spectral value. For this we use the deterministic results of perturbation theory,
formulated in Section 2. The probabilistic results we obtain hold in the so-called weak disorder
regime. To make this explicit, we use in this section a global (scalar) disorder parameter: For
Kk > 0 we set

wi=pilr (G ED).
Then we have the following equivalence for the condition used in Theorem 2.1

cl0,k] (jeZ)e=w;el0,1] (jeZ)

We consider the parameters wj,j € Z as a sequence of non-trivial independent, identically
distributed random variables taking values in the unit interval [0,1]. We denote the distri-
bution of the single random variable w; by p, and by P the product probability measure
on Q := [0,1]% which is the distribution of the random sequence wj,j € Z. Of course € is
equipped with the natural product sigma-field. Now the deviations of the parameters from
the extremal value, which determines the lower bound in Theorem 2.1, can be rewritten as
follows:
k—pj=k(l—-wj) =k -w;forall jeZ

Here we denote by @; = (1 —wj) € [0, 1] the flipped random variables, and the multiplication
of a sequence w = (wj);cz with a scalar s € R by s - w.

Now the result of Theorem 6.1 can be formulated in the new parameters as follows: If

a = 3—2 a > 0, then there exists a positive constant ¢ independent of I, N, L and of the
sequence w = (wj) ez, such that for all £ < 8L11/2 we have
K2 2 1 4
(3.1) Ak w, N) = AP (1) > O Z where Cjp = — 19117 50 @
j=0

Here we denote the lowest eigenvalue of H(k-w, N) = H(p, N) by A(k-w, N) = A(p, N). Recall
that AP (k) is the lowest eigenvalue of HP(p), i.e. the negative Laplacian in Lao(D,(1)) with
Dirichlet boundary condition on I',(1) and periodic boundary condition on 7,(1). This is the
lowest achieveable spectral value, if all perturbation parameters are bounded by k.

The announced bound on the probability of low-lying eigenvalues is:

Theorem 3.1. Let v > 22,y € N. Then there exists Ny = Ny(v, i1, 1,0,g,a) € (0,00), such
that for all N > Ny the interval

CNA 1N
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is non-empty. For N > Ny and k € In, we have
(3.2) P (w N | )\(,g . OJ,N) _ )\per(n) < N7%> < N17% o—CLop Nl/'y'

The constants C = C’(u,l,g,a) and Crpp = Crpp(p) > 0, as well as Ny are given explicitly
in Section 5

Remark 3.2. The requirement x € Iy encodes how our weak-disorder regime depends on the
length scale N. For purpose of illustration, let us choose v = 33. Then % > % = %, thus it

is possible to choose k = const. N 7i, which means that the allowed disorder regime does not
shrink too fast for N — oo.

For the purposes of a localization proof, for instance using the multiscale analysis or the
fractional moment method, the following initial length scale estimate or finite volume criterion
is of interest. It can be derived from Theorem 3.1 using a Combes-Thomas estimate [6]. This is
a well established tool in the theory or random (Schrédinger) operators. An explicit derivation
adapted to the setting of quantum waveguides can be found, e. g., in Section 4 in [3].

The mentioned initial length scale estimate is a bound on the probability that the Green’s
function exhibits exponential off-diagonal decay for energies in a small interval at the bottom
of the spectrum, i.e. the overall minimum of the spectrum AP (k). For the following statement
note that for N large Iy C [0,1].

Corollary 3.3. Let l,a,qg, i, In, v, N1 and CrLpp be as in Theorem 3.1. Let k € Iy N[0, 1],
a, 8> 2 and set

A:={x € Dyy(N)|0< 21 <al,
B:={z € D,(N)|L—-p<x <L}

Then there exists an absolute constant ¢ such that for any N > Ny
P(we QY A< A0) + 1/VA): [xalMs - w,N) = 2 xp]| < VN e @A)
o1 N1 g N

4. COMPARISON WITH THE RANDOMLY WIGGLED OR SHIFTED WAVEGUIDE

In this section we compare the results obtained in the present paper to those of [3], whether
a related problem was studied. There we derived deterministic and probabilistic lower bounds
on the lowest eigenvalue of finite segments of a randomly perturbed waveguide. In contrast to
the model studied here, the random geometric perturbation was introduced by locally shifting
or wiggling the waveguide. To explain the difference between the two models we recall the
mathematical definition of the Hamiltonians studied in [3].

4.1. Statement of the results of [3] on randomly shifted waveguides. Similarly as in
the model studied in this paper we consider random quantum waveguides in R?, determined
by the following data: Let (wg)rez be a sequence of independent, identically distributed,
non-trivial random variables with values in [0, 1], k > 0 a global coupling constant, { > 1 the
length of one (periodicity) cell of the waveguide, and g € C3(0,1) a single bump function.
The following function G: R x 2 — R determines the shape of the waveguide

G(z1,w) = Zwk g(xy — Kl).
keZ
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Note that kG(z1,w) = G(x1, kw). For a global coupling constant xk >0, N € N and j € Z
we define finite segments of a infinite waveguide

Dyw(N,j):i={z e R? | jl < z1 < (j + N)|, kG (71,w) < z2 < KG(z1,w) + 7}
The upper and lower part of the boundary of D, (N, j), we denote by
Tww(N,j) :={z € R? | jl < 21 < (j + N)l,29 = kG(21,w)}
U{z € R? | jl < z1 < (j + N)l, 29 = kG(x1,w) + 7}

while 0Dy, (N, ) \ T'xw (N, j) is denoted by 7, (LN, 7). Denote the negative Laplace oper-

ator on Dy (N, j) with Dirichlet boundary conditions on I'y (N, ) and Neumann b.c. on
Yiw(N,7) by Hyw(N,7), and its lowest eigenvalue by A ., (N, j). We use the following ab-
breviation:

Dyw(N) := Dy (N, 0), Lyw(N) =Ty u(N,0), Vi (N) 1= Y (NN, 0),

My w(N) = Hyw(N,0), Mew(N) = Aew(N,0).

Note that D (N,j) = Dixw(N,j). Since k > 0 is arbitrary we may assume without
restricting the model

(4.1) max{||gllco., 19 o, 19" lcpg} = 1-
Denote the distribution measure of wy by p and by P = @) u the product measure on the
keZ

configuration space Q = Xpecz[0, 1] whose elements we denote by w = (wg)kez-

The minimum of the spectrum of the Laplacian on an straight waveguide segment #Hg ., (XN, j)
is equal to one, and no operator H, (NN, j) has spectrum below one. In this sense, one is the
minimal spectral value for all random configurations.

Theorem 4.1. Let v > 34. Let g and p be as above and set
I 3111 Lo 0,0) 319117 (0,0)
gi=9g—- t)dt =2 =2
9:=9 z/og() @ 23 0 7T 500007
Then there exists an initial scale N1 such that if N > Ny the interval

is non-empty. If N > N1 and k € Iy, then
(4.2) P (w € Q| Mew(N) —1< N—%) < N3 e CopN'/
for the constant Crpp > 0 of Lemma 5.1, which depends only on u.

The corresponding deterministic lower bound on the first eigenvalue is:
Theorem 4.2. Letl > 1, g: R =R, g € R as above, and L := NI. For

2

N 3 1
2 =12
(4.3) K jEZl Wy < 5000 HgHLQ(O,l) L7
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we have the bound
5 . N-1 ,
(4.4) AewN) =12 a1 500 75 2«5
=0

4.2. Comparison of the results on randomly shifted and curved waveguides. For
definitness we will call the model of [3] randomly shifted waveguide and the model studied in
the present paper randomly curved waveguide.

(i) In the first mentioned model the configuration of parameters which produces the min-
imal first eigenvalue corresponds to a straight waveguide, where the perturbation is
switched off. In contrast to this, the configuration of the randomly curved waveguide
yielding the minimal first eigenvalue corresponds to a periodic waveguide with maximal
possible curvature. This difference between the two considered problems was somewhat
surprising for us, since, naively, the two models look very similar.

(i) Since for the randomly curved waveguide the bottom of the spectrum is achieved as the
perturbation is maximal, the analysis of the model is more complicated. For we have
to perform an asymptotic expansion not around the straight waveguide, but around the
periodic waveguide H(p -1, N) with maximal allowed curvature, which arises itself as a
result of the perturbation.

(iii) The smallness condition on the coupling constants — formulae (2.3) and (4.3) — and
the lower bounds on the first eigenvalue — formulae (2.4) and (4.4) — in Theorems 2.1
and 4.2 exhibit a power-like, i.e. polynomial behaviour. The exponents do not coincide,
but are of the same order of magnitude.

(iv) In both models we employ a change of the variables z — £ straightening the waveguide.
After this change the operator depends on the variables p;. For the randomly curved
waveguide the dependence on the p;’s is not polynomial, but irrational. For the randomly
shifted waveguide considered in [3] the relevant differential operator contains only terms
which were constant, linear or quadratic functions of the variables p;.

(v) In Theorem 2.1 we do not specify an explicit value of ¢ as in the corresponding result
in [3] on the randomly shifted waveguide. Although our technique allows us to obtain
this constant explicitly, the required calculations are cumbersome and tedious. The
main reason why the control of constants for the randomly curved waveguide is harder
than for the randomly shifted one is the aforementioned irrational dependence of the
perturbation on the random variables.

5. PROBABILISTIC ESTIMATES: PROOF OF THEOREM 3.1

We will use the following large deviations principle in the proof of Theorem 3.1. For a
reference see for instance [7].

Lemma 5.1. Let wy, k € Z be an i.i.d. sequence of non-trivial, non-negative, bounded random
variables. Then there exists a constant Crpp > 0 depending only on p such that

n

1 E{wy} e
% : — < < e Crorrn,
neN : P (w | - Zwk 5 ) e
k=1
For the proof of Theorem 3.1 we choose K € 2N and v € N and set N := K7. Thus N € N.
1
Set J=N/K =K"= N Following the same ideas as in [21, 24, 3] we decompose the
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waveguide segment Dy..,(N) into smaller parts

(5.1) U Dewlk,))
§=0,...,J—1
[ ]
where [ J denotes a disjoint union, up to a set of measure zero. According to this decomposi-

tion we introduce new Mezincescu boundary conditions on the interfaces joining the shorter
segments (5.1). As in the original paper [38] we conclude that in the sense of quadratic forms

J—1
H(k-w,N) > @H(n-w,[(,j).
=0

If we denote the lowest eigenvalue of H(k - w, N,j) by A(k-w, N, j), it follows
J—1

(5.2) ANk -w,N) > mi(I)l)\(K,-w,K,j)
]:

In particular, we have the inclusion

J—1
{w € Q| Ak - w, N) — AP (k) < N—%} < {w € Q| Ak w, K, §) — N (k) < K—%}
§=0
Since the random variables wy, k € Z are independent and identically distributed, we obtain
J—1
S P (w | Mk - w, K, §) — AP (k) < K*%) <N P (w | Ak - w, K) — AP (k) < K*%) .
§=0

For k < §L~"/2 we have \(k - w, K) — A\P*" (k) > C’lb% Zf;ol @; and thus the inclusion

{w | Ak - w, K) — AP (k) < K_%} CQw] C’lblm—K @ < K32
. =
K-1
1 l 5
= w ’ _— s < 7K_§
K =0 J Clbl'i2

Denote by E{@o} = E{1 —wp} the expectation value of (any) @,. Choose now x such that

(53) : 2 K_% < M i.e. CK_% < Kk, where é’ = 27l~
Cuots 2 CpE{@r}

On the other we also need to satisfy the restriction x < §(1 K)~1%/2 = §1~11/2 N=11/(%) The
upper and the lower bound for x can be reconciled if v > 22 and

I
5 .

K}Kyz(

The last inequality is equivalent to

2y
2112 \im
N>2N = ———=
! <CZbE{w0}52>
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For k satisfying (5.3) we are able to apply the large deviations principle of Lemma 5.1 and
thus obtain

K- ~
Z K2 <PLw| 1 @j < M < ¢~ CLpPK

=0 Clb“ =0

for K > K. Hence, for N > Ny

P{w] A(s - w, N) = W(s) < N3 b < NI73 o Cor ',

6. NEW PARAMETERS CORRESPONDING TO A LINEARIZATION AROUND THE OPTIMAL
CONFIGURATION

Here we reformulate our main deterministic result, i.e. Theorem 2.1 in a different parametri-
sation, which reflects the perturbation theoretic proof. In what follows we want to study
waveguide segments which correspond to configurations p where all coefficients p; are close to
k. In other words, we perform an asymptotic analysis around a linearisation of the operator
family, not around the point p = 0 -1 in parameter space, but rather around p = k- 1. Thus
the natural parameters for perturbation theory are

€:=(€)jez. € := K — pj

In this and the following sections we denote by #, (e, V) the negative Laplacian on LQ(D (N))
with Dirichlet boundary condition on I',(/N) and with Robin boundary condition, cf. (2.2),

(= 1) Ju=0 on ()
(6.1) where h(-,k):[0,7] = R,

1 gy
h =
(#2,9) = o0, o) O

(0,9, K).

is the logarithmic derivative in zo-direction. Recall that ¢P" (-, k) still satisfies the eigenvalue
equation of the operator H, (0, N) with the new boundary conditions, i.e.

Hi(0, N)YPPT = A(m)pP™

In the following we denote the lowest eigenvalue of H, (e, N) by A(e, k) and suppress here the
N-dependence in this notation. Here is the announced reformulation of Theorem 6.1.

Theorem 6.1. Suppose a < g—; There exists a constant d > 0 independent of p, I, N such
that for

6.2 mgéL*U/Q and p; < K foralli€0,...N —1
(6.2) ; p ,
the estimate
1g'l13 16a\ =<
(6.3) Ae, ) — AP (k) > ﬁfl<”—“>n ¢
7=0

holds true. The value of 6 depends on g and a.
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7. DETERMINISTIC LOWER BOUNDS: PRELIMINARIES

In this section we present certain less technical preliminaries which are necessary for the
setup of perturbation theory and the proof of Theorem 6.1. First we introduce the necessary
notation. Given p, we define the operator

T(p): La(Dp(N)) = La(Do(N)), (T (p)u)(§) := u(z(£))-

corresponding to the change of the variables z — &, where £ is associated with p. If p; = k
for all 4, we will write shortly 7 (k) instead of 7 (k,k,...). Let us study in more detail the
change x — £. It is easy to check that

vszvf,
At (78 @) Z (1-&@P Y G rar Y
% 98 ~a'p P

We set
P&, p) =1 - &K(&,p), K(E1,p) = G"(&1,0) P (&1, p)

and obtain by direct calculation

(7.1) Pyi=det ' A =P ?(1 - &GP+ G?) = PPy,
where / denotes the derivative w.r.t. &;. Hence,
(7.2) [ullZ,(p, vy = (T (P)us PsT (p)u) Ly(Do(n)-
Thus the operator
VBT (p) N)) = La(Do(N)), (VBT (p)u)(€) := v/ Pu(a(€))

is unitary. We observe that Pi(ﬁ,p) =1+ 0(k),i=1,2,3, for p; < k. Thus for sufficiently
small values of x, non of these functions vanish. One can calculate directly that

(7.3)  PA*A = <P 3 0>

0 P
”VHEUH%Q(D,,(N)) =(AVeT (p)u, PBAVET(P)U>L2(D0(N))
(7.4) :‘ p120T (p)u H p129T (p)u
s 1 pymony 2 98 g, (Do(N»’

1 /910 o _ 0 .
15 A= p (gt g Pia ) = 8= Q= H(0) +,

0?2 0 0
(7.6) Q”asl +Q1 o +Q2 %’
L1 25K(6.) - 8K26.p) | (C'&Ln)
Qulp):=1- 57 = PZ(E, p) T PG p)PRE D)
Ql(f p) — _iii _ §2K/(§1,p) Gl(élv ) (fl, )
| Py 061 Py P& PPy & p) P (e, p) P36 )
(¢, p) = —~ O _ K(C1,p)

P; 06 Py(&p)
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Under the standing assumption (2.1) we can find a constant C' independent of [, a, g, N, and
k such that

(7'7) HQHHC Do(N)) + HQIHC Do(N)) + HQ2HC Do(N)) X < Ck
uniformly for all configurations satisfying p; < k for all7 € 0,... N — 1.

Our final aim is to have a lower bound on the movement of eigenvalues under a perturbation.
However, first we need some rough a-priori information about the position of eigenvalues.
This amounts of showing that the relevant eigenvalue is not too far from the one of a simple
reference operator. So an upper bound on the distance is in question. For this preliminary
considerations it will be sufficient to consider the operator on a waveguide segment of length
[, i.e. the case N = 1. Before we state the next Lemma, we collect some simplifications which
will be useful here and in subsequent considerations.

Remark 7.1 (Simplified expressions for the case N = 1). Here we consider the case N = 1,
i.e. the operator HP (k) on the unit cell D,(1). Note that in this situation there is only
one coupling constant pg in the game; for simplicity we will write here p = pg and similarly
9(&1) = go(&1). Furthermore the following functions take on a simple, explicit form:

Pi(&1,p) =1+ (G'(&1.0) = 1+ (pg (€1))”

K(&1,p) = pg" (€ P72 (&1, p) = pg" (1) (1 + (pg (1))~
P&, p) =1 — &K (&1, p) = 1 — Eapg” (1) P (517 p)
Py(¢,p) = P}/*Py = P (€1, p) — Eapg”(€1)P] (61, p)

K(&,p) pg" (&1)

{6 = Pa(&,0) Py, p) PP (1, p)

In the following we will make use of the following error term estimates on the functions above:

1W&m—¢+%g@> O(p").  Prign.0) =1- 0 (6)* + O(p"),

P3(&.0) = Pi"*(61.) = pag” ()P (&1.p)
2
=1—p&ag”(&1) + %g/(&)Q + 064" (61)d'(61)% + O(p").
in particular Q, = O(p).

Lemma 7.2. There is a constant ¢ independent of a, [, g such that for p < c the eigenpair
AP (p), P (-, p) of the operator HP® (p) on the unit cell D,(1) satisfies the relations

X (p) — 1] < O TP () — U5 — o ey < O

where the constant C' is independent of p, a, I, and g. Here y§< () := \/2/(nl)sin &, is the
ground state of HP®*(0), and Y™ is orthogonal to Y§ in La(Dy(1)) and solves the equation

// 8wper
982

(78) (M7 (0) — )™ = -
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Remark 7.3. The fact that the function ¢§* depends only on the variable & leads to several
simplifications. On the one hand, Q9" = Qa(p ) 96 Y6 On the other, integrals involving
the functions g and vy can be often simplified by separation of variables, e.g.:

per ! T
< II8¢§ 7wper>L2 Do )) — li—/o d§1 g//(fl) /0 d§2 COS(€2) Sin(§2) = 0

In the following this will be used repeatedly.

Proof. The operator T (p)HP** (p)T ~*(p) can be regarded as a perturbation of HP®(0), since
T (p)HP (p)T (p)~+ = HP"(0) + Q,. Note that Q, is relatively bounded w.r.t. the operator
HPe*(0). This follows, since the boundary conditions of the functions in the domain of HP*(0)
imply that the boundary integral terms resulting from partial integration vanish. The bound
(7.7) implies that for sufficiently small p, Q,, is relatively bounded w.r.t. %P (0) with relative
bound strictly smaller than one. Consequentyl the sum HP'(0)4Q,, is a closed operator on the
domain of #P°T(0). For a 1 in this domain and every ¢ € L?(Dy(1)) the function p — (¢, Q1)
is holomorphic for p in a small complex neighbourhood of zero. Thus p — HP*(0) + Q,, is
a holomorphic family of operators of type (A) in the terminology of [23, VIL.§2]. Note that
one is the lowest eigenvalue of HP®"(0) and ¢ is the associated normalized eigenfunction.
Thus, e.g., Theorem I1.5.11 of [23] implies that there is a constant C' such that

)\per(p> :1+pAper+p2)\per( ) ’)\per )’ <C7

TP (p) = U5 + pUf™ + P05 (. p) 5 |La(ooy) < C-

where AY" € R and ¢7": Dy(1) — R are independent of p. The constant C' is independent of
P, a, L, and g since the perturbation Q, is uniformly bounded in these parameters, provided
the normalization condition (2.1) holds.

We substitute (7.9) into the eigenvalue equation HP (p)ipP (-, p) = AP ()P (-, p) and
obtain
(7.10)
T (p) (HP(0) + Qo) (W6 + pi™ + p*5) = HP ()¢ (-, p) = AP ()P (-, p)

=T(p) (1+pA" + p* A7) (U6 + puf™ + p"e5™) .

(7.9)

Thus,
%per( )wper 4 pHper( )wper 4 Qp'l/]per 4 prwper 4 O( ) per 4 pwper 4 p}\perwper (p2)

We want to isolate the terms which are linear in the perturbation parameter p. For this reason

we substract the eigenvalue equation HP®* (0)¢ger = per for the unperturbed operator,
T T T T 8 b
PHPT ()™ + Qg™ + pQuY™ = pHPT (0)YY + Q2(§, p) 850 +0(p?)
2

— pwper T p)\perwper (p2),
divide by p, and finaly take the limit p — 0 resulting in:

per

(Hper(o) _ 1) {)er _ _g//8 0 4 )\Perwper'
3

This equation is solvable, if and only if the right hand side is orthogonal to 1§ in La(Dg(1)),
i.e.,

\Per _ yper g, per per _ //awpelr per -0
1 =N (W5 %0 ) La(o(1)) = (9 ae, Vo )La(Do(1)) =
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per

This implies (7.8). The orthogonality condition for 1]

L=[¢" 12, p,a)) = (T ()P, PP PaT (p)4P) 1y (Do (1))
=8, Psy§™) 1y (po(1)) + 20008, PsvY™) 1, (po(1)) + O(p7)
=5, (1 = p&ag! )8 Lo (Do 1)) + 2008, UY) Lo (Do (1)) + O(p%)
=1+ 2p(6 ", 1) Ly(o (1)) + O(0%)

since fol dé1g" (&) = 0.

The functions T (p)yPe and 7" belong to Wa'(Dy(1)). By the standard smoothness
improving theorems (see, for instance, [39, Ch. IV, Sec. 2|) and by the smoothness of the
function g we obtain that T (p)yP* and /P are also elements of Wa*(Dy(1)). In view of the

embedding Wa?(Dy(1)) € C?(Dg(1)) [39, Ch T, Sec. 6] the functions T (p)yP" and ¢} ar
the classical solutions to the eigenvalue problem for ¥ and to (7.8). By applying Schauder
estimates (see [34, Ch. TI, Sec. 1-3]) we conclude that 7 (p)yP® and ¥} belong to C3(Dy(1)).

It remains to prove that the asymptotics (7.9) for T(p)P°" holds true also in C3(Dg(1))-
norm. In order to do it, by (7.10) we write first the equation for 5

'Hper( ) 12)er :( Qp_i_)\per)wper

T 7-— ( ) )\per(qbper + pwlfer) + )\Ifer"ﬂll)er + p—l prll:)er + p—2 <Q ,Og 85 > wper:| )

is implied by the identities

As above we again apply smoothness improving theorems from [39], [34] and obtain the
uniform in p estimate

HT/)perHcs(m) <C,
which yields the desired asymptotics for P O

Since ¥P°" is the ground state, it is positive in D,(1). Hence, h in (6.1) is well-defined. Let
us check its behaviour near the Dirichlet boundaries. It follows from the definition of 7 (p)
that

(T(p)wper) (07 §27 P) = ,lpper(o, 527 p)

In view of the smoothness of Y¥P" we can apply Taylor formula as & — +0,

er 8T(p)¢per 2 aQT(p)wper
p =&—7 DA US A S—
sz) (05525P) 52 652 o +€2 aé-% glig )

for some 52 € [0,&2]. Here we have also employed the Dirichlet condition for ¢P¢" at £& = 0.
We substitute the asymptotics for 7 (p)P" from Lemma 7.2 into the last formula and arrive
at

2
PP (21,0, p) — ”7:162 = O(zop+23) as 3 — 40, p—0.
™
In the same way we obtain
2
PP (21,0, p) — 4/ 2= O((m — z2)p+ (7 — 332)2) as w2 — +0, p—0.
™
Therefore, for small p this function satisfies the estimate

(7.11) [”ll 20, < Chp,

where the constant C is independent of I, p, and g.
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After this preliminary analysis of the operator on the unit cell, i.e. a waveguide segment of
length [, we turn now to waveguide segments composed of N cells. In what follows we denote
all numerical constants by C. In different formulas this symbol will denote different positive
numbers independent of L, N, [, p, a, and g. Let Hy(0, N) be the operator H, (0, N) taken
for k = 0. In fact, Ho(0,N) is the Laplacian on Dy(N) with Dirichlet condition on I'g(N)
and with Neumann condition on (V). Note that the ground state ¢§ of Ho(0, N) is a
function of & only. Thus the function H defining the Mezincescu b.c. vanishes.

The lowest eigenvalue of H,.(0, N) is AP*"(k); the corresponding eigenfunction is the function

WP, Let Xper(/{) be the second eigenvalue of H, (0, N). For the purposes of perturbation
theory we need to establish a minimal distance between the two lowest eigenvalues A\P®* (k)

and Xper(fi) For this purpose we need

Lemma 7.4. Under the assumption (2.1) there exists a constant C' independent of I, N, a, g
such that the eigenvalue NP obeys the inequality

INP(k) — 1 — 4n®L 72| < Ck.

Proof. The quadratic form associated with H,(0, N) reads as follows

(Hx(0, N)u, U>L2(DN(N)) = HVUH%Q(DN(N)) + / h\“|2d$2 - / h|U’2d$2-
x1=0 x1=L
Denoting v := T (k)u, by (7.4), (7.3) we rewrite the form as follows

2 2

17290V 1/2 0v.
By &1 Fs &2

+ [ hem (00,80 - ()P déa
=(H0o(0, N)v,0) 1, (Do(N)) T (Qr, V) Ly (Do(N))

<Hf€(07 N)u7 U>L2(DN(N)) = ‘

+1

L2(Do(N)) L2(Do(N))

Since the two lowest eigenvalues of Ho(0, N) are 1 and 1+ 472L~2, it is sufficient to estimate
the quadratic form of Q. It will be convenient to use the abbreviation (-, -)g := (-, '>L2(D0(N))
and | - llo :== || - [[zo(Do(vy), in the sequel. The estimate (7.11) and standard embedding
theorems yield

(7.12) /h(EM@')(Iv(O,&)I2 — [o(L, &)%) d&2| < Cr||Vev]3.
0

Thus we obtain
ov ov ov ov
Qwv, )1, =<, 1- P! > +<, 1P >
(Qrv,v)r, (Do(N)) &, ( 3 )851 o 9, ( 3) 9/,

™

n / h(E,5) (1000, £) 2 — oL, &)[?) dé

0
/v " 9\ OV ov " 9\ OV
(s (s 020 30 )+ (g (e + 003 3 )

+ 0 (x]|Vllg)
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" 8'1) 1 81} 2
<8§ 62 3€1> <a§ 62 3€2>O+O(HHW}HO)
O (k[IVoll3)

Thus we have the estimate
(Ho(0, N)v,v)o + {Quv,v)o = (1 + O(k)) (Ho(0, N)v,v)g

Now we apply the minimax principle and obtain

() = i Ho(0,N) + Q,)v,
(=) weLa(Do(N)) weW(Do(N))ow Luw o1 (Ho(0,N) + Qr)v,v)o
= (14 0(k)) max min (H0(0, N)v, v)o

w€L2(Do(N)) veWd(Do(N)),vlw,||v||=1

— (14 0()) (1 + <2§>2> =1+ <2L7T>2 Ok
since L > 1. -

The proven lemma implies that there exists C' > 0 such that the set Z:={A e C: |A-1| <
Ck} contains no eigenvalues of H, (0, N) except AP (k). Now for A € Z:

NP(k) = Al = [14+ 472072 — 1| + |1 + 472 L2 = N2(k)| + |A — 1
> 4r’L? — 20k
Thus the distance from this set = to the remaining part of the spectrum o (#,. (0, N))\{\(x)}
is estimated from below by 472L~2 — 2Ck. Theorem 6.1 concerns values of & Wthh are much
smaller than the inverse length 1/L of the waveguide segment. Thus we can certainly assume

k < m2/(C L?) which means that 472L~2 — 2Ck > 372L~2 is positive. By [23, Ch. V, Sec.
3.5] it implies that for A € = the identity

. ~per> ~
7.13 (0,N) ) = e o ()
(713) (H(0.3) = 0! = e 4 R ()
holds true, where 1’/}"” = N-WV2gper ()= {*s) Lo(Dn(N)), Ri is holomorphic w.r.t. to
A € E as an operator from La(D,(N)) to Wa?(D,(N)). The factor N~1/2 in the definition

of 9P provides the normalization ||Jper\|L2(DO(N)) = 1. For f € La(Dx(N)) the function
u = Ry (A)f solves the equation

(7.14) (Hu(0,N) = N (6))u = fu,  fuo i= F = OP (£, 907 1D, ()
(7.15) I fullLo(Dnv)) < Nl Lo(Dn()-

For each f € Ly(D,(N)) the function R, (\)f is orthogonal to ¢ in Ly(D,(N)).
The formulas (7.2), (7.13) imply

(-, P3T (k)Y )g

() — x| YT Re(A),

(716) (T () Ha(0, N)T () — N =

R(A) := T(K)Ru(N)T (k).

Let Ho(0, N) be the Laplacian on Dy(N) subject to Dirichlet boundary condition on I'g(N)
and to Neumann one on (V).
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For the subsequent estimates in the perturbation theory we will need some a-priori bounds
on several ‘tame’ operators, like resolvents. These are gathered in the next

Lemma 7.5. For all A\ € E and all f € Lao(Dx(N)) the estimates

(7.17) RN flwy2(p, )y < CL2 fllLa(pavy):

(7.18) [Re(A)f = Ro()T(8) fllw,2(po(nvy) < CrL* flla(pu(n)
hold true, where the constants C' are independent of L, I, N, a, g, and f.

Proof. Given and f € Lo(Dx(N)), we introduce f. and u by (7.14). It follows from the
definition of = and R, (A) and (7.15) that

(7.19) lull oD (vy) < CL2| fllo(Dr(v))-

Let x = x(¢) be an infinitely differentiable cut-off function equalling one for ¢ < 1/4 and zero
for t > 1/2. We denote

B(&, k) = x(£1)e5 M) 4y (L — &)eEER) 49—y (&) — x(L — &).
By (7.11) we have

(7.20) H¢ - 1”02(%) < Ck.

We construct u as u = T !(k)¢u. We substitute this identity and (7.5) into the equation
(7.14) which implies that for u

(7.21) (Ho(0,N) + L)u =0+ ¢ T (k) fe,

while L, is a second order differential operator such that

(7.22) ILxvllyw,2 Do)y < CEllvllwy2(py(vy)-
It follows from (7.19) that

(7.23) 18| £y (Do (v)) < CLP(| f1I Lo (Do (N))-

Reproducing word by word the proof of Lemma 7.1 in [34, Ch. I, Sec. 7] and employing
(7.23), one can prove easily an estimate

(7.24) [vllwa2(po(vy) < ClIHo(0, N)vl| Ly (o)) -
Combining this estimate with (7.22), we can solve the equation for u as follows,
U= Ho(0, N) M (I~ LHo(0, N)™) " (@ + ¢~ ' T (k) f),
where all the operators are well-defined. Applying the estimates (7.23), (7.24) once again, we
arrive at the inequality
w2 (po(vy) < CL || La(o(v)) s
which implies (7.17).
We proceed to the proof of (7.18). We rewrite (7.21) as
(7.25) (Ho(0, N) = 1) = 67T (k) fu + Lol
In accordance with (7.14) the function ug := Ro(1)7 (k) f is the solution to the equation
(7.26) (Ho(0, N) = 1)ug = fo,

Jo= TR — (TR £ Loy ¥h ™, 96 = N0,
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By the definition of R,.(A\) and Ro(1), the function v = 7~ !(k)éu is orthogonal to P in

La(Dx(N)), while ug is orthogonal to ¢/8°" in Ly(Do(N)). Hence, by the definition of ¢ and
Lemma 7.2,

U=1+9" (@, ger)Lz(Do(N))a
('LL 17[)0 )L2 DO )) = 07 |(u wo )L Do(N))| C/{‘
The equations (7.25), (7.26) imply
(Ho(0,N) = 1)(@ — uo) = ¢~ " T (%) fx — Luli — fo,

per

(7.27)

where (4 —wup) is orthogonal to Since the function u — g is well-defined, the right hand

side of the last equation is orthogonal to Y2 in Ly(Do(N)). Moreover, the definition of ¢,
fr, fo, Lemma 7.2, and (7.22) yields

167 T (5) f = Lot — foll Lo (po(v)) < CEL?| fll 1a(D(3))-
Employing the aforementioned facts, by analogy with (7.19), (7.24) we get

@ — wollwy2 (o)) < CRLA || LoD ()
Since T (k)Rx(N)f = T (k)u = u¢, the last inequality and (7.27) imply (7.18). O

8. DETERMINISTIC LOWER BOUNDS: PROOF OF THEOREM 6.1

After these preparatory lemmata we turn to the heart of the proof of of Theorem 6.1. It
consists in deteremining the sign and estimating the three terms of the perturbation Q, =
ng—;% + Qla%l + Qza%?. In fact, since we have to perform a perturbative analysis not around
the Laplacian Ho(0, N) of the straight waveguide segment but rather around the one H,; (0, N)
with the maximal possible curvature, the effective perturbation will be H (¢, N)—H, (0, N) =
Qp - le

As before we will work with the change of the variables x + £ introduced above to transform
the operator H, (e, N),

(8.1) T (p)He(e, N)T (p)™F = T(k)Hn(0, N)T (k)" 4+ M(e, k)
0? 0 0
M(e, k) = M1+ e + M5~ 6 + MQ@>
(8.2) My = Qui(&p) — Qu(&, k), M= Qi(€,p) — Qi(€, k), i=1,2.

where the functions Q11, Q; have been introduced in (7.6). Let us calculate explicitly Qo for
values & € [0,!1]. First we expand the function p — Qs(&, p) around p = 0:

(83)  Qa(&p) =g"(&)p (14 &g"(&)p + O(p%) = g"(&1)p + (9" (&1))*0* + O(p%).

Suppressing for the moment the £-dependence and using here the prime ' to denote derivatives
w.r.t. the variable p we have

Q(p) = 25(0) + Q5(0)p + O(p?)
Qs (p) (0) + O(p).

Thus for some intermediate value g € [p, k] we obtain

Qa(p) — Qa(k) = Qy(k)(p — k) + 5 Q (k) (p— k) + = Q’"( ) (p = k)

/
2
/
2
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= —Q4(0)¢ — Q4(O0)er + FALO)E +O(x%)

and after evaluating (8.3) and inserting the value at p = 0,
P9(&1) P9(&)\* .
=— e e—& e e(k+ k) + O(k%)

follows, where we have made the dependence on & explicit, again. Direct calculations of
similar type show that

(8.4) My =MD+ MD + e 2MP My = MO 4 MY 4 2P,
MY =269, My = —e;(k+ p5) ((9))* = 363(9))7),
M = e6og), MY = —¢;(5+ p))(g) — 339])]
My = —e;qf, My = —€;(s + pj) &),

for & € [(j — 1)1, 1], and

(8.5) M|+ M|+ M| <

where the constant C' is independent of L, N, [, j, a, &, and g.

Consider A € ©. Employing the technique used in [2, Sect. 4], [17] and (7.13), (8.1), one
can show easily that A = A\(p) € O is an eigenvalue of H, (e, N) if and only if it solves the
equation

A= AP (p) = ((1+ M€, m)Ri (X)) ™ Me, m)UP, PyiP),
where P := T (k)P (-,-) := (-, -)o, Ps is taken for p = (k, ..., k). We rewrite this equation
as

(8.6) A(p) = AP (1) =(M (e, )P, PgPr) — (M (e, )R (A(p)) M (e, k)PP, Pygh®r)
| (M )R (A0)) (0 M6 )R (N) LM (e, 1) D7, PP,

The reduced resolvent ﬁn satisfies the resolvent identity

Re(A) = Ru(p) = (A = )R ()R (A).
Substituting this identity with A = A(p), . = 1 and (8.4) into (8.6), and using the fact that
Ri(1) = Ro(1), we obtain

(8.7) A(p) = AP (k) = S1(e; k) + (A(p) = AP (r))Sa(€, k) + S3(e, K),
(M(e, R)Ro(1) M€, )P, ),

Si(e, k) = (./\/l(e H)wper P wper) (

Sa(e, k) = —(M(e, 5) R (AP (k)R (M(p)) M (e, 5)P, PytpPer)

(e ) = =(M (e 1) (L= Ru(AP () M (e, ) P, P!
— (M(e, /-@) (Aper(m M) (e, k)PP, PyypPer)

)
(Me, &) Ru(A(0))) 2T+ M(e, k)R () "M (€, )P, PyhPer),

M\(Q /1) (ﬁH(A(p)) — RO(l))M(E, ﬂ){/;per’ P3"g/b\per>
+ (M€, R)UP, (P3 — Py)yp>™)
- M\(E, :‘i)'R,o(l)/T/l\(g7 K){/;per, (P3 _ 1){/;per>7
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Py(€) =1 - &G" (€1, Ky - ., K),
M(e, k) = MO (e, k) + MD(e, k),

2
MD (e, k) = MY 5?51 + M )321 + M) ai i=0,1,2.
By (8.5), (6.2) and Lemmas 7.2, 7.5 we get the estimate for S3(e, x):
N 1/2
(8.8) 1S5(e, k)| < CK?|€e|aL2,  where |e|y := <Z e$> .
i=1

It follows from (2.1), (6.2), the definition of M(e, x) and Lemma 7.5 that
|So] < OK?L? < CeL™".
Hence, for ¢ small enough we have |Sa| < 1/2, and by (8.7), (8.6) we get

(8.9) A(p) — AP (k) > Sl(;“) — OK?|e|o L2,

In order to control the contribution S; we split it into two parts, using thereby identity (8.4)
and Lemmas 7.2
(8.10) Si(e, k) =S4(e, k) + S5(€, k),
e ) =N e R ) MO o)
RN TMOET, g8y = NTHMO (e, ), G 05)
= NTHMO (e, ) Ro()M O (e, )™, 45,
Ss(e, k) :=51(€, k) — Su(e, k),
where G” is taken for p = (k,...,k). By Lemma 7.5 and (8.5) we can estimate S,
(8.11) 1S5 (e, k)| < CK2|e|aL7/2.

We shall show that S5 can be regarded as a small order perturbation of the main term Sj.
In order to it, we need to calculate Sy. It is easy to check that

N

o per 1912,
N=HM(e R, uf ) = =520 S 6+ py),
(8.12)

7j=1
— er er Hg,/HL N 1Ly (0,0)
~NTHMO (€, k)eE™, E2G"PET) = ———2 Z €j-

By (8.4) we obtain
(MO(e, /%)wperﬂ/}per> + (MO (e, g™, 7

2 per per per
7/} /// 8¢ // fw per
=§je- 2629 + &9 %0
’< 7ogt o6 o6 La(Do(j—1,4))

N per

- Z €5 <fzg§, 850

per>
LQ(DO(J_lvj))
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2 per per per
:< <2£2 ¢ +£ " 8771) _5 " ¢ ,d}per>
L2(Do(1))

31 961 92

8 per N
per dd '
- 7629 > > €j-
< ! 852 L2(Do(1)) ; !

We take into the account the equation (7.8) for ¥ and integrate by parts,
(8.13)

24)P" per per per
1/} " 8¢ " 61/} per per 7 8¢

2 + - ) - )

<£2 733 29 2S] 29 082 v >Lz<Do<1>) < ioh 982 >L2(D0(1))
82¢Per o

_ " per N " per ;per

- <§29 8§2 s %0 >L2(D0(1) <€29 ,852 0 1/}1 >L2(D0(1))

G 0"

— per per 1/ per per
= <£2.g ( 862 + /l;[) 85 >5 0 >L2(D0(1)) + <g 1 »%0 >L2(D0(1))

HQHH%Q(Q ) " oy
_ ) per
- 2 2<g 1 g, >

+ per7 )
ooy TG ) a0

Now consider the last contribution to S;. Denote u := R(1) M) (e, k)1)y. This function
solves the equation

N 9P
(8.14) (Ho(0, Z €;9] gg

and is orthogonal to ¥§” in Lo(Dg(L)). We use this equation and proceed as in (8.13), to
calculate

_<M(O)(€7’€)R0( )M(O)(E H) ger’ [];))el“>

" ou per

N
ou ///7 _
Z€]<2§29J 0€? + &2 o0&, £29; 8¢y’ 0 >L2(Do(j—17j))

_ i < //@ 13 " Ou per>
= — ' €j 529]' 85% Q295 o7 35 "z La(Do(5—1,5))

o 9% 8u

J
N
=2 (e (ol e+ 5+ ot ) ) o

j=1
" HL 0) =
et ];6 2¥6J<g] (962 >L2 (Do(3—1,5))
N
per
Z€J< 521/’ )>L2<Do<j—1,j)>'

J=1
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We substitute the last identity and (8 12), (8.13) into (8.10),

per

1
Sy( =2N" Z€J< 352 >L2 (Do(i—1,5))
_ er 8¢per er o 3
(8.15) - N <2<g”wlf s >L2(Do(1))_<g”w§) X >L2(D0(”)>;ej
- N~ IZ€J< €2¢per)>L2(Do(j—Lj)).

Note that terms involving H 9"l Ly(0,0) cancel. Next we study each term in the obtained ex-
pression for Sy.

Lemma 8.1. The inequality

9117 160 o
(8.16) Sule, k) > +°” < - “) Z_:
holds true.
Proof. Since
awo 61/}0
8.17 o ,
(8.17) 96, 2 (&1, m— &) = 96, - (61, 62),
the solutions ¥, u to the equations (7.8), (8.14) satisfy the same identity,
(8.18) L6 — &) = =Y (61, 82),  u(br,m—&2) = —u(ér, &2).
It implies
N N
per _r
;€J< 5 Yo )>L2(D0 G-13) 2 ;€j< a¢per>Lz(Do(J 1)’
per
-1
Sale, k) = < > Z€j< >L2(Do(j—1,j))
(8.19)

B ad)per
_ 2N 1 < per " >
K 1 7g 852 L2 D() Z ]

Let us estimate the first term in (8.18). We integrate by parts taking into consideration
(8.17), (8.18),

N er N er
> i ) D ICEpIL
= 95708/ Laboti-1,9) =\t 91706y / La(Doti-1.0))
N
8¢0u 8¢per 8¢per
8.20) =) (g} , - u,
(520 ;e]< 08 0k >L2 (Do(j—1.9)) ;6< Y0, >L2(D0(J L4)

B ”g/HLQ()l al al .
DILES <8§2 )’Zﬁfgj)h(o,m'

]:1 ]:1



SPECTRAL PROPERTIES OF RANDOMLY CURVED QUANTUM WAVEGUIDES
We construct the function u by the separation of variables,

oL S , 2 4m
ge, ~ 2 Omom2mE, am =[G,

m=1

(8.21) Zam (&2) sin 2mé;,

where the functions U, solve the boundary value problems,
N
—U) + (4m® = )Un = =Y €] in Ly(0,L),  Up(0) = Uy, (L) =0.
j=1
It follows from (8.20), (8.21) that

N 1 OUVE" ||9/H%2(0 D= 5 - -
(822) E €]<U7gj 852 > = —Z’ZEEJ +4 Z:lmam(zgejgijm>L2(0’L)
j= m= J=

We represent U, as
N

U, = Zejgj + (4m2 — l)ﬁm,
j=1
where U,, is the solution to the problem
~ ~ N ~ ~
—U 4 (4Am? = )Up ==Y J€jg; in Ly(0,L),  U},(0)=U),(L) =0.
j=1
Thus,

N
712 2 7. 112 = q:. U
||Um||L2(0,l) + (4m” — 1)HUmHL2(07l) = _(;Ejgja Um)]JQ(O’L)v

N
(;é‘jgj, Um>L2(07L) = ll9ll7 00 > € + (4m® — 1)(251‘93‘7 Um)Lg(o,L),

j=1 j=1

2
=

N N
(4m* = Dl Unlliaor) < | Yo eisi], = lalliaon Y- &
Two last relations imply

N
(; €i9i> Um) L2(0,L) >0,

and by (8.22) it yields

(8.23) i\f: < ,,81/10> S _||9H%2(07l) i 9
' NCYI598, / La(Doi-10) l L.

j:1 ]:1

We proceed to the second term in the rlght hand side of (8.18). We construct 7" as

per
(824) i)er _ / wperj

23
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where Jper solves the boundary value problem

(8.25) (A+1)P" =0 in Dy(1), PP =g as &=, PP = —g as & =0,
and satisfies periodic boundary condition on &; = 0 and &; = [. Hence,
er 2 er
f<¢per " 8¢p > Hg/HL2(0J) . £<Jper " 6¢p >
! 08y / La(Do(1)) l VoA 062/ La(Do(1))

(8.26)

s [2 00" 07
] T\ 8& 0 | Ly(Do(1))’

by the separation of variables,

aw]{)er . > (+) 2mm (_) . 2mm
(8.27) o6 Z By, cos Tfl + B, sin

Now we construct wper

& ) V(&)

m=1

where B,(ni ) are introduced as the coefficients of the Fourier series for q,

= 2mm
(8.28) RS (/3<+ cos T, + 85 sin §1>.
m=1
The functions V,,, are defined as the solutions to the boundary value problems
4 2,2
(8.29) —V 4 (73;” - 1) V=0 in (0,7),  Vm(0)=—1, Vp(r)=1.
The functions V,,, can be found explicitly,
sinh A,, (fg — g) 472m2 472m?
m = s Am = - 17 if —— 17
Vnlt2) sinh T 2 e
3.30 _ sin 4,, ({2 %) o 472m2 o Anim?2
(8.30) V(&) = — e A= (1= =5, if —5 1,
2 4 2,.,2
Vin(62) = ~&2 - 1, if ”sz — 1.
We substitute (8.27) and (8.28) into (8.26),
oy 2llg'lI7 0 2 N2
31 —2(yp, " ) _ 2 L00 (a5 )?)B
(8:31) g 082/ La(Do(1)) ! +mZ::1 (/Bm ) - (/Bm )
where
44, coth ™m 2m?
By 1= —Am O R gy ATy
m(AZ, +1) 2
4A,, cot TAm 47?m?
(8.32) B = 2 if 2 <1
m Ti-az) ' TE o <h
8 . An’m?
Bm = —p, lf T =1.

In view of the estimates

4z coth 75 o 4 S0 4z cot T o 8 € [0,1]
X 77 z = ) B e =N 77 Z ) M
V22 +1 7 /1—22 72
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the coefficients B,,, can be estimated as follows,

21 l 41 l
m2m T m™>m ™
We substitute these estimate in (8.31),
P Al 0 () )
1 862 LQ(D(](I)) - l 7T3 . m
2m<;
N2
2l (852 + (%))
2 m
2m>i
2|l¢’ ||L2 1) 21 > (67(‘:—))2 + (67(71_))2
> .
Together with (8.23), (8.19) and an obvious estimate €; < & it yields
7 42 & (B + (85) v &
(8.33) Sa(e, k) = (2”9/”%2(0,1) -2 > - I >oe
m=1 j=1
It remains to estimate the last sum in this expression.
We introduce the function
=1 2mm 23T
— il (+) (=) 0
h(&1) : mzﬂn(@n cos ¢y + B sin l §1>+ T
l
L1
By =7 [ 9(&1) d&y,
0
and by the definition (8.28) of the coefficients B,,(,ic ) we see that
| — LY 2 2
2 _ + — ()2
917,00 = 2mz=:1 <2mn> ((57(71 N+ (8Y)) ) + (B )1,
-))2 (+)\ 2
(Bﬁn N (o A
(834)  [IhZ, 00 = Z =) = el
m:l

4 S (B5)? + (B >)2 8l

(8.35) 2 (h g )L2(U 0

2
™ m
m=1

Now we use the fact that supp g lies in a segment of the size a and an obvious estimate
g’ L2 0.0 HQHL2 0,0)

to obtain

4[2 0 BT(:)Z‘F 57()1_)2 !
K (Br”)"+ (Bm”) 2—ﬁllhlng(o,Z)||9/HL2(0J)

72 m
m=1

6 ) 16a, ,
> _?HQHLQ(OJ)HQ I 22(0,0) = —?Hg 17200,0)-
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We substitute this inequality into (8.33) and complete the proof. O
We substitute the inequalities (8.16), (8.10), (8.11), and a trivial one

N
lela <) e

7j=1
into (8.9),

Ap) — AP () > ||g/”%2(0,z) <7r 16a> Cnd)? Hie
2\ —7—— |5——= )~ j-
2L 2w =

Choosing the constant ¢ in (6.2) small enough, we arrive at the estimate (6.3).
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