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Abstract

The paper gives a self-contained survey of fast algorithms for solving linear systems
of equations with Toeplitz or Hankel coefficient matrices. It is written in the style
of a textbook. Algorithms of Levinson-type and of Schur-type are discussed. Their
connections with triangular factorizations, Pade recursions and Lanczos methods are
demonstrated. In the case in which the matrices possess additional symmetry prop-
erties, split algorithms are designed and their relations to butterfly factorizations are
developed.
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Introduction

Engineering or scientific computational problems are typically reduced to matrix compu-
tations — eventually, a linear system of equations has to be solved. The structure of the
original problem often leads to a structured coefficient matrix in the resulting linear system.
Hence, designing special algorithms that exploit these structures in order to be faster than
standard algorithms is desirable.

We will present principles how to manage this issue. Moreover, if the coefficient matrix
possesses additional symmetry properties we will discuss how to take advantage from both,
the structures and the symmetries. Therefore, we offer not only classical material, but also
new results which have been subject of recent research and discussion.

The presentation is largely elementary. We only assume basic knowledge in linear
algebra. This should make the paper accessible to a wide readership, including graduate
students and also researchers who want to enter the field of structured matrices. The
exercises aim at gaining deeper understanding, some of them may be challenging.

The article at hand is written self-contained and in the style of a textbook. Thus,
it is suitable for student’s self-study. Beyond that the text could serve as an elaborated
manuscript for lectures on the topic and could be integrated into courses on structured
matrices and on numerical linear algebra as well.

Now, let us describe the content in more detail. The present paper is dedicated to so-



called fast algorithms for structured matrices. In particular, we consider Toeplitz matrices
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The entries of the matrices are taken from a given field F. The attribute “fast” indicates
that the complexity of the algorithm is O(n?) compared with O(n?®) complexity for the
corresponding standard algorithms for unstructured matrices. Algorithms with a complex-
ity less than O(n?) are often called “superfast”. They are based on divide-and-conquer
strategies, which, however, are beyond the scope of our paper. We will consider two kinds
of fast algorithms: Levinson-type and Schur-type algorithms.

A Levinson-type algorithm recursively computes solutions of special equations for sub-
matrices. In the classical Levinson algorithm these solutions are the last columns of the
inverses of the leading principal submatrices (or multiples of them). These solutions can be
used in different ways. Firstly, with the help of such algorithms Toeplitz and Hankel sys-
tems with general right-hand sides can be solved recursively using the bordering principle.
Secondly, they produce a factorization of the inverse matrix. In the case of the classical
Levinson algorithm this is the UL-factorization of the inverse. The factorization can also
be used to solve a linear system, but its importance goes far beyond that. For example, it
plays a crucial role in the theory of orthogonal polynomials. Thirdly, the vectors eventu-
ally computed by the Levinson-type algorithm provide the parameters needed in Bezoutian
formulas for the inverse matrix. These Bezoutian formulas represent in particular a basic
tool for in the construction of superfast algorithms.

In the same way a Levinson-type algorithm produces a factorization of the inverse
matrix, a Schur-type algorithm produces a factorization of the matrix itself. The quantities
which are computed in the latter case can be interpreted as residuals for the solutions
computed by the corresponding Levinson-type algorithm. A Schur-type algorithm can be
combined with a corresponding Levinson-type in order to avoid inner product calculations.
Let us point out that the importance of the Schur algorithm, like that for the Levinson
algorithm, goes far beyond solving linear systems. It was originally designed to solve a
problem in complex function theory.

Since a symmetric Toeplitz matrix is also centrosymmetric we can exploit these symme-
try properties to reduce the number of operations. The resulting algorithms are referred
to as split algorithms. There exist split algorithms of Levinson-type and of Schur-type.
Like the classical Levinson and Schur algorithms are related to triangular factorization,
the corresponding split algorithms are related to a different kind of factorization, called
butterfly factorization. The split Levinson algorithm computes such a factorization of the
inverse matrix whereas the split Schur algorithm computes a factorization of the matrix
itself.



In most of the sections of this paper we assume that the Toeplitz or Hankel matrix

under consideration is strongly nonsingular. An n X n matrix A = [aij]?,jzl is called
strongly nonsingular if all its leading principal sections Ay = [a;; ]i-fj:l (k=1,...,n) are

nonsingular. In particular, positive definite matrices are strongly nonsingular. Toeplitz
and Hankel matrices without this property can be treated as well. However, this requires
nontrivial generalizations of ideas presented here. Occasionally the condition of strong

nonsingularity is replaced by the condition that all central submatrices [aij]?j:ll_l (1<

[ < "T'H) are nonsingular. A matrix with this property is called centro-nonsingular. Since
for a Toeplitz matrix the central submatrices are equal to leading principal submatrices,

centro-nonsingularity means that every second leading principal submatrix is nonsingular.

At the end of the paper references on the history and the genesis of the results under
consideration can be found. We restrict ourselves to the original work of the inventors,
but also to books and survey papers. Moreover, we refer interested readers who want to
apply the knowledge of this course or who want to learn more about further and adjacent
research to papers which are understandable on the basis of the present text. This is a
reason for citing a number of papers written by the authors.

We apologize for any omission, which seems to be unavoidable because of the huge and
rapidly growing number of publications on structured matrices.
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1 Preliminaries

In this section we discuss some general topics that will be used afterwards. Throughout
the paper, F will denote an arbitrary field. In some sections we restrict ourselves to the
case that I is of characteristic different from 2 or to the case that F = C or R, the fields
of complex or real numbers, respectively. By {ei,...,e,} the standard basis of F" is
denoted. Furthermore, 0 will stand for the zero vector of length k. If there is no danger
of misunderstanding we will omit the subscript k.

Sometimes we use “polynomial language”. For x = (z;)?, € F", we consider the
polynomial

n
x(t) =) apth!
k=1



and call it the generating polynomial of x. Polynomial language for matrices means that

we introduce the generating polynomial of an m x n matriz A = [a;; ]1@17;1:1 € Fmxm as
the bivariate polynomial
m n
A(t,s) = Z Z aijtts? 7t
i=1 j=1

1. Symmetries. At several places we will exploit symmetry properties of matrices.
Besides symmetry, skewsymmetry and Hermitian symmetry in the usual sense we deal
with persymmetry and centrosymmetry.

We introduce some notations. Let J, be the matrix of the flip operator in F” mapping

(r1,22,...,2pn) to (Tn, Tn-1,...,71),

1 0

For a vector x € F” we denote by x’ the vector J,x and, in case F = C, by x7 the vector
JnX , where X is the vector with the conjugate complex entries,

x’/ = Jpx and X" = InX.
In polynomial language the latter looks like
x7(t) = x(t~ L, xF() =@ )L

A vector x is called symmetric if x! = x, skewsymmetric if x/ = —x, and conjugate
symmetric if x# = x.

For an n x n matrix A, we denote
Al = J,AJ, and A¥ = J,AJ,,

where A is the matrix with the conjugate complex entries.

An nxn matrix A is called persymmetricif A7 = AT. The matrix A is called centrosym-
metric if A7 = A. Tt is called centro-skewsymmetric if A7 = —A and centro-Hermitian if
A% = A.

The following facts for square matrices are easy to verify.
1. Any Hankel matrix is symmetric.
2. Any Toeplitz matrix is persymmetric.
3. A Toeplitz matrix is centrosymmetric if and only if it is symmetric.
4. A Toeplitz matrix is centro-skewsymmetric if and only if it is skewsymmetric.
5. A Toeplitz matrix is centro-Hermitian if and only if it is Hermitian.
2. Complexity. In this paper we will estimate the quality of an algorithm according to

its computational complexity. The reader should be aware that complexity is not the only
criterion to judge about an algorithm. Another important criterion is stability. However,



the issue of stability is much more difficult to handle and is beyond the scope of the present
paper. To some extend we will also discuss the parallel complexity of the algorithms.
Our approach to parallel processing is a naive one. We assume that we have as many
processors as we wish and we do not take into consideration the amount that is needed for
the information exchange between the processors.

By computational complexity we mean the number of arithmetic operations. We do not
count, for example, permutations, multiplication by —1 and, in the complex case, forming
the conjugate complex number and multiplication by the imaginary unit. (A) stands for
additions or subtractions of elements of I, and (M) stands for multiplications or divisions.

Our complexity estimations will be of asymptotic nature, which means that we are
not interested in the exact number of operations but in its dependence on the size of the
problem, which here is the length of a vector or the order of a matrix. For example, “the
algorithm A has complexity O(n?)” means that the complexity in dependence on n rises
like a quadratic function. We will always neglect lower order terms. For example, the
statement “algorithm A has complexity C'(n) = an?” means that the complexity is equal
to C(n) = an? + C’(n) where 711&1;@ C'(n)n=2 = 0. We always have C'(n) = O(n).

We will mainly have 3 types of operations:

1. addition of two vectors,

2. multiplication of a vector by a scalar, and

3. inner products.

By “inner product” we mean the multiplication of a row by a column vector of F¥.
Clearly, vector addition of vectors of length k requires k& (A) and multiplication of a vector
by a scalar k& (M). These two operations are completely parallelizable. If k processors are
available, then we need only 1 (A) or 1 (M), respectively. For an inner product &k (A) plus k
(M) are needed. But inner product calculation is not completely parallelizable. The most
what can be achieved is a parallel complexity of O(logk). This is one reason why we are
looking, among other things, for algorithms that avoid inner product calculations.

The number of operations reduces if the vectors have some symmetry properties. For
example, the sum of two vectors of length k& which are both symmetric or skewsymmetric
requires only %k‘ (A). The same reduction appears for the multiplication of such a vector
by a scalar and for inner products of such vectors. For an inner product of a general vector
and a symmetric or skewsymmetric vector of length k only 3 k (M) but k (A) are needed.

In fact, suppose that f7u has to be computed, where f = { ? } and u = [ :J ] Then
2

ffu=(f +£)Tv.

In the case that F = C it is reasonable to distinguish between complex multiplication
(CM) and addition (CA) and their real counterparts (RM) and (RA). We consider 1 (CA)
as equivalent to 2 (RA) and 1 (CM) as equivalent to 4 (RM) plus 2 (RA), although
there are versions of complex multiplication with only 3 (RM) but more (RA). Thus the
inner product of two complex vectors of length k requires 4k (RM) plus 4k (RA). Let us
estimate the amount for the inner product of a general by a conjugate symmetric vector

: J_igrd
of C*. Suppose that f = [ g1 +ihy ] and u = { v W

& + ihy viiw |’ where the vectors g1, go, u,



v are real. Then
fu= (g +g2)v+ (h{ —hy)w +i[(h{ + hy)v — (g — g2)w] .

That means the complexity is 2k (RM) plus 3k (RA).

The algorithms presented here in this paper are of recursive nature. In the Levinson-
type algorithms we will have vectors of length k£ where k runs from 1 to n. For the
Schur-type algorithms we will have vectors of length n + 1 — k for £ running from 1 to n.

If the complexity of the operations for vectors of length k is about ak for some positive a,
n

then in both cases the overall complexity will be %nQ, since Y k is about %nQ.
k=1

The following table lists some complexities for quick reference. Here u, v € F¥ denote
arbitrary vectors, « is a scalar, uy, v4 € F¥ are symmetric or skewsymmetric vectors in
the first two rows. The special case F = C is considered in the last two rows. Here uy and
v, are conjugate-symmetric vectors.

u+v|au|uly up +vy | aug uJTrV+ uJTrv
(M) 0 | k| &k 0 sk | ik | ik
(A) k| 0| k tk 0 | 3k | k
(RM) | 0 | 4k| 4k 0 o% | 2% | 2%
(RA) | 2k |2k | 4k k k| 2k | 3k
2 The Levinson Algorithm
Throughout this section, let T}, = [a;—;]};_; be a strongly nonsingular Toeplitz matrix.

Besides T;, we consider the leading principal submatrices
Ty = [ai_j]f,j:l for k=1,...,n—1.

First we show how to solve some special systems with the coefficient matrix T} by recursion,
then we describe how general systems T,z = b can be solved using the bordering method,
which will be described in Subsection 2.4.

All procedures presented in this section will be referred to as Levinson algorithms,
although the original Levinson algorithm was designed only for the positive definite case,
and the recursion for the special systems is often referred to as Durbin algorithm.

1. Recursion for columns of the inverses. We consider two families of special systems
Tix;, =e; and Tipx;, = ey (k=1,...,n). (2.1)

Obviously, the vector x; is the first and x,j is the last column of T~ ! Our aim is to find
a recursion for the Xf.
The crucial observation is that, due to the Toeplitz structure, the matrix 7} can be

found twice as a submatrix of Ty,

_ T % ko
Tk+1_[* *]_[* Tk]'



Hence we have

x, 0 er v
T, k = k ] , 2.2
[ e =1 2
where
ryljz lak ... a1]x,, v, =[a_1 ... a_k]xg. (2.3)

We introduce the 2 x 2 matrix

Ty = [ ,;j Wf] . (2.4)

Observe that I'y is nonsingular. In fact, otherwise [ Xé“ } would be a multiple of [ XO+ ] .
k

But this is a contradiction to ex; = dzzzﬂ’%;l # 0. Multiplying (2.2) from the right by
', we obtain on the right-hand side [e; ej1], which is the image of (X1 Xj,]- Thus
the following is true.

Theorem 2.1 Fork=1,...,n—1, the vectors x? satisfy the recursion

_ X, 0 -1
(X411 X—/:—l—l] = [ 6“ Xz ] Ly
where Ty, is defined by (2.4) and (2.3).

The recursion can be started with x{c = ai .
0
Complexity. In each step of this algorithm one has 2 inner products, 2 vector additions
and 4 scalar times vector multiplications. We conclude that the amount for computing the
vectors Xf by the recursion in Theorem 2.1 is 3n? (M) plus 2n? (A). In parallel processing
the complexity is dominated by the inner product calculation, so that the overall complexity
is O(nlogn). An algorithm with parallel complexity O(n) will be presented in the next
section.

In polynomial language the recursion in Theorem 2.1 can be written as
- + - + L 0|
X () X ] =50 T @] | ) | Tit

The numbers ’y,;t are called reflection coefficients or Schur-Szegd parameters.

2. Recursion for Yule-Walker solutions. From the view point of computational
complexity it is convenient to consider instead of the vectors Xf the solutions uf of the
equations

Tyu, = p,ei, and Tkug = p,jek , (2.5)

where p,f € IF are so that

elTu,; =1 and efuéF =1.
In other words u; (¢) is assumed to be monic and u;, () comonic, which means that (u;)7(t)
is monic. Due to the strong nonsingularity of T}, the numbers pf are nonzero, and the

vectors u,f are uniquely determined. The equations (2.5) are called Yule- Walker equations.



The vectors Xf and uf are related via

1 1
+ _ + + _ +
x, = ——1u, and u; =-rx,
Pk k

where &, is the first component of x,; and f,j the last component of x:. Note that, by

Cramer’s rule, 52[ = dZZtT’ﬁl. Thus, & = &, # 0. This implies

Py = Pp = Pk
Theorem 2.1 leads to a recursion formula for the vectors uf(t) which can also be
deduced immediately from the relation

u, 0 pper o)
o [ 0 UZ] [ Ok Pkek ] ’ 20
where a, = [a; ... a1]u;, of =[a_q ... a_i]u; . Note that the reflection coefficients

’y,;t introduced in the previous subsection are given by

:F
,Yﬁ:_ak
e = .
Pk

We state the emerging recursion in polynomial language.

Theorem 2.2 Fork=1,...,n—1, the polynomials uki(t) and the numbers py, satisfy the
TeCursions

() wi 0] = a0 wi)] | o ) | o

and
pe1 = pe(L =% v;),
where
1 —; }
P, = k ) 2.7
' [ -1 27

The recursion can be started with uj” =u; =1 and p; = ao, .

Complexity. Like for the computation of the vectors x,f, in each step of this algorithm

one has 2 inner products and 2 vector additions. But we have only 2 scalar times vector
multiplications, compared with 4 for the Xf. Hence the amount for computing the vectors
uf by the recursion in Theorem 2.2 is 2n? (M) plus 2n2 (A).

It is worth to mention that the reflection coefficients 'y,:: coincide with some components

of the vectors uf. In fact, the following can be concluded from Theorem 2.2.

Corollary 2.3 Let v, denote the last component of u, and 1/,;" the first component of u;.
Then, fork=1,...,n—1,
+
Vi1 =~ -

10



3. Symmetric and Hermitian cases. We discuss the simplifications of the Levinson
algorithm that we have if T, has some symmetry properties.

Let T,, be symmetric. Then T, is also centrosymmetric. Thus we have Tk(xg)‘] =

e/ = ey, which means that x; = (x;)’ =: x4. Analogously u} = (u;)’ =: u; and

’y,j =, =: . Hence the recursions in Theorems 2.1 and 2.2 can be written as

Xp1(t) = % (txi(t) = () (1) and wpga(t) = tug(t) — e (ug)(2) -

1—fyk

Complexity. In the case of a symmetric Toeplitz matrix, the amount for computing the
vectors uy by the recursion in Theorem 2.2 is n? (M) plus n? (A).

Let now F = C and T,, be Hermitian. Then T, is also centro-Hermitian. Thus we have

Ty (x;,)* = ef = ey, , which means that x; = (x;)# =: x4. Similarly, u; = (u;)# =: uy,
Ve = 7; =: ;. Hence the recursions in Theorems 2.1 and 2.2 can be written as

1

T (txu() = (®)  and wepa(t) = tug(t) = peuf (1)

Xp1(t) =

Complexity. In the case of a complex Hermitian Toeplitz matrix we count the number
of real operations. Thus the amount for computing the vectors ui by the recursion in
Theorem 2.2 is 4n? (RM) plus 4n? (RA).

4. Bordering method. The solutions computed by a Levinson-type algorithm can be
used to solve a general system T;,z = b, b = (b;)!"_;. The corresponding procedure is called
bordering method. It is not restricted to Toeplitz matrices. Therefore, we explain it for a
system Az = b with a general strongly nonsingular coefficient matrix A = [a;; |}';_;.

Let x5 be the solution of Apx; = e, and z; be the solution of Apz, = by, where
b, = (bi)le, k=1,...,n, A= A,. Then

Ak+1[zok]=[];:},

Bo=[ akt11 - arpre | zn-

where

We conclude that
Z
Zit1 = [ Ok ] + (k1 — Br)Xky1 - (2.8)
b

ail
Similar relations exist that involve the monic solutions uy of Apug = prex.

We start the recursion with z; =

Complexity. The application of the bordering formula (2.8) requires in each step 1 inner
product, 1 vector addition and 1 scalar times vector multiplication. This results in an
overall amount for bordering of n? (M) plus n? (A). Thus the amount for solving a Toeplitz
system (using the vectors ui.c) is 3n? (M) plus 3n? (A). This reduces to 2n? (M) plus 2n?
(A) for solving a symmetric Toeplitz system. The cost for an Hermitian Toeplitz system is
8n? (RM) plus 8 n2 (RA). In the case of a symmetric or Hermitian Toeplitz matrix the cost
for bordering can be reduced utilizing the symmetry properties. This will be explained in

Sections 9 and 11.

11



3 The Schur Algorithm

We now present another algorithm, which is named after I. Schur. Originally the Schur
algorithm was designed to answer a question in complex function theory. Later it turned
out that this algorithm has a wide range of applications. In particular, it can be used to
solve Toeplitz systems, since it produces the LU-factorization of the matrix (see Subsection
4.2). It can also be combined with the Levinson algorithm replacing the inner product
calculations there. The resulting method has a slightly higher complexity than the pure
Levinson algorithm in sequential but a significantly lower complexity in parallel computing.

1. First version of the Schur algorithm. Besides the submatrix T} of T;, we consider
the two (n — k + 1) x k Toeplitz matrices

Ak—p .. Al1—n Ap—1 ... ag
- . . + . .
T, = : : and T, = : : . (3.1)
ago B ¢ . an—1 ... Qp_k

Note that the last row of T} is the first row of T} and the first row of Tk'f is the last row
of Tk.

As in Subsection 2.4, x% will denote the first and the last column of T} L respectively.
Then, for k=1,...,n,

T, _ s, s T
RS oan
k k k
where the vectors s;* = (s:55)72 "™ € F*~F+! are given by
+ + —+ +
S;{—k = [ Ak+i—2 - Qj—1 ]Xk, Si, = [ Ak+i—1-n --- Qj—n ]Xk .
In particular,
+- _ ++ _ - _ —+ _
51, =0, sip =1, s, 5, =1, 5, 5% 1,=0,
and the reflection coefficients (2.3) are
ot — _ ot
Y =Sq, and =57 . (3.2)

The vectors skii will be called residual vectors.

Let us explain briefly the importance of the residual vectors for an LU-factorization of

the matrix 7T},. More details are discussed in Section 4. Let V denote the upper triangular
+

matrix the kth column of which is [ X(;f ] Then L = T,V is lower triangular and the

kth column of L equals [ SEJF ] Hence T;, = LV~! is a triangular factorization of Tj,.

That means that the matrix L formed by the residual vectors S:Jr is just the L-factor of
an LU-factorization of T,.

The Schur algorithms computes the residual vectors recursively. To derive it we utilize
the Toeplitz structure, as in the derivation of the Levinson algorithm. Let us adapt some
notation. For u = (u;).; € F™, we denote by I, u, I_u the vectors

Lou=(u)fty,  Tou=(u;)j", (3.3)

12



respectively. That means that I cuts off the first and I_ cuts off the last component of
the vector. Moreover,

Iiyu=1,(I1u). (3.4)
Note that
Ty, s
1.1y X,f = | 0x_o S F2n—k (k‘ > 1),
T+ S+:|:
k k

and the step k£ — k + 1 means to extend the zero vector in the middle of the right hand
side by one zero above and below. We have

[ T,ﬁ}l ] [x,; 0+ } _ [ Lrs,_{: I_s,f:: } .
T 0 x; I.s;— I_s;

Theorem 2.1 leads to the following.

Theorem 3.1 For k=1,...,n — 1, the residual vectors Sfi satisfy the recursion
—— ot —— —+
R N ecEc
- - )
Sk+1 Sk Lisg sy
where
—+
T, = i Sn—k.k

59k 1

The recursion starts with
N B 7NN L
s =s; = —(ai-1)i=, 81 =87 = —(Gi—n)i-
ap ao

To write the Schur recursion in polynomial language, we introduce the projection P,
defined for Laurent polynomials by

N m
P, ( > uktk1> = uthh (3.5)
k=—M k=1

That means P, cuts off all negative powers of ¢t and all powers greater than m — 1. In
particular, for u = (u;)"4,

(Iyu)(t) = (u(t) —u))t ™t = Pyt ta(t), (I_u)(t) = u(t) — umt™ ' = Pp_1u(t).

Now the recursion of Theorem 3.1 can be written in the form

s; () s ] s (1) s (1) =1 0]
St (1) sﬁi(t)]‘])“[sﬁww S o 1

Here the projection P,,_j has to be applied entrywise to the matrix polynomial.
In view of (3.2), the recursion in Theorem 3.1 can be used to compute the vectors
xf without inner product calculations. As for the Levinson algorithm, the number of

multiplications can be reduced if another normalization of the residual vectors is used.

13



2. Recursion for the Yule-Walker residuals. Let, for £ = 1,...,n, the vectors

fi = (Tf,;t)”_k‘*'l € Fr—++1 be given by

T} _ R
|l wpl= |
[le Bk re Iy

where uf are the solutions of the Yule-Walker equations (2.5). In particular,

+- —+

+  Tok — Thekk

kE ’ ’}/k - :
Pk Pk

+— -+ _ e _
Tk = Tnokr1k =05 "1k = Tp g1k = Pks 7,

We state the theorem that is analogous to Theorem 3.1 in polynomial language.

Theorem 3.2 The polynomials r%i(t) satisfy the recursion

[rk+1(t) r () ] p [ () () ] [tl 0] By,

RTONE Y0 r, (1) () 0 1
where L .
By — [ 1 =y } = Tok v = Tn—kk
= 4 M T x0T ——
%ol 1k n—k+1k

The initialization of the recursion is given by

rit(t) = Zakt rit) =1 Zak g1 R

Complexity. In each step of the recursion we have 4 vector additions and 4 scalar times
vector multiplications. The lengths of the vectors are n—k-+1. Thus the overall complexity
is 2n% (M) plus 2n? (A), which is the same as for the Levinson algorithm. If the Schur
algorithm is only used to replace the inner product calculations in the Levinson algorithm,
then the amount for computing the vectors u;X will be 3n? (M) plus 3n2 (A). In parallel
processing we have 2 vector additions and 2 scalar times vector multiplications, so that the
parallel complexity is 2n (M) plus 2n (A).

3. Symmetric and Hermitian cases. In the case of a symmetric Toeplitz matrix T,

we have T} = n,kHT;Jk. Since in this case u; = (u:)‘], we obtain
Ly, =T u, = J, Tl = (L)
Together with 7 k =7, jy1, this leads tor; ~ = (r{ )7 . Analogously, r;, ¥ = (r}7)7.
Similarly, in the case of an Hermitian Toeplitz matrix T, we have r, ~ = (r{ 7)# and
— _ (et
r, "= (r; )7,
+ ++

Thus, in both cases it is sufficient to describe the recursion of the vectors rz =r;~,

~1
[r)41 (1) r:ﬂ(t)] =Ppp [ 1 (t) rf(t)] { tO (1) } P -
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Analogously, the recursion for the residual vectors Sfi collapses to

50 sta@1= P[50 sto ]| T

where sf = s,":i. In all cases the amount reduces by 50% compared with the general case

in sequential processing. In parallel processing the amount remains the same.

4. Schur-type bordering. The bordering method explained in Subsection 2.4 involves
inner product calculations that could be avoided as shown next.

We use the notation of Subsection 2.4 and introduce the (n — k) x k matrix A =
[ aij ]?:k—f—l,?‘:l and residual vectors b) = Ajz;, and s; = Ajx;. Note that §j is the first
component of bj.. Then the recursion for z; implies a recursion for the residual vector bj,

b1 = Liby + (b1 — Br)Skr1 - (3.6)

In the case of a Toeplitz matrix A = T;, the matrix A} is obtained after the first row
in T,:r is deleted and s = I+sfg+, where sﬁ* is defined in Subsection 3.1.

In the next section we show how to solve Toeplitz systems exclusively with the Schur
algorithm.

4 'Triangular Factorizations

In this section we show how the algorithms discussed before can be used to find triangular
factorizations of Toeplitz matrices and their inverses.

1. General matrices. To begin with we recall some standard material and present it in
a form which is convenient for our purposes.

A representation of a nonsingular n x n matrix A in the form A = LDU in which
L is lower triangular, U is upper triangular and D is diagonal is called LU-factorization.
Clearly, the LU-factorization of a matrix is, if it exists, not unique. We will consider three
kinds of normalizations.

e In the unit LU-factorization L and U are assumed to be unit triangular. A triangular
matrix is called unit if it has ones on the main diagonal.

e If A= LDU is the unit LU-factorization, then A = (LD)D~!(DU) will be called co-
unit LU-factorization. The reason why we consider this factorization is that in some
cases the amount to compute the co-unit LU-factorization is less than the amount
for the computation of the unit LU-factorization.

e If F = C and A is Hermitian positive definite, then there exists an LU-factorization
with D = I,, and U = L*. This is the Cholesky factorization. Moreover, the middle
factor D in the unit factorization is a real diagonal matrix.

Proposition 4.1 If a matriz A admits an LU-factorization, then it is strongly nonsingu-

lar. Conversely, any strongly nonsingular matriz admits a unique unit, a unique co-unit
and, in case A is Hermitian positive definite, a unique Cholesky LU-factorization.
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Analogously to LU-factorization a UL-factorization is defined. The n x n matrix A
admits a UL-factorization if and only if the matrix J, A.J, is strongly nonsingular. Speaking
about triangular factorization we mean an LU- or a UL-factorization.

If A = LDU is the unit LU-factorization of A, then AT = UTDL" is the unit LU-
factorization of the transpose of A. Furthermore, A~! = U~'D~'L~! is the unit UL-
factorization of A™!. Let us also mention the obvious fact that the LU-factorization of
A includes an LU-factorization of all its leading principal submatrices A, and the UL-
factorization of A~! a UL-factorization of all A,;l

The following is a straightforward consequence of the uniqueness of the factorizations
introduced above.

Proposition 4.2 Let A = LDU be the unit or co-unit LU-factorization of A. If A is
symmetric, then U = LY. If F = C and A is Hermitian, then U = L*.

Now we show how the factors of the unit (or co-unit) LU-factorization of A and the co-
unit (unit) UL-factorization of A~! can be characterized. For this let us adapt a notation.
Let (v;)7_; be a sequence of vectors such that v; € F/. Then U(v;)7_, denotes the n x n
upper triangular matrix the kth column of which is equal to

n v
Uvj)j-rer = [ Onﬁk ] '

For a sequence (w;)7_; with w; € Fr =7 by L(w;)" ;)71 is denoted the lower triangular
matrix the kth column of which is equal to

If (d;)7_,, then D(d;)7_; will denote the diagonal matrix diag (d1, ..., dy).
Let A = [a;;]7;_; and Ay = [aj; ]” , (k=1,...,n), and let x;, and X}, be the solutions

J=Db
of
Akxk = €L and Agik = e,

& = egxk = egik. Then

Aot =10t e ot =%
0r—1 Sk Or—1 Sk

ank:+1

for some vectors s, S, € the first component of which equals 1. Then the following

is true.

Proposition 4.3

1. The factors of the unit LU-factorization of A, A = LDU, are given by L = L(sy)}_;,
Ul = (Sk)k 17 and D = (D (gk)zzﬁ_l'

2. The factors of the co-unit UL-factorization of A=Y, A=' = U; DLy, are given by
Ur =U(xp)p_y, LT =U&g)P_,, and D = (D(&,)7_;) "L
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For the co-unit factorization of A we consider the solutions uy and u; of the equations
Apug = preg and A%ﬁk = prep satisfying eguk = efﬁk = 1. It can be checked that
pr = pi - Let

Then the following is true.

Proposition 4.4

1. The factors of the co-unit LU-factorization of A,A = LDU, are given by L =
L(ri)iey, UT = L(E¥k)}—y, and D = (D(p)f_y) "

2. The factors of the unit UL-factorization of A=, A=t = U;D1L; are given by Uy =
Uue)p_y, Li = U(Uk)i_y, and Dy = (D(pr)i_y)™" -

In the theory of orthogonal polynomials the unit UL-factorization of A~! appears in
polynomial language. In this language UL-factorization means the representation of the
generating polynomial of A~! in the form

-1 3 iu ug (s
A (t,S)—;pk k()0 (s)

Analogously, the unit LU-factorization of A means to represent A(t, s) in the form

n

1 ~

A(t,s) = —sp(t)tF'5,(s)s"
i

2. Persymmetric matrices. Recall that an n x n matrix A is called persymmetric

if A := J,AJ, = AT and that Toeplitz matrices have this property. Obviously, A is

persymmetric if and only if AJ,, is symmetric.

Proposition 4.5 If A is strongly nonsingular and persymmetric, and A = LDU is its
(unit or co-unit) LU-factorization, then the (unit or co-unit) UL-factorization of A is
given by A = UyD1Ly, where Uy = (UT)!, D1 = D7 and Ly = (L7)?. Conversely, a
UL-factorization can be transformed into an LU-factorization.

For a symmetric matrix A the upper triangular factor of the unit UL-factorization of
A~1 (or of the unit LU-factorization of A) can be immediately obtained from the lower
triangular factor by transposition, L = U”. This is not the case for a persymmetric matrix.
For the construction of the triangular factors we need both the vectors uy and uy (or sg
and S;). However, due to the close relationship between symmetric and persymmetric
matrices, there should be some hidden relation between these vectors. Let us describe such
a relation between the vectors uy and ug in the following proposition.

Proposition 4.6 If A is persymmetric, then the vectors U and uy are related via
Tety = pr Y Ly,
— p;
J
where v; denotes the first component of u;.
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Proof. Due to the persymmetry we have
Akﬁg = pkge1 .

Hence
Ty, = prAyter = pU ()52 (D(ps)i=y) " (U(8)5-1) er -

The assertion is now immediate. W

Proposition 4.6 can be interpreted in the following way. Both systems {uy(¢) } and
{u(t)} are bases of F"(t). Proposition 4.6 describes the matrix of basis change. The
inverse of this matrix has a similar form. We leave it to the reader to find it. We also
leave to reader to find a relation between the vectors s; and s; that generate the triangular
factors of the LU-factorization of A.

3. Toeplitz matrices. Comparing the discussion above with the content of the previous
sections we see that in the case of a strongly nonsingular Toeplitz matrix T}, the Levinson
algorithm just computes a UL-factorization of T,,;! and the Schur algorithm computes an
LU-factorization of T},. In fact we have with the notations of Subsections 2.1 and 2.2

X = xg, Xy = (x,;)‘], u, = u:, u, = (u]:)J
and with the notations of Subsections 3.1 and 3.2

S = sk++, Sp = (s,;_)J, ry = I'ZJF, T = (r,

).
Recall that, since T, is persymmetric, the LU-factorization of T,, can be transformed into
a UL-factorization of T;,, and the UL-factorization of T, ! into a LU-factorization of T}, 1.
Furthermore, we recall from Corollary 2.3 that the numbers v; appearing in Proposition
4.6 can be expressed in terms of the reflection coefficients.

Note that apparently there is a close relationship between bordering and UL-factorization
of T, L.

4. Solving Toeplitz systems with the Schur algorithm. We just have shown that
the Schur algorithm produces the LU-factorization T,, = LDU of a strongly nonsingular
Toeplitz matrix. This factorization can be used to solve a system 7,z = b by back
substitution. That means we first solve the lower triangular system LDy = b and then
the upper triangular system Uz =y.

The complexity for solving a triangular system is 1 n? (M) plus 1 n? (A). Thus the
overall complexity for solving a Toeplitz system exclusively by applying the Schur algorithm
is 3n? (M) plus 3n? (A) which is the same as for the Levinson algorithm combined with
bordering.

5. Inertia computation. First of all let us recall from the basic course in Linear Algebra
what is meant by the inertia of a matrix. Assume that F = C, and let A be an Hermitian
n X n matrix. The triple of integers

InA = (py,p—,po)

in which py is the number of positive, p_ the number of negative, and pg the number of
zero eigenvalues, counting multiplicities, is called the inertia of A. Clearly p++p_+pg = n.
The integer

sgn A =p; —p-
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is called the signature of A. Note that p_ + p4 is the rank of A, so that rank and signature
of an Hermitian matrix determine its inertia.

Two Hermitian n x n matrices A and B are called congruent if there is a nonsingular
matrix C' such that B = C* AC', where C* denotes the conjugate transpose of C'. It follows
Sylvester’s inertia law: Congruent matrices have the same inertia.

Both the Levinson and the Schur algorithm can be used for the computation of the
inertia of a Toeplitz matrix. In fact, let F = C and T,, be Hermitian, and let 7,, = LDL*
be an LU-factorization of T;,. Then, by Sylvester’s inertia law we have sgnT, = sgn D =
sgn D™, Hence we have

n n
senT, = ngnpk = ngnfk . (4.1)
k=1 k=1

The numbers & and p; are computed by the Levinson algorithm, the numbers p; also by
the Schur algorithm.

5 Displacement Structure and Quasi-Toeplitz Matrices

In this section we present an alternative derivation of the Schur algorithm for the unit
or co-unit LU-factorization of a strongly nonsingular Toeplitz matrix not relying on the
Levinson recursion. The advantage of this approach is that it can easily be generalized to
more general structured matrices.

1. Gauss-Schur reduction. To begin with let us recall a version of Gaussian elimination
that is called Gauss-Schur reduction or Schur reduction. The Gauss-Schur reduction pro-
duces an LU-factorization of a strongly nonsingular matrix A = [a;; ]ijl. We show this
for the co-unit LU-factorization. The procedure for the unit LU-factorization is similar.
We use the notation of the previous section.

Put A1 = A, and let Ay = LDU be the co-unit LU-factorization of Ay. The first
column 1; of L, the first row uf of U, and the first diagonal element d; of D are given by

T T -1
11 = Alel, u; =€ Al, d1 = all .

Furthermore, the matrix 2{2 =A—-d llu{ is of the form

~ 0 of
Az_[o Ag}

for some (n—1) x (n— 1) matrix Ay. Note that Aj is the Schur complement of the element
a11 in the matrix A;. Indeed, the representation of A; in the form

o] o ]
Iy, An ’

where I is defined in (3.3), and Aj; is the matrix in the upper right corner of A;, makes
clear that A2 = A11 — (I+11)T}1(I+U1)T.

From the first column and row of Ay one can get now the second column of L, the
second row of U and the second diagonal element of D. Proceeding in this way one obtains

the co-unit LU-factorization of A. Let us summarize.
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Proposition 5.1 Let A be a strongly nonsingular matriz of order n. Then the co-unit
LU-factorization of A is given by

D = D(dg)i_y, L=L()i—y, U" = L(up)i_y,
where Ay = A, dy = (el Aper) ™!, Iy = Arer, ug = Agel, and Ap+1 1s the Schur comple-

ment of the (1,1)-entry in the matriz Ay.

2. Quasi-Toeplitz matrices. If A = T, is a Toeplitz matrix one would like to ex-
ploit the structure of the matrix. Unfortunately, the matrix Ay is not Toeplitz anymore.
Nevertheless some structure is preserved, as we are going to show now.

We consider the transformation V(A) in the space of n x n matrices defined by
V. (A)=A-S,AST, (5.1)

where 5, is the matrix of the forward shift operator,

0 O 0
1 0 0
0 1 0

It can easily be checked that this transformation is one-to-one. The transformation V is
called shift displacement operator. Note that there are modifications of this transformations
that will be discussed in the exercises.

For a Toeplitz matrix T, = [a;—; ]%:1 we have, obviously,
a a1 ... Ql1—pn af) 1
aa 0 ... 0 a0 10 1][a) as1 ... a1y
Vi(Ty) = : : : = S 10 1 0 ... 0 |’
an—1 0 v 0 an—1 0

where af, = % ap. Another rank decomposition of Vi (T,,), which is more convenient for us,
is

1 a a _
vy = | e e (5.3)

where
1 0
[y 8]
In particular, the rank of V(7)) equals 2, unless T, is triangular. In the latter case
the rank of V4 (7},) equals 1, unless T;, = O.

Notice that if T}, is Hermitian, then V_(T,,) is also Hermitian, and the signature of
V.4 (T,) equals zero, unless T), is diagonal. (Obviously, T}, diagonal means T,, = aopl, and
sign(V 4 (T},)) equals the signum of ag.)
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Definition. An n x n matrix A is called quasi-Toeplitz if rank V1 (A) < 2.

Clearly, Toeplitz matrices are also quasi-Toeplitz, but not vice versa. The following
proposition gives a complete description of quasi-Toeplitz matrices. Since the proof is an
elementary calculation, we leave it to the reader.

Proposition 5.2 Suppose that V. (A) = g,gl —h h?, g, = (gii)?zl, hy = (hii)?zl.
Then A can be represented as the sum of 2 products of triangular Toeplitz matrices,

gf‘ 0 9y - Gn hi" 0 hy ... hy,
A=+ . SPE T B I oo e (59
gt .. o9 0 g1 hto... RT 0 hi

n
Conversely, if A is given by (5.4), then V,(A) =g, g’ —h,h”.
For a quasi-Toeplitz matrix A, V(A) admits a representation
Vi(4) =Gin(G)T

for n x 2 matrices G+. The middle factor X is introduced for convenience. In particular,
if A is a symmetric Toeplitz matrix, then G_ = G4, and if A is an Hermitian Toeplitz
matrix, then G_ = G.. The matrices G4 are called generators of A. The generators
are not unique. In fact, if G4 = G+O4 for some nonsingular 2 x 2 matrices O+, then
G YGT = G.GT if

0. =%0"%.

We now show that the property of being a quasi-Toeplitz matrix is preserved during
the process of Gauss-Schur reduction. First we consider a special case.

Suppose that G4 = [ g+ hy ], g+ = (gz?t)?zl, hy = (hl:-t)?zl, are the generators of
the matrix A = [a;; ].

We say that the generators are in proper form if hf = h; = 0. For example the
generators in (5.3) are in proper form.

If the generators are in proper form, then a1 = g; gf #0,
Aer =V (Aei=g; g1, elA=elV(4)=ggl.

Hence
L=g g, wm=gig, d=(g)"

Proposition 5.3 Let A be a quasi-Toeplitz matriz, G+ its generators in proper form, and
let Ay be the Schur complement of a1 in A. Then As is quasi-Toeplitz and

T
Vi(Adg)=[ 1T gy Ithy |¥[ g I;h ]
where Iy are defined in (3.3).

Proof. Let A be defined as above. Then

Vi(dy) = Vi(A)-Vi(ggh)

= gig’ —h.h" —g g" + 5.8 (Sug)".
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This implies
Vi(A2) = (I-g)(I-g-)" — (I+hy)(I4h)T,

which is the assertion. W

It remains to show how generators can be transformed into proper form. For this we
observe first that, in view of aj; # 0, we have gfrgf — hfhf # 0. In particular, gf“gf #£0
or hfhl_ # 0. Assume, without loss of generality, that we have the first case. We define

1 — }
b —
[ -+ 1

+
with v = ZTI. In view of gfrgf — hfhf = 0, this matrix is nonsingular. Furthermore, we

~ 1 ~
set G4 = GL®T and G_ = G_®. Then
Gi2GT = GLoTSd G = (1 — y_v4 )V (A),

and G4 are in proper form.

3. Schur algorithm for quasi-Toeplitz matrices. We now describe an algorithm for
LU-factorization of a strongly nonsingular quasi-Toeplitz matrix A. As in Proposition 5.1,
let Ay = A and Aj41 the Schur complement of the (1, 1)-entry in Ag. We represent Vi (Ay)
in the form )
ﬁ

where G(f) = { gf) h(f) ], gf) = (gi)?:_f, hf) = (hi)?:_f are in proper form, i.e.

hlik = 0. In the Toeplitz case Gg:l) are given by (5.3) and p; = ap # 0. Our discussion

yields the following.

Vi (Ap) = — GPn@eM)T,

Proposition 5.4 The generators G(ikﬂ) = [ ggﬁ_l) h(f—H) } and the number pri1 are

recursively given by

and
Prer1 = (1 =75 %) s

where N
o), — [ 1+ Vg ] +_ Ny '
_fyk 1 ’

The factors of the co-unit factorization A = LDU are then given by
L=L)iy, U"=L(w)i_y, D= D),

where 1, = gf), u; = ggﬂ) and dj = plzl.

4. The Toeplitz case. We show that in the case of a Toeplitz matrix A = T, the
algorithm described by Proposition 5.4 coincides with the Schur algorithm described in
Subsection 3.2.
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Comparing the initial data of both algorithms we see that
gﬁ) =r" h(j) =r" —ape; g(j) = Jur] h(j) =

Hence

rgV=rrt, 10 =rx, 1gV=0, 007", LY =7, "

That means after the first step we have the same data. Consequently, for k =2,...,n,
k k — k —_ 1 _
gg-) = r;gH_ hs,-) = r]j;_ g(_) = Jnt1-kT; h(_) = Jn+17krk+

This justifies to say that the algorithm described in Proposition 5.4 is in the Toeplitz case
just the Schur algorithm presented in Theorem 3.2.

5. Outlook to Toeplitz-like matrices. The algorithm described in Proposition 5.4 can
easily be generalized to a wider class of matrices called Toeplitz-like matrices. A matrix A
is called Toeplitz-like if the rank r of V4 (A) is small compared with the order of the matrix.
Using a rank decomposition of V(A) a representation of the form (5.4) can be derived,
where a sum of r products of lower and upper triangular Toeplitz matrices occurs. It is
quite clear how the Schur algorithm can be generalized from quasi-Toeplitz to Toeplitz-like
matrices. This is however beyond the scope of the considerations here.

6 Algorithms for Hankel Matrices

In this section we consider strongly nonsingular Hankel matrices Hy, = [hi+;-1]7;-; and
present algorithms for the solution of Hankel systems and for triangular factorizations of
H, and H,;!. Recall that a Hankel system can immediately transferred into a Toeplitz
system by multiplying the system by J,,. However, the property of strong nonsingularity
might be gotten lost after the transformation. Furthermore, the algorithms for Hankel
matrices are of independent interest.

As for Toeplitz matrices, there are 2 types of algorithms. We call them Levinson-type
and Schur-type, although in the literature different names are used.

1. Levinson-type algorithm. As in the Toeplitz case, the basic tool is a recursion for
the solution of special systems. However, in the Hankel case we consider only one family
of equations. But similar to the Toeplitz case, we discuss two versions of special systems,
namely

Hyxp = e

and
T
Hkuk = Pk€L, e€epup = 1.

In contrast to the Toeplitz case, the Hankel algorithms are based on 3-term recursions.
To deduce these recursions for the vectors x; we observe that

0O 0 < 0
0 x¢] | 1 o0 S I

Hk_H [ X 0 :| o O 1 ’ H]H_l 8 - Ok—1 ’
oL Ok Oh 1
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where
Uk:[hk+1...h2k]xk, U;g: [hk+2...h2k+1]xk .

These observations lead directly to the following recursion.

Theorem 6.1 For k= 2,...,n— 1, the vectors X, satisfy the recursion
Xk—1
1 0 X
Xk+l:([ ]_(Uk_akl)[ k}— 0 >,
Tk Xk 0 O

where Ty, is the nonzero constant
/ /
Ty =0) — 041 — (O — Ok—1)0k -
Proof. We check that the vector of the last 3 components of

Hk—i—l( [ )?k } — (o — ok—1) { }Bk } - ng—l )

is equal to ie3. This proves the recursion. W

Obviously, x; = h%, o1 = Z—f and of = h3  We can start the recursion with k& = 1 if we

1
set xg empty and op = o, = 0.
In polynomial language the recursion of Theorem 6.1 can be written as

1
Xk—f—l(t) = TT; (t — 0k + O'k_l)Xk(t) — Xk_l(t) .
For evaluating the monic vectors u recursively, we compute in each step

P = [hkt1 .- hoglug and  pf = [hgya. .. hopr1]uy .

Theorem 6.2 For k =2,...,n— 1, the vectors vy, satisfy the recursion
Ug—1
0 u
U—k—i—lz{ ]_ak[ k}—ﬂk 0 )
ug 0
0
where

/ /
ﬁk:&’ ak:&_pk;l_
Pk—1 Pk Pk—1
Furthermore,
Pi+1 = Pk — QkPl — Brpl—1 -

Proof. The recursion formula immediately follows from the relation

P 0 pr—1 1 0
Py Pk Py —a = 0 |. N
Pi P Pr1 — Bk Pk+1
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In polynomial language the recursion can be written in the form

u1(t) = (8 — ap)ug(t) — Bpug-1(t) .
We put ug empty, po = 1, pj, = pf = 0 and start with uy = 1, py = hq, p} = he, p| = hs.

Complexity. Comparing the number of operations in the computation of the vectors xj
and u; we observe that, in contrast to the Toeplitz case, the overall complexity is about
the same. In each step we have 2 inner products, 2 vector additions and 2 scalar times
vector multiplications. The vectors have length k, and k runs from 2 to n. This leads to
an overall complexity of 2n? (M) pus 2n% (A), which is the same as for the second version
of the Levinson algorithm for Toeplitz matrices (see Subsection 2.2).

Theorem 6.2 can be interpreted in the following way.

Corollary 6.3 The matriz D of the operator of multiplication by t with respect to the bases
{we(®)YPZ] and {ug(t)}7_, is the n x (n — 1) tridiagonal matriz

ar B
1 oo
D= 1 . B
Ap—1
1

2. Schur-type algorithm. Besides the matrices Hy we consider the (2(n — k) + 1) X k
matrices

hry ... hokp_1
H. = . :
hon—t .. hop—1
Let us point out that the first row of Hj is the last row of Hj. The residual vectors
S = (si’k)?gfk)ﬂ are defined as

S = H]/cxk’ .

In particular, s1, = 1, so; = 0%, and sz = 0y,
Then we have

0 xp X1
Hi [ xi 0 0 ] = Liysk Iysp Iiysp |

where Iy are defined in (3.4). From Theorem 6.1 we now conclude the following.

Theorem 6.4 For k= 2,...,n, the residual vectors sy, satisfy the recursion

Sk+1 = TTC (L4sk — (52,k - 52,I<:—1)I+fsk —Liysp-1),

where

Tk = 83k — S3k—1 — (S2.k — S2,6—1)S2,k -
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1

The recursion can be started with s; = ;- (hy)2nt

i—,  and an empty sp.

In polynomial language this can be written as
1 _
sp+1(t) = - Pon—r)—1 (1 = 8ot — S p—1t)sp(t) — sp—1(t))t7?) .

. . 2(n—k)+1 .
Now we introduce the residual vectors rp, = H ,;uk = (T51) lg )+ of the monic vectors

uy . From Theorem 6.2 we obtain the following.

Theorem 6.5 The polynomials ry(t) satisfy the recursion

Ty 1(t) = Poguogy—1 ((1 — apt)rp(t) — Bere—1(£))t?)

where
1k rok  T2k—1
Br = ;= = ——
T1,k—1 T,k Tlk—1

The recursion can be started with r; = (hi)?zfl and an empty rg.

Complexity. In each step of the algorithm described in the previous two theorems we have
2 vector additions and 2 scalar times vector multiplications. The lengths of the vectors are
2(n — k) + 1, so that the overall complexity is 2n? (RM) plus 2n? (RA), which is the same
as for the Schur algorithm for Toeplitz matrices.

As for Toeplitz matrices, the Schur-type algorithm for Hankel matrices can be used
in two ways. First it can replace the inner product calculations in the Levinson-type
algorithm. In this way we obtain a mixed Levinson-Schur-type algorithm. Secondly, it
provides an LU-factorization of a Hankel matrix, which is, due to symmetry, of the form
H,=LDL".

3. Solution of Hankel systems and LU-factorization. For the solution of general
Hankel systems we can repeat everything that was said about the solution of Toeplitz
systems. There is a pure Levinson-type algorithm based on Theorem 6.2 and the bordering
method described in Subsection 2.4. There is a mixed Levinson-Schur-type algorithm based
on Theorems 6.2 and 6.4 and the Schur-type bordering described in Subsection 3.4. Finally
there is a pure Schur-type algorithm based on the (unit or co-unit) LU-factorization of the
Hankel matrix and back substitution. In all cases the complexity is the same as for Toeplitz
matrices.

7 Padé Recursions

) .
1. Padé approximation at zero. Let f(t) = 3 a;t'~! be a formal power series, a; € F.
i=1
In case F = C one may think of f(¢) as a function that is analytic at ¢ = 0 and the series
is its Maclaurin (Taylor) series expansion. Padé approzimation at to = 0 means the local

approximation at 0 of f(¢) by a rational function

where p € F™, u € F" and m, n are given. Since u(0) must be different from zero we may
assume that u(0) = 1 to make the fraction representation of the rational function unique.
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Note that this is only one possibility of normalization. Here we will assume for convenience
that u(t¢) is monic.

Since fI™/7(t) has m 4+ n — 1 degrees of freedoms we can expect that in the generic
case the first m + n — 1 coefficients of the Maclaurin series expansion of f(t) and £/ (t)
coincide, i.e.

£(t) — £/ (t) = 7 g(1)

for some formal power series g(t). If this relation holds, then
f(t)u(t) = p(t) + " 'h(t) (7.1)

for some formal power series h(t). This is the linearized form of the Padé approximation
problem. Speaking about Padé approximation we always have this problem in mind.

We translate (7.1) into matrix language. For this we introduce the nxn Toeplitz matrix
T = [ai_jer]m”:l and the m x n Toeplitz matrix Uy, n, = [@i—j11]]%, j21- Here we set
a; = 0 for ¢« < 0. Note that the last row of Uy, , equals the first row of 7T}, ,. Comparing
coefficients in (7.1) we see that (7.1) is equivalent to

Un.n p
b u — ,
ol R
where p is the last component of p. That means, in order to find the Padé approximation
£lm/7l(t) of £(t) one has to solve first the Toeplitz system

Tmpu=pe;, u(0)=1
to obtain u. Then the vector p is obtained via

p=Unnu.

2. Padé approximation at co and partial realization. Padé approrimation at ty = oo
o0

means the following. Let an infinite series in powers of t=1, f(t) = Y s;t7%, be given.

=1
pn—l(t)
u,(t)

The problem is to find, for given n, a proper rational function fI"l(¢) = , where

u,(t) € F*(t) is monic and p,_1(t) € F*~1(¢) such that
f(t)un(t) = pn1(t) +t "h(t™"). (7.2)

ij=1
where we set s; = 0 for

Here h(t) is a formal power series. We introduce the nxn Hankel matrix H,, = [ S;4;—1 ]
and the upper triangular n x n Toeplitz matrix T;, = [s;_;]
i < 0. Comparing the coefficients in (7.2) we find that then

n
ij=11

Hyau,=pe,, elu,=1 and Tpu, = [ p%—1 ] )

Here p = h(0). Consequently, a solution of the Padé approximation problem at to = oo is
provided by solving the Hankel system to get u,, and then by multiplying this vector by
the triangular Toeplitz matrix T}, to get p,_1.
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Let us now discuss the connection with partial realization. The partial realization
problem in systems theory consists, in its simplest form, in finding a linear time-invariant
discrete-time system ¥ = (A4, B, (),

xM = AxF + BuUF,

y' o= OxF (k=0,1,...)

from the first components of the impulse response. Here u* is the input, y* is the output
and x* is the state of the system at the time k, A is an m x m matrix, B is a column
and C' is a row matrix. This problem splits into two. First one has to find a proper
rational function f,,(t) (called the transfer function) with m as the degree of the (monic)
denominator such that

fm(t) = Slt_l + ...+ 52mt_(2m) + O(t—(2m+1)) :

where the numbers s; (called Markov parameters) are given by the impulse response. Then
one has to find (A, B, C) such that

£,.(t) = C(tl,, — A)™'B.

The solution of the first part is, obviously, closely related to Padé approximation at
to = oo presented above for n = m + 1.

3. The Padé table. Now we are going to show how the algorithms in Sections 6 and
2 can be applied to find Padé approximants f"/" of a power series f(t) = S aitt L
We know from (7.1) that the Padé approximation problem (in its linearized form) consists
in finding, for given positive integers m and n, polynomials p(t) = pmn(t) € F™(t) and
u(t) =y, (t) € F*(t) such that

£(t)mn(t) = Pma(t) + """ h(t)
for some power series h(t). Both the pair (P n(t), Wm,n(t)) and the rational function

will be called [m/n]-Padé approzimant of f.

The Padé approximants can be arranged in a Padé table in which m is the row and n
the column index. The first column of the Padé table is given by the partial sums of f(t)
and the first row by the partial sums of £(¢)~!. The latter can be computed recursively in
an obvious way.

The Padé table is said to be normal if all Padé approximants exist. In this section we
assume that the table of f is normal.

There are many possibilities to describe recursions between the entries of the Padé
table. Here we restrict ourselves to two of them, namely those which are directly related
to the algorithms for Hankel and Toeplitz matrices presented before. More relations can
be found in the literature.

Recall from the end of Subsection 7.1 that u,, , is the solution of the Toeplitz system

Tm,num,n = Pm,n€1,
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and pm,p is given by Py = UpynUim n, Where
P n — m n
T = [ai—jym]ij=1 and Unn = [ai—j11]iZy =1,

in which we set a; = 0 for ¢ < 0. In order to apply the algorithms presented earlier in this
paper directly we normalize u,, , by assuming that the last component of u,, , equals 1,
i.e. upy,p(t) is monic.

4. Antidiagonal path. First we show that the algorithms for Hankel matrices presented
in Section 6 correspond to a recursion along an antidiagonal m +mn = N in the Padé table.
Let us illustrate this by a picture, in which empty circles denote elements in the Padé table
that are known and full circles elements that will be computed.

n—1 n n+1

/

m—+ 1 o

For fixed N, we set u,, = W n, Pn = Pm,n and pp = ppm.n, and we introduce the Hankel
matrices H, = J,Tpn (n = 1,...,N). It is easy to see that the matrices H,, are the
leading principal submatrices of the Hankel matrix Hy = JnTi n, and u, is the monic
solution of the Hankel system H,u, = p,e,. Furthermore, we have p, = Jyry,, where
r,, is the residual vector of u, in the sense of Section 6. In particular, p, is the leading
coefficient of p,(t). That means we can apply Theorems 6.2 and 6.5, which results in the
following.

Theorem 7.1 Forn=1,...,n—1 the polynomials u,(t) and p,(t) satisfy the recursions

Upp1(t) = (E—an)un(t) — Boun-i(t),
pn+1(t) = (t - an)pn(t) - 5npn71(t) ,

where . ,
ﬂn_ P ) a:&_pn_l

Pn—1 " Pn Pn—1 7
and pn, p, are the last two coefficients of pn(t).

5. Horizontal path. We show that the Toeplitz algorithms correspond, in principle, to
a horizontal path in the Padé table,

n n+1
m o — e
m+1 o — e
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The crucial observation is that

Tm—i—l,num,n = Om,n€n ,

where

Oémyn = [ Am+n cee Qm+1 ] um,n .
Since

Tm+1,n Am+41—n Um+1 Tm,n

Tm+1,n+1 = =
Um+14n - - Am+1 Om+14n -+ OGm4l
we have
T Wni1n 0 B pmbl—l,n pr(r;,n
m+1n+1 0 Wy =
Am+1n Omn
and ) ,
Wt 1n 0 pm+1,n pm,n
Tm,nJrl 0 u = Pm+1,n  Pmn
m,n 0 0
This yields the following.
Theorem 7.2 For fited m andn=1,2,...,
1 0
[ um+1,n+1(t) um,nJrl(t) ] = [ uerl,n(t) um,n(t) ] 0 t (I)mJM
[ Pm+1,n+1(t) Pm,nJrl(t) ] = [ pm+1,n(t) pm,n(t) ] @i s
where
_ Omn __Pmpn
q)mm = Am+1.n Pm+1,n
1 1

Furthermore,

Om nPm+1,n — Cm+1,nPmn

Omn+l = P )
m+1,n

8 Hankel Recursion and the Lanczos Algorithm

1. Lanczos method. Let A be a real symmetric n X n matrix and b € R”. In numerical
linear algebra, in particular in connection with iterative methods for solving linear systems,
one has to deal with subspaces of the form

Ky = span{b, Ab, ... ,Ak_lb} .
These subspaces are called Krylov subspaces. Clearly, Ky, is the range of the matrix

Ky=[b Ab ... A*'b],
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which is called Krylov matrix.

If the vectors b, Ab, ..., A" b are linearly independent, then they form a basis of C,,.
However, for increasing k the vectors A*b become more and more parallel, so this basis
is not convenient for calculations. Therefore one is looking for an orthonormal basis of
K. The Lanczos algorithm is a procedure for constructing such a basis. In this section
we show that this algorithm is closely related to the Hankel matrix recursion described in
Section 6.

To begin with let us state the problem. We want to find numbers g;; such that the
vectors

J
Wj = ZQiin_lb
=1

form an orthonormal system. Introducing the matrix U, = [g¢;; ]ijl, gij = 0 for i > j, the
latter means that @, = K,U, is a matrix with orthonormal columns w; (j = 1,...,n),
i.e. QZQR = I,,. This shows that K,, = Q, R, with R, = U, ! is the QR-factorization of
K,.

There is the following remarkable interpretation of the left factor of the QR-factorization
of K,,.

Proposition 8.1 If K,, = Q. R, is the QR-factorization of K,, then M := QT AQ,, is
tridiagonal.

That means the matrix (), generates an orthogonal similarity transform that maps A
into a tridiagonal matrix.

To prove this proposition we introduce the operator of multiplication by ¢ modulo a
monic polynomial

a(t) = Zajtj, an = 1. (8.1)
=0

This operator maps t/~! to ¢/ for j = 1,...,n — 2 and "~ ! is mapped to t" — a(t). Thus
the matrix of the operator is given by

0 —agp
Clay=| '
0 1 —Aanp—1

and is called the companion (matriz) of the polynomial a(t).

First we observe that AK, = K,C(a), where a(t) is the characteristic polynomial of
A. Hence
K, 'AK, = (RngZ)A(Qan) =C(a).

Consequently,
M =QrAQ, = R,C(a)R,;". (8.2)
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Since R,, and R, ! are triangular, C(a) is upper Hessenberg we conclude that M is also
upper Hessenberg. Since M is moreover symmetric, M must be tridiagonal. N

Let

a1 B

M — B ’
/Bn—l

Brn-1 Qp

Taking (8.2) into account we see that ; is a product of diagonal entries of R, and R;, L
thus 3; #0 for j =1,...,n — 1. From AQ,, = @, M we see that

Aw;j = fj1wj—1 + ajwj + Fiwipr

From the orthogonality of the vectors w;, we conclude that a; = W]TAW]'. Furthermore, we

have 3; = ||[Aw; — Bj_1W;_1 — ojw;||2. That means that the vectors w; can be computed
via the recursion . 5
i—1
Wj+1 = ﬂi (A — Oéj[n)Wj — ]ﬂ Wj_l . (83)
j J

The corresponding algorithm is named after C. Lanczos.

2. Hankel matrix factorization. Now we explain what the Lanczos algorithm has to
do with Hankel matrix factorization algorithms. For this we observe that the matrix

Hy =K}l K,=[b" A" ?b]7,_|

is Hankel. Furthermore, H, = R'R,. Thus R, is the upper triangular factor of the
Cholesky factorization of H, (cf. Subsection 4.1). What we actually need to find is
Un, = R,'. The columns q; of U, are the coefficient vectors of orthogonal polynomials
that satisfy a 3-term recursion

Bi-1
Bj

which has the same structure as the Lanczos recursion (8.3).

- a1 (1) (3.4)

qj+1(t) = 3 (t —aj)a;(t) —

The conclusion is that the Lanczos algorithm computes recursively the Q-factor of the
QR-factorization of K, and the Levinson-type algorithm for Hankel matrices computes
recursively the inverse of the R-factor via the same formulas.

9 Split Algorithms for Symmetric Toeplitz Matrices

This section is dedicated to the special case of symmetric Toeplitz matrices T), = | aji—j| ]Z-’:j:l.
We assume that the characteristic of the underlying field IF is not equal to 2. The reason for
this assumption is that in the case of characteristic 2 we have 1 = —1, so that symmetric
and skewsymmetric vectors cannot be distinguished. This has the consequence that not
every vector can be represented as the sum of a symmetric and a skewsymmetric vector.

We also assume throughout the section that the order of the matrix T}, is even, n = 2m.
This assumption is not essential. It is only to avoid considering different cases and to
simplify notation. The case of odd n can be treated analogously.
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1. Splitting. A natural question is to ask whether the property of T,, to be symmetric
can further be exploited to reduce the number of operations. The answer is “yes”, but the
reduction comes from the centrosymmetry of T}, rather than from the symmetry. Remember
from Subsection 1.1 that T}, is symmetric if and only if it is centrosymmetric.

Let ! denote the subspace of all symmetric and F” the subspace of all skewsymmetric
vectors in F". Obviously, " is the direct sum of F"} and F”, and Py := % (I, £ J,) are
the projections onto F% along FZ.

For a centrosymmetric matrix, the subspaces [’} are invariant subspaces. Hence a
general system 7;,z = b can be split into the two systems T,z+ = P+b, where z1 = Pz,
ie.z=2z;+2z_.

2. Centrosymmetric bordering. If a system T},z, = b with a symmetric right-hand
side by = (b;)!"_; has to be solved, then it is reasonable to use the following centrosymmetric
version of the bordering method.

For A, = [a;j] let Af (k=1,...,m) denote the 2k x 2k central submatrix

n
Lj=11

A = lai; ]leil;n—k—l-l'
Recall that a matrix is called centro-nonsingularif all central submatrices Af (k= 1,...,m)
are nonsingular.
Note that in the case of a Toeplitz matrix A = T,, we have A} = T5.. Hence any
strongly nonsingular Toeplitz matrix is also centro-nonsingular.
Assume now that A is centrosymmetric and centro-nonsingular. Suppose that the
solutions woy, of Afwa, = 2P es, = eg;, + e are known. Then the solutions zf, of Ajzf =

b{, where bf = (bz)gﬁf_ }+1> can be computed recursively by
0
zi1 = | 25 |+ (bm—k — Be)Wort2,
0
0
where 3, =gl | z{ | and g! is the last row of Aj . (Start with z§ = b, wa.)
0

Analogously, centrosymmetric bordering works for skewsymmetric right-hand sides.

Complexity. Let us compare the complexity of centrosymmetric bordering with usual
bordering. In each step we have to evaluate 1 inner product of a general vector and
a symmetric vector of length 2k. As mentioned in Subsection 1.2 such an inner product
requires only half of the number of multiplications and the same number of additions. Thus,
for the inner product k& (M) plus 2k (A) are required. Besides this we have 1 addition of
2 symmetric vectors and 1 multiplication of symmetric vector by a scalar for which & (M)
plus k (A) are needed. Since k runs from 1 to m = n/2 the overall complexity is 1 n? (M)
plus %nQ (A). Recall that the complexity for ordinary bordering is n? (M) plus n? (A), so
that even if we have to run centrosymmetric bordering twice (to compute z*)
50% of the multiplications and 25% of the additions.

we will save

3. The split Levinson algorithm. In view of the splitting idea, it is reasonable to
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consider, for kK = 1,...,n, the equations

1
Tkwk = 2P+ek = 0 (9.1)
1

the solutions of which are symmetric vectors. We are looking for a recursion of the vectors
wi. We will obtain a 3-term recursion which is more similar to the recursion for Hankel
matrices than to the 2-term Levinson recursion for Toeplitz matrices.

We have, for k=1,...,n—1,

I V-1
w 0 0 1 0 1
Tk+1 I: 0 w :| = 0 0 and Tk+1 Wi_1 = 0
k 1 0 0 1

" Vk—1

with
Ve =[ag ... a1 |wg.

From these relations we conclude that 1+ v, — vr_1 # 0, since otherwise Ty1 would have
a nontrivial nullspace. We obtain the following.

Theorem 9.1 For k=2,...,n— 1, the vectors wy, satisfy the recursion
0
1 w 0
Wk+1:<|: Ok}—i—[ }— W1 ), (9.2)
Tk Wk 0

where T, = 14+ v, — Yi—1-

. . 1 : .
The recursion can be started with wi = % and wo = al}rao [ 1 ] . The emerging algorithm
is called split Levinson algorithm.

In polynomial language the recursion in Theorem 9.1 can be written as

Wi (t) = - (L+ Owalt) ~ twia (1)

Clearly, there is an analogous recursion for the solutions w, of the equations

-1
TkW,; = 2P_ek = 0
1

Instead of the equations (9.1) the symmetric Yule-Walker equations could be considered.
However, unlike in the classical Levinson algorithm, we will not get any computational gain
from this normalization.

Complexity. In the kth step we have to compute 1 inner product of a general vector and
1

a symmetric vector of length k. This requires 5 & (M) plus k£ (A). Then we have 2 vector
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additions and 1 scalar times vector multiplication of symmetric vectors for which % k (M)
plus k (A) are needed. We have to run the algorithm twice which results in £ n? (M) plus
n? (A) compared with n? (M) plus n? (A) for the classical Levinson algorithm.

4. Double-step split Levinson algorithm. Since in centrosymmetric bordering we need
only every second vector wy, it is natural to ask whether we can obtain some computational
gain if we consider double steps in the split Levinson algorithm.

We are looking for a recursion of the form

1 w 0 0> 0
Wokto = 7( |: 02k :| + |: 2 :| _ Wok_92 + o | Wor ) . (93)
Ok 2 Wak 0, 0

If we multiply the right-hand side by 7512 from the left we obtain a symmetric vector
with all components equal to zero, except for the last 3 and the first 3 components. The
vector of the last 3 components is given by

1 1 0 1 0
— ( Yo |+ | 0| — | yek—2 | tax| 1 ) ;
O / 1 /

Yok Yok —2 Y2k

where 79, is defined as above and

7§k:[02k+1 s a2 ]ng.

We have to find ay, and o}, such that this linear combination is equal to [0 0 1]7. (Note
that o, # 0 since otherwise Toi1o would be singular.) An easy calculation leads to the
following.

Theorem 9.2 For k = 2,...,m — 1, the vectors woy, satisfy the recursion (9.3), where
Qg = Yok—2 — Yok and

ok =14+ Yo — Yop_o + Yor (Y2k—2 — Yor) -

. . 1
We can start the recursion with an empty wy and wo = aoJlral [ 1 ] .

Complexity. Let us compare the complexity of the double-step with the single-step
algorithm. For the recursion from k to k42, in the double-step algorithm 2 inner products
and 2 scalar times vector multiplications have to be computed, which is the same as for the
single-step algorithm. That means the number of multiplications is unchanged. However,
we have only 3 vector additions for the double-step algorithm compared with 4 for the
single-step algorithm, so the number of additions is slightly smaller. We have I n? (A) for

8
the double-step algorithm compared with n? (A) for the single-step algorithm.

An advantage of the double-step algorithm in comparison with the single-step algorithm
is that instead of strong nonsingularity we need only that every second leading principal
submatrix is nonsingular.

5. Relations between w;, w, and x;. To solve a general Toeplitz system T),z = b we
use the splitting idea of Subsection 9.1. The naive approach is to solve both T,z = P;b
and T,z_ = P_b by centrosymmetric bordering. However, then we have to run the split
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Levinson algorithm for both wy and w, , and we will have no gain compared with the
classical algorithm. Therefore, it is desirable to know some relation between the vectors
w, and wy.

Proposition 9.3 Fork=2,...,n—1,

. twkfl(t) — Cka+1(t)

p (1) = 4
wi—1(1
where wWi1(1) # 0 and ¢, = wiﬁglg .
Proof. We have
a b
- 0 1 0 1
Tk—i—l([ Ok } — [ _ }) =10 and Ty | Wger | = | O
b 1 0 1
a b

for some a,b € F. Hence (1 —t)w, (t) = twy_1 — cxWi41(t) , for some ¢;, € F. Taking t = 1
we obtain ¢pwg41(1) = wi_1(1). We have wy1(1) # 0, since wy1(1) = 0 would imply
wi—1(1) = 0 and so on, which finally leads to wi(1) = 0 or wa(1) = 0, which is not true.
wk—l(l) .

Hence wy11(1) # 0 and ¢, = Wi (D) -

Note that polynomial division by a linear factor can be carried out by the Horner
scheme and requires k& (M) and k£ (A). In the present case the factor is 1 — ¢, and hence we
have only additions.

Since the solution xj of Tpxp = e is given by xp = %(wk + w, ), we conclude the
following from (9.4).

Corollary 9.4 Fork=2,...,n—1,

twy—1(t) — Cka+1(t)> 7 (9.5)

1-1¢

We_1 (1)
wit1(1)

where ¢, =

If we consider a nonsingular symmetric Toeplitz extension T,,11 of T}, (one can show that
almost all such extensions are nonsingular), then this corollary is also true for k& = n, so
that the vector x,, can be computed from w,,, w,41 and w,_1.

6. Solution of systems by classical bordering. The relation between the vectors w,’
and wy, is quite remarkable but it is not convenient to compute the w, from the wy, at each
step, since this would add another O(n?) complexity term. We are looking for possibilities
to solve a general system using only the vectors wy.

The first idea is to apply the classical bordering (2.8) with x;, replaced by wy. Doing
this we obtain vectors zj, for which T}z equals by except for the first component. Finally
we end up with a vector z’ satisfying T,,z' = b + ce; for some c. Now we compute x,, by

(9.5) and obtain z by
J

o
Z=12 —cX; .
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The complexity for this method is n? (M) plus n? (A).

7. Solution of systems by centrosymmetric bordering — first version. The first
method to solve a general system by the split Levinson algorithm and centrosymmetric
bordering is based on the following fact.

Lemma 9.5 Any vector b € F™ can be represented in the form

b:c+[ﬂ, (9.6)

where c € F'} and d € IF"}F_l.

We show this lemma for the case n = 4. The generalization to arbitrary n is obvious.
Let b = (b)i,, ¢ = (¢;)t; and d = (d;)}_;, c1 = ¢4, co = c3, di = d3. Then (9.6) is
equivalent to the system

1 C1 b4
11 d || n
11 co | | b3
11 do by

This system has a unique solution which can be found with n additions.

We solve the systems T,y = ¢ and T,,_1v = d with symmetric right-hand sides c, d
using centrosymmetric bordering. Then

A%

Tn(y—i— [ : ]):b+cek.

Hence the Solution Z is Of the form
Z=Yy + —cX
Yy 0 CXn ,

where x,, is computed by (9.5). In order to compute the coefficient ¢ we multiply this
equality by the last row of T,,. From this we obtain

c:fanranr[an_l .om ]v.

As explained in Subsection 9.2 this method requires, in addition to the amount for the
split Levinson algorithm, only 3 n? (M) plus 2 n? (A) compared with n? (M) plus n? (A)
for the classical bordering.

We will have a problem in solving 7,,_1v = d by centrosymmetric bordering if we run
the double-step Levinson algorithm because only every second vector wy, is computed. In
this case we consider the equation T,,v = d, where d(¢) = (¢t + 1)d(t), d € [F" . We show
how v is related to v.

We have
Tn<[g}+[3])=[j}+[;}:a+c(en+e1) (9.7)
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for some ¢ € F. Hence (14 t)v(t) = v(t) + cwy(t), so v is given by
v(t) + cwp(t)
t+1 '
The number ¢ cannot be computed from this, since w,,(—1) = 0 for even n, but it can be

found by applying a “test functional”, for example by left multiplication with any row of
Th 1.

v(t) =

8. Solution of systems by centrosymmetric bordering — second version. Now we
show that the solution of the system T,z = b can be expressed in terms of the solutions of
the two symmetric systems T,z = P.b and T,,_12 = P, b’, where b’ is the vector of the
first n—1 components of b. This leads to an algorithm with the same complexity as that in
Subsection 9.7. Besides z; and z’ we need the solution vector wy41 for a (n+1) x (n+1)
nonsingular symmetric Toeplitz extension T}, 1 of Tj,.

It is sufficient to find the solution z_ of T,,z_ = P_b, since z =2z, +z_.

Proposition 9.6 The solution z_ can be computed from z, and z' via

(t+ 1)z (t) — 2t2' () + c W1 (1)

_(t) = 9.8
() 2 , (9.9
where 5
c=———(2'(1) —2z.(1)).
e ) - 2)
Proof. Note that wy,11(1) # 0 according to Proposition 9.3. We have
0 Z_ - * Pb | .
Tn+1([z_]—[0])—[]3_b}—[ . :|_'(Ci)i:1
and
0 *
0 Z4 | _ ! _ * Pib | 1| . yntl
Tn+1([z+]+[0] i )_[P+b]+[ * 2| P =
0 *
Now, fori=2,...,n,
¢, =bi —bpy1-i —bi—1 +buyo
and

¢ =bi+bpg1—i +bic1 + bpro—i — 2(bic1 + bny1-4)
so that ¢; = c;r. Consequently,
(t—1Dz_(t) = (t+ Dz (t) — 2tz (t) + cwpi1(t)

for some ¢ € F. This implies (9.8). W

9. Split Schur algorithm. The Schur counterpart of the split Levinson is designed in the
same way as the classical Schur from the classical Levinson algorithm. Let 7, ,:r be defined
by (3.1) and

T,j wg =t .

If t, = (tik)?z_lkﬂ, then, in particular, t1, = 1 and t9p = 7. From Theorem 9.1 we
immediately obtain the following.
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Theorem 9.7 For k=2,...,n— 1, the residual vectors ty satisfy the recursion
1
ter1 = - (L + 1)ty — Iy —tp—1)
where T, = 1+ to ), —tagp—1, and I+, Iy are defined in (3.3), (3.4), respectively.

By Theorem 9.2 we also have a double-step recursion as follows.

Theorem 9.8 For k=2,...,m — 1, the residual vectors top satisfy the recursion

1
topt2 = o (U4 + T+ ol )bogp — Iy —top 2,

where
ap =toog—2 —taok, Ok =1+1t39, —t32k—2 +took(took—2 —ta2k) .

Similar recursions hold for the residuals t,; = T, ,j w, of the solutions w; of Tpw, =
2P er.

10 Split Algorithms for Skewsymmetric Toeplitz Matrices

This section is dedicated to nonsingular skewsymmetric Toeplitz matrices T;, = [aifjmj:p
a_j = —aj. Like in the previous two sections we assume that the entries of the matrix
belong to a field with a characteristic not equal to 2. Since skewsymmetric matrices of
odd order are always singular, n must be even. Suppose that n = 2m. For the same
reason, a skewsymmetric matrix cannot be strongly nonsingular, which means that the
classical Schur and Levinson algorithms cannot be applied. We show that, however, the
double-step split algorithms for symmetric Toeplitz matrices of the previous section have
skewsymmetric counterparts.

Instead of strong nonsingularity we assume, throughout this section, that all lead-
ing principal submatrices of even order Ty are nonsingular. This is equivalent to the
centro-nonsingularity of T),. In this case the nullspaces of To,_1 (k = 1,...,m) are one-
dimensional. Let x; be a vector spanning this subspace,

ker Thy—1 = span {xy} .

We can normalize x;, in different ways, for example we could assume that x; is monic, since
the last component must be different from zero. However, for convenience we use another
normalization by assuming that

[agk,1 A ]Xk:1.

This can be done, since the inner product on the left-hand side is nonzero. Otherwise 1o
would be singular. Clearly, with this normalization the vector xj is unique.

1. Splitting and symmetry property of the nullspaces. Recall from Subsection
1.1 that a skewsymmetric Toeplitz matrix is also centro-skewsymmetric, which means that
T = —T,. A centro-skewsymmetric matrix maps F7 to F" and F” to F}. So a general
system 7},z = b splits into the two systems 7},z+ = P+b, wherezy = P1z,i.e. z=12z,+z_.

Furthermore, we conclude from this property that with the vector x; also the vector
xi belongs to the nullspace of Th_1. Thus xj is either symmetric or skewsymmetric. We
show that the latter is not possible.
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Lemma 10.1 The vector X; is symmetric.

Proof. Let w € F?¥ be the vector defined by w(t) = (t + 1)x(t). Then
-1
TQk-W = 0
1

Since the right-hand side is skewsymmetric, w must be symmetric. This implies that xj
is symmetric. W

This lemma has the following consequence.

Corollary 10.2 For any skewsymmetric b_ € F?*~1 the system Th,_12, = b_ is solvable.

2. First and last columns of inverses. The following is a peculiar property of skewsym-
metric Toeplitz matrices. Define

+ Xka - _ 0
X, = [ 0 ] and x, = [ X ] . (10.1)
Then we have
Tzkx: =eg, and Tyx, = —er.
3. Levinson-type algorithm. We have
0 -1 —rg 0 —Tk—1
xx 0 0 0o 0 -1 0 -1
T2k+1 0 Xk 0 = 0 0 0 and T2k+1 Xk—1 = 0 s
0 0 xg 1 0 0 0 1
Tk 1 0 0 Tk—1
where
rk:[a% ag]xk.
From this we conclude the following.
Theorem 10.3 For k=2,...,n — 1, the vectors xj, satisfy the recursion
1 02 X 0 02
Xp1 = *( + — (e —7Tk-1) | Xk | — | Xk-1 > ;
o Xk 0o 0 0
2
where
ap =715 —7h_ 1 — Te(rk — TE_1)
with

T;:[angrl ... as ] Xk -
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In polynomial language this recursion can be written as
1

Xp41(t) = ar (= (rp = -1t + Dxp(t) = x50 (1) -

The recursion can be started with an empty xg, 7o = 0 and x; = é .

4. Schur-type algorithm. We define residual vectors rj, € F*~2k*1 of x;, as
—2k+1
vp=(rR)i=i L Tk = Gokri2 - 45 | Xp.

In particular we have ry , = 1 and ro ;, = 7. From Theorem 10.3 we conclude the following.

Theorem 10.4 For k= 2,...,n — 1, the vectors ry satisfy the recursion
1
Tht1 = ((Fpr + T —(rop —r2p—1) 4 )rp — T4y —1p1) .

With the projections Py introduced in (3.5) this can be written in polynomial language,

1 _ _ _
rt1(t) = o P21 (472 = (rop — rop—1)t rr(t) — t e 1 (1)) -

Complexity. Since the Levinson-type and Schur-type algorithms for skewsymmetric
Toeplitz matrices have the same structure as the double-step algorithms for symmetric
Toeplitz matrices, they have the same complexity which is %nQ (M) plus %nQ (A).

5. Solution of systems. For solving a system with a skewsymmetric Toeplitz coefficient
matrix, it is recommendable, like for a symmetric Toeplitz system, to split the right-
hand side into its symmetric and skewsymmetric parts and then to apply centrosymmetric
bordering, as it was explained in Subsection 9.2. For correction we need the solution of
equations

Topws, = pr(ear L e1).

These solutions are given by the vectors xf of (10.1),
Wy, = X; £ X .

The structure of this method is in principle the same as for the symmetric case, so we
expect the same complexity. However, we have in addition the amount for computing the
vectors w3, which consists in two vector additions. This adds the term %n2 (A) to the
overall complexity.

This additional term can be avoided if we find a bordering that uses the vectors x;, di-
rectly. For this we need solutions of systems of odd order. Let us introduce skewsymmetric
vectors ¢ € F™™ and d_ € F"™ by c¢_(t) = (t — 1)b,(t), and d_(t) = (t + 1)b_(¢),
where b* = P.b. We consider the equations

Thrip=c- and Thy1q=d_,

where 1,41 is any (n + 1) x (n + 1) skewsymmetric Toeplitz extension of 7;,. These two
systems can be solved using centro-skewsymmetric bordering in which the vectors x; are
used for correction. We have to show how the (symmetric) solutions p and q are related
to the solutions z+ of T,z = b4.
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We have
Z 0 > . b_ *
(5 ][0 =[]
Since the nullspace of 1,41 is spanned by X,,41, we conclude from this that
(t+ 1Dz (t) = (t+1)q(t) + o1 Xpmy1(t) + FrExm(t) -

Analogously,
(t—1Dz_(t) =t —1)p(t) + agXmy1(t) + Batxp(t) .

It remains to find the coefficients «; and 3;, (i = 1,2). For this we can put ¢ = 1 and
t = —1 or apply test functionals.

11 Split Algorithms for Hermitian Toeplitz Matrices

In this section we consider Hermitian Toeplitz matrices T), = [a;—;|}';—;, a—; = @;. Such
matrices can be represented as Tj, = T," +iT,!, where T," is a real symmetric and T, a real
skewsymmetric Toeplitz matrix. Thus real symmetric and real skewsymmetric Toeplitz
matrices can be considered as special cases. Our aim is to design algorithms for strongly
nonsingular Hermitian Toeplitz matrices that exploit the additional symmetry property
of the matrix, like it was done in the previous sections for symmetric and skewsymmetric
Toeplitz matrices. However, it turns out that a direct generalization is not possible, due to
the different nature of splitting, which will be discussed next. Nevertheless algorithms with
about the same gain in complexity as in the symmetric and skewsymmetric cases do exist.
Applying them to the real symmetric or skewsymmetric cases we will obtain algorithms

that are different from those presented in the previous sections.

Like in the symmetric case, we assume for the sake of simple notation that n is even,
n = 2m. The case of odd n can be treated analogously.

1. Splitting. To begin with, let us explain the nature of splitting for a general centro-
Hermitian matrix A. Remember that an n x n matrix A is said to be centro-Hermitian if
A% = J,AJ, = A. Let C? denote the set of conjugate-symmetric vectors in C". The set
C? is not a subspace of C™ if this space is considered as a complex vector space, but it is a
subspace if C" is considered as a vector space over the reals. Furthermore, C* = C} ¢iC7}.
The subspaces C} and iC} are invariant under a centro-Hermitian matrix A. Thus the
system Az = b is equivalent to the two systems Azi = by with conjugate-symmetric
right-hand sides by = (b +b#) and b_ = - (b — b#) and z =z + iz_.

All what was just said applies to an Hermitian Toeplitz matrix T, because any Her-
mitian Toeplitz matrix is also centro-Hermitian (see Subsection 1.1).

2. Centro-Hermitian bordering. We know from Subsection 9.2 that for the solution of
a system with a centrosymmetric coefficient matrix A symmetric bordering is more efficient
than usual bordering. Thus it can be expected that for a centro-Hermitan coefficient matrix
centro-Hermitian bordering leads to a reduction of complexity. This turns out to be true.
However, the situation is somehow different here. The reason for this is that multiplication
of a conjugate-symmetric vector by a number is conjugate-symmetric again only if the
number is real.
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Suppose that A is a centro-nonsingular, centro-Hermitian matrix, and a system Az = b
with a conjugate-symmetric right-hand side b € C} has to be solved. Let Af, z{,, and b{, be
0
defined as in Subsection 9.2. Then A7, | z; | is equal to by |, except for the first and
0
last components. For correction we now need solutions nglz € C% (1 =1,2) of equations

Qo

0 _
Ajwy, =1 0
Aok

for two values agy = a,(:) and a9y = a,(f) which are linearly independent over the reals.

With these solutions one can find z§ 1 via

0
C C 1 1 2 2
Zp1= | 2 |t £I(c ) Wék)+2 + 51& ) Wék)+2

0

with real 5121) and f,(f). Applying Ajf_, to both sides we obtain that the latter equality
holds if and only if

1) (1 2) (2
&yl + 670 = bk = B
0
where [ = g;‘f zi | with g% being the last row Af_ ;.
0
This is equivalent to the following 2 x 2 system with a nonsingular coefficient matrix

Real), Real® ] [ ¢ ] B [ Re (bt — )

Im 04&21 Im 0‘1(321 ,(f) Im (b — B) |~

Complexity. Let us compare the amount of centro-Hermitian bordering with ordinary
bordering. First we have to compute 1 inner product of a general vector and a conjugate-
symmetric vector of length 2k. This costs 4k (RM) plus 6k (RA). To form the correction
vector we have to evaluate 1 real linear combination of two conjugate-symmetric vectors,
which costs 4k (RM) and 2k (RA). Finally we have 1 addition of conjugate-symmetric
vectors for the amount of 2k (RA). Since k runs from 1 to m = n/2 the total amount
is n? (RM) plus 2n? (RA). Recall that a general system is reduced to two systems with
conjugate-symmetric right-hand sides. Hence solving a system with a nonsingular centro-
Hermitian coefficient matrix costs 2n? (RM) plus 3n? (RA), compared with 4n? (RM)

plus 4n? (RA) for ordinary bordering.

The problem with this approach is that for its application one has to compute two
families of solution wag, which seems to be too costly. We now show that in the case of a
strongly nonsingular Hermitian Toeplitz matrix 7T;, one family of solutions is sufficient to
carry out centro-Hermitian bordering.

Suppose we have one family of solutions of

(e75
Tka = 0 (11.1)
Qg
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for the leading principal submatrices Ty (k = 1,...,n). The idea is that we first solve
recursively systems of the form

Y

T 5C ___ C k
Qka. = bk‘ + 0 5

Tk

with arbitrary -,. For this we are looking for a recursion of the form
0

~ - 0
Zi1= | 2 | e [ W2(l)c+1 } +Ck [ Wk ] . (11.2)
0

Applying Toi 1o to both sides we see that the recursion is satisfied if we choose ¢y as

_ bk — By,
Qogy1
0
where [, = gﬁcT z; | and gﬁcT is the last but one row of Ty 9. Finally we correct the
0

first and last components with the help of two linearly independent solutions of (11.1) once,
for k = n. That means we need a second solution of (11.1) only at the very last step.

Complexity. The amount for centro-Hermitian Toeplitz bordering, which was just ex-
plained, is approximately the same as for general centro-Hermitian bordering, since multi-
plication of a conjugate-symmetric vector by a complex number and its conjugate complex
costs as much as multiplication of two conjugate-symmetric vectors by real numbers.

3. Recursion for solutions wj. We now show how solutions of equations (11.1) can be
recursively found .

Theorem 11.1 For k =2,...,n— 1 the recursion

Wi1(t) = (T, + pt) Wi (t) — twg_1(t)

with py, = ag—;l produces solutions of equation (11.1). Furthermore,

Qg1 = OB + ap—1 — Pr—1,

where
ﬂk:[ak ... ay ]Wk.

Proof. The assertion follows from the relations

ar B Br_1
O ak’ 0 ak,I
TkJrl |: Wk 0 :| = 0 0 and Tk+1 W1 = 0 |
0 Wk Qg 0 0 A1
Br g Br-1
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For a reason that will be clear at once, it is reasonable to compute also a vector w,, 41 and
to start the recursion with an empty w; and wo = _il ] . If we choose ug = (ag — al)*l,

then wg defined by w3(t) = (uat + fig)wa(t) is a solution of an equation (11.1) for k£ = 3.
With this initialization all wy(¢) will have the property wy(1) = 0.

4. Computing a second family of solutions w;. We show how a second family of
solutions of (11.1) can be constructed that is linearly independent of the first one. Recall
that for bordering according to (11.2) we need a second solution only for £ = n. However,
the whole family will be needed to build factorizations, as discussed in the next section.
Since wi (1) = 0 we can define vectors qx_1 for k=2,...,n+ 1 by
i
t—1

ai-1(t) = wi(t) . (11.3)

Obviously, these vectors are conjugate-symmetric and

we=i([ %] ol )

The following can easily be checked.

Lemma 11.2 For k =1,...,n, the vectors qi satisfy the equations
Tray = Ore, (11.4)
where 0y are nonzero real numbers and e = (1,1, ..., 1).

Proposition 11.3 For k = 2,...,n+ 1, let wi be a solution of (11.1), qi_1 be given by
(11.3), and

Qk: [ ag—1 ... Qo ]qk.
Then the vector wy, defined by

Felt) = (1+ O (6) — 2 au(t)

is a solution of

ol
Towr=| 0
—od
Proof. We have
Ok—1  Sk—1
Ty, [ qkofl qO ] = | Og—1e Op_1e |,
e Sk—1 Or—1
where
sk:[ak ... an ] qk - (115)
Combining these relations and taking (11.3) and(11.4) into account we obtain
—i(8k—1 — k1) Sk—1 — Ok—1
Tkwk = 0 and Tk\’i’k = 0 s
i(sk—1— k1) Sk—1— k-1
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which is just the assertion. W

Clearly, the vectors w; and wy, are linearly independent, since the right-hand sides of
the corresponding equations have this property.

Now we have all ingredients for a Levinson-type algorithm that computes the solution of
an Hermitian Toeplitz system with conjugate-symmetric right-hand side. First we compute
the family of solutions w by Theorem 11.1, then we apply the Toeplitz centro-Hermitian
bordering, and finally we compute w,, (use (11.3) for £ = n,n + 1) to correct the first and
last components.

Complexity. Let us compare the complexity of this with the classical Levinson algorithm.
In each step of the recursion according to Theorem 11.1 we have first 1 inner product
of a general vector and a conjugate-symmetric vector, which requires 2k (RM) plus 3k
(RA) (see Subsection 1.2). Then we have to multiply a conjugate-symmetric vector by
a complex number and by its conjugate complex. This is equivalent to 4 real number
times vector multiplications and 4 real vector additions, where the vectors are symmetric
or skewsymmetric, which requires 2k (RM) plus 2k (RA). In addition we have 2 complex
vector additions with conjugate-symmetric sums which costs 2k (RA). This results in a
total amount of 2n? (RM) plus I n? (RA), compared with 4n? (RM) plus 4n* (RA) for
the classical Levinson recursion.

If an Hermitian Toeplitz system is solved with the help of Theorem 11.1 and Toeplitz
centro-Hermitian bordering, then the amount will be 4n? (RM) and 6 n? (RA). The amount
for computing the vector w,, is O(n) and can be neglected. Solving a system by the
classical Levinson algorithm and bordering costs 8n? (RM) and 8 n? (RA). Thus we have
50% savings in multiplications and 25% savings in additions.

5. Solutions for the right-hand side e. If we want to find two linearly independent
families of solutions of (11.1), then it is reasonable to compute the solutions qy of (11.4)
instead of the wy, recursively. The following theorem is an immediate consequence of (11.3)
and Theorem 11.1.

Theorem 11.4 Fork =1,...,n— 1, the polynomials qi(t) satisfy the recursion
Ark+1(t) = (Ve + Vkt)qe(t) — tag-1(t),
where

Sp—1 — Ok—1

Ve =
s — Oy

and sy is given by (11.5). Furthermore,
Opr1 = (Ve + Uk)0k — Op—1 -
The recursion can be started with an empty qg, q1 = 1 and v; = ag — @3.

The vectors qi provide two families of solutions of (11.1) as the following proposition
shows. It follows from the discussion above, but can also be verified directly.

Proposition 11.5 Let the vectors W]il), Il =1,2, be defined by the solutions qi via

wi (1) = i~ Haea(t),
W) = 1+ 0@ - 2 ).
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(@)

Then w,’ are (linearly independent over the reals) solutions of (11.1) with ay, = o', and
o =i(sp—1— Op—1), o =sk—1 —Ok_1,
where sy, is defined by (11.5).

Instead of the vector W,(f) the vector W,(j) defined by

can be used. In fact, this vector solves also the equation (11.1) with a; = o} and

3
Qg = Sg—2 — Op_1.

The advantage to take W,(f) instead of w,(f) is that its computation requires less additions.

(1) 3)

However, the vectors w, ' and w," are only linearly independent if the number k202

. . . Sp—1—0k_1
is not purely imaginary.

6. Recursion for the residuals. All Levinson-type recursions described in this section
have Schur counterparts. We here describe only the Schur counterpart of the recursion of
the solutions qg.

Let T;" be defined by (3.1) and
T ak = sk (11.6)

If sp = (sik)?z_lkﬂ, then, in particular, s;, = 05 and sy = s;. From Theorem 11.4 we
immediately obtain the following.

Theorem 11.6 For k= 2,...,n— 1, the residual vectors si satisfy the recursion
Sk+1 = (Wly +Dpl-)sp — I1-sk1,
where

$2,k—1 — S1,k—1
S2k — S1,k

Vi =

with I+ being defined in (3.3).

Complexity. In each step of the algorithm we have to multiply a complex vector by a
complex number and by its conjugate complex number. This is equivalent to 4 real number
times vector multiplications and 4 real vector additions and requires 4k (RM) plus 4k (RA).

In addition we have 2 complex vector additions requiring 4k (RA). This results in a total
amount of 2n? (RM) plus 4n? (RA).

Corollary 11.7 With the help of the residuals s, we can find the residuals tg) of the
solutions w'" (1=1,2,3) given b
p (1=1,2,3) given by

@ _ L0
le_wk =t
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via the relations

1 .
t;(g) = i(lysp-1—I-sp1),
251 p—
tg) = Lisp+Isp g — gy
S1,k
3 S1,k—2
t,i) = I, sp_9— s,

S1,k

Note that these vectors are needed only for even k.

12 Butterfly Factorization

The triangular factorization of a matrix has the disadvantage that properties like cen-
trosymmetry are not inherited in the factors. But there is another type of factorization
which has this property. We call it butterfly factorization in view of the shape of the
factors. This kind of factorization is the subject of this section. It turns out that but-
terfly factorization is the background for the split Levinson-type and the split Schur-type
algorithms, like triangular factorization is for the classical Levinson and Schur algorithms.

1. Z-, W-, and X-matrices. A matrix A = [a;; ]ijl is called a W-matriz (or a bow tie
matrix) if a;; = 0 for all (¢,7) for which ¢ > jandi+j>n+1lori<jandi+j<n.
The matrix A will be called a unit W-matriz if in addition a; = 1 and a; p41—; = 0 for
i =1,...,n. The transpose of a W-matrix is called a Z-matriz (or hourglass matrix). A
matrix which is both a Z- and a W-matrix will be called an X-matriz. A matrix which is
either a Z-matrix or a W-matrix will be called butterfly matrix.

These names are suggested by the shapes of the set of all possible positions for nonzero
entries, which are as follows:

[ e o | [ e o o o |
e © o e o o
W e © o o e 7 o e
e © e o o |’ e O ’
o o o o o o
° ° ° e o
. .-
° °

For an n x n matrix A, the following facts are easily verified.
o If Ais a Z-, W- or X-matrix, then A7 is a Z-, W- or X-matrix again, respectively.

e The inverse of a nonsingular Z-, W- or X-matrix is again a Z-, W- or X-matrix,
respectively.
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e If ZisaZ- and X is an X-matrix of the same order, then ZX and X Z are Z-matrices.

e If Z is a nonsingular Z-matrix, then there exist unique nonsingular X-matrices X
and X5 such that ZX; and X5Z are unit Z-matrices.

From now on we assume again, for simplicity of notation, that the order n of the
matrices is even, n = 2m.

In order to describe X-matrices we introduce a notation that is motivated by the “diag”

notation for diagonal matrices. If My = [ Uk ?k } (k=1,...,m), then we set
k
I Qm Brm 1
ar
xma(Mp), =
( k)kz_l o 51
L Tm Oom |

Clearly, xma(M})7", is nonsingular if and only if all M}, are nonsingular and

(xma (Mg)jy) ™" = xma(M, )i -

2. ZW-factorization and centro-nonsingularity. A representation of the nonsingular
matrix A in the form A = ZXW in which Z is a Z-, X is an X- and W is a W-matrix is
called ZW-factorization. If Z and W are unit, then the factorization is referred to as unit.
Analogously, a WZ-factorization is defined. A factorization which is either a ZW- or WZ-
factorization is called butterfly factorization. The following is the analogue of Proposition
4.1.

Proposition 12.1 A necessary and sufficient condition for a matriz A to admit a ZW-
factorization is that A is centro-nonsingular. Among all ZW-factorization there is a unique
unit one.

If A is nonsingular and A = ZXW a ZW-factorization, then A=! = W-lx-1z-1
is WZ-factorization of A~!. Conversely, any WZ-factorization of A~! produces a ZW-
factorization of A.

3. Symmetry properties. Let A = ZXW be the unit ZW-factorization of A. Then
we immediately obtain a unit ZW-factorization of A7 as A7 = Z/X/W7. Taking the
uniqueness of the unit ZW-factorization into account we conclude the following.

1. If A is centrosymmetric, then Z, X, and W are also centrosymmetric.

2. If A is centro-skewsymmetric, then Z and W are centrosymmetric and X is centro-
skewsymmetric. The later means that X is a skewsymmetric antidiagonal matrix.

3. If A is centro-Hermitian, then Z, X, and W are also centro-Hermitian.

In addition, the unit ZW-factorization has similar properties as the unit LU-factorization.
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1. If A is symmetric, then W = ZT and X is symmetric.
2. If A is skewsymmetric, then W = Z7 and X is a skewsymmetric antidiagonal matrix.

3. If A is Hermitian, then W = Z* and X is Hermitian.

4. Solution of centrosymmetric Z-systems. The advantage of the ZW-factorization
over the LU-factorization is that in the former symmetry properties are inherited in the
factors. Now we show how this symmetry properties can be exploited. We describe this
for a centrosymmetric Z-system. For a W-system the situation is analogous.

Let Z be a centrosymmetric Z-matrix. Then Z is of the form

I B A
7= [ g Lo ] : (12.1)

where Ly and L; are m x m lower triangular matrices. The following is now easily checked.

Proposition 12.2 For Z of the form (12.1), the solution of a system Zu = b with a

. . . c’ . +v/
symmetric or skewsymmetric right-hand side b = c is given by u = v |’
where v is the solution of the triangular system

(Lo + Ll)V =cC. (122)

Thus solving a centrosymmetric Z-system requires to solve 2 triangular systems of half
size. This reduces the number of operations from 3n? (M) plus 3 n® (A) (needed for an
unstructured Z-system) to 1 n? (M) plus 1 n? (A). However, we have the additional amount
of forming the matrices Lo + Ly, which is { n?(A). We will see that in all cases we are

interested in this additional amount can be avoided.

5. Unit ZW-factorization of skewsymmetric Toeplitz matrices. We start with
the case of a skewsymmetric Toeplitz matrix, since only for this case we will compute the
unit ZW-factorization. In the cases of symmetric and Hermitian Toeplitz matrices we will
consider some modifications.

We show how the Schur-type algorithm described in Theorem 10.4 provides the unit
ZW-factorization of a skewsymmetric Toeplitz matrix T},. For simplification of notation,

O
let us agree upon identifying any symmetric vector u € F*~2* with the vector | u | € F".
O
From the vectors (10.1) we form the matrix
V=[x ... xf x ... x,].

Obviously, V is a centrosymmetric W-matrix. We investigate now the matrix 7;,V. For
n = 6 we have

0 —1 —rogy —r3 —ro2 —1]

0 0 -1 —T21 —1 0

0 0 0 —1 0 0
TnV = 0 O 1 0 0 0

0 1 21 1 0 0

1 T9292 31 T21 1 0
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We see that Z = TgV Jg diag (—I3, I3) is a unit centrosymmetric Z-matrix and conclude
that this matrix is just the Z-factor of the unit ZW-factorization of Ts. This generalizes to
arbitrary n = 2m. In particular, the Z-factor of the unit ZW-factorization of T, is given
by

Z =T,VJ,diag (—Ip, I,) .

The middle factor X can be extracted from V. We obtain

X:xma([ 0 _fk_l])m (12.3)

&0 k=1’

where & is the last component of x;. Recall from Theorem 10.3 that the numbers &, satisfy
the recursion &1 = a,;lfk.

Theorem 12.3 The Z-factor of the unit ZW-factorization T, = ZXZ" is of the form
(12.1), where Ly and Ly are given by

1,1
ro.1 T1,2

LO = . . X y L= SmLO .
Tma1 Tmz2 --- Tim

Here the r; ), are the residuals defined in Subsection 10.4, and Sy, is the forward shift in
F™ introduced in (5.2). The X-factor is given by (12.3).

Note that the factors of the unit WZ-factorization of T, Lt = WXWT are given
by W = VJ,diag(—In, I,,)X and X = X L.

Complexity. The ZW-factorization can be used to solve a system T,z = b. Of course, we
first split the right-hand side into its symmetric and skewsymmetric parts. For each part
we have to solve a centrosymmetric Z-system. This reduces to two systems (12.2) of size
m, which in our case turn into

(L, £ Sm)Lov =c.

We first solve (I, £ S),)d = ¢ and then Lyv = d. Since the system with the coefficient
matrix I, + .5, can be solved with m additions there is no additional amount for forming
Lo+ Li. So the complexity for solving both the Z- and the corresponding W-system is % n?
(M) plus 2 n? (A). If we add this to the amount for the Schur-type algorithm we obtain a

complexity of n? (M) plus & n? (A).

6. Split ZW-factorization of centrosymmetric matrices. The split Schur algorithm
for symmetric Toeplitz matrices does not produce the unit ZW-factorization but a version
of it which we call split factorization.

We say that a matrix A of order n = 2m is split if the first m columns of A are
skewsymmetric and the last m columns are symmetric. Split and centrosymmetric matrices
are closely related. In fact, let A denote the matrix

Azxma([_ll H[‘ll H)
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Then it is easy to check that A is centrosymmetric if and only AA is split. A split Z-matrix
is called unit split Z-matriz if the last nonzero element in each row is equal to 1, i.e.

Gint+1—i = Am4-i;m+i = 1 for i= 1,2, oo,

A ZW-factorization of A of the form A = ZSXSZST in which Z; is unit split will be
called unit split ZW-factorization. The unit ZW-factorization is easily transformed into
the unit split ZW-factorization, and vice versa. In fact, let A = ZXZ" be the unit ZW-
factorization, then the factors of the unit split factorization are given by

Zs=ZA XS:%AXA.

The X-factor X of the split factorization is diagonal. This follows from the fact that the

X-factor of the unit ZW-factorization is built from blocks of the form [ “ 2 ] and that

e

We show how a system with a split Z-coefficient matrix can be solved. A split Z-matrix

Zs is of the form
~L7 JnLy
Zs = [ L g, L. } , (12.4)

is diagonal.

where L1 are m x m lower triangular matrices.

Proposition 12.4 Let Zg be the split Z-matriz (12.4). The system Zsu = b with sym-

: . , +c’ ] . :
metric or skewsymmetric right-hand side b = [ ((:: ] is equivalent to Lyvy = c or

vJ

- ] , respectively.

L_v_=c, whereu:[ o } oru:[
A\ 0

Thus the amount for solving a split Z-system reduces by 50% compared with an unstruc-
tured Z-system.

7. Solution of symmetric Toeplitz systems. It is obvious that the Schur-type algo-
rithms for a symmetric Toeplitz matrix 7, described in Theorems 9.7 and 9.8 and their
counterparts for the residuals of the vectors w, produce the Z-factor of the unit split
factorization T), = ZsX,ZI. This Z-factor is given by (12.4), where

t1,2
too2  t14
L, = ) )
tmo tm-14 ... tiom

and L_ is analogously defined. The X-factor is the diagonal matrix

X, = diag (wy,,, - -, Wy , W2, . - ., W) ,
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where wyy, is the last component of wy, and w,, the last component of w,,. The wyy can
be found recursively by wog10 = chk wop, Where oy, is given in Theorem 9.8.

In Subsections 9.7 and 9.8 it was shown that the solution of a symmetric Toeplitz system
with a general right-hand side can be reduced to two systems with symmetric right-hand
sides. Since for a symmetric right-hand side we obtain a symmetric solution z., the first m
components of Z1'z, are zero. Hence for the product Z,X,Z'z, only the m x m matrices
L, and diag (ws, . ..,way) are relevant. That means we have to compute only the matrix
L, and the numbers wog.

Complexity. The solution of T,,z = b reduces to 2 systems with coefficient matrix L4 and
2 systems with coefficient matrix LZ. Thus the amount is $n? (M) plus $n? (A). Together
with the double-step Schur-type algorithm this results in n? (M) plus % n? (A), compared
with 2n? (M) plus 2n? (A) for the classical Schur algorithm and LU-factorization (cf.
Subsections 3.3 and 4.4).

8. Solution of Z-systems with conjugate symmetries. For centro-Hermitian Z-
systems the situation is similar to that for centrosymmetric Z-systems. These systems can
be reduced to triangular systems. Also in this case it is convenient to consider the systems
in their split form.

A square matrix will be called column conjugate-symmetric if all columns are conjugate-
symmetric.

We introduce the matrix

zzxma([—ii H[‘ ”)

Then it is easy to check that A is centro-Hermitian if and only if A is column conjugate-
symmetric.

A column conjugate-symmetric Z-matrix is called unit column conjugate-symmetric
Z-matriz if the X-matrix built from its diagonal and antidiagonal is equal to 3. A centro-
Hermitian ZW-factorization A = ZXZ* can be transformed into a ZW-factorization A =
Zp Xy 2y in which Zj, is unit column conjugate-symmetric. We will call this factorization
unit column conjugate-symmetric ZW-factorization. Concerning the factor X} we obtain
X, = %E*XE. For X is Hermitian, X} is Hermitian. Moreover, X}, is real. In fact, we
have

— 1l v 1 = 1,
Xp = 12 XY= ZZ In X2 = ZE XY =X,.

Obviously, a column conjugate-symmetric Z-matrix Z, has the form

ImL1Jm  JmLo

Z =
h LyJo, Lo ’

(12.5)
where Lo = Lo, +1Lo;, L1 = L1, +iLy; are lower triangular matrices with L;,., L;; (j =
1,2) being real matrices. In the case where Zj is unit column conjugate-symmetric Lo,
and Ly ; are unit, and Lo; and L1, have zeros on their main diagonal.

From the representation (12.5) it can be seen that Z, transforms real vectors to

conjugate-symmetric vectors, so that the solution of Z,u = b with conjugate-symmetric
b is real.
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#
Suppose that by = { z }, c = ¢, +ic; with ¢, ¢; € R™, and let u = [ ::’ ] with

v, w € R™ be the solution of Zpu = by. Then we have
J —c/
alw =[]
A\% Cr C;

Li;Jnv+Lo;w = ¢,
Ly, Jnv + Lo,w

which is equivalent to

Cr .

This system can be written as a real Z-system
J
v C;
Z; =] ¢

7 _ ImLiiJm  JImLo
h— Ll,er LO,r .

If Zj, is unit column conjugate-symmetric then Z; is a real unit Z-matrix.

where

Complexity. We just have shown that the solution of system with a unit column conjugate-
symmetric Z-coefficient matrix reduces, after splitting the right-hand side as explained in
Subsection 11.1, to 2 real unit Z-systems. That means that the solution requires n? (RM)
plus n? (RA). The same is true for a system with the adjoint coefficient matrix.

9. Solution of Hermitian Toeplitz systems. The Schur-type algorithm for an Her-
mitian Toeplitz matrix 7;, described by Theorem 11.6 produces the Z-factor of a column

conjugate-symmetric factorization 1), = Z, X, Z}. Indeed, we find the residual vectors t,(cl)

and tg) of the solutions w,(gl) and W,(f) defined in Proposition 11.5 via the relations of

Corollary 11.7 from the residual vectors of the solutions qg.

Now the factor Zj is given by (12.5), where Lo, L; are the lower triangular matrices
the kth columns (k =1,...,m) of which are

0r—1 0r—1
t’(gl) s t’(f) )

It remains to describe the middle factor Xj. Let V]i, 1/,%, denote the last components of

W](Cl)’ W](f),

respectively.

V= efw for j=1,2.

We take advantage of the relation
zZ1 Za | —i 1 Imz; Imzy
[ 21 29 } - [ i 1 } [ Rez; Rez ] (12.6)
for complex numbers z1, 22, and observe that Z; X, with

Imc)cl,lﬁ Imai ]_l)m

Xo = xma( { Reoz,lC Rea% k=1
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is a unit column conjugate-symmetric Z-matrix. From the uniqueness of the unit column
conjugate-symmetric ZW-factorization we now conclude

1 1 2 11 1 21 T\m
X), = * xma ( Im V/,f Im 1/,5 Im a,f Im 04]5 ) .
2 Rev; Revj Rea;, Reay k=1

(The factor £ appears in view of this factor in ¥~! = 3 %))
From Proposition 11.5 we know

ap =i(spp-1— S1k-1) > OF = S2k-1 — S1k-1
where sy, is defined by (11.6). For the last components of w,(cj ) we obtain

1 . 2 S1,k—1
Vi = —1Nk—1, Vi = 77k:—1*277k S1k )
17

where 7, are the last components of the vectors qg, a recursion of which is given in Theorems
11.4 and 11.6.

13 Split Algorithms for Centrosymmetric and Centro-
skewsymmetric Toeplitz-plus-Hankel Matrices

In this section we consider n X n matrices R, which are the sum of a Toeplitz matrix
T, = Ty(a), a= (a;)"7  and a Hankel matrix H, = Ty (b).J,, b = (b;)"

i=1-n i=1-n"

ag N Oy s bl—n bo
R, =T,(a) + T,(b)J, = oo + o : (13.1)

ap—1 ... ag bo bn—l

Note that the chess-board matrices,

c d c
d ¢ d
B = c d e (C,dEF)

are both Toeplitz and Hankel matrices. Thus the representation (13.1) is not unique.

Hereafter, we also use a representation of R, which involves the projections Py =
% (I, £ J,,) onto F7 and the vectors

c=(¢)}-l ,=a+b,d=(d)j} ,=a—b,

namely

Ry = To(c)Py + Tp(d)P- . (13.2)

From now on we restrict ourselves to the case where R,, is a centrosymmetric or centro-
skewsymmetric matrix. (The general case is beyond the scope of the present paper.)
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Proposition 13.1 Annxn T+H matriz R, is centrosymmetric or centro-skewsymmetric
if and only if it admits a representation (13.2) (or, equivalently, (13.1)) in which ¢ and d
(a and b) are symmetric or skewsymmetric, respectively.

Proof. Tt is easily checked that .J,, Ty, (a).J, = T,,(a”)), with a’ = Ja,_1a. Hence
JnBndn = (InTn(€)Jn)(JnPidn) + (JuTo(d)Jn) (Ju P Jy)
= T,(c!)Py + Tn(d?)P_.

If now R, is centrosymmetric or centro-skewsymmetric, then

+c’ +d7
R, = +J,RuJy = T, (C 2C >P++Tn <d 2d >P,

respectively. It remains to mention that # and LZdJ are symmetric or skewsymmetric,
respectively. Representation (13.1) can be considered in an analogous way. The other
direction of the assertion is obvious. M

Corollary 13.2 An n x n T+H matriz R, is centrosymmetric or centro-skewsymmetric
if and only if there is a representation (13.2) such that the Toeplitz matrices Ty, (c), T, (d)
(or T,(a), T, (b) in (13.1)) are both symmetric or both skewsymmetric, respectively.

Remark. It follows from Corollary 13.2 and can also be shown directly that a centrosym-
metric n X n T+H matriz is also symmetric. On the contrary, a centro-skewsymmetric
n x n T+H matrix need not to be neither symmetric nor skewsymmetric. In particular, a
skewsymmetric T+H matriz is always a pure Toeplitz matrix.

Obviously, a centrosymmetric T+H matrix can be written in the form
Rn = P+Tn(C)P+ + P_Tn(d)P_
and a centro-skewsymmetric T+H matrix in the form

R, = P_T,(c)Py + P.T,(d)P_ .

Besides the matrix R, = [7;;]}';_; we also consider the central submatrices R; , =
(74 }Zj_:llﬂ for 1 =0,1,...,1 <n/2. Recall that these matrices are nested, viz.
* * *
meoipe = | * Ry_g
¢ ¢ *

and inherit the centrosymmetry properties of R,. Furthermore, the following is obvious.

Proposition 13.3 If R, is centro-symmetric or centro-skewsymmetric and given by (13.2),
then
_ 7t pt - p-
meat =T o By oy + TPy o,

—91 — —21
where T\ o, = [¢ij izt and T g = [di—j15;5
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We assume that R, is centro-nonsingular, n is even, n = 2m. Let us restrict ourselves
to the centrosymmetric case. (The centro-skewsymmetric case is analogous.) We want to
solve the equation

R.f=D
by centrosymmetric bordering (see Subsection 9.2).

We observe first that R,f = b is equivalent to the two Toeplitz systems
Trft =b™, TH =b", (13.3)
where b* = Py b and f* = P.f.
Let b* = (b7)7_, by = (bjt);?;;’j_kﬂ for k= 1,2,...,m, and let f;° be the solutions
i TEfE = b (13.4)

These solutions exist and are unique. Indeed, since R,, is centro-nonsingular, Rkai = bf
is uniquely solvable, and we have according to (13.2) sz,;t = T,ff,f. For centrosymmetric
bodering we need the (unique) solutions X% € i of

T5x;i: = Pyey, (13.5)
Theorem 13.4 The solutions of the equations (13.4) satisfies the recursions

0
+ + + Iyt
fo=1| 5 | + (b1 — B )Xpa

where
ﬁ;:[ck...cl]f:, ﬁ’::[dkdl]f];

The recursion starts with an empty fgt .

It remains to mention that the solutions x;* can be computed using the recursions for

w,, and w, introduced in Section 9. In particular, the double-step split Levinson algorithm
looks (in the notation here) as follows.

Theorem 13.5 Let R, be a centro-nonsingular, centrosymmetric T+H matriz. Then the

solutions in of the equations (13.5) (k =1,2,...,m) satisfy the recursion
0
) 0 xif 0 0
+ + + + +
Xpt2 = 2a:|:< Oi +1 0 | =2 (rk—i-l,k - Tk—l,k—2> X | — | Xk—2 ) )
k X}, 0 0 0
0
where
T‘;;ﬂ = [Cj_l N Cj—k] XZ_, Tj_k = [dj_l Ce dj—k} X,; y
and

+ o+ + + + + 1
O =Tk — Thk—2 — 21k (Thik — The16—2) T 5
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Note that af # 0, since otherwise Rj_ , would be singular.

Finally, for the sake of completeness we should mention the following facts. For a centro-
skewsymmetric T+H matrix R, = T,,(c)P+ + T,,(d)P—, we have that R,, is nonsingular if
and only if T,,(c) and T,,(d) are nonsingular.

This is different to the centrosymmetric case. In this case R,, is nonsingular if 77,(c) and
T,(d) are nonsingular. But the converse is not true. Take, for example, ¢ = (1, 1, 1) and
d=(-1,1, —1). Then T},(c) and T,,(d) are singular, whereas Ry = 2 I, is nonsingular.

One might conjecture that for a nonsingular R,, there is always such a representation
with nonsingular 7, (c) and T, (d). For n = 2 this is true. But this fails to be true for
n = 3. Take, for example, c = (1, 0, 1, 0, 1) and d = (0, 0, 1, 0, 0). Then T,(c) is
singular for all representations, but

1
R3 = T3(C)P+ + T3(d)P_ = 5

= O W
o N O
W O =

is nonsingular. Note that it can be shown that surprisingly for n = 4 there is always a
representation with nonsingular 7'(c) and 7'(d).

A full understanding of such statements requires a deeper insight into the fascinat-
ing structure of Toeplitz-plus-Hankel matrices. We hope that we have made the reader
inquisitive.

Exercises

1. Show that the set of all nonsingular, upper triangular Toeplitz matrices of order n
forms a (multiplicative) group.

2. Consider a block Toeplitz matrix T), = [a;—; |}';_;, where a; (i = —n+1,...,n—1)
are matrices of order k < n. Generalize the Levinson algorithm of Theorem 2.1 and
the Schur algorithm of Theorem 3.1 to this case.

3. Consider the tridiagonal symmetric Toeplitz matrix

2 —1 0

T, = -1 2 n
. 2 -1
0 -1 2

Then it is easily verified that, with the notations of Subsection 2.2,

1, . k+1 _ 1
uf= (), =" and af =g =

Show that the Levinson algorithm of Subsection 2.3 also gives these results.

4. Find the unit LU-factorization of the matrix A, = T,, — elelT7 where T, is defined
in Exercise 3, as well as the unit UL-factorization of A_!. Compute the vector v so
that A1 —T71 =vvT.
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10.

11.

12.

13.

14.

. Consider the n x n Toeplitz matrix T}, (a, b) the first column of which is (/1)

n
-y and

the first row of which is (bj_l)?:1 , where ab # 1. Show that T),(a, b) is strongly non-
singular, compute the first and last rows of its inverse and the co-unit UL-factorization
of Ty, (a,b)~1. Conclude that T},(a,b)~! is, in the nontriangular case ab # 0, the sum
of a tridiagonal Toeplitz matrix and a matrix of rank 2.

. Show that the symmetric Toeplitz matrix T), = [¢;_j ],55_; with to =0, t; = 2]%1 is

singular if and only if n = 1 mod 3.

In Subsection 2.1 it was shown that the nonsingularity of Ty and Ty, implies the
nonsingularity of I'y. Show that, conversely, the nonsingularity of T} and I'j implies
the nonsingularity of Ty 1.

. For a Toeplitz matrix, show the following relations between the polynomials u;(t)

and u,_ (t) introduced in Subsection 2.2:

k—1 k—1
u () =1—t) ~yuf(t), uft)=""=> a0,
i=1 i=1

. Find the matrix of the operator of multiplication by ¢ acting from F"~1(t) to F"(¢)

in the bases {u,f(t)} introduced in Subsection 2.2.

(a) Let A be a strongly nonsingular n x n matrix and A~! = UDL, U = U(u})),
LT = U(uy), the unit UL-factorization of A~!. Show that if the uf satisfy a
recursion as in Theorem 2.2, then A is Toeplitz.

(b) Let A be a symmetric matrix and A~! = UDUT, U = U(u;,) the unit UL-
factorization of A~!. Show that if the vectors uy satisfy a recursion as in The-
orem 6.2, then A is Hankel.

Describe the co-unit LU-factorization of a Hankel matrix H, and the unit UL-
factorization of its inverse H,, ! in terms of the vectors rj and uy that are computed
by the algorithms described in Theorems 6.5 and 6.2, respectively.

Let ug, Uy, sk, S be as in Subsection 4.1.

(a) Find the matrices of the basis change between the bases {uy} and {u}.

(b) Find a relationship similar to that of Proposition 4.6 between the vectors s; and

S .

Show that inverses of Toeplitz matrices are, in general, not Toeplitz but quasi-Toeplitz
matrices.

Consider instead of the transformation V_ defined in (5.1) the transformation
V_(A)=A-STAs, (13.6)
defined for n x n matrices A.
(a) Show that rank V_(A) < 2 if and only if J, AJ, is quasi-Toeplitz.

(b) Give a general description of matrices A satisfying rank V_(A) < 2.

99



15.

16.

17.

18.

19.

20.

21.

(c¢) Find examples for rank V (A) # rank V_(A).
(d) Find sufficient conditions for rank V; (A) = rank V_(A) < 2.

Prove Proposition 5.2 and its generalization to Toeplitz-like matrices.

Show that an n x n matrix A is quasi-Toeplitz if and only if A admits a representation
A = LTU in which L is lower triangular Toeplitz, U is upper triangular Toeplitz and
T is Toeplitz.

Show that a nonsingular n x n matrix A is quasi-Toeplitz if and only if the matrix
Jn AL, is quasi-Toeplitz.

Hint. Write two Schur complement formulas for the matrix [ ;T j_"l ] .

Let Hy, = [hiyj—1]};_; be a strongly nonsingular Hankel matrix and Lo, the lower
triangular Toeplitz matrix Lo,_1 = [hi,jJrl]?g;} (hi =01if i < 1). Let (sl)f;'{l be
the first column of Lgnlfl. Show that

S 0
Hn:Ln[ 01 _H,]LZ,

where H' = [3i+j+1]Z;:11 and L, is the n x n leading principal submatrix of Lo, 1.

Let T,, be a real symmetric Toeplitz matrix, and let T’y denote the restriction of it,
as a linear operator, to the invariant subspace R%, respectively. Furthermore, let W
be the operator defined by

t+1
= ——x
t—1

(Wx_)(t) ~(t) (x- eRL),

mapping R” into R’}. Show that T and T_ are related via
T\ W -WT_ =2ea’ (S, — I,) 7,
where a = [a, ... a;],e=[1 ... 1] and S, is the forward shift introduced in(5.2).

Find a recursion for the solution of a skewsymmetric Toeplitz system by centrosym-
metric bordering as follows. Correct in each step only the last component of the
right-hand side by using x; of (10.1). After the last step correct the first component
by using x,,. Compare the complexity of the resulting algorithm with the complexity
of the algorithms discussed in Subsection 10.5.

Let A be a n X n centrosymmetric matrix, n = 2m, and Q, = [ -

that QL AQ,, is of the form

atao.=| % 0|

for some m x m matrices By. Investigate how ZW-factorization of A is related to
triangular factorization of B4 and B_.
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22. Let Z be a Z-matrix of even order 2m. Introduce the X-matrix X built from the
diagonal and antidiagonal entries of Z,

X:xmaqak ﬂ)m

Ve Ok |/k=1’
and show that det Z = det X = [] (axdr — Bxyk)-
k=1

23. Let T}, be the tridiagonal symmetric Toeplitz matrix T, of Exercise 3. Compute the
factors of its unit LU-factorization, its unit split ZW-factorization, and the unit split
WZ-factorization of its inverse.

24. Find a unit split WZ-factorization for the inverse of a symmetric, centro-nonsingular
Toeplitz matrix 7, using the solutions wy of (9.1) and w, and the double-step
Levinson algorithm.

Comments and References

2., 3., and 4. The Levinson algorithm appeared in the famous paper [34] about filter
design as an algorithm for solving a general linear system with a positive definite Toeplitz
coefficient matrix. The algorithm that solves only the Yule-Walker equation is often at-
tributed to Durbin in connection with his paper [16] on linear prediction problems.
However, it should be pointed out that the recursions of the Levinson algorithm are

almost identical to the recursions for orthogonal polynomials on the unit circle discovered
by Szeg6 [41].

The Schur algorithm appeared in the famous paper of Schur [40] as an algorithm in
complex function theory to check whether an analytic function on the unit disk maps the
unit disk into itself (see also [29] and the references therein). As a factorization algorithm
for Toeplitz matrices it was designed in Bareiss’ paper [3] (not mentioning Schur).

Practical experience and theoretical results indicate that, in general, Schur-type algo-
rithms have better stability behavior than Levinson-type algorithms (see e.g. the contri-
bution of Brent in [32]).

As already mentioned in the Introduction, the Levinson-type algorithms produce the
parameters needed in Bezoutian formulas for the inverses of Toeplitz or Hankel matrices
(see e.g. [19]). These Bezoutian formulas are the basis for constructing superfast algorithms
(see [21], [22], [23], [39])).

Readers who want to learn more about a special case of Toeplitz matrices, the circulants,
should study the nice book of Davis [12].

Anyone who wants to venture into the vast literature on Toeplitz (Hankel and other
structured) matrices could first read the book [19], where e.g. recursions in the not strongly
regular case, inversion formulas, and results on other structured matrices are presented.

We refer the reader who is interested in numerical aspects to the books [17], [5], [39],
[32], [4] and the references therein.

5. The concept of displacement structure was first introduced in [30] (see also [31]) using
a displacement operator of the form (13.6). In [18] a displacement operator of the form

61



(5.1) was considered (called there UV-reduction operator), and in [19] it was shown that
replacing the shifts by other matrices (e.g. diagonal matrices) allows us to consider also
other types of structured matrices (e.g. matrices which are the sum of a Toeplitz and
a Hankel matrix or which are generalizations of Vandermonde or Cauchy matrices) in a
similar way.

In the subsequent years a huge number of papers followed which documents the success
in the field of displacement structured matrices.

6. The Levinson-type and Schur-type algorithms for Hankel matrices show that there are
essential differences between Toeplitz and Hankel matrices. A first algorithm for Hankel
matrices was given in a paper of Trench [43]]. The recursions given there are tree-term
recursions and at the end of the paper their connection with orthogonal polynomials on
the real axis is discussed.

7. Padé approximation has a very long history. Due to the connection with continued
fractions one can assume that it starts with Euclid’s algorithm for computing the greatest
common divisor of two integers. This was in about the year 300 BC.

In 1892 Padé defended his thesis at the Sorbonne in Paris. It was the first systematic
investigation of what today is called Padé approximant and reveals, in particular, con-
nections with continued fractions ([36],[37], see also [38]). Padé’s thesis was very much
influenced by his teacher Hermite, who developed a general theory of interpolation by ra-
tional functions. We refer the reader who is interested in more details of this very exciting
history to [8].

In the last decades there is a lot of activities on Padé approximation not only in pure
mathematics and numerical analysis but also in applications to physics. Two important
monographs are [11] and [2]. In [9] Brezinski and Van Iseghem give an instructive survey
concerning relevant aspects of Padé approximation which can also be used as a preliminary
tutorial guide.

8. In 1950 Lanczos [33] proposed a method for computing the eigenvalues of a matrix
by reducing this matrix to a tridiagonal form, from which the eigenvalues can be deter-
mined. The interested reader should study Chapter 9 of [17], which is dedicated to Lanczos
methods.

To learn more about the connection between Hankel algorithms and Lanczos methods
we refer to [7] and the references therein. The authors there write: “The resulting recursion
formulae to factorize a strongly nonsingular Hankel matrix have appeared in several papers
under different guises, going all the way back to Tchebycheff [42].”

9., 10., and 11. The idea to “split” the classical Levinson and Schur algorithms for real
symmetric Toeplitz matrices goes back to Delsarte and Genin [13], [14], but the splitting
property was utilized before in other fields, for example in the reduction of the trigonometric
moment problem with real data to a moment problem on the interval [—1,1] (see [1]), in
efficient root location tests (see [6]), and also in signal processing and seismology (see [10]).

12. The ZW-factorization is closely related to the “quadrant interlocking” or WZ-factoriza-

tion, which was originally introduced and studied by Evans and his coworkers for the
parallel solution of tridiagonal systems.
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The ZW-factorization for real symmetric Toeplitz matrices was first mentioned by De-
meure in [15]. In our papers [24], [26] and [27] ZW-factorizations for skewsymmetric
Toeplitz, centrosymmetric and centro-skewsymmetric Toeplitz—plus—Hankel, and general
Toeplitz-plus-Hankel matrices were described, respectively. Note that for skewsymmetric
Toeplitz matrices (and thus also for purely imaginary hermitian Toeplitz matrices) the fac-
tors of the ZW-factorization have some surprising additional symmetry properties which
are not shared by the symmetric case.

In the paper [28] it is shown that for hermitian Toeplitz matrices the ZW-factorization
leads to more efficient algorithms for the solution of linear systems than LU-factorization
and that the ZW-factorization reflects, in contrast to the LU-factorization, both symmetry
properties. This leads to a computational gain in solving linear systems.

13. First important results on Toeplitz-plus-Hankel matrices were the construction of their
inverses (see [35], [19]) and the discovery of the Bezoutian structure of their inverses [20].
Here we deal with the cases of centrosymmetric or centro-skewsymmetric matrices and
offer split algorithms which require the application of the afore-mentioned algorithms for
pure Toeplitz matrices.

If the reader’s interest is piqued in the structure of Toeplitz-plus-Hankel matrices we
recommend to study also [25] and [26].
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