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1 Introduction

Tanino and Sawaragi [12] (see also [9]) developed conjugate duality for vector opti-
mization by introducing new concepts of conjugate maps and set-valued subgradients
based on Pareto efficiency. Furthermore, by using the concept of the supremum of
a set on the basis of weak orderings, the conjugate duality theory was extended to
a partially ordered topological vector space by Tanino [14] and to set-valued vector
optimization problems by Song [10], [11], respectively.

Dealing with conjugacy notions in the framework of set-valued optimization, the
so-called perturbation approach in the conjugate duality (see [15]) has been extended
to the constrained vector optimization problems (cf. [2]). As applications, rewriting
the vector variational inequality in the form of a vector optimization problem, new
set-valued gap functions for the vector variational inequality have been introduced.

By using a special perturbation function, the Fenchel-type dual problem for vec-
tor optimization has been obtained and based on this investigation some set-valued
mappings have been introduced in order to apply them to variational principles for
vector equilibrium problems (see [3]). Notice that variational principles for vector
equilibrium problems have been investigated first in [4] and [5]. Some related results
in the scalar case can be found in [1] and [6].

In this paper we consider two additional perturbation functions implying the
Lagrange and Fenchel-Lagrange type dual problems, respectively.

*The research of the first author has been supported partially by Deutsche Forschungsgemein-
schaft.




This paper is organized as follows. In Section 2 we give some preliminary results
dealing with conjugate duality for vector optimization and stability criteria. On the
basis of two special perturbation functions different dual problems are introduced
in Section 3. In order to state the strong duality, we use in Section 3 general results
due to Song. Finally, as applications some new gap functions for vector equilibrium
problems related to conjugate duality are introduced in Section 4.

2 Mathematical preliminaries

Let Y be a real topological vector space partially ordered by a pointed closed convex
cone C with a nonempty interior int C in Y. For any &, 4 € Y, we use the following
ordering relations:

§<p & p—EedC;

E<p & p—E€int C

E£Lp & p—E¢int C
The relations >, > and » are defined similarly. Let us now introduce the weak
maximum and weak supremum of a set Z in the space Y induced by adding to Y

two imaginary points +0o and —oo. We suppose that —oco < y < 400 for y € Y.
Moreover, we use the following conventions

(Foo) +y =y + (£oo) =too forally € Y, (do00) + (do0) = oo,
A(£00) = Fo00 for A > 0 and A(f£o0) = Foo for \ < 0.

The sum 400 + (—00) is not considered, since we can avoid it.
For a given set Z C Y, we define the set A(Z) of all points above Z and the set
B(Z) of all points below Z by

A(Z) = {y €Y|y >y for some ¢ € Z}

and B
B(Z)= {y €Y|y <y for some y € Z},

respectively. Clearly A(Z) CY U{+oco} and B(Z) CY U {—o0}.
Definition 2.1

(i) A point § € Y is said to be a weak mazimal point of Z CY if § € Z and
Y& B(Z), that is, if § € Z and there is noy' € Z such that § < /.

(i) A point § € Y is said to be a weak supremal point of Z C Y ify ¢ B(Z)
and B({y}) C B(Z), that is, if there is noy € Z such that §j < y and if the
relation y' <7y implies the existence of some y € Z such that y’ < y.




Weak minimal and weak infimal points can be defined analogously. The set of
all weak maximal (minimal) and weak supremal (infimal) points of Z is denoted by
WMax Z (WMin Z) and WSup Z (WInf Z), respectively. Remark that WMax Z =
Z N WSup Z. Moreover it holds — WMax(—Z) = WMinZ and — WSup(—2) =
WInf Z. For more properties of these sets we refer to [13] and [14].

Now we give some definitions of the conjugate mapping and the subgradient of a
set-valued mapping based on the weak supremum and the weak maximum of a set.
Let X be another real topological vector space and let L(X,Y) be the space of all
linear continuous operators from X to Y. For z € X and [ L(X,Y), (I, z) denotes
the value of [ at .

Definition 2.2 (see [14]). Let G: X =Y be a set-valued mapping.
(i) A set-valued mapping G* : L(X,Y) =Y defined by

G*(T) = WSup | J [(T, z) — G(x)], for T € L(X,Y)

zeX
is called the conjugate mapping of G.
(ii) A set-valued mapping G** : X =Y defined by

G*™(z) = WSup U [(T, x) — G*(T)], forze X

TeL(X,Y)
is called the biconjugate mapping of G.

(i) T € L(X,Y) is said to be a subgradient of the set-valued mapping G at (zo; yo)
if yo € G(xo) and

(T, z0) — yo € WMaz U [(T, z) — G(z)|.

The set of all subgradients of G at (2o;yo) is called the subdifferential of G at
(z0;y0) and is denoted by OG(zo;yo). If OG (wo;yo) # @ for every yo € G(zo), then
G is said to be subdifferentiable at x.

Let X and Y be real topological vector spaces. Assume that Y is the extended
space of Y and h : X — Y U {400} is a given function. We consider the vector
optimization problem

(P) Winf{h(z)|z € X}.

Based on a perturbation approach (see [14]), a dual problem to (P) can be defined
as follows

(D) WSup U [—@*(O,A)],
AeLUY)




where ® : X xU — Y U{+o0} is called a perturbation function having the property
that
®(z,0) = h(z), Vz € X.

Here, U is another real topological vector space. Moreover, the conjugate mapping
of ® is ‘
&*(T, A) = WSup {(T, 2) + (Au) — O(z,u) € X, ue U}

for T € L(X,Y) and A € L(U,Y).

Proposition 2.1 [14].(Weak duality)
For anyx € X and A € L(U,Y) it holds

O(z,0) ¢ B( — 340, A)).

Definition 2.3 [14]. The primal problem (P) is said to be stable with respect to ®
if the value mapping ¥ : U =Y defined by

T(u) = anf{q>(x,u)| re X}
is subdifferentiable at 0.
Theorem 2.1 [14], [10]. If the problem (P) is stable with respect to ®, then
WInf(P) = WSup(D) = WMax(D).

Let us now mention some definitions and assertions related to the stability.
For a given set-valued mapping G : X =2 Y U {400}, we have

— effective domain of G: domG = {z € X| G(z) # @, G(z) # {+o0}},
— epigraph of G: epiG = {(z,y) € X x Y|y € G(z) + C}.

In particular, if g : X — Y U {400} is a vector-valued function, then its effective
domain and epigraph are defined as

epi ¢ = {(z,y) € X xY| g(z) <y},
dom g = {z € X| g(z) # +oo},

respectively. The function g is said to be proper if g(z) € X U {400} and g # +oo.

A set-valued mapping G : X = Y U {400} is said to be C-convex if its epigraph
is convex. A given set-valued mapping G : X = Y U {+oo} is C-convex if and only
if for all A € [0,1] and 1,25 € X

AG(z1) NY + (1 = N)G(22) NY € GOz + (1= Nao) NY + C.

In particular, if g : X — Y U {400} is a proper vector-valued function, then g is
C-convex if and only if for all A € (0,1) and z1, 22 € X, 71 # 2

Ag(z1) + (1 — AN)g(ze) € g(Azy + (1 — N)ag) + C.




Proposition 2.2 [10]. Let G : X =Y U {+o00} be a C-conver set-valued mapping
with int(epi G) # @. If xo € int(dom G) and G(zo) C WinfG(z), then G is subd-
ifferentiable at xg.

Definition 2.4

(i) A set-valued mapping G : X =Y U {+o0} is said to be C-Hausdorff lower
continuous at xg € X if for every neighborhood V' of zero in'Y there exists a
neighborhood U of zero in X such that

G(zo) CG(x)+V +C, Vo € (zg+U) N dom G.

(i) A set-valued mapping G : X = YU{+oo} is said to be weakly C-upper bounded
on a set A C X if there exists a point b € Y such that (z,b) € epi G, Vx € A.

Let us remark that G is weakly C-upper bounded on a set A C X if and only if
there exists a point b € Y such that G(z) N (b — C) # @, Vz € A.

Proposition 2.3 [10]. Let G : X = Y U {+o00} be a set-valued mapping.
1. Then the following assertions are equivalent.

(1) int(epi G) # @.

(i) 3z € int(dom G) such that G is weakly C-upper bounded on some neighbor-
hood of xg.

2. If G is C-Hausdorff lower continuous on int(dom G), then (i) and (ii) hold.

Proposition 2.4 [14]. If the perturbation function ® : X x U — Y U {400} is
C-convex, then the value mapping U is a C-convex set-valued mapping.

Proposition 2.5 (c¢f. [11]). Let @ : X x U — Y U {400} be a C-convezx vector-
valued function and the value mapping ¥ be weakly C-upper bounded on a neighbor-
hood of zero in U. Then the problem (P) is stable with respect to ®.

Remark 2.1 Proposition 2.5 was proved in [11] in the more general case when ® :
X x U — Y U{+4o00} is a set-valued mapping.

3 The constrained vector optimization problem

3.1 Different dual problems

Assume that b : X — Y U {400} is a given function and G C X. We consider the
constrained vector optimization problem

(P,) Winf{h(z)|z € G}.
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By using the perturbation function ®x : X x X — Y U {400} defined by

[ h(z+w), ifzed,
iy} = { +00, otherwise,

the Fenchel dual problem to (P,) has been stated as follows (cf. [3])

(D) WSup LJ‘WM%—%WU+{@@Hx€Gﬂ.

TeL(X,Y)

Proposition 3.1 (Weak duality)
For anyx € G and T € L(X,Y) it holds

h@)¢B(—©HQT».

Let U be a real topological vector space, D C U be a pointed closed convex cone,
M C X and g : X — U U {+o0o}. If the feasible set G is given by

G ={z € M| g(z) € =D},
then one can consider the following two perturbation functions (cf. [2] and [15])

) [ (=), ze M, g(z) € =D +u,
O XU W ¥ U ol Ooleu)= { +o0o, otherwise,

and

Opr: X x X x U — Y U{+00},

B (z,v,u) = {h(””+“)> z €M, g(z) € =D +u,

400, otherwise.

In analogy to Proposition 3.3 and Proposition 3.11 in [2], the following assertion can
be shown easily.

Proposition 3.2 Let A € £L(U,Y) and T € L(X,Y). Then
(i) @3(0,4) = WSup { {(A,u)| u € D} +{(A,g(@)) — h(a)] @ € M} }.
(i) |
o5, (0,T,A) = W@w{ﬂmuﬂueD}

£ {(T,0) - h(v)| v € X} + {(A,g(2)) — (T,z)| = € M}}.




Remark 3.1 According to Proposition 2.6 in [14], we can use for ®%(0,A) and
®%.(0,T,A) some equivalent formulations. For instance, for ®%;, (0,7, A) we have

o1, (0,T,A) = WSup{{(A,u)] u € D}
+ {(T0) = h(v)| v e X} + {(A, g(e) — (T,2)| v € M}}
- wsup{wsup{<A,u>yueD}
+ B (T) +{(A g(@)) — (T,2)] = € M}}.

As a consequence of Proposition 3.2 can be stated the Lagrange dual problem to
(Fe)

(D)) Wsw | [-2104)]
AeL(U,Y)
= WSup U WInf{{—(A,u}[ u € D} + {h(z) — (A, g(z))| z € M}}
AeL(U,Y)

and the Fenchel-Lagrange dual problem

(Dp)  WSw [ - 25,0, 4)]
(T,A)EL(X,Y) x L(U,Y)
= WSup U WInf{{h(v) —(T,v)| v e X}

(T,A)eL(X,Y) x L£(U,Y)

+ {~(Awlue D} +{{T,a) — (A, g(a))| @ € M}},
respectively. /

Proposition 3.3 (Weak duality)

(i) For any x € G and T € L(X,Y) it holds
h(z) ¢ B( = @z(o,A)).
(ii) For any x € G and (T,A) € L(X,Y) x L(U,Y)-it holds
h(z) ¢ B( —3%,(0,T, A)).

3.2 Stability and strong duality

This subsection deals with some stability assertions associated with the presented
perturbation functions as special cases of general results due to Song [10] and [11].
In order to investigate stability criteria, let us notice that the value mappings with
respect to ®p, ®; and $ry turn out to be
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U, UY, Upu) = WInf{CDL(x,u)] ze X}
‘ = WInf{h(x)l reM, glx) € —D+u};
Up: X33Y, Up(v) = WIHf{(I)F(.T,U)l z € X}
- WInf{h(:v o)z e G};
Upp: X xU Y, Upp(v,u) = WInf{@FL(x,u,u)l e X}
= WInf{h(x+v)l ze M, glx) € —D-l—u},
respectively.

Proposition 3.4 Let M C X be a convex set and h: X — Y U {+o0}, g: X = U
be C- and D-convez functions, respectively. Then the value mappings Uy, Up and
WU are convexr.

Proof: Under the stated assumptions of convexity one can easy verify that the
perturbation functions ®;,, ®r and ®pp are convex. Then the desired assertions
follow from Proposition 2.4. O

Theorem 3.1 Let M C X be a convex set and h : X — Y U {+o0}, g: X —
U be C- and D-convex functions, respectively. Suppose that the value mapping
Up (resp. ¥ and VUpy) is weakly C-upper bounded on a meighborhood of zero in
X. Then the problem (P.) is stable with respect to ®p (resp. @1, and ®pr).

Proof: By Proposition 3.4 the value mapping ¥ (resp. ¥y, and ¥py) is convex.
Then the stability of the problem (P.) follows from Proposition 2.5. O

Proposition 3.5 If there exists some xo € dom h N G such that the function h is
weakly C-upper bounded on some neighborhood of xo, then the value mapping ¥ 18
weakly C-upper bounded on some neighborhood of zero in X.

Proof: Since h is weakly C-upper bounded on some neighborhood of zy €
dom hN G, there exists a neighborhood V5 € X of zero and 3b € Y such that

(zo +v,b) € epi h, Vv €V,

or, equivalently,
h(zo +v) < b, Vv € V.

Hence h(zo +v) € b—C, Yv € V.
On the other hand, by Corollary 2.1 in [14], we obtain that for any v € Vo

{h(z +v)| € G} C ¥p(v) UA(¥r(v)).

In particular, it holds h(zg +v) € Up(v) U A(¥r(v)), Yv € Vo.

8
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a. If h(zg +v) € Up(v), then (b— C)NYp(v) # @, Yv € V.
b. If h(zg +v) € A(Vr(v)), then 37 € ¥p(v) such that h(zg+ v) > y. Therefore
g€ h(zg+v)—int C Ch(zg+v)—-CCb-C—-CCb-C,
which means that aléo (b—C)YN¥p(v) # &, Yu € V. The proof is completed.

O

Proposition 3.6 If there exists some xo € dom hNM such that 0 € int(g(zo)+ D),

then the value mapping Yy, is weakly C-upper bounded on some neighborhood of zero
in X.

Proof: As 0 € int(g(xo) + D), there exists a neighborhood Uy of zero such that
u € g(xo) + D, Yu € Uy C U. This means that g(zg) € —D + u, Yu € Up. Let us
notice that because h(zo) # +o0o, 3b € Y such that h(zg) < b.
By Corollary 2.1 in [14], for any u € Uy one has

{h(z)| z € M, g(z) € =D +u} C Vy(u) UA(VL(u)).
In particular, it holds h(zo) € ¥ (u) U A(YL(u)), Yu € Up.
a. If h(zo) € Ur(u), then (b— C)N¥L(u) # @, Yu € Up.
b. If h(xo) € A(¥(u)), then 37 € ¥ (u) such that h(xzg) > y. Therefore
7€ h(zo) —int CCb—C—int CCb—C,
which means that also (b — C) N ¥ (u) # @, Yu € Up.

O
Combining the assumptions of Propositions 3.5 and 3.6, we easy show the fol-
lowing assertion.

Proposition 3.7 If there exists some xo € dom hNM such that 0 € int(g(zo) + D)
and the function h is weakly C'-upper bounded on some neighborhood of xq, then the
value mapping ¥V pr, is weakly C-upper bounded on some neighborhood of zero in X.

Theorem 3.2 Let M C X be a convex set and h: X — Y U {400}, g: X — U be
C- and D-convex functions, respectively.

(1) If there exists some xo € dom hNG such that the function h is weakly C-upper
bounded on some neighborhood of xq, then

Winf(P.) = WSup(Dr) = WMaz(Dp).

(11) If there exists some xo € dom h N M such that 0 € int(g(xo) + D), then

WInf(P,) = WSup(Dr) = WMax(Dy).



(iii) If there exists some Ty € dom h N M such that 0 € int(g(xo) + D) and the
function h is weakly C-upper bounded on some neighborhood of o, then

WInf(P.) = WSup(Dr) = WSup(Dyr) = WSup(Drr)
' = WMaz(Dr) = WMax(Dy,) = WMaz(Dpyp).

Proof: Under the assumptions and by Theorem 3.1 the problem (F.) is stable
with respect to CI?F (resp. @1, and ®py). Therefore according to Theorem 2.1 one
obtains the desired assertions. O

4 Gap functions for vector equilibrium problems

Let X and Y be real topological vector spaces. Assume that K is a nonempty convex
set in X and f : K x K — Y is a bifunction such that f(z,z) =0, Vx € K. We
consider the vector equilibrium problem which consists in finding z € K such that

(VEP) f(z,y) £0, Vy € K.

By KP we denote the solution set of (VEP). In analogy to the vector variational
inequality, we can give the definition of a gap function for (VEP).

Definition 4.1 (c¢f. [7] and [8]). A set-valued mapping v : K =Y U{+oc} is said
to be a gap function for (VEP) if it satisfies the following conditions:

(i) 0 € v(z) if and only if x € K solves the problem (V EP);
(i) 0 # (y), Yy € K.

According to [3], let us remark that Z € K is a solution to (VEP) if and only if 0
is a weak minimal point of the set {f(Z,y)| y € K}. Rewriting the problem (VEP)
into the vector optimization problem

(PYPPiz) Wt {f(z.y)ly e K|,

where z € X is fixed, and using the Fenchel dual problem to (PVFF;z), let us
introduce the following mapping

WEP (@)= ] @R(0,T;),
TeL(X,Y)

where ®%(0,T; ) = WSup{{(T,y} —flz,y|ye K}+{-(T,y)|ye K}}, ie.

W@ = | WSwp {{(T,9) - fe.w)l v € K} +{~(Ty)l y € K}}.
TeL(X,Y)
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Theorem 4.1 Let f(x,) : K — Y be a convex function for all x € K. Assume
that for all x € KP there exists some yo € K such that the function f(x,-) is weakly

C-upper bounded on some neighborhood of yo. Then vLEF is a gap function for
(VEP).

Proof: Under the assumptions it is clear that the problem (PVFF;z) is stable.

Consequently, the desired assertion follows from Lemma 4.1 and Theorem 4.1(i) in
[3]. a

Let the ground set K be nonempty and given by
K ={z € X| g(z) € —D}, (4.1)

where D C U is a pointed closed convex cone, U is a real topological vector space
and g : X — U U {+oo}. Let z € X be fixed. Taking f(z,-) instead of h in (Dr)
and (Dpy), respectively, the Lagrange and the Fenchel-Lagrange dual problems can
be written as follows

(DY) WSuwp [ [—‘52(071\;96)]
A€L(U,Y)

(DFfFi2) wsw ) [ 80,7 8],
(T,A)eL(X,Y) x L(U,Y)

where
@3(0,A2) == WSup {{(A,u)l w € D} + {(A, ) - fz,v)| y € X}},  (42)
and |
$u(0,7,452) : = Wsup {{(T,1) - f(z,)] y € X}
+ {(Awlue D} +{(A,g) - (Ty) y € X}}. (43)

Consequently, we can introduce two set-valued mappings

W) = ) 01(0,A;2)
AEL(U,Y)

and

1rit(z) = U ®5,(0,T, A; ).
(T, AM)EL(X,Y) x L(U,Y)

Theorem 4.2 Let the functions f(z,"): K - Y, € K and g: X — Y be convez.
Assume that there exists yo € K such that 0 € int(g(yo) + D). Then v} P is a gap
function for (VEP).

Proof:
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(i) Let z € K be a solution to (V EP), then by Theorem 3.2(ii), one has
0 € WInf(P"¥?; 7) = WMax (D} *¥; z).

Consequently,
0 € WMax|[—) #F (2)].

Whence 0 € 7} EP(z). Conversely, let

0e™@) = |J Wsuwp{{(Auw)lueD}+{(Ag)-f@v)lye X}}.
A€L(U,Y)

Then JA € £(U,Y) such that

0 € Wsup { {(R,u)] u € D} +{(K,9w) ~ f(&.v)l v € X} },

or, equivalently,
0 e Winf {{~(K,w)l u€ D} + {f(@,9) - gy X}}.  (49)

Assume that 0 ¢ WMin{f(z,y)| y € K}. This means that 35 € K such that
f(Z,3) < 0. In other words, we have

which contradicts (4.4) since g(y) € —D.

(ii) Let z € K be fixed and 2 € v}/ EP(x). Then JA € L(U,Y) such that

2 € WSup {{(K,u)| we D} + {(K,9y) — f(z,y)| y € X} }.

Choosing y := z and u := —g(z) € D, we obtain that

<A7 —g(x)> + <K,g($)> - f(.',U,.’I}) =0

is an element of the set defined within the outer braces. Therefore z as an
element of the set of the weak supremal points of this set can not be less than
zero with respect to the partial ordering given by the cone C, i.e. z £ 0.
Consequently, one has vy #F(z) £ 0, Vz € K. O

Analogously, we can verify the following assertion concerning y.EF.

Theorem 4.3 Let the functions f(z,"): K - Y, x € K and g: X — Y be conver.
Assume that there exists some yo € K such that 0 € int(g(yo) + D) and the function

f(z,y) is weakly C-upper bounded with respect to y on some neighborhood of yo.
Then YLEF is a gap function for (VEP).
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