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1 Introduction and main results

Markov-type inequalities give upper bounds for the derivatives of an algebraic
polynomial by the polynomial itself. To be more precise, they provide a constant
C' such that || D" f|| < C|f]| for all polynomials of degree at most n, where D is
the operator of differentiation. The constant C' depends on n, on the order v of
the derivative, and on the norm || - ||. We here consider the case where || - || is one
of the classical L? norms and study the problem of extending such inequalities to
the situation when f is a polynomial of several variables and D" is replaced by a
partial differential operator.

Let P, be the linear space of all polynomials f(t) = Z?:o fit) of degree
at most n with complex coefficients f;. We equip P,, with one of the classical
Hermite, Laguerre, or Gegenbauer norms. These are defined by
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where o > —1 is a parameter. Given a polynomial

p&) = &M + pra €™+ L+ o,

we can consider the differential operator p(D) on P,. The best constant C' such
that ||[p(D)f|| < C| f|l for all f € P, is clearly nothing but the norm of the
operator p(D) : P, — P,. This constant will be denoted by 7, (p(D)), A (p(D)),
Yn(p(D)) in dependence on whether the norm | - || is (1), (2), (3). In [4], we
showed that

lim D) _ omz,
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n—00 nm ’
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where L,, , and G, , are the Volterra integral operators on L? (0,1) that are given
by

1 ! « —Q m—
(L)) = s [ a7/ = 2" ) . (1
1 ' —a m—
(Cma§)@) = Zomipiny / g eyt — 2 f(y) dy  (5)
and || - ||~ denotes the operator norm. Note that these operators are just the

iterates (= powers) of their m = 1 versions, that is, Ly« = LT, and Gy, o = GT',,.
Let [0,1]" be the N-dimensional cube. Given a closed subset E of [0, 1]V, we
define P, (E) as the linear space of all polynomials f of the form

flt, ... ty) = D ettt

(il/n ..... iN/TL)GE

with complex coefficients. We will always assume that E contains a point in the
interior of [0, 1]V and that E contains together with each of its points (z, ..., zy)
also the cube [0,21] X ... x [0,2x]|. The most canonical choice of F is

Oy ={(z1,...,on) €[0, )Y 12y + ...+ 2y < 1}
For § > 0, we define E° = {(29,...,2%) : (z1,...,7x) € E}. For example,

Q}V/Qz (21, zn) €10, 1) s ad + ..+ a3y < 1},

02 = {(a1,....an) € [0, 1Y : /E1 + ...+ Ty < 1.



We endow P, (F) with the N-dimensional versions of the norms (1), (2), (3):

||f||2:/ |f(ty, ... tn)[Pe . e ™ dty .. . dty, (6)

RN

y|fH2:/( ” |f(tr, )Tt e eI L L dty, (7)
0,00

2= [ W PO QB i ey, (9

where o; > —1 for all j.

Take a polynomial

PN = D Dun &R 9)
VitoAvn<M
Here v +. ..+ v, < M means that the sum is taken over all N-tuples (v1,...,vy)

of nonnegative integers v; whose sum does not exceed M. The differential oper-
ator on P,(E) given by

PO 0N) = > Do OO

may be written in the form

PO 0N) = Y PuanyD" @@ D™ |Py(E),

vi+..+vn<M

where | denotes restriction to a subspace. In dependence of the choice of the
norm || - || from (6), (7), (8), we let

NP0, .., 0N) | Pu(E)), A(p(dL,...,0n) | Pu(E)), ¥(p(01,...,0n) | Pu(E))
denote the best constant C' for which
[p(O1, ..., On)fIl S CIf|| forall feP,(E).

Of course, this constant is just the norm of p(ds, ..., dy) as an operator on P, (E).
Our standing assumption that £ contains the cube [0, 2] X ... x [0, zy] together
with each of its points (xy,...,2xN) guarantees that p(dy,...,0y) maps P,(E)
into itself.

If Ay, ..., Ay, are operators on L?(0, 1), their tensor product A := A;®...®@ Ay
on L2((0,1)%) is defined in the usual way. If L?(E) is an invariant subspace for
A, we denote by A| L*(FE) the restriction of A to L?*(E). The notation a, ~ b,
means that a, /b, — 1 as n — 0.



We need one more definition. Let v := (v1,...,vn) be an N-tuple of nonneg-
ative integers. We put |v| =1, + ... + vy and always suppose that |v| > 1. Let
Vi, .. Vj, (J1 <...<Jjg) denote the nonzero integers among vy, ...,vy. Given
a point (z1,...,x;) € [0,1]%, we define (z1,...,x}), as the point in [0, 1]Y whose
(th coordinate is 0 if v, = 0 and is x,, if £ = j,,,. For example, if v = (0, 1,0, 0, v5)
with nonzero vs and vs, then k =2, j; = 2, jo =5 and (x1, 22), = (0,21,0,0, z5).
Finally, given £ C [0, 1]V, we put

E,={(xy,...,2) €[0,1]*: (21,...,23), € E}.
Note that if E is [0, 1]V, Qy, Q%, then E, is simply [0, 1]*, Q, Q2 respectively.
Theorem 1.1 The best constants for 07" ...0% have the asymptotic behavior

N O | Pu(E)) ~ a2 max  (2xy)Y /2. (2x) /2, (10)

(z1,..xk)EEL
MO - O | PalE)) ~ 0 Ly oy © oo @ Ly | LB ey (11)
WO O | Pa(E)) ~ 12 Gy oy @ ® Gy oy | LB oo (12)

If F is [0,1]", then the maximum in (10) is 2"//2, and if E = QY%;, then this
maximum equals
dvj, /2 dvj, /2
<21/5Vj1> i1 <21/¢$ij) Ik
vl vl

Thus, in the Hermite case the coefficient in the asymptotic formula is explicitly
available. Theorem 1.2 will show that the Gegenbauer case can be reduced to the
Laguerre case.

When dealing with the coefficients in the asymptotics, we have k& dimensions
instead of N. To avoid double subscripts, we assume in this context that we are
given a k-tuple v = (14, ..., 1) of positive integers and a k-tuple o = (au, . .., ag)
of real numbers such that o; > —1 for all j. The set E is now a closed subset of
[0, 1]* which contains a point of (0,1)* and which contains [0, 2] x ... x [0, x}]
together with each of its points (z1,...,2;). Recall that E* = {(2%,...,23) :
(x1,...,2) € E'}. Henceforth we also make use of the abbreviations

L,,’a = LV1,O¢1 X...Q Lykyak, Gma = GV1,a1 XR...Q GVmak'
Theorem 1.2 The Gegenbauer and Laguerre cases are related by the equality
”Gu,a | LQ(E)HOO =27 ”LV,a | LQ(E2)||OO'

Bounds for ||, | L*(E)||« are delivered by the trivial inequalities

oabue WO 1 () < ol 2B, (19
Lo | ZE:

where || - [|o stands for the Hilbert-Schmidt norm. Here L
Ly | L*(E), that is, by L7 , we actually mean (L, o | L*(E))*.

is the adjoint of

«
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Theorem 1.3 We have

ok b Ty + 1)T(2u; — 1)T(260;)
Lo | DX(Q0)]% = g y :
[ Lo,o | L2(€2%)[I2 T(26]v] +1)]1;[1 [(a; + 2v5)T (v5)?
and
k
F 2F(21/ )QF(45V)
. 200 ” 5
1L} o Lua | L2115 > T( 45|u] +1) H

F(a] —|— 2u] 2(aj 42 + 1D (v))*

]:1
Inserting the expressions from Theorem 1.3 in (13) we get bounds
bi(v, 0, ) < ([ Lua | L)oo < ba(v, 0, ).
If k,0,a1, ..., 0 remain fixed and v; — oo for all j, then

1/4 1/4
by (v, o, ) - (zﬂ(s)(kfl)ﬂ Vl/ "'Vk/ _
by (v, o, Q2) (b1 + .+ )/

(14)

For k = 1, the right-hand side of (14) is 1, but for & > 2 it increases (though
moderately). The following result reveals that the upper bound by (v, a, Q3) is
asymptotically sharp as v goes to infinity along a straight line.

Theorem 1.4 Let v = (o17,...,0xT) where o1, ..., 0 are positive real numbers.

Then as T — o0,
Lo | LB lloo ~ [[Lua | L2 () -

If, for example, k =2, 0 =1, a1 = ay =0, 1, = vy =: v, then Theorems 1.1,
1.3, 1.4 yield

(2mv)t/t 1 Lo

/\<8182 |PH(QQ)> ~ 4 9202 F(V)2 n (15)
In the case kK = 1 we infer from the same theorems that
14 14 1 14
MDY Pu(©2)) = A | Pol2)) ~ 5o (16)
It is easily seen that always
A7 05 | Pu(€22)) < A9 | Pa($22))A(05 | Fr(€22)). (17)
However, from (15) and (16) we obtain that
A(0705 | Pr(§22)) (2mv) !/

AV Py (NS [ Pa(Q)) 22

which is much smaller than 1 if v is large and hence much sharper than (17).

5



We finally turn to linear combinations of partial derivatives. Let

pO(Sla"'7§N>: Z Puvi,...vn Tl ]VVN

vi+...+vN=M

be the principal part of polynomial (9). We write a,, ~ b, if there exist constants
0 < ¢ < g < oo such that ¢1b, < a, < b, for all sufficiently large n. The
following theorem reveals that the asymptotic behavior of the best constants
for linear partial differential operators with constant coefficients is completely
determined by their principal parts.

Theorem 1.5 Let C' stand forn, A\, or v and put o = 1/2 in the Hermite case,
o =1 in the Laguerre case, and o = 2 in the Gegenbauer case. Then

C(po(Or,-..,0n) | Pu(E)) =nM (18)

and

C(p(dr, ..., 0n) [ Pa(E)) ~ C(po(0h, - .., On) | Pu(E)). (19)

The paper is organized as follows. Section 2 is devoted to comments on
previous work and the results and methods of this paper. Sections 3 to 7 contain
the proofs of Theorems 1.1 to 1.5 and in Section 8 we list some problems we have
to leave open.

2 Remarks on the history

The problem of finding upper bounds for the derivatives of functions in terms
of the functions themselves has a long and rich history. Nowadays one speaks
of Bernstein-type inequalities if the functions are trigonometric polynomials and
of Markov-type inequalities in the case of algebraic polynomials. The Markov
brothers [24], [25] found the best constant C' in the inequality |[D™f| < C||f]|
when || - || is the L* norm on some finite interval. We refer to [2], [15], [26], [27],
[29], [30] for more on the subject and here confine ourselves to the asymptotics
of the best constants in Markov-type inequalities with L? norms.

An L2 version of a Markov-type inequality was first established by Erhard

Schmidt [31] and subsequently for L? norms by Hille, Szeg6, and Tamarkin [17].
In 1944, Schmidt [32] proved that

2 1
(D) =vV2n, M(D)~=n, (D)~ —n?
T T

assuming « = 0, and even provided the next two terms in the asymptotics of
An(D) and 7, (D). Schmidt also observed that for the Hermite weight the prob-
lem is more or less trivial. Shampine [33] then showed that, again for a = 0,



A (D?) ~n?/u2 and v,(D?) ~ n*/(4u2) where jig is the smallest positive root of
the equation 1+ cos p cosh u = 0. For the exact values of A, (D) and 7, (D) in the
case a = 0 see [17], [21], [36]. The idea that the best constants in question are
the largest singular value (= operator norm) of certain matrices was developed
in [7], [8], [9] and used to derive bounds for
An(D™)

liminf ————=, limsup An(D™)

n—00 nm N—00 n

for general m and «. In [3], [4] we proved that \,(D™)/n™ and ~,(D™)/n*™
converge to a limit as n — oo and identified these limits as the operator norms
of certain Volterra integral operators.

The appearance of Volterra operators in this context connects us with another
field of research. Paul Halmos [16] was probably the first to state explicitly that
the operator norm of the operator

(L1of)(x / fly

on L*(0,1) is 2/7. Combining this result with our formula \,(D) ~ || L1/ n
reproduces Schmidt’s formula A, (D) ~ (2/7) n. Halmos also raised the question
of determining the operator norms of the iterates L’y = Ly, 0. This problem was
subsequently studied by many authors, including [1] [12], [18], [23], [22], [35].
The much earlier paper [14] was detected by Thorpe [35] to be also of relevancy
in connection with the matter. The reader may consult [3] and [4] for details. In
the course of these investigations sharp bounds for || L, |l and the asymptotic
formula || Ly, 0l ~ 1/(2m!) were established. In [4] we solved the corresponding
problems for the norms || Ly, o /oo and |G alls- In particular, the N = 1 versions
of Theorems 1.2, 1.3, 1.4 are already in [4]. We also want to note that Halmos’
|L1ollcc = 2/m was in [10] and [4] extended to the equality || L1 q|lcc = 1/jo(c)
where jo(o) is the smallest positive zero of the Bessel function Jiq_1)/2.

The literature on multivariate Markov-type inequalities is immense, a main
topic of research being inequalities for the L> norm on multidimensional regions
and manifolds. See, for example, [19], [20], [28]. However, we are not aware of
publications dealing with best constants in multivariate Markov-type inequalities
with the L? norm and for partial derivatives of arbitrary order. Note that even
the one-dimensional versions of the results of this paper were established only
in [3], [4]. Clearly, for £ = [0,1]Y our Theorems 1.1 to 1.4 simply follow from
their one-dimensional counterparts by taking tensor products. However, passage
to the simplex F = )y makes things nontrivial. Moreover, Theorem 1.2 even
motivates consideration of the entire scale E = QY.

The approach employed in [3], [4] and also in Section 4 of this paper is based
on an idea by Harold Widom [37], [38], [39], which was independently also intro-
duced by Lawrence Shampine [33], [34]. In order to find the asymptotic behavior
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of spectral quantities of a sequence of n x n matrices A,,, they associated an in-
tegral operator Wy, on L?(0,1) with each matrix A,, and then studied whether,
after appropriate scaling, the operators W, converge uniformly to some limiting
operator. In this way Widom and Shampine were able to express asymptotic
properties of A, in terms of the limiting operator. In particular, Shampine [33]
considered Wy, where A, is the matrix representation of the operator (D?)*D?.
For (D™)*D™ with m > 2, the matrices become more complicated and hence we
have the limitation to m = 2 in [33]. What is new in our approach is that we
exploit the fact that the replacement A, — Wy, is an algebraic homomorphism
that preserves also tensor products. Thus, we simply consider the operator Wy,
for A,, being the matrix representation of D and show that, after scaling, Wy,
converges to some limiting operator. Once this has been done, we can easily pass
to adjoints, sums, products, and tensor products.

The reasoning in Section 5 is similar to the one of [3], [4]. The argument used
in Section 6 is different from [3], [4] and based on a strategy that was in another
context pursued in [6].

3 Hermite weights

In this section we prove the assertion of Theorem 1.1 that concerns the Hermite
case. This case is particularly simple.

An orthonormal basis in P, with the norm (1) is {ho, h1, ..., h,} where hy is
the kth normalized Hermite polynomial. We have

T(i+1)

Dyhi = 2y/2 — 0 N,y
I'i—v+1)

(20)

for v <4. As usual, h;; ® ... ® h;, is defined by

(h’i1 ® NN ® hiN)(tlu .. 7tN) - h7,1<t1) . e th<tN)

Then {h;, ® ... ® h;y : (i1/n,...,ixy/n) € E} is an orthonormal basis in P, (E).
For
F=D" Fiinhin ® ... @ hyy, € Po(E)

we then get
(D" ®...@ D) f|?=((D"®...@ D'™)f, (D" ®@...® D'™)f)
= (D i D hiy @ @ DV i > i D iy @@ DN )
=3 firin Froren (D7 By, DYy, ) (DN By, D By (21)
Using (20) and the orthonormality of hg, hy, ..., h, we see that (21) equals

S o2 DD, Tt D
1reensiN F(Z'1—V1+1) F(Z'N—VN+1),



the sum over iy > vy,...,iy > vn,(i1/n,...,ixy/n) € E. Tt follows that the
operator norm of D' @ ... ® DN on P,(F) is given by

D(iy +1) D(iy +1)
F(’il—Vl—i‘l) ”.F(Z'N—VN—Fl)
= 2Wmaxiy(i1—1) ... (i1—n+1) . in(in—=1) ... (iy—vy+1),

|D" @ ...® D" | P, (E)|% = max 2"

the maximum over iy > vy,...,ixy > vy, (i1/n,...,ix/n) € E. Consequently,

R Pn1<E>>/ (2n)" N | '
o (21 (30 (5 -0) (52
:max(%)l...(%v>lv(l+0(%>>- (22)

The limit of (22) is

141 _ vj ;
max Xy ... Ty = max Zq xk s

which proves (10).

4 Laguerre and Gegenbauer weights

This section is devoted to the proof of Theorem 1.1 in the Laguerre and Gegen-
bauer cases and to the proof of Theorem 1.2.

Suppose first that v; > 1 for all j. In that case E, = E. We denote by p,
the ith normalized Laguerre or Gegenbauer polynomial in the norm (2) or (3),
respectively. Then {pa.o,Pa1;---,Pan} is an orthonormal basis in P,. Let D,
be the matrix representation of the operator D : P, — P, in this basis. Given
a matrix A, = (@)}, We denote by Wy, the integral operator on L*(0,1)
with the piecewise constant kernel (n 4 1)ajm1)a],[(n+1)y), Where [£] is the integral
part of £. Recall that L,,, and G,,, are given by (4) and (5). Put o = 1 and
Tn.a = Lo in the Laguerre case and 0 = 2 and 7}, , = G, in the Gegenbauer
case. In [4] we showed that

[(n+1)"""Wpn —Thalle =0 as n— oo. (23)
An orthonormal basis in P,([0,1]V) is
f = {pa17i1 ® e ®paNﬂ'N : (’il, Ce ,ZN) € ST]LV}

where S, :={0,1,...,n}. If A is a linear operator on P, ([0, 1]"V), we denote by
An = (air)iresy its matrix representation in this basis. Thus, if i = (i1,...,ix)
and k = (ki,...,ky), then

a‘i,k = (A(pal,kl ® st ®paN,kN)7pa1,i1 ® ct ®paN,iN)~
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In the case where A = 07" ...0 = D" ®...® D"V, the matrix representation
A, is just the Kronecker product D! =& ...® D*N . We associate with A,, the

a1,n an,n’

integral operator W, on L2((0,1)") given by
(Wa, )@y, .. an)

Throughout what follows || A/, denotes the operator norm if A is an operator
and the spectral norm in case A is a matrix.

Lemma 4.1 (Widom and Shampine) If Cy,...,Cy are linear operators on
P, A, B are linear operators on P,([0,1]"), and o, 8 € C, then
Wichug.@Cn)n =W, ® - @ Wiy,  IWa,llo = [[Anlls-

Proof. Let I, be the interval (k/(n + 1),(k + 1)/(n + 1)), denote by xj the
characteristic function of I, and consider the operators

R:C" — 12(0,1), {m}io— vVn+1 Zkaka
k=0

n

S:L*0,1) — C"" f i {\/n+ 1 f(:l:)d:l:}
Iy,

k=0

It can be verified straightforwardly that ||R||. = ||S]| = 1, that SR = I, and
that R(C;),S = Wi, and (R® ... @ R)X,(S® ... ® S) = Wy, for every
linear operator X on P,([0,1]V). Tt follows that Woa, g8, = aWa, + 8Wpg,,
Wa, B, =Wa, Wg,, and W(Cl)n®~~-®(CN)n = W(cl)n ®... W(CN)n' Since

Walle = [(R®...@ R)A(S® ... 5]l < [[Anlle

= [[(9®...0)W4 (R®...0 R)|ls < [[Wa,lso,

we arrive at the equality [|[Wa,|lco = |Anllco- O
From (23) we infer that

I+ 1) Wpn ®...@Wpoy =T @@ Tyyaylleo =0,
and from Lemma 4.1 we therefore deduce that
|(n + 1)~ Wpit woepty , ~ T @ @ Ty ay |leo — O. (24)

Lemma 4.2 Let X be a Banach space and suppose X is the direct sum of two
closed subspaces U and V, X = U @ V. Let K be a bounded linear operator on
X which has U as an invariant subspace. Then, with Py denoting the projection
of X onto U parallel to V,

K[ Ulloo = K Pyloo-

10



Proof. The decomposition X = U@V allows us to represent K by a 2 x 2 operator
matrix. Since U is an invariant subspace, the 2,1 entry of this matrix is zero.

Thus,
A B
k=(o )
Clearly, K |U = A and

KPU=(64 5)(5 8):(0A 8)

This shows that ||K | U« = [|K Pyl O

We may think of P,(E) as a subspace of P,([0,1]"). Moreover, in the or-
thonormal basis F we may identify P,([0,1]") with ¢2(SY) and P,(F) with
(*(11,,) where S,, ={0,1,...,n} and

I, = {(iy,...,in) € SY : (i1/n,...,ix/n) € E}.

We are interested in the norm [|[D% @ ... ® DN [£*(I1,)||o. Let Py, be the

07

orthogonal projection of £2(SN) onto ¢%(11,). By Lemma 4.2,
IDE @ ® DY [ (M)lloo = (D)0 ® .. ® DY 1) Pan, |l

where the norm on the right is taken over £2(SY). We denote the matrix repre-
sentation of P, in the orthonormal basis F also by P, , although strict use of
notation would require to denote it by (P, ),. A little thought reveals that

1 if i =k ell,,

0 otherwise. (25)

(P, )ik = {

Lemma 4.3 The operators Wp,  converge strongly (= pointwise) on L*((0,1)N)
to the operator

Py : L*((0,1)V) — L*((0,)Y),  (Pef)(z) = { 5 . Z : ; gf

Proof. By Lemma 4.1, |[Wp, |lcc = ||P1,||cc = 1. Hence it suffices to prove that
Wy, [ — Ppf forall f in some dense subset of L*((0,1)"), say for f € C([0,1]").
Thus, fix f € C([0,1]") and € > 0. For i = (i1,...,iy) € {0,1,...,n}", put

i1 1+ 1 iy iy+1
Qi = , X ... X , ,
n+1 n+1 n+1 n+1

n

W, f = PeflP= 32 [ (Wi, ) = Pes(aifas. ()

We have



If 2 = (z1,...,2n5) € Q;, then [(n+ 1)ay] =i1,...,[(n+ 1)ay] = iy and hence

(Wey, f)(z)

By virtue of (25),

We, @) = (0 DY [ (P i F0)
Qi

If (ir/(n+1),...,in/(n+1)) ¢ E then (i1/n,...,ixy/n) ¢ E. Thus, in this case

we have i = (iy,...,ix) ¢ I, and Q; C [0,1]¥ \ E. Consequently, (Pr,):; = 0

and (Pgf)(x) =0 for x € @Q;, which implies that

| W, 1) = Pefeiar =0

Suppose ((i; + 1)/n,...,(ix +1)/n) € E. Then i = (i,...,iy) € II,, and since
((is + 1)/(n+1),...,(ix +1)/(n + 1)) € E, it follows that Q; C E. Thus,
(P, )i; =1 and (Pgf)(z) = f(z) for x € Q;. This gives

o (Wey, f)(@) = (Ppf)(2)*dx

Saroy S (W, f)(z) = (Ppf)(@)]?

1
= —— su
(n+ DN peer

1
< CESE 1fly) — flo)]* < ST

2

4+ ) [ (7(0) - fa) dy

if only n > ny = ny(e). It follows that the sum of the terms

o Wy, f(x) — Ppf(z)2dx

over ((iy+1)/n,...,(in+1)/n) € E is at most n™¥ (¢/(2nV)) = ¢/2 for alln > n.
We are left with the case where

i Iy €E, il“,...,m“ ¢ E.
n+1 n+1 n n

12




These points (i1, ...,iy) are all in a small shell around the boundary of nE and
hence their number is O(n™~!). Summing up over these points we get

2;/\W@% — (Puf)(@)Pdz

<Z@£%N>NG%W:“”>@%%“WYW%W

which is smaller than €/2 if n > ny = ns(e). In summary, (26) is smaller that ¢
if n > max(ny,ny). O

We are now in a position to prove (11) and (12) of Theorem 1.1. It is well
known that if K is a compact operator, || K,, — K||oc — 0, and C} — C* strongly
(the asterisk denoting the adjoint), then || K,,C, — KC|loc — 0 (see, e.g., [5,
Lemma 2.8]). Put

Ko=0n+10"""Wpa o wpw s K=Tha ®...@Thyay

QN

Co=Ci=Wp,, C=C"=P

It is easily seen that all T, o, are Hilbert-Schmidt operators. (Here we are using
our assumption that v; > 1 for all j.) This implies that T}, », ®...®T,, a, is also
Hilbert-Schmidt and thus compact. From (24) we know that || K, — K|l — 0,
and Lemma 4.3 states that C;; — C* strongly. Consequently,

H(n + 1)_J|V‘ WD;ﬁ,n®...®DZ%,nWPHn - (TVhal ®...0 TVN OéN)PEHOO — 0.
This yields that

(n+4 1)~ W o apiy

@1,n @ N,

WPnn Hoo - H( va ... & TVN,aN)PE||oo-
From Lemma 4.1 we infer that

Wi e epiy Wen, lloo = [1(De @ -+ @ DY) Pri [loc

aln

and since n/(n + 1) — 1, Lemma 4.2 gives the desired result.

We are left with the case where some of the numbers 14, ..., vy are zero. We
assume without loss of generality that vy,...,1, > 1 and v = ... = vy = 0.
Note that then

E,={(z1,...,2) € [0,1]F: (21,...,24,0,...,0) € E}.
For the sake of definiteness, we consider the Laguerre case. Let

Cn =0 ...0% | Pu(EL))
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be the norm of 07 ...9;* on P,(E,). We have already proved that
G el Lo, © . ® Ly | () oo @7)

There exists a polynomial g € P,(E,) such that |0} ... g|| = C,l|g||. Define
f € Pu(E) by f(t,...,tn) = g(t1,...,t;). Then 07" ... 0N f = 0* ... 0" g and
hence

/ ) [(O7 . O ) (- tN)PES Lt eT e Rty L dy,
(0,00)
=C; / |f (b, )P0 ke ety Ly,

(0,00)*

for each point (tgi1,...,tx) € (0,00)V =%, Multiplying this equality by
Gt e T ety (28)

and integrating the result over (0, 00)N =% we get |0} ... 0% f||? = C2|| f||*>. Thus,
NO O | Po(E)) = C.

On the other hand, every polynomial f € P, (E) may be written as

Pt ) = Py (brts - B (29)

where

o Lrg1 I
Pix,... ik (tk+1> B vtN) - § :pi1 77777 Tt 1sems thkJrl s ‘tN

and (i1/n,...,i/n,lr1/n, ..., {n/n) € E. This implies that (i;/n,...,i/n) €
E, and that hence the polynomial (29) belongs to P,(E,) for each fixed point
(tis1, - - tn) € (0,00)V7F. We obtain that, for fixed (t3y1,...,tx) € (0,00)VF,

/ [0V O F) (b, - i) [P Ltk e Rty L dty,

(0,00

<C? / |f(tr, o tn) T tike ™™ ety L dty,
(0,00)*

which after multiplication by (28) and integration over (0,00)" % becomes the
inequality ||07* ... 0% fII* < C?||f||*>. This proves that A(9;"...0% | Pu(E)) <
Ch.

In summary, we have A(07"...0y | Pn(E)) = C,, which in conjunction with
(27) completes the proof of Theorem 1.1.

Here is the proof of Theorem 1.2. The operator
U:LXE?) — LA(E), (Uf)(t,....t) =267 2 f(83,. . 8)
is an isometry and the inverse operator acts by the rule

(U g)(ay, ..., 1) = 2*/’“/21;1_1/4 . .q:;l/zlg(xim, . ,x,lf).

14



The kernel of the integral operator G, | L*(E) is

1/24a; 1/2—ay
Y;

2 2

k
x pa—
K(T1, oy gy Y1y ey Yk) = H (2 — 22)" X (y; — ;)

Jj=1

2471 (v;))
where x(§) = 1 for £ > 0 and x(§) = 0 for £ < 0. Thus, for z = (z1,...,2%) € F,
(U (Gra | LA(E)Uf)(@)
2—k/2ﬁx;1/4/Em<x}/2,..., a? by, (U)o ty) dt
=1

and the integral equals

1/2 /2 1/2 1/2 1/2 1/2 ~1/2
/Ezfﬁ(xl/,..., k/,yl/,...,yk/ )(Uf)(yl/,..., k/ QkH 24

k
1 _
1/2 1/2 1/2 1/2 1/4 1/2
:/2H(x1/,_.., TR T le—[y/ P o) o LT o
E -
J=1

Consequently, U™'G, ,U is the integral operator on L*(E?) with the kernel

k
1 —1/4 —1/4 1/2 /2 1/2 1/2
?(ij/yj/ /{(3:1/,..., k/,yl/,...,yk/)
i=1
1 1
~1/4 —1/4_1/4+a;/2 1/4—a;/2 Vi 12 1/2
B i e e L P P N L

2 L 50ir,)

J

| -

=1
T /2, s/
a;/2 —aj/2 vi—1
V|]i|1:F(l/j):EjJ iy = )" Xy — )
]:

[\]

As this is just 1/2/"! times the kernel of L, o, the proof of Theorem 1.2 is complete.

5 Bounds

In this section we prove Theorem 1.3.

Thus, let v = (v1,...,v,) with natural numbers v; > 1 and a = (o, ..., a;)
with real numbers «; > —1. The operator L, , has the kernel

ko aj/2, —a;j/2
x 7y o
H %(% — ;)" x(y; — ).

15



The adjoint of the operator L, o | L*(E) is L;, , | L*(E) where L7 , is the integral
operator with the kernel

—aj/2 a]/2

. ZZ' vi—1
H — ;)" x(zj — y5)-

7=1
Recall that Q¢ = {x € [0,1]* : o/’ 4+ xi/a < 1}. In what follows we will
make frequent use of Euler’s formula

1p—1 _ \g-1 _F(p)F(q)
/Ot (1—1) dt_—F(p+q)

and of Dirichlet’s formula

Sk T(6p1) ... T(0pr)
p1—1 pr—1 _ 1 k
/stl - de D(6p1+ ...+ 0pp + 1)

(30)

The Hilbert-Schmidt norm | K | L?(E)||2 of an integral operator is the L? norm
of its kernel over E x E. We therefore have

(H F(Vj)2> 1Zua | L)1 = (H T(Vj)2> 12 o | (%113

j=1
/ / H“” Yy (g — )" (xy — yy) dyda. (31)
Q0 Jag

If (x1,...,21) € Q) and y; < z; for all j, then (y1,...,y;) is automatically in 3.

Thus, (31) is
k 2
/ ija]/ vy’ (wj — ) dy; | de
Q8 \ - 0

E \j=1
k 1
= /95 <H :vjaj/o x?jto‘jx?l/fQ(l — )i 2y, dt) dx
j=1
k
_ H OC] ZVJ - 1 / H 21/]
j=1 I(ay + 2v5) 2 =1

and formula (30) now implies the equality asserted in Theorem 1.3.

To prove the inequality stated in Theorem 1.3 note first that the kernel of the
integral operator L}, , Ly | L*(9) is

/96 g(t,)g(t,y)dt

k
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where
to"j /2zfaj/2

gt.2) =] W (2 = t5)" "' x(z — 1))

j=1
Consequently,

2
1L L | Q)2 = / / /g<t,x>g<t,y>dt dedy.  (32)
Q) Ji \JQ

The inner integral in (32) is

k| —aj/2 —aj/2
T. Y,
I = ”—J J X
1 ( P(vy)? >

j=1

X
o]

k

k
(H £ (g5 — )"y — )"y — ) x (s — tj)) o

Put w; = min(z;,y;). If z and y are in Qf, then (uy,...,us) is also in Q.
Therefore the integral in (33) is

LTI
I = H/ £ (y; — t5)" (g — 1)ty
j=179
If y; < x; then u; = y; and
/ £ (y; — t5)"7 " ay — 1)t
0
vi o . .
N / t57 (yy = £5)7 (@ — 5)" 7 dl;
0
1
- / Yy sy (1= 8)" (5 — yys) Ty ds. (34)
0
Since z; — y;5 > x; — ;s for 0 <y; < z; and 0 < s < 1, integral (34) is at least

1
a;j+v; vi—1 . -
/ yja ]xjj Soz](l_s)Qu] 2d8
0

_ I(oy + DI'(20; — 1) gty Vil
I'(aj + 2v;) J J

_ I'(ey + D2y — 1) qu+ijl{j—1,

F(Ctj -+ QV]) J J

(35)

where w; = max(x;,y;). The integral I, is symmetric in 2 and y and hence (35)
will also result in the case y; > x;. Thus,

k k
Cidvs i I'la; + DI'(20; — 1
[2 > Fl/,oz ujj+ ijj 17 Fua = | | (aj i ) ( ui )




Letting C, = H?Zl(l/F(Vj)), we obtain that

k
2 412 —C!j —aj 2aj+2l/j 21/]'—2
7 > Cyf‘mllxj Yy, g w;
7=1
k
o 412 a;j+2v;  2vj—a;—2
= C, I, | | u; w; .
7=1

Consequently, a lower bound for (32) is

C;Ll—‘?ja / / ( a]+2VJw?Vj—aj—2> dxdy (36)
Q2 Jad

Jj=1

For each j, we have, up to sets of measure zero, the two possibilities y; < x;
or y; > x;. This gives 2¥ possibilities for all j. Accordingly, we may partition
Q9 x Q into 2% domains B; (i = 1,...,2%). For a fixed j, we have either u; = x;
and w; = y; or u; = y; and w; = z; throughout each domain B;. Thus,

dry...dxgdy ...dy,y = duy ... dug dwy ... dwy

in each B;. This implies that each B; makes the same contribution to (36) and
that hence (36) equals

k
2’“6’31“12,0[/ (Hu?j+2ij]2-yj_aj_2> dudw (37)
B

j=1

where By = {(u,w) € Q) x Q2 : u; < w; forall j}. If w € Qf and u; < w; for
all j, then u is automatically in 2. This shows that (37) is equal to
rairs, |
Q9 H

wj
;2 2uj—a;—2
/ w;' T wy duj>dw
; 0
Jj=1

k w4l/j—1
ka2 J
v ({2 )
e j=1 J J

From (30) we infer that

5 i

dv;—

I = r'H4
/95 | Iw tdw = L(46]v| + 1) gI=l1 ov;).

Putting things together we arrive at the inequality in Theorem 1.3.

k
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Here is, for the sake of completeness, a proof of (14). The squares of the

bounds by := by (v, a, Q%) and by := by(v, v, 22) are

k k

b2 H F CYJ + 1 21/]' — 1) (251/])
2 T(20|v| + 1) ]:1 I'(aj + 2v;)T(v;)? ’

p_ 2T (2] + 1 ﬁ + DI(2v; — 1D(460;)
LTSy + 1) I(aj + 21/])(01] +2v; + DI (v;)?T(20v;)’

=1

and the quotient of these two bounds is

b2 (5)’“ T(46|v] + 1) T'(20v;)?
—Z—=|=-] —=—= (a-+2y'+1)—]. (38)
b 2/) T(20|v|+1)? ]li[l J J I'(4dv;)
Suppose k, 6, o, ..., o remain fixed and v; — oo for all j. Taking into account
that o)
I'(2p o | M
Sl A T
[(u)? aw OO
we see that (38) is
5k 48v| T (46|v)) ['(20v;)?
2w 1 i Sl VA
% 1070 T(25]))? H T T G5,

L gy 25|V| ok H v
2k §lv| 47 117 245”9 25V

k
1
_ (k—1)/2 1/2
= (2m9) BIEE | |Vj ,
j=1

which is the same as (14).

6 Asymptotics

In this section we present a proof of Theorem 1.4.

Let 01, ..., 0r be positive real numbers. For a real number 7 > 0, we consider
the integral operator L, with the kernel

k
—ai/2 ;)2 T—
gr(z.y) =] =; 2y (25— ) ()

j=1

on L*(Q9). Clearly, L, is nothing but
k
<H F(Q]T)> (Lzl‘r,oq ® T ® LZkT,ak) | L2<Qi‘)
=1
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The function H?Zl :L‘]Q-j attains its maximum on Q¢ at the point (pi,...,px) and
nowhere else. This point lies on the boundary of Q¢ and is given by

5
Q.
p; = (|—QJ|> . ol =01+ 4 ok

We denote by H, the integral operator on L*(Q) whose kernel is

k 0;T—1
—oi/2 oj/2 iT—1 Y;
he(z,y) = [[ 12yl e (1 - p—J) X(pj — y)-
=1 ¢

As h.(z,y) is of the form a(z)b(y), the operator norm of H. is the product of the
L? norms of a and b. Thus, using the Dirichlet and Euler formulas,

20, T—a;— 2072
V2, = /H 0y d:cH/ yj< ) ay,

k]l

_ O TTE., T(260;7 — ﬁpaﬁl (o + 1)T(20;7 — 1)
F(25|Q|T — > (aj + 1 5 +1) e J I'(aj + 20,7) ’

(39)

the sum over j = 1,...,k. From Theorem 1.3 we infer that

oF ﬁ I(ay + DT (2057 — DI(200,7)

IL-|I5 =
['(20]o|T + 1) I'(a; + 20,7)

j=1

Consequently, by Stirling’s formula,
1%, I(25]o|r +1) H 0, +10(200,7 — (a; +1)9)
IL-113  T(20]elr = > (e +1)d +1) 2477 [(260;7)

k
~ (25|Q|T)Z(a]-+1)6H ag+1(250 7_) (aj+1)8

J=1

|Q|Z aj+1)6 H O‘J'H (O‘J'H)(S

j=1
O(aj+1
S (a+1) @ s _

that is, ||H:|lo = || L+]|2(1 4+ o(1)). Now suppose we had shown that

ILr = Hellz = o[l H-]I3.)- (40)
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It would follow that ||L, — H,||« = o(||H;||s) and hence

[Lrlloe = [[Hrlloo + o1 Hr|[c0)
= [[Hrlloo(1 +0(1)) = [| L7 [|2(1 + (1)),

as desired. Thus, we are left with (40).
We have

L= = [ [ (62~ 2g0he 4 1) dys
Q8 JQd
— Izl [ [ grhedudo o+ |
a0 /o

We already showed that ||L.||3/||H, ||, — 1, and since the kernel of H, is of
the form a(x)b(y) we may conclude that ||H.||3/||H,||%, = 1. Consequently, esti-
mate (40) will follow as soon as we have proved that

| [ oehe dydef I — 1. (41)
Qk Qk

The integral in (41) equals
L o;7—1
/ H ;T (H/ <1 - —) X(wj = yj) (s —y;)o7 dyj) dx.
Qi J=1
To tackle the inner integrals, we use that if « > —1 and 0 < 3 < 1, then

/0 92(1— B (1 — 1)t = (f(f;)jjl (14 o(1)

as A — oo, the o(1) being unform in 3 € [0, 1]; see, for example, [11, Section 2.4].
If x; < pj, the jth inner integral is

T Y 0;7—1
/ vi° (1 N _]> () — ;)7 dy;
0 pj

1 0;7—1
= a7t / = ( = xi) Lo ar
0 pj

4o [(a; +1) 1
o +0;T 7
=7 14+0(1)),
J (1 + xj/pj)oszrl (Qj,]->aj+1 ( ( ))
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while for z; > p; it is

o Yj “r T—1
/ i < - _) (25 = yy)*™ dy;
0 bj

1 071
o | - 4\
= 2 1p/“/ 199 (1 — ) (1—1;%) dt
0 J

N F(O‘j + 1) 1
N W gy (g
o D(aj+1) 1
‘?‘J""Q]T 7 1 1)
J (1 + a;/p;)e T (g;7) (1+0(1))
Thus, the integral in (41) is asymptotically equal to

(140(1))

2QJ7' 1

k
H QTaJH /Q(;H —l—x/p Ja 1 dx. (42)

Taking into account that ij has its maximum at (p1,...,px) one can employ
standard methods, for example, such as in [13, Section II.4], to show that the
integral in (42) is asymptotically equal to

2g]7' 1

/QaH 1+p /pj) Oé]+1 HQaJ+1 /QJH 207 . (43)

k j=1 k j=1

By Dirichlet’s formula (30), the integral on the right of (43) is

o :
- I I ['(200;7).
['(26|o|7 + 1) o= (200;7)

In summary, the integral in (41) equals

5k F(Oéj + 1)F(25Q]T)
C(2lelr 1) 14 2271 (gr)!

(1+ o(1)).

—.

7j=1
This in conjunction with (39) gives that the left-hand side of (41) is asymptotically
equal to
L'(2d]oj7 — > (a; + 1)+ 1)
['(20|o|T + 1)
k

" H ['(200;m)T'(ej + 20,7)

(2pjo,; )T (200;7 — (a; + 1)0)['(20;7 — 1)

Jj=1

250 7_ (aj-‘rl) (20 T)aj-‘rl
> (o +1)6 H

(25IQI (2pjo;T)tt
k « k) k
—H 1 (&)( ]+1) _H 1 paj+1_1
- a;j+1 - a;j+1 Ij B
= pj]+ |Q| ey pj3+ J
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which completes the proof.

7 Linear combinations

Here is the proof of Theorem 1.5.

Let m > 1 be an integer and a > —1 be a real number. We put T, o = Ly, o
in the Laguerre case and 75, o, = Gy, in the Gegenbauer case. Let M@x)m/z be
the operator of multiplication by (2z)™/2 on L*(0,1) and put Tp,q = Mgzym/2 in
the Hermite case; clearly, in that case 715, , does actually not depend on . In
either case, we let T}, be the identity operator. We finally use the abbreviation

Culp) = C(p(0h, ..., 0n) | Pu(E)). (44)

In Section 4 we introduced the matrix representations D, , of the operator of
differentiation on P, in the Laguerre and Gegenbauer cases. We use the notation
D, , also for the matrix representation of the operator D : P, — P, in the
Hermite basis (where in fact there is no dependence on «).

Lemma 7.1 We have
(n+1)""Wpn ®...® Wpex = T ® - © Ty ay
strongly on L?((0,1)") as n — oo.

Proof. Let I, be the (n + 1) x (n + 1) identity matrix. It is easily seen that
W; — I strongly. In the Laguerre and Gegenbauer cases, we know from (23)
that (n + 1)"""Wpm — T,, 4 in the norm provided m > 1. This implies the
lemma in these two cases. Let us consider the Hermite case. For z € Q; =
[j/(n+1),(j +1)/(n+ 1)), we obtain from (20) that

Wpm, f)(x) = (n+1 Z/ )i ()
- 01+1>[; (DI ),y f () dy

j+m

- <”'*]Jyl; o> Eﬁ%{;ﬁ?fillfxy)dy

Jj+m

=<n+nl; om/2 [ m) G4 ) £(y)dy.

j+m

provided 7 +m < n. Thus,
(n+ 1) (Wpp, f)(x)

: : )
:(n+1).2m/2/@ \/(nj—1+nT1>"'(nil+n+l) J(y) dy.
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If fisin C[0,1] and n is large, then the right-hand side of this equality is ap-
proximately equal to 27/22™/2 f(z). It is not difficult to make this precise and to
show that

[(rn + 1)7m/2WDg§nf — Mggympa fI| = 0

for every f € C0,1]. Since, by Lemma 4.1 and the result known for the one-
dimensional case,

[(n 4+ 1) W, flao = (n+ 1) [ Dl = (n 4+ 1), (D™) ~ 2772,

it, follows that (n 4+ 1)"™/2Wpp — Mg,m/2 strongly on L*(0,1). Tensoring we
get the assertion in the Hermite case. [

Since (n 4 1)/n — 1, Lemmas 4.1, 4.3, and 7.1 give that

—alv|
Z n pm,.-.,wvW(Dgll,n@g...@D;f]VV,n)Pnn
vi+...+vN<M

- Z Puy,...vn (TI/1,a1 ®...0 TVN,OéN)PE

vi+..4+vN<M

strongly, which in turn implies that

—o M §
n pyl""’VNW(Dgtll,n@u-@DZ]J\\[r,n)PHn
vi+...4+vN=M

- Z Duy,.ovn (TVLOQ ®...® TVN,QN)PE (45)

l/1+...+l/N=M

strongly. From the Banach-Steinhaus theorem we therefore obtain that

ES —oM
lim inf > P WDl oDl )P,
vi+...4+vny=M [e)
> E DPuy,.vn (TVl,Oq ®...Q TVN@N)PE
vit+..+vn=M

[e.e]

The right-hand side of this inequality is strictly positive and the left-hand side is
just liminf n=7 M}, (py) due to Lemma 4.1. Hence

lim inf n=" ™, (py) > 0.
Lemma 7.2 Ifp and q are any two polynomials, then C,,(p+q) < Ch(p)+Cr(q).

Proof. Obvious. [

Lemma 7.2 in conjunction with Theorem 1.1 shows that

limsupn =7 MC,(py) < .
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Thus, at this point we have proved (18). From Lemma 7.2 we also get

Cop) SCulpo)+ D Do |C(OF .. 0K | Pu(E)),

vi+..+rvy<M—1

Calpo) SCal@)+ Y [Poran| C(O7 . O | Pu(E)),

vi+.+tvy<M—1

and Theorem 1.1 therefore yields that C,(p) = Cy(po) + O(n°™=1), which to-
gether with (18) gives (19) and thus completes the proof of Theorem 1.5.

Remark 7.3 The arguments used in this section reveal the difference between
the Hermite case on the one hand and the Laguerre and Gegenbauer cases on the
other. In contrast to the Laguerre and Gegenbauer cases, the limiting operators
in the Hermite case are no longer (compact) integral operators, but multiplication
operators, and secondly, in the Hermite case the convergence is no longer uniform,
but only strong. In this light it comes as a fortune that the Hermite case can be
disposed of by the simple reasoning presented in Section 3.

8 Open problems
Problem 8.1 Let N = 2 and consider the operator

p(01,02) = p3o0; + 21050 + p120105 + posds + Z Doy 071 05°.

v1412<2

The principal part is po(91, 02) = p3003 + P210205 + p120103 + pe3ds. Theorem 1.5
tells us that, with abbreviation (44),

Cn(p) ~ Cn(po) =~ n30"

and as long as one of the terms p3pd? and p3d; is present, we cannot say more.
However, if p3g = po3 = 0 and if we are in the Laguerre or Gegenbauer cases, then
the convergence in (45) is uniform because all occurring 7, ., are compact integral
operators. Consequently, in these cases there is no need in having recourse to the
Banach-Steinhaus theorem, since we can rather conclude straightforwardly that

Cr(po) ~ 17 |p21 Ty @ Ty + P12T1.0y @ Ty | L2 (E) || o

However, in the general case we must the replacement of “~” in (18) by “~ times
a constant” leave as an open problem.

Problem 8.2 The most embarrassing message is that our approach fails for the
Laplace operator. This failure is of course connected with Problem 8.1. Let, for
example, N = 2 and A = §? + 93. From Theorem 1.5 we deduce that

C(A|Pa(E)) = n*?,
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but we cannot even prove that C(A|P,(E))/n* converges to a limit.
On the credit side we have a few modest estimates. From (45) we get

C(A|Pu(E))

lim inf > | To0y @ T+ 1@ Ta 0y | L*(E) oo, (46)

while combination of Theorem 1.1 and Lemma 7.2 yields that

C(A|Pu(E))

n20

lim sup < T2 | L2 (Bap)lloo + | Ty | L* (Eo2) oo (47)

Suppose a; = ag = 0 and E = {y. In that case Ey o = Ep2 = [0, 1].
For the Hermite weight, the right-hand sides of (46) and (47) become
[ Mo, 1oz, | L2(Q2)|lo =2 and 2| My, [ L*(0,1) || = 4,
respectively, which results in the estimates

2 < liminf w < lim sup

n—00 n n—oo n

HAPa(2) _

Let us turn to the Laguerre weight. In that case the right-hand side of (47) is
2| Lao | L*(0,1)]|ec =2 x 0.284... < 0.569

(see [33] or [3]). On the right of (46) we now have the operator norm of the
operator Lyg @ I + 1 ® Loy on L*(Qg). Let f be identically 1 on Q5. Then
|fII? = 1/2 and for (z1,z2) € o,

((L;,o RI+I® L;,o)f)(xla T3)

= /xl(xl —y1) f(y1, v2) dys + /m(@ —y2) f(21,y2) dya
0 0

2 2
r] + 5

:/ (a:l—yl)dyl—i—/ (x2 — y2) dyo = 5
0 0

Thus,

1L20 ® I+ 1® Lao | L ()5 = |1 L30 ® 1+ 1@ Lo | L*(Qa)ll2

2 2\ 2
7
> 2/ (371‘;’952) dridry = — > 0.1972.
Qo

180
It follows that

0.197 < lim inf N2 Pn(%2)

n—oo ’]’[,2

A Q
< limsup w < 0.569.

n—oo
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In the Legendre case (= Gegenbauer case for oy = ay = 0) we obtain analogously

that
0.001 < timinf YA Pe @) VAT Pu(02))

n—0oo n n—oo

We remark that for the N-dimensional Laplace operator A = 97 + ... + 9%
the estimates obtained in this way become worse and worse: in the Hermite case
the right-hand sides of (46) and (47) are 2 and 2N, respectively, whereas in the
Laguerre and Gegenbauer cases the upper bounds go to infinity and the lower
bounds approach zero as N — oo. Thus, in general we cannot answer even the
question whether

< 0.143.

C(A|Pn(2n))

n20

lim inf C(A[Pn(2y))

lim su
n—00 n2o ’ P

n—oo
converge to zero, increase to infinity, or remain bounded and bounded away from

zero as N — oo.

Problem 8.3 Consider the wave operator [0 = 9? — 95 on P,(;). The linear
operator

S5 Pu(0) = Pu(@). (SPnt) = £ (M2 M)

V2 V2

is an isometry when taking the Hermite norm. Moreover, the factorization
07 — 03 = (01 + 05)(0) — D)

may be written as the identity 20,0, S = S(9? — 93). It follows that

o 2 a2 _ 2 a2
101 Pa(0)) = max [[6F — )| = max 150 — o)/

= max ”2 8182 Sf” = max ||2 81(92 g|| = 277((9182 | Pn(QQ))
ISfl=1 llgll=1

and from Theorem 1.1 we obtain that

21(0102 | Pn(22)) ~2n  max Axizy = 2n.

(z1,22)€EQ2

The following problems remain open. What can be said about C(O| P, (£2)) if
C = X or C' =~? What happens if O is the more general operator 97 —c?937 Can
one tackle the Laplace operator by using the factorization A = (0;+i05) (0, —i0s)?
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