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Abstract

In recent works concerning the solution of various kinds of random equations or
the stochastic simulation of random functions often so called (generalized) polynomial
chaos expansions are used. Hereby one step is the representation of random variables
through independent random variables with specific distributions, e.g., Gaussian vari-
ables. The present work addresses the questions how many such variables are needed
and what kind of distributions can be generated in such a way. It is shown, that
allowing arbitrary measurable transformations, usually one can generate the needed
random variables with the help of only one random variable with continuous distribu-
tion function, e.g., one standard Gaussian random variable.
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1 Introduction

In recent time various kinds of polynomial chaos expansions are used to represent random
variables or random functions, e.g. in the solution of random equations or in the stochastic
simulation of random functions. These polynomial chaos expansion are based on a sequence
of orthogonal polynomials with respect to a probability distribution. Although in principle
for arbitrary probability distributions with finite moments such sequences of orthogonal
polynomials exist and can be taken as a tool for constructing expansions mostly some
specific probability distributions are chosen for this task. Among the absolutely continuous
distributions there are the uniform, Beta and Gamma distributions. Historically the first and
perhaps the most important is the Gaussian distribution. This is partly due to the properties
of Gaussian distributions which allow a relatively easy modelling of random functions. All
the mentioned probability distributions lead to a family of classical orthogonal polynomials
(in a wider sense).

So in many situations one has to consider transformations of random variables or vectors
and work with or investigate the corresponding polynomial chaos expansions. In [6] for
example the accuracy of such expansions is investigated. Hereby the starting point is the
class of random vectors in R¢, which can be written as a deterministic measurable function
of a standard Gaussian random vector in R¥. In this situation there are at least two aspects
of interest.

1. Measurability. A standard Gaussian vector 1 in R¥ is assumed to be given, hence
also an underlying probability space (€2, .4, P) is implicitly or explicitly given on which
this random vector is defined. Assume that we consider a random vector £ in R¢ which
can be written as & = g(n) with a deterministic measurable function g : R¥ — R<.
Then it follows from elementary measurability properties that & is defined on the same
basic probability space (2,4, P), and moreover it is measurable with respect to the
o-algebra o(n), generated by the random vector i on € (it is a sub-o-algebra of A
on ). The so called Doob-Dynkin theorem (see e.g. [10], Lemma 1.13) then states
that also the converse is true: If E is anARd—valued random vector, defined on the same
basic probability space (2, A4, P) and £ is measurable with respect to the o-algebra
o(n), then there exists a measurable function g : R¥ — R? with E = g(m). Such
measurability questions can play a role in the theory of random equations, so e.g. one
distinguishes in the investigation of stochastic It6 differential equations between strong
and weak solutions (in the stochastic sense), for the strong solutions the probability
space is given, for weak solution it can be chosen in some way.

2. Distributions. For many problems only the distributions of the two random vectors
are given or searched, not the underlying probability space and the specific mappings.
Thereby different questions can be posed.

e The probability distribution of the random vector 1 is known, also the measurable
function ¢ : R¥ — R? is given. Then the distribution of the random vector §
is uniquely determined and one can ask for this probability distribution or some
statistical characteristics such as moments or tail probabilities.

e Generalizing the previous situation we assume that we know the probability dis-
tribution of the random vector 7. Now we want to describe all possible probabil-
ity distributions in R? of random vectors g(n) where the deterministic functions
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g : R¥ — R? belong to a class of measurable functions with some properties,
e.g. the most general class of all measurable functions from R* to R¢.

o If the probability distributions PE and Pp of random vectors £ and 7, respec-

tively, are given (the underlying probability spaces do not play here any role,
especially they may be distinct), then an important question is to find, if it ex-
ists, a suitable measurable function g : R* — R?, such that for random vectors
€ and 1 on one common probability space and satisfying & = ¢(7) it holds for
the corresponding distributions P{ = PE and Pp = Pﬁ- Usually such a transfor-

mation g is not unique so that also the question of finding such a transformation
with special properties can be of great interest.

In this article we will not deal with this last question. We will concentrate on the question
of finding the class of all probability distributions of random vectors, which are measurable
transformations of a random vector with given distribution. Especially we will ask how the
dimensionality of the random vectors (expressed in the possibly different dimensionality of
the spaces R* R?) will influence the answer.

The article is structured as follows. In the next section the case of one-dimensional dis-
tributions is considered. Here the basic results are well-known. They are reviewed briefly
together with interesting conclusions for our problem. After that the case of random vectors
with possibly different dimensions k£ and d is considered followed by a conclusion.

In both cases we will give some formulations, which we find interesting in connection with
the investigation of the stochastic finite element method (SFEM), or more generally with
the use of polynomial chaos expansions in the solution of random equations. In order to give
a correct basis for these statements we will formulate an abstract version of the Cameron-

Martin theorem together with used concepts here. This material is taken from Chapter 2
in [8].

Considering the case of representation of random vectors we will use results about probability

in metric spaces. Therefore related basic concepts and results are also reviewed briefly
afterwards.

1.1 The Cameron-Martin Theorem

Let (€2, A,P) be a probability space which is sufficiently rich such that it is possible to
define on it nontrivial normally distributed random variables v ~ A(0, 02) with mean value
0 and variance 02 > 0 (otherwise one speaks only about-the degenerate random variable
which takes on the value 0 with probability 1). A Gaussian linear space is a linear subspace
of the space L*(Q2, A, P), consisting of centred (i.e., with mean value 0) Gaussian random
variables. A Gaussian Hilbert space is a closed linear subspace of the space L?(, .4, P)
consisting of centred Gaussian random variables.

For a given Gaussian linear or Hilbert space H and a number n € Ny = NU{0} one considers
the following linear subspaces of 1L2(Q2, A, P):

Pn(H) .= { p(&,...,&n);p(-) is a polynomial of degree < n,
&EeEH,i=1,...,m, meNy}
and the corresponding closure (in the space L%(Q, A, P))
Pn(H) := clos P, (H).




Note that the number of arguments of the polynomials p(-) is arbitrary, also the random
variables can be chosen arbitrarily. One can show that these spaces are different for different
values of n, so they form a strongly increasing sequence of subspaces (Pn(H),n € Np) in
L%(Q, A, P). Taking orthogonal complements one defines for n € N

H™ = Po(H) & Poa (M) = Pa(H) NP (W)

so that it holds

H) — éf}_{:k:
k=0

with H* = Py(H) = Po(H), which is isomorphic to R, and the definition

é H™ = clos D Pn(H).
n=0 n=0

Now we can state the Cameron-Martin theorem.

Theorem 1 With the above definitions the spaces H™,n > 0 are pairwise orthogonal closed
linear subspaces of L2(Q2, A, P) and it holds

PH™ =L*Q,0(H),P).
n=0
Hence in the case of A= o(H) the space L? = L*(Q, A, P) admits the orthogonal expansion

(Q,A,P) = @H"

Remark

Elements of the spaces L? and hence also H are equivalence classes of random variables.
Therefore o(H) means that all of the equivalent functions have to be measurable, i.e., this
o-algebra is generated by one representative from each equivalence class and the events Wlth
probability 0. This remark applies also to similar notations below.

Denoting for a random variable £ € L*(Q, o(H), P) and n € Ny the orthogonal projection on
H™ with €™ = projy..& we get the so called Wiener-Hermite polynomial chaos expansion
for the random variable

whereby the series converges in the mean square sense. Therefore the random variable &
can be approximated in mean square sense by partial sums

e~ =Y e
k=0




In the simplest case, when the Gaussian Hilbert space is one-dimensional, i.e., H = {cv :

c € R} with a standard Gaussian random variable v, the linear spaces H™ are also one-

dimensional and they are spanned by the Hermite polynomial of degree n with respect to

the basis variable, i.e., H™ = {cHe,(7) : ¢ € R}, with He,(z) := (—1)”67d ~ (e_T) for
&

n € Ny, x € R.

In view of the broad use of these facts for SFEM and other numerical methods for random
equations some remarks are appropriate.

Remarks

1. The condition A = o(H) is a necessary one. This follows from measurability proper-

ties, see e.g. the Doob-Dynkin theorem. A simple example where this condition is not
fulfilled and the conclusion of the theorem is not valid can be given as follows.
Take as probability space @ = R, A = o ({0},{1}), P({1}) = p, P({0}) = 1 — p,
0 < p < 1. Then the only possible nonempty Gaussian Hilbert space for this probabil-
ity space is trivial, i.e., it consists only of the equivalence class of a.s. constant 0 random
variables, H = {&}, with random variable & (-) with £,(0) = &(1) = 0, &(w) = ¢ for
w ¢ {0,1} and with 2y € R. The corresponding generated o-algebra o(H) = o (&)
consists only of events with probability 0 or 1, it holds o(H) = {0,{0,1},R\{0, 1}, R}.
Nevertheless on the given probability space there exist non-degenerate random vari-
ables with finite second order moments. For example the random variable £ with
£(0) =0, £(1) = 1 and &(w) = 2 otherwise follows a Bernoulli distribution with
parameter p. Completion of this probability space does not change the situation.

2. On the other hand random variables with finite second order moments and arbi-
trary discrete, singularly continuous or absolutely continuous as well as mixed type
of distribution in L?(2, o(H),P) can be approximated in the mean square sense by
polynomials in Gaussian random variables, the partial sums of the Wiener-Hermite
polynomial chaos expansion.

3. This approximation assures the approximation of corresponding first and second order
moments. Because from the mean square convergence it follows the convergence in
probability and also the convergence in distribution one can also conclude that in this
way an approximation of distribution functions and e.g. quantiles can be achieved. Of
course there are also other characteristics which have to be approximated in applica-
tions, so e.g. probability densities or higher order moments (see e.g. [5, 6]), also other
types of convergence concepts can be of interest.

Similar expansion results are valid for basic random variables with other distributions than
a Gaussian one. The corresponding expansion are then called generalized polynomial chaos
expansions (see e.g. [14]). Further properties of them will be investigated in a forthcoming
paper.

1.2 Random elements in separable metric spaces

Let (2, A, P) be a probability space. If (X, Sy) is another measurable space, then a random
element X in & is a measurable mapping from (2, A4, P) into (X,Sx), i.e., X : Q@ — X with

X YB):={XeB}={weQ:X(w)eB}e A VBecSx




Other names are " X-valued random element”, ”generalized random variable in X” or simpl
)
“random variable in X7,

In the case of X = R, this gives the definition of a real valued random variable and in case
of X =R? (d € N) the definition of a finite dimensional random vector.

With every random element X : Q — X a probability measure Px on (X,Sx) is related,
the distribution of the random element. It is defined by

Px(B)=P(XeB)=P({weQ: X(w)eB}) (BeSx).

A random element X with values in X is called a simple random element, if the range is
a finite nonempty set in X, i.e., there exists a finite partition of the probability space Q2 =

N
U ) with measurable sets Q € A,k =1,...,N (N € N) and elements z3,k =1,..., N
k=1
in X (they can be assumed to be pairwise distinct), such that X(w) = z; for w € Q.
The corresponding probabilities are P(£2) = pg, so that it holds p, > 0,k =1,..., N and
N

Z pr = 1. The distribution of a simple random element is a discrete probability measure
k=1
on (X,Sx), it can be written as

N
Px = Zpk(smk
=

with the help of Dirac measures d,, defined by 6., (B) = 1 if ;, € B and d,,(B) = 0
otherwise (B € Sy, k=1,...,N).

Usually the space X has a richer structure, often it is a metric space with metric function
0: X XX — R or even a Banach or Hilbert space. Then one can usually work with the
measurable space (X, B(X)), where B(X) is the Borel-o-algebra, i.e., the o-algebra gener-
ated by the open subsets of X. For such spaces it holds the following basic approximation
result.

Theorem 2 Let (X, 0) be a separable metric space, B(X) the Borel-o-algebra on X and
X a (X,B(X))—valued random element. Then there exists a sequence (X,;n € N) of
(X, B(X))-valued simple random elements, which converges almost surely to X, i.e.,

P (w : lim o(Xn(w), X (w)) = o) =1,

n—oo

A sequence (X,;n € N) of (X, p)-valued random elements converges in distribution to the
random element X if for all bounded continuous functions f : X — R it holds

Jim B{f(X.)} = B{/(X)}.

If a sequence (X,;n € N) of (X, p)-valued random elements converges almost surely to
the random element X, then it converges also in distribution. The opposite is not true
in general, but the following theorem of Skorokhod is valid. Thereby we denote the usual
Lebesgue measure on subsets of R with Leb.

Theorem 3 Let (X, p) be a complete separable metric space, and let (X,;n € N) be a se-
quence of (X, B(X))-valued random elements, which converges in distribution to the random
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element X. Then there exists a sequence (Xn;n € N) of (X, B(X))-valued random elements,
which is defined on the probability space ((0,1),B(0,1),Leb) and converges almost surely

to a random element X, such that it holds for the distributions Px, = Pg ,n € N, and
PX = P)}

This means, that the convergence in distribution can be realized as almost sure convergence
with suitable random elements, such that the distributions of the corresponding members
of the sequences coincide. (The distribution of the sequences as a whole do not coincide in
general.) Here we use only the fact, that the random elements can be defined on the special
probability space ((0,1),8(0,1),Leb). A proof of this result can be found e.g. in [7]. An
immediate conclusion is the following:

Corollary 4 Let (X,0) be a complete separable metric space, and let X be a (X, B(X))-

valued random element. Then one can find a random element X with the same distribution

as X, i.e., Px = Pg, which is defined on the probability space ((0,1),B(0,1),Leb).

These and further results and examples concerning probability or random elements in metric
or Banach spaces can be found e.g. in [1, 2, 4, 12].

2 Representation of random variables

Let £ be a real valued random variable, defined on a probability space. It can be character-
ized by (and will be given mostly only through) its distribution function

Fe(z) =P < x), z € R.

The basic properties are
1. lim Fe(z)=0, lim Fe(z)=1;

2. F¢(z) is nondecreasing on R

3. F¢(z) is continuous from the right and has limits from the left on R.

These properties characterize the class of distribution functions of real random variables,
i.e., each real valued function on R with these properties is a distribution function of a
random variable (see e.g. [13], Chapter II, §3).

One can define the generalized inverse function

Fy (u) :==sup{zr € R: F¢(z) < u} (ue(0,1)).

In many cases or allowing +o00 and —oo as possible values the domain of definition can
be extended (by continuity) to the closed interval [0,1]. If the distribution function Fe()
is strongly increasing on R or on the interval [a,b] with F¢(a) = 0 and F¢(b) = 1, then
the inverse function Fgl(-) exists in the usual sense and it coincides with the generalized
inverse.

Now it holds (see e.g. [11], Sect.5-2 or [3], Sect.3.1 for the following results)
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Theorem 5 Letn be a random variable with uniform distribution on the interval (0,1) and
F(-) an arbitrary distribution function of a real random variable with generalized inverse
function F~(-). Then the random variable & == F~(n) has the distribution function F(-),
1.e., it holds

Fe(z) =P <2) =P (n) <z) = F(z).

This basic result is used for example in Monte Carlo simulations in order to generate real-
izations of random variables with prescribed distribution functions.

A corresponding result in the opposite direction is the following.

Theorem 6 Let F¢(-) be a continuous distribution function of a real valued random variable
. Then the random variable n = F¢(€) is uniformly distributed on the interval (0,1), i.e.,
1t holds

0 <0
Fyw)=P(n <o) =P(F(§) <z)={ z 0<a<]
1 1w

Here the assumption, that Fg(-) is continuous on R is necessary, for a discontinuous dis-
tribution function F¢(-) the random variable n = F¢(€) is not uniformly distributed on the
interval (0,1).

Example
Let & be a random variable with exponential distribution with parameter 1, i.e.,

R -Pe<a-{]_.. 250

Then the (generalized) inverse function is
Fl(u) = —In(1 — u) 0<u<l.

Hence the random variable n := F¢(§) =1 — e ¢ is uniformly distributed on the interval
(0,1).

Otherwisg, for a uniformly on the interval (0, 1) distributed random variable 7 the random
variable £ := Fgl(n) = —1In (1 —7) follows an exponential distribution with parameter 1

(here one can also take the variable £=—In (1) because also 1 — 7 is uniformly distributed
on the interval (0,1)).

From Theorem 6 we conclude the following.

Theorem 7 Let (2, A, P) be a probability space, on which a real-valued random variable
& with continuous distribution function F¢(-) may be defined. Furthermore let F(-) be an
arbitrary distribution function of a real-valued random variable. Then one can define on the
probability space (Q, A, P) a random variable with this distribution function F'(-).

Proof
The distribution function of the random variable (p := F~ (F¢(£)) is the given function F'(-)
by the preceding theorems. O




Corollary 8 If the Gaussian Hilbert space H is nontrivial (H # {0}), then on the proba-
bility space (0, 0(H),P) there exist random variables with arbitrary distribution functions.

Hence for a nontrivial Gaussian Hilbert space random variables with arbitrary distribu-
tions with existing second order moments can be approximated through a Wiener-Hermite
polynomial chaos expansion (given the right measurability properties).

In connections with applications of Theorem 7 it can also be remarked, that there is usually
not only one random variable on the given probability space (2, A, P) with the prescribed
distribution function F'(-). So e.g. for a random variable 1 with uniform distribution on the
interval (0,1) also the random variables ng = gi(n), k = 1,2, 3 are uniformly distributed on
the interval (0, 1) and defined on the same underlying probability space, if the deterministic
functions are

al@)=1-z z€(0,1)
) 2z 0<x§%
g2(x)_{2x—1 s<z<l

gg(m):{x <%

Then e.g. all the random variables ¢, := F~(g1(F¢(€))), G = F~(g2(Fe(€))) and ¢ :=
F~(g3(F¢(£))) possess the same given distribution function F'(-).

This rises new questions. Consider for example the case of Wiener-Hermite polynomial
chaos expansions for a random variable £ € L2(Q, o(7), P) with a standard Gaussian random
variable 7. Then there are many other standard Gaussian random variables ~y; = g:(7),i €1,
with deterministic bijective measurable functions g; : R — R, I is a nonempty index set. In
general the corresponding Wiener-Hermite polynomial chaos expansions of & with respect
to Hermite polynomials in +; will be different for different indices i € I. So the expansion
of the random variable vy with respect to Hermite polynomials in v will be exact for n =1,
whereas the expansion with respect to Hermite polynomials in 7; # v will not. Thus we can
use expansions which converge slower or faster and the question of the best choice can be
posed. We will not consider this question here.

3 Representation of random vectors

Now we investigate the case of transformations of random vectors, especially the question
of the influence of different dimensions. In the Gaussian case different dimensions of the
random vectors are characterized by different numbers of stochastically independent com-
ponents. Hence there is a relationship to the possible numbers of independent random
variables in the result of such a deterministic measurable transformation. So one can pose
for example the following question. Is it possible to generate a random vector ¢ in R with
prescribed distribution Pg by a deterministic measurable transformation from a standard

Gaussian vector v in R* but not from a standard Gaussian vector ~ in RF with k < k?

A first question in this direction which one can ask is the following. Is it possible to find
to a given random variable 1) a transformed random variable £ = g(n), such that 7 and &
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are stochastically independent, i.e., is it possible to transform a random variable 7 into a
random vector (1, g(n)) with independent components? The answer on this question can be
given easily.

Theorem 9 Let 1 be a random variable on a probability space (2, A, P) which is not al-
most surely constant. Then any random variable £ = g(n) with a deterministic measurable
function g : R — R, which is stochastically independent of n, is almost surely constant.

Proof

For the generated o-algebras it holds o/(€) C o(n), furthermore the o-algebras o (€) and o(n)
are independent if the random variables £ and 7 are stochastically independent. Hence for
any event A € o(£) we have

P(A) = P(AN A) = P(A)P(A).

This is possible only if P(A) = 0 or P(A) = 1 which in turn means that the random variable
€ is almost surely constant. (]

So in this way it is not possible to generate new nontrivial independent random variables
to a given one. But also another situation is of interest. Assume we are given a random
variable 77 which is non-degenerate, i.e., not almost surely constant. Can we find several
measurable functions g; : R — R, such that the non-degenerate random variables & = g;(n)
are mutual stochastically independent? We will here restrict ourselves to random variables
n with continuous distribution function (this is the case we are mainly interested in) and
give at first an abstract result, from which the affirmative answer to the question above
follows.

Theorem 10 Let n be a real random variable with continuous distribution function on an
underlying probability space (2, A, P) and let (X,B(X)) be a measurable space, consisting
of a complete separable metric space X endowed with its o-algebra of Borel subsets B(X).
Then for any probability distribution P on (X,B(X)) there exists a measurable mapping
g:R — X such that the random element X := 9(n) has the distribution P.

Proof
Let F,,(-) be the continuous distribution function of the random variable . By Theorem 6
the random variable £ := F)(n) is uniformly distributed on the interval (0, 1).

Now we apply Corollary 4 and find on the p~robability space ((0,1),B8(0,1), Leb) a random
element X with the given distribution Py = P. The searched measurable function g : R — R

can then be defined as the composite mapping g(z) := X (F,(z)), the random element is
X = X(Fy(n)). O

Corollary 11 Let n be a real random variable with continuous distribution function on
an underlying probability space (2, A,P). Then for an arbitrary sequence (Fj;i € N) of
distribution functions there exist functions g; : R — R, i € N, such that the random variables
& = gi(n) are stochastically independent.

Proof
Apply the previous theorem to the complete separable metric space X = R and the product
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probability distribution P = H Pp, on it. Here Pp, denotes the probability distribution on

=1
R with distribution function Fj. ]

Theorem 12 Let 1 be a real random variable with continuous distribution function on an
underlying probability space (Q, A, P). Furthermore let (g;;i € 1) be a family of deterministic
measurable functions g; : R — R, such that the non-degenerate random wvariables £ =
gi(n),i € I, are stochastically independent. Then the indez set I is at most denumerable.

Proof

If the random variables & = g;(n), i € 1, are independent, then also the transformed bounded
random variables & = arctan(§;) = arctan(gi(n)) = gi(n), i € I. For these bounded random
variables all moments exist. We assume without loss of generality that these random vari-
ables are centred. The corresponding deterministic functions g;(x) = arctan (g,(Fn_ (33))) are
defined and measurable on (0,1), they belong to the Hilbert space L2((0, 1),B(0,1),Leb)
and they are mutually orthogonal there. But the space L2((0,1), (0, 1), Leb) is separable,
hence the number of such functions is at most countable. |

From Corollary 11 an interesting theoretical result for polynomial chaos expansions can be
infered. We begin with an auxiliary result.

Theorem 13 Let ‘H be a separable Gaussian Hilbert space with basis (7i;1 € T C N).
Then there exists a standard Gaussian random variable v € L?(Q,0(H), P) such that the
basis random variables can be generated from vy with deterministic measurable functions
9 :R—=R, ie, v =g(v),i € L. Particularly it holds o(H) = o(y).

Proof

We can transform any standard Gaussian random variable 7 into a uniformly on the inter-
val (0,1) distributed random variable via & = ®(¥) and vice versa. Thereby independent
random variables are transformed into independent random variables. So we can deal with
random variables § = ®(v;),i € I, with uniform distribution on the interval (0,1). Fur-
thermore we can assume, that all random variables are defined on the probability space

((0,1),B(0,1), Leb).
Every number w € (0,1) can be expanded in the dual number system,
= bn(w)

w= nz::l o

thereby the functions b,(-) take on only the values 0 and 1 and this expansion is almost
surely unique. This leads to corresponding expansions

o0

b0 515D

here the random variables b,(&;(-)),n,i € N, are stochastically independent and Bernoulli
distributed with parameter p = 0.5 because the random variables &,1 € N, are uniformly
distributed on (0,1). Now we consider a bijection k : N x N — N and define the random

variable
fo) = 3 MR = > )
bi=1 k=1
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with Ck(w) = Ck(i}j)((x)) = b](gl(w))7 Z)] €N.

Then the random variables ck(-),k € N are independent and Bernoulli distributed with
parameter p = 0.5, they coincide almost surely with the expansion term of €(+) in the dual
system, i.e., ck(-) = bg(€(")) a.s., furthermore the random variable £(-) is uniformly dis-
tributed on the interval (0,1). Then the random variables &(+),7 € N, can be reconstructed
from £(-) via the expansions

6w) = 3 2) _ 5 Do (E(w)
n=1 n=1

This leads in connection with the transformation from and into Gaussian random variables
to the searched functions. ‘ |

The reasoning in the proof above follows the probabilistic interpretation of the interval (0,1),
as developed e.g. by Steinhaus (see e.g. [9], Chapter I or [13], Chapter II, §11).

From this and the abstract Martin-Cameron Theorem 1 we conclude

Corollary 14 Let H be a separable Gaussian Hilbert space. Then there erists g standard
Gaussian random variable y € L*(Q,0(H),P) such that it holds o(H) = o(y) and each
random variable £ € L2(Q,0(H),P) can be expanded in this space in an abstract Fourier
series with respect to Hermite polynomials in v, i.e.

B = He, () i - Hen(v)

So, theoretically one can restrict oneself to polynomial chaos expansions with respect to only
one standard Gaussian random variable. But it must be remarked, that the transformation
from a vector of independent standard Gaussian random variables to one standard Gaussian
random variable, which stands behind this fact, is a general measurable one and in general
one cannot expect further smoothness or similar properties. It is expected that these series
converge slower than corresponding series for smooth functions of Gaussian random vari-
ables. On the other hand the number of needed term in Wiener-Hermite chaos expansions
rises very fast for several basic random variables. The possible effect of the reduction to
only one random variable has to be investigated separately.

In connection with the results above the following can be stated.

Theorem 15 Let H be a nontrivial Gaussian Hilbert space. Then there exists a standard
Gaussian random variable y € L*(Q, o(H),P) which do not belong to the Gaussian Hilbert
space H.

Proof

There exist random vectors (&1,&2), for which the one-dimensional marginal distributions
of & and & are Gaussian, but the vector is not a Gaussian random vector, L.e., there exist
linear combinations a1&1 + a€y which are not normally distributed. An example is given
e.g. in [13], Chapter II, §13. Random variables & and & such that the distributions of

12




(£1,6) and (£1,&) coincide belong to L?(Q,0(H),P), but they cannot be elements of H
because the linear combination a;&; 4+ as&s is not normally distributed. U

This theorem means with other words, that in general a Gaussian Hilbert space cannot
contain all Gaussian random variables on a given probability space.

4 Conclusion

It is shown in this article, that if one works with separable Hilbert spaces of random vari-
ables which contain random variables with continuous distribution functions, theoretically
one Gaussian random variable can generate all other random variables (with the help of
deterministic measurable functions) and polynomial chaos expansions are valid with respect
to this single random variable. The possible use of this result for the approximate solution
of random equations requires further investigations.

A further result states that allowing arbitrary measurable transformations random vari-
ables or vectors with arbitrary distributions can be generated from a random variable with
continuous distribution function.

A forthcoming paper is addressed to the question of convergence of generalized polynomial
chaos expansions and related problems.
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