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Abstract

The second smallest eigenvalue of the Laplace matrix of a graph and its eigenvectors, also
known as Fiedler vectors in spectral graph partitioning, carry significant structural informa-
tion regarding the connectivity of the graph. Using semidefinite programming duality we
offer a geometric interpretation of this eigenspace as optimal solution to a graph realization
problem. A corresponding interpretation is also given for the eigenspace of the maximum
eigenvalue of the Laplacian.

Keywords: spectral graph theory, semidefinite programming, eigenvalue optimization, em-
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Consider an undirected simple graph G := (N, FE) with node set N := {1,...,n}, edge set
E C{{i,j}:i,j € N,i # j} and edge weights ¢ € RY. For brevity we write ij instead of {i, j}.
Defining symmetric N x N matrices E;; := (e; — e;)(e; — e;) T, where e; denotes the i-th column
of the identity matrix I, the weighted Laplacian of G is the matrix L.(G) := 3, ;cpcijEij. f G
is clear from the context we simply write L. and we also drop the subscript ¢ if ¢ = 1. Here and
in the following 1 denotes the vector of all ones of appropriate dimension. Spectral properties of
L are a central topic in spectral graph theory [2, 10, 1], we recall the basic facts needed in the
sequel. Because the matrices F, are positive semidefinite and 1 is an eigenvector of E. to the
eigenvalue zero, this also holds for L.. For ¢ > 0 the second smallest eigenvalue Ao(L.) is nonzero
if and only if G is connected. Fiedler [3, 4, 5] proved several further relationships between Ao(L.),
its eigenvectors, and the connectivity of the graph and coined the name algebraic connectivity for
A2(L). In his honor, eigenvectors to Ay are also called Fiedler vectors. They form the basis of
spectral graph partitioning heuristics, see, e.g., [12] and the references therein. In [5, 6] Fiedler
introduced the absolute algebraic connectivity,

a(G) = max{\a(Lc) : c € RY, Y "¢ = |EJ}. (1)
ecE

Goring et al. [8] give a scaled dual semidefinite programming formulation (for symmetric matrices
A, B € RF*¥ we use the inner product (A, B) := trace(AB) and A = 0 if A is positive semidefinite),

al(b;:‘) = maximize (I, X)
subject to (E;;, X) <1 forij € E, 2)
(117, X) =0,
X =0.
Via a gram representation X = VIV with V = [v1,...,v,] € R™*¥ this provides a dual inter-
pretation of 4(G) in form of the following graph realization problem (|| - || denotes the Euclidean
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norm),

E
€L|(G|) =  maximize Y oy [lvi]]?
subject to  |lv; —v,|| <1 for ij € E, (3)
2ien Vi =0,

v; € R™ for i € N.

An optimal solution of (3) spreads out the nodes as far as possible while keeping adjacent nodes
at distance at most one and the barycenter in the origin. The emphasis of [8] was to exhibit
connections between the eigenspace of a(G) and structural properties of the graph, but at the
same time this problem also showed up in several other contexts, see [11] for relations to fastest
mixing Markov chains, maximum variance unfolding and conductivity maximization. In [9] the
graph realization problem (3) was generalized to include node weights and edge lengths for the
purpose of introducing a minor monotone graph parameter, the rotational dimension of the graph.
In this note we introduce edge length variables | € RF in (2) (in squared form) and study the
problem of optimizing the spread by varying edge lengths within a limited total norm ||I||? < |E|,

maximize (I, X)

subject to <Eij; X) < l?j for ij € E,
(117,X) =0, (4)
ZijeE lz‘2j = |E"
PeRF X =0.

Putting X = VTV as before, the corresponding graph realization problem reads

maximize Y,y |lvil|?

subject to  |lv; — vj|| < 1y for ij € E,
DieN ”Z’QZ 0, (5)
EijeE lij S ‘E|7
leRF, v, eR™ for i € N.

Our main result is the following.

Theorem 1 Given a connected graph G = (N, E), let V = [v1,...,v,] be an optimal solution of

(5). Then Y oy llvill* = % and for u € R™ the vector V Tu is an eigenvector of Ao(L(G)).

Proof. The semidefinite dual to (4) reads
minimize |E|p
subject to ZijEE wij By + pll’ =1,

p—w;; =0 forijecF,
wG]RE?pZO,,uG]R.

(6)

Because G is connected, the second smallest eigenvalue A2(L,,) can be increased arbitrarily by
choosing w > 0 large enough. This proves that (6) is strictly feasible, therefore semidefinite
duality theory ensures that the optimal values of (6) and (4) coincide. By connectedness of G this
value is strictly positive. Given an optimal primal-dual pair of solutions p > 0, w = p1, pu and
X = VTV, semidefinite complementarity yields V'V (pL+pull" —1) =0,s0 LV = %VT, hence
the columns of VT are contained in the eigenspace of \o(L) = %. [ |

The theorem also implies that the optimal solution of (5) is rank one (i.e., the optimal graph real-
ization is one dimensional) whenever A\o(L) = % has multiplicity one. Conversely, each eigenvector
to Ao(L) gives rise to an optimal solution of (5), as we show next.

Theorem 2 Given a connected graph G = (N, E), let u € R", ||u|| = 1, be an eigenvector to

A2(L(G)). An optimal solution of (4) is X = /\z(lf(lG))uu—r and I7; = %(ul —uj)? ij € E.



Proof. To check feasibility, observe that u is orthogonal to the eigenvector 1 of \(L), so

(117,X) = 0. For ij € B, (Ey,X) = shu" Eyu = 5105 (wi — u))? = 13, thus 3, p 12 =

A‘zja) u' Lu=|E|. As (I, X) = %, optimality follows from Theorem 1. |

The two theorems together assert that an optimal solution of maximum rank to (4) (as delivered,
e.g., by interior point methods) gives a geometric view of the entire eigenspace of A2(L). Indeed,
suppose the columns of U € RV** with UTU = I}, span the eigenspace to Ay(L), then the convex

combination X = k,\li‘L)UUT with I, = (Ejj, X) for ij € E is a corresponding maximum rank

solution of (4) and its k-dimensional realization (5) is given by the columns of V' = %JL)U T

It was shown in [7] that Apax(Lc) allows to derive structural results and graph realizations
complementing those obtained for Ao(L.) in [8]. Likewise, analogous results to two theorems
above can be formulated for Apax(L) via the program

minimize (I, X)

subject to  (E;;, X) > lfj for ij € E, 7)
ZijeEZin > |E],
?eRE X =0,

and the corresponding graph realization problem

minimize ),y [|vil|?

subject to ||’Ui — ’Uj” > Z'L'j for Z] (S E, (8)
Sijer s > B,
ZERE, v; € R™ for i € N.

We state the corresponding theorems without proof as the arguments are almost identical.

Theorem 3 Given a connected graph G = (N, E), let V. = [v1,...,v,] be an optimal solution
of (8). Then Y oy llvil* = % and for u € R™ the vector VT u is an eigenvector of
Amax (L(G)).

Theorem 4 Given a connected graph G = (N, E), let u € R", ||u|| = 1, be an eigenvector to
%\fnax(EL(G)). An optimal solution of (7) is X = %uu—r and I3; = m(ul — u;)?,
ijeE.
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